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PREFACE

Our goal has been, and still is, to provide an easy-to-understand and up-to-date presenta-
tion of engineering economic analysis for today’s students. That means the book’s writing
style must promote the reader’s understanding.We humbly note that our approach has been
well received by engineering professors—and more importantly—by engineering students
through ten previous editions.

Hallmarks of this Book

Since it was first published in 1976, this text has become the market-leading book for the
engineering economy course. It has always been characterized by

• A focus on practical applications.One way to encourage students to read the book,
and to remember and apply what they have learned in this course, is to make the
book interesting. And there is no better way to do that than to infuse the book with
real-world examples, problems, and vignettes.

• Accessibility. We meet students where they are. Most don’t have any expertise in
accounting or finance. We take the time to explain concepts carefully while helping
them apply them to engineering situations.

• Superior instructor and student support packages. To make this course easier to
understand, learn, and teach Oxford University Press has produced the best support
package available. We offer more for students and instructors than any competing
text.

Changes to the 11th Edition

This edition has many significant improvements in coverage. Before going chapter-by-
chapter, we’d like to point out a few global changes made to keep this text the most current
and most useful in today’s courses:

• Additions to the ancillaries for students and faculty include a new set of 36 Excel
tutorials, and a test bank approach to replace the Word exam file. Updates to the
Student Study Guide, Instructor’s Manual, Instructor PowerPoint slides, etc., were
also done.

• Six new vignettes have been contributed and another six have been revised to ensure
that the set of vignettes is timely, interesting, and motivating to the students. More
ethics questions are now part of the Questions to Consider.

• Over 270 new problems have been added and another 70 problems have been revised.
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• The Cases in Engineering Economy, 2nd Edition which was added to the Enhanced
10th Edition is still on the student CD, and each chapter now ends with a list of
suggested cases.

• Appendix B on TVMCalculators is new. It covers financial calculators and the TVM
capabilities of the HP 33s & 35s which can be used on the FE exam. Calculator solu-
tions have been added to existing table-based solutions for representative examples
(principally in Chapters 3–7). The approach reinforces the conceptual approach of
factor based tables, but adds the computational power that is typically used in the real
world. If used by the instructor (and it can easily be skipped), this supports students
spending more time on concepts and challenges in engineering economy rather than
on financial arithmetic.

Numerous improvements to the content and wording have been made throughout the text.
For example:

• Nominal and effective interest has been moved from Chapter 4 to Chapter 3, so
that Chapter 3 covers single payment (P and F) cash flows, and Chapter 4 covers
multiple cash flows (A, G, and g). This also supports a better title& focus for Chapter
4 (rather than the old More Interest Formulas).

• Chapter 4 (Equivalence forRepeated CashFlows) now emphasizes that uniformflow
assumptions often correspond to the level of detail in feasibility and preliminary
analyses, and that cash flow tables and spreadsheets are often matched to greater
levels of detail about future cash flows.

• Chapter 5 (Present Worth Analysis) now includes a section on bond pricing.
• Chapter 10 (Uncertainty in Future Events) has a more complete discussion of
potential problems with real option analysis.

• Chapter 11 (Depreciation) now covers 50% Bonus Depreciation.
• Chapter 12 (Income Taxes) now includes a 1-period example of leverage.
• Chapter 13 (Replacement Analysis) now includes a spreadsheet approach for solving
for the challenger’s economic life with any pattern of O&M costs and of salvage
values.

• Chapter 14 (Inflation and Price Change) includes an improved explanation of why
many problems in the text and the real world are described in constant-$ terms and
solved with a real interest rate without explicitly including inflation.

• Chapter 15 (Selection of a Minimum Attractive Rate of Return) on selecting the
MARR now includes a more complete explanation of the weighted average cost
of capital.

There were several significant changes made to the 10th edition and maintained in this
one that we want to highlight for faculty who are more familiar with earlier editions of
the text.

• A discussion of ethics was included in Chapter 1 (Making Economic Decisions) and
as part of many vignettes.

• An appendix of multiple choice questions intended to help students prepare for the
Fundamentals of Engineering Exam was added (another 24 questions added in 11th

edition).
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• Chapter 8 (Choosing the Best Alternative) was completely rewritten to use the power
of spreadsheets to graphically compare alternatives over a full range of possible
interest rates. This is also a more intuitive foundation for incremental analysis.

• End-of-chapter problems were grouped under subheadings to make them easier to
find and assign.

• “Trust Me, You’ll Use This!” testimonials from former engineering economy stu-
dents were added between chapters 2 and 3.

The Superior Newnan Support Package

The supplement package for this text was expanded for the 9th and 10th editions, and it has
been updated and expanded even further for this edition. No competing text has a more
extensive support package.

For student use on the student Companion Website, the in-text CD, or packaged with
the text there are the following:

• A set of 36 tutorials on engineering economy applications of Excel by Julie L.
Fortune of the University of Alabama in Huntsville.

• A set of 54 cases for more realistic complex problems on the in-text CD. Cases in
Engineering Economy 2nd by William Peterson and Ted Eschenbach also includes
three chapters on case analysis and an example case solution as a fourth chapter.

• A Study Guide by Ed Wheeler of the University of Tennessee, Martin (ISBN
978-0-19-977819-5) is provided free with every new copy of the text.

• Spreadsheet problem modules, written by Thomas Lacksonen of the University of
Wisconsin–Stout.

• Interactive multiple-choice problems, written by Paul Schnitzler of the University of
South Florida and William Smyer of Mississippi State University.

• Additional Practice FE Exam problems, authored by Karen Thorsett, University of
Phoenix.

For instructors there is now an updated and expanded set of supplemental materials:

• An exam file now in test bank format edited by Meenakshi Sundaram of Tennessee
Technological University.

• PowerPoint lecture notes for all chapters by Shih Ming Lee of Florida International
University and David Mandeville of Oklahoma State University.

• An Instructor’sManual by JohnM. Usher ofMissippi StateUniversity and Lawrence
Samuelson of Tri-State University and the authors, with complete solutions to all
end-of-chapter problems. This is available in print.

• The compound interest tables from the textbook are available for adopting professors
who prefer to give closed-book exams. The tables are on the website as PDF files
that can be printed in part or in total.

For students and instructors a companion website is available with these supplements and
other updates:

• www.oup.com/us/newnan
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Spreadsheets

This edition maintains the approach to spreadsheets that was established in the 8th edition.
Rather than relying on spreadsheet templates, the emphasis is on helping students learn to
use the enormous capabilities of the spreadsheet software available on nearly every com-
puter. This approach reinforces the traditional engineering economy factor approach, as the
equivalent spreadsheet functions (PMT, PV, RATE, etc.) are used frequently.

For students who would benefit from a refresher or introduction on how to write good
spreadsheets, there is an appendix to introduce spreadsheets. In Chapter 2, spreadsheets
are used to draw cash flow diagrams. Then every chapter from Chapter 4 to Chapter 15
has a concluding section on spreadsheet use. Each section is designed to support the other
material in the chapter and to add to the student’s knowledgeof spreadsheets. If spreadsheets
are used, the student will be very well prepared to apply this tool to real-world problems
after graduation.

This approach is designed to support a range of approaches to spreadsheets. For exam-
ple, professors and students can rely on the traditional tools of engineering economy and,
without loss of continuity, completely ignore the material on spreadsheets. Or at the other
extreme, professors can introduce the concepts and require all computations to be done
with spreadsheets. Or a mix of approaches may be taken, depending on the professor, the
students, and the particular chapter.
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C H A P T E R 1

MAKING ECONOMIC
DECISIONS

Alternative-Fuel Vehicles

I
magine a future where all cars on U.S. roads
no longer run on fossil fuel, but instead have
alternate power sources. The positive effect of
such a scenario on the environment is the moti-

vation behind initiatives such as the Kyoto Proto-
col, which requires signatory countries to reduce
greenhouse gas emissions. As another example, in
2006 California passed the first law in the nation
to reduce automobile emissions by 25% by the
year 2020. Legal and environmental concerns have
increased the visibility of global warming and
America’s dependence on foreign oil, spurring the
drive toward alternative-fuel vehicles.

In 2005, there were only 11 hybrid vehicle models
in the U.S, which accounted for 1% of auto sales. The 2010 model year had 29 hybrid mod-
els. J.D. Power and Associates predicts an increase to 52 hybrid vehicles by 2012 and 7%
of the U.S. market by 2015. By 2020, Toyota expects 30% of its vehicle sales to be hybrids.
Although early hybrid-fuel models were small and economical cars, newer models include
pickups, crossovers, and luxury cars. Some auto manufacturers, including Renault and Nis-
san, say the business case for hybrids is weak because they are more expensive to produce.
Currently hybrids cost three to four thousand dollars more than traditional vehicles. In 2010
Nissan announced the Leaf, a 5-passenger electric-only car. However, Toyota, the leading
manufacturer of alternative-fuel vehicles, makes money selling hybrids such as its Prius
model. Consumers will pay more for hybrids because these vehicles have twice the fuel
economy of conventional cars.

Engineers who design alternative-fuel vehicles must consider engine power and
acceleration, fuel mileage per gallon, distance between refuels, vehicle safety, vehicle main-
tenance, fuel dispensing and distribution, and environmental and ethical issues. Design
decisions influence manufacturing costs and therefore the final sales price. In addition, the
entire supply, production, and service chain would be affected by a conversion to



alternative-fuel vehicles. Depending on the degree to which alternate sources differ from
the current gasoline-based technology, the conversion will be more or less complicated.

The outlook for alternative-fuel vehicles is positive for many reasons. As manufacturing
experience increases, alternative-fuel vehicles can be designed to surpass the performance
of conventional cars and meet customer expectations. As economies of scale bring the
price of alternative vehicles down, more consumers can afford them and more manufac-
turers can profit from producing them. All of this combined with rising gasoline prices
should increase consumers’ interest in these vehicles—which could be good news for the
environment. � � �

Contributed by Kate D. Abel, Stevens Institute of Technology

1. What marketplace dynamics drive or suppress the development of alternative-fuel
vehicles? What role, if any, does government have in these dynamics? What addi-
tional charges should government have?

2. Develop a list of concerns and questions that consumers might have regarding
the conversion to alternative-fuel vehicles. Which are economic and which are
noneconomic factors?

3. From a manufacturer’s viewpoint, what are the major concerns potential problems,
and overriding goals of producing an alternative-fuel vehicle? How do these affect
the vehicle’s price?

4. Are there any ethical aspects to the conversion from gasoline power vehicles to
alternative-fuel vehicles? List these, and determine how they could be or should be
resolved and by whom.

After Completing This Chapter. . .

The student should be able to:

• Distinguish between simple and complex problems.
• Discuss the role and purpose of engineering economic analysis.
• Describe and give examples of the nine steps in the economic decision-making
process.

• Select appropriate economic criteria for use with different types of problems.
• Describe common ethical issues in engineering economic decision making.
• Solve simple problems associated with engineering decision making.

3



4 CHAPTER 1: MAKING ECONOMIC DECISIONS

This book is about making decisions. Decision making is a broad topic, for it is a
major aspect of everyday human existence. This book develops the tools to properly
analyze and solve the economic problems that are commonly faced by engineers. Even
very complex situations can be broken down into components from which sensible
solutions are produced. If one understands the decision-making process and has tools
for obtaining realistic comparisons between alternatives, one can expect to make better
decisions.

Our focus is on solving problems that confront firms in the marketplace, but many
examples are problems faced in daily life. Let us start by looking at some of these
problems.

A SEAOF PROBLEMS

A careful look at the world around us clearly demonstrates that we are surrounded by a sea
of problems. There does not seem to be any exact way of classifying them, simply because
they are so diverse in complexity and “personality.” One approach arranges problems by
their difficulty.

Simple Problems

Many problems are pretty simple, and good solutions do not require much time or effort.

• Should I pay cash or use my credit card?
• Do I buy a semester parking pass or use the parking meters?
• Shall we replace a burned-out motor?
• If we use three crates of an item a week, how many crates should we buy at a time?

Intermediate Problems

At a higher level of complexity we find problems that are primarily economic.

• Shall I buy or lease my next car?
• Which equipment should be selected for a new assembly line?
• Which materials should be used as roofing, siding, and structural support for a new

building?
• Shall I buy a 1- or 2-semester parking pass?
• What size of transformer or air conditioner is most economical?

Complex Problems

Complex problems are a mixture of economic, political, and humanistic elements.

• The decision of Mercedes-Benz to build an automobile assembly plant in
Tuscaloosa, Alabama, illustrates a complex problem. Beside the economic aspects,
Mercedes-Benz had to consider possible reactions in the U.S. and German auto
industries. Would the German government pass legislation to prevent the overseas
plant? What about German labor unions?

• The selection of a girlfriend or a boyfriend (who may later become a spouse) is
obviously complex. Economic analysis can be of little or no help.
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• The annual budget of a corporation is an allocation of resources and all projects are
economically evaluated. The budget process is also heavily influenced by noneco-
nomic forces such as power struggles, geographical balancing, and impact on
individuals, programs, and profits. For multinational corporations there are even
national interests to be considered.

THE ROLE OF ENGINEERINGECONOMIC ANALYSIS

Engineeringeconomic analysis ismost suitable for intermediate problems and the economic
aspects of complex problems. They have these qualities:

1. The problem is important enough to justify our giving it serious thought and
effort.

2. The problem can’t be worked in one’s head—that is, a careful analysis requires that
we organize the problem and all the various consequences, and this is just too much
to be done all at once.

3. The problem has economic aspects important in reaching a decision.

When problems meet these three criteria, engineering economic analysis is useful in
seeking a solution. Since vast numbers of problems in the business world (and in one’s
personal life) meet these criteria, engineering economic analysis is often required.

Examples of Engineering Economic Analysis

Engineering economic analysis focuses on costs, revenues, and benefits that occur at dif-
ferent times. For example, when a civil engineer designs a road, a dam, or a building,
the construction costs occur in the near future; but the benefits to users begin only when
construction is finished and then continue for a long time.

In fact nearly everything that engineers design calls for spending money in the design
and building stages, and only after completion do revenues or benefits occur—usually for
years. Thus the economic analysis of costs, benefits, and revenues occurring over time is
called engineering economic analysis.

Engineering economic analysis is used to answer many different questions.

• Which engineering projects are worthwhile? Has the mining or petroleum engineer
shown that the mineral or oil deposit is worth developing?

• Which engineering projects should have a higher priority? Has the industrial engi-
neer shown which factory improvement projects should be fundedwith the available
dollars?

• How should the engineering project be designed? Has the mechanical or electrical
engineer chosen the most economical motor size? Has the civil or mechanical engi-
neer chosen the best thickness for insulation? Has the aeronautical engineer made
the best trade-offs between (1) lightermaterials that are expensive to buy but cheaper
to fly and (2) heavier materials that are cheap to buy and more expensive to fly?

Engineering economic analysis can also be used to answer questions that are personally
important.

• How to achieve long-term financial goals: How much should you save each month
to buy a house, retire, or fund a trip around the world? Is going to graduate school
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a good investment—will your additional earnings in later years balance your lost
income while in graduate school?

• How to compare different ways to finance purchases: Is it better to finance your car
purchase by using the dealer’s low interest rate loan or by taking an available rebate
and borrowing money from your bank or credit union?

• How to make short- and long-term investment decisions: Should you buy a 1- or
2-semester parking pass? Is a higher salary better than stock options?

THE DECISION-MAKING PROCESS

Decision making may take place by default; that is, a person may not consciously recognize
that an opportunity for decision making exists. This fact leads us to a first element in a def-
inition of decision making. To have a decision-making situation, there must be at least two
alternatives available. If only one course of action is available, there is nothing to decide.
There is no alternative but to proceed with the single available course of action. (It is rather
unusual to find that there are no alternative courses of action. More frequently, alternatives
simply are not recognized.)

At this point we might conclude that the decision-making process consists of choosing
from among alternative courses of action. But this is an inadequate definition. Consider the
following situation.

At a race track, a bettor was uncertain about which of the five horses to bet on in the next
race. He closed his eyes and pointed his finger at the list of horses printed in the racing
program. Upon opening his eyes, he saw that hewas pointing to horse number 4. He hurried
off to place his bet on that horse.

Does the racehorse selection represent the process of decision making? Yes, it clearly
was a process of choosing among alternatives (assuming the bettor had already ruled out
the “do-nothing”alternative of placing no bet). But the particular method of deciding seems
inadequate and irrational. We want to deal with rational decision making.

Rational DecisionMaking

Rational decision making is a complex process that contains nine essential elements, which
are shown in Figure 1-1. Although these nine steps are shown sequentially, it is common
for a decision maker to repeat steps, take them out of order, and do steps simultaneously.
For example, when a new alternative is identified more data will be required. Or when the
outcomes are summarized, it may become clear that the problem needs to be redefined or
new goals established.

The value of this sequential diagram is to show all the steps that are usually required,
and to show them in a logical order. Occasionally we will skip a step entirely. For example,
a new alternative may be so clearly superior that it is immediately adopted at Step 4 without
further analysis. The following sections describe the elements listed in Figure 1-1.

1. Recognize the Problem
The starting point in rational decision making is recognizing that a problem exists.

Some years ago, for example, it was discovered that several species of ocean fish con-
tained substantial concentrations of mercury. The decision-making process began with this
recognition of a problem, and the rush was on to determine what should be done. Research
revealed that fish taken from the ocean decades before and preserved in laboratories also
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FIGURE 1–1 One possible flowchart of the
decision process.

2.  Define the goal or objective

3.  Assemble relevant data

4.  Identify feasible alternatives

5.  Select the criterion to determine the best alternative

6.  Construct a model

7.  Predict each alternative’s outcomes or consequences

8.  Choose the best alternative

9.  Audit the result

1.  Recognize problem

contained similar concentrations of mercury. Thus, the problem had existed for a long time
but had not been recognized.

In typical situations, recognition is obvious and immediate. An auto accident, an over-
drawn check, a burned-out motor, an exhausted supply of parts all produce the recognition
of a problem. Once we are aware of the problem, we can solve it as best we can. Many firms
establish programs for total quality management (TQM) or continuous improvement (CI)
that are designed to identify problems so that they can be solved.

2. Define the Goal orObjective
The goal or objective can be an overall goal of a person or a firm. For example, a personal
goal could be to lead a pleasant and meaningful life, and a firm’s goal is usually to operate
profitably. The presence of multiple, conflicting goals is often the foundation of complex
problems.

But an objective need not be an overall goal of a business or an individual. It may be
quite narrow and specific: “I want to pay off the loan on my car byMay,” or “The plant must
produce 300 golf carts in the next 2 weeks,” are more limited objectives. Thus, defining the
objective is the act of exactly describing the task or goal.

3. Assemble Relevant Data
To make a good decision, one must first assemble good information. In addition to all
the published information, there is a vast quantity of information that is not written down
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anywhere but is stored as individuals’ knowledge and experience. There is also informa-
tion that remains ungathered. A question like “How many people in your town would be
interested in buying a pair of left-handed scissors?” cannot be answered by examining pub-
lished data or by asking any one person. Market research or other data gathering would be
required to obtain the desired information.

From all this information, what is relevant in a specific decision-making process?
Deciding which data are important and which are not may be a complex task. The availabil-
ity of data further complicates this task. Published data are available immediately at little or
no cost; other data are available from specific knowledgeable people; still other data require
surveys or research to assemble the information. Some data will be of high quality—that
is, precise and accurate, while other data may rely on individual judgment for an estimate.

If there is a published price or a contract, the data may be known exactly. Inmost cases,
thedata isuncertain.Whatwill it cost tobuild thedam?Howmanyvehicleswill use thebridge
next year and twenty years fromnow?Howfast will a competingfirm introducea competing
product?Howwill demand depend on growth in the economy?Future costs and revenues are
uncertain,and therangeof likelyvaluesshouldbepart of assembling relevant data.

The problem’s time horizon is part of the data that must be assembled. How long will
the building or equipment last? How long will it be needed? Will it be scrapped, sold,
or shifted to another use? In some cases, such as for a road or a tunnel, the life may be
centuries with regular maintenance and occasional rebuilding. A shorter time period, such
as 50 years, may be chosen as the problem’s time horizon, so that decisions can be based
on more reliable data.

In engineering decision making, an important source of data is a firm’s own accounting
system. These data must be examined quite carefully. Accounting data focuses on past
information, and engineering judgment must often be applied to estimate current and future
values. For example, accounting records can show the past cost of buying computers, but
engineering judgment is required to estimate the future cost of buying computers.

Financial and cost accounting are designed to show accounting values and the flow
of money—specifically costs and benefits—in a company’s operations. When costs are
directly related to specific operations, there is no difficulty; but there are other costs that are
not related to specific operations. These indirect costs, or overhead, are usually allocated
to a company’s operations and products by some arbitrary method. The results are gener-
ally satisfactory for cost-accounting purposes but may be unreliable for use in economic
analysis.

To create a meaningful economic analysis, we must determine the true differences
between alternatives, which might require some adjustment of cost-accounting data. The
following example illustrates this situation.

EXAMPLE 1–1

The cost-accounting records of a large company show the average monthly costs for the three-
person printing department. The wages of the three department members and benefits, such as
vacation and sick leave, make up the first category of direct labor. The company’s indirect or
overhead costs—such as heat, electricity, and employee insurance—must be distributed to its
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various departments in some manner and, like many other firms, this one uses floor space as the
basis for its allocations. Chapter 17 will discuss allocating overhead costs in more detail.

Direct labor (including employee benefits) $ 6,000
Materials and supplies consumed 7,000
Allocated overhead costs:

200 m2 of floor area at $25/m2 5,000

$18,000

The printing department charges the other departments for its services to recover its $18,000
monthly cost. For example, the charge to run 30,000 copies for the shipping department is:

Direct labor $228
Materials and supplies 294
Overhead costs 291

Cost to other departments $793

The shipping department checks with a commercial printer, which would print the same
30,000 copies for $688. The shipping department foreman wants to have the work done
externally. The in-house printing department objects to this. As a result, the general manager has
asked you to study the situation and recommend what should be done.

SOLUTION

Much of the printing department’s output reveals the company’s costs, prices, and other finan-
cial information. The company president considers the printing department necessary to prevent
disclosing such information to people outside the company. The firm cannot switch to an outside
printer for all needs.

A review of the cost-accounting charges reveals nothing unusual. The charges made by the
printing department cover direct labor, materials and supplies, and overhead. The allocation of
indirect costs is a customary procedure in cost-accounting systems, but it is potentially mislead-
ing for decision making, as the following discussion indicates.

The shipping department would reduce its cost by $105 (= $793 – $688) by using the outside
printer. In that case, howmuch would the printing department’s costs decline, and which solution
is better for the firm? We will examine each of the cost components:

1. Direct Labor. If the printing department had been working overtime, then the overtime
could be reduced or eliminated. But, assuming no overtime, how much would the saving
be? It seems unlikely that a printer could be fired or even put on less than a 40-hour work
week. Thus, although there might be a $228 saving, it is much more likely that there will
be no reduction in direct labor.

2. Materials and Supplies. There would be a $294 saving in materials and supplies.

3. Allocated Overhead Costs. There will be no reduction in the printing department’s
monthly $5000 overhead, and in fact the firm will incur additional expenses in purchasing
and accounting to deal with the outside printer.
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The firm will save $294 in materials and supplies and may or may not save $228 in direct
labor if the printing department no longer does the shipping department work. The maximum
saving would be $294+ 228 = $522. Either value of $294 or $522 is less than the $688 the firm
would pay the outside printer. For this reason, the shipping department should not be allowed to
send its printing to the outside printer.

Gathering cost data presents other difficulties. One way to look at the financial
consequences—costs and benefits—of various alternatives is as follows.

• Market Consequences. These consequences have an established price in themarket-
place. We can quickly determine raw material prices, machinery costs, labor costs,
and so forth.

• Extra-Market Consequences. There are other items that are not directly priced in
the marketplace. But by indirect means, a price may be assigned to these items.
(Economists call these prices shadow prices.) Examples might be the cost of an
employee injury or the value to employees of going from a 5-day to a 4-day, 40-hour
week.

• Intangible Consequences. Numerical economic analysis probably never fully
describes the real differences between alternatives. The tendency to leave out con-
sequences that do not have a significant impact on the analysis itself, or on the
conversion of the final decision into actual money, is difficult to resolve or elimi-
nate. How does one evaluate the potential loss of workers’ jobs due to automation?
What is the value of landscaping around a factory? These and a variety of other con-
sequences may be left out of the numerical calculations, but they must be considered
in reaching a decision.

4. Identify Feasible Alternatives
One must keep in mind that unless the best alternative is considered, the result will always
be suboptimal.1 Two types of alternatives are sometimes ignored. First, in many situations
a do-nothing alternative is feasible. This may be the “Let’s keep doing what we are now
doing,” or the “Let’s not spend any money on that problem” alternative. Second, there are
often feasible (but unglamorous) alternatives, such as “Patch it up and keep it running for
another year before replacing it.”

There is no way to ensure that the best alternative is among the alternatives being con-
sidered. One should try to be certain that all conventional alternatives have been listed and
thenmake a serious effort to suggest innovative solutions.Sometimes a group of people con-
sidering alternatives in an innovative atmosphere—brainstorming—can be helpful. Even
impractical alternatives may lead to a better possibility. The payoff from a new, innovative
alternative can far exceed the value of carefully selecting between the existing alternatives.

Any good listing of alternatives will produce both practical and impractical alterna-
tives. It would be of little use, however, to seriously consider an alternative that cannot be
adopted. An alternative may be infeasible for a variety of reasons. For example, it might

1A group of techniques called value analysis or value engineering is used to examine past decisions
and current trade-offs in designing alternatives.
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violate fundamental laws of science, require resources or materials that cannot be obtained,
violate ethics standards, or conflict with the firm’s strategy. Only the feasible alternatives
are retained for further analysis.

5. Select the Criterion to Determine the Best Alternative
The central task of decision making is choosing from among alternatives. How is the choice
made? Logically, to choose the best alternative, wemust define what wemean by best. There
must be a criterion, or set of criteria, to judge which alternative is best. Now, we recognize
that best is on one end of the following relative subjective judgment:

Worst Bad Fair Good Better Best

relative subjective judgment spectrum

Since we are dealing in relative terms, rather than absolute values, the choice will
be the alternative that is relatively the most desirable. Consider a driver found guilty of
speeding and given the alternatives of a $175 fine or 3 days in jail. In absolute terms, neither
alternative is good. But on a relative basis, one simply makes the best of a bad situation.

There may be an unlimited number of ways that one might judge the various alterna-
tives. Several possible criteria are:

• Create the least disturbance to the environment.
• Improve the distribution of wealth among people.
• Minimize the expenditure of money.
• Ensure that the benefits to those who gain from the decision are greater than

the losses of those who are harmed by the decision.2

• Minimize the time to accomplish the goal or objective.
• Minimize unemployment.
• Maximize profit.

Selecting the criterion for choosing the best alternative will not be easy if different
groups support different criteria and desire different alternatives. The criteria may con-
flict. For example, minimizing unemployment may require increasing the expenditure of
money. Or minimizing environmental disturbance may conflict with minimizing time to
complete the project. The disagreement between management and labor in collective bar-
gaining (concerning wages and conditions of employment) reflects a disagreement over the
objective and the criterion for selecting the best alternative.

The last criterion—maximize profit—is the one normally selected in engineering
decision making. When this criterion is used, all problems fall into one of three categories:
neither input nor output fixed, fixed input, or fixed output.

Neither input nor output fixed. The first category is the general and most common situa-
tion, in which the amount of money or other inputs is not fixed, nor is the amount of benefits
or other outputs. For example:

2This is the Kaldor criterion.
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• A consulting engineering firm has more work available than it can handle. It is con-
sidering paying the staff for working evenings to increase the amount of designwork
it can perform.

• One might wish to invest in the stock market, but the total cost of the investment is
not fixed, and neither are the benefits.

• A car battery is needed. Batteries are available at different prices, and although each
will provide the energy to start the vehicle, the useful lives of the various products
are different.

What should be the criterion in this category? Obviously, to be as economically efficient as
possible, we must maximize the difference between the return from the investment (bene-
fits) and the cost of the investment. Since the difference between the benefits and the costs
is simply profit, a businessperson would define this criterion as maximizing profit.

Fixed input. The amount ofmoney or other input resources (like labor, materials, or equip-
ment) is fixed. The objective is to effectively utilize them. For economic efficiency, the
appropriate criterion is to maximize the benefits or other outputs. For example:

• A project engineer has a budget of $350,000 to overhaul a portion of a petroleum
refinery.

• You have $300 to buy clothes for the start of school.

Fixed output. There is a fixed task (or other output objectives or results) to be accom-
plished. The economically efficient criterion for a situation of fixed output is to minimize
the costs or other inputs. For example:

• A civil engineering firm has been given the job of surveying a tract of land and
preparing a “record of survey” map.

• You must choose the most cost-effective design for a roof, an engine, a circuit, or
other component.

For the three categories, the proper economic criteria are:

Category Economic Criterion
Neither input nor Maximize profit = value of outputs − cost of inputs.
output fixed

Fixed input Maximize the benefits or other outputs.
Fixed output Minimize the costs or other inputs.

6. Constructing theModel
At some point in the decision-making process, the various elements must be brought
together. The objective, relevant data, feasible alternatives, and selection criterion must
be merged. For example, if one were considering borrowing money to pay for a car, there
is a mathematical relationship between the loan’s variables: amount, interest rate, duration,
and monthly payment.

Constructing the interrelationships between the decision-making elements is fre-
quently calledmodel building or constructing the model. To an engineer, modeling may
be a scaled physical representation of the real thing or system or a mathematical equation,
or set of equations, describing the desired interrelationships. In economic decision making,
the model is usually mathematical.
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In modeling, it is helpful to represent only that part of the real system that is important
to the problem at hand. Thus, themathematical model of the student capacity of a classroom
might be

Capacity = lw

k

where l = length of classroom, in meters
w = width of classroom, in meters
k= classroom arrangement factor

The equation for student capacity of a classroom is a very simple model; yet it may be
adequate for the problem being solved.

7. Predicting the Outcomes for Each Alternative
A model and the data are used to predict the outcomes for each feasible alternative. As
was suggested earlier, each alternative might produce a variety of outcomes. Selecting a
motorcycle, rather than a bicycle, for example, may make the fuel supplier happy, the
neighbors unhappy, the environment more polluted, and one’s savings account smaller.
But, to avoid unnecessary complications, we assume that decision making is based
on a single criterion for measuring the relative attractiveness of the various alternatives.
If necessary, one could devise a single composite criterion that is the weighted average of
several different choice criteria.

To choose the best alternative, the outcomes for each alternative must be stated in a
comparableway. Usually the consequences of each alternative are stated in terms of money,
that is, in the form of costs and benefits. This resolution of consequences is done with all
monetary and nonmonetary consequences. The consequences can also be categorized as
follows:

Market consequences—where there are established market prices available

Extra-market consequences—no direct market prices, so priced indirectly

Intangible consequences—valued by judgment, not monetary prices.

In the initial problems we will examine, the costs and benefits occur over a short time
period and can be considered as occurring at the same time. In other situations the various
costs and benefits take place in a longer time period. The result may be costs at one point
in time followed by periodic benefits. We will resolve these in the next chapter into a cash
flow diagram to show the timing of the various costs and benefits.

For these longer-term problems, the most common error is to assume that the current
situationwill be unchanged for the do-nothing alternative. In reality if we do nothing, then
current profits will shrink or vanish as a result of the actions of competitors and the expecta-
tions of customers; and traffic congestion normally increases over the years as the number
of vehicles increases—doing nothing does not imply that the situation will not change.

8. Choosing the Best Alternative
Earlier we said that choosing the best alternative may be simply a matter of determining
which alternative best meets the selection criterion. But the solutions to most problems
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in economics have market consequences, extra-market consequences, and intangible con-
sequences. Since the intangible consequences of possible alternatives are left out of the
numerical calculations, they should be introduced into the decision-making process at this
point.The alternative to be chosen is the one that best meets the choice criterion after consid-
ering both the numerical consequences and the consequences not included in the monetary
analysis.

During the decision-making process certain feasible alternatives are eliminated
because they are dominated by other, better alternatives. For example, shopping for a com-
puter on-line may allow you to buy a custom-configured computer for less money than a
stock computer in a local store. Buying at the local store is feasible, but dominated. While
eliminating dominated alternativesmakes the decision-making process more efficient, there
are dangers.

Having examined the structure of the decision-making process, we can ask, When is a
decision made, and who makes it? If one person performs all the steps in decision making,
then she is the decision maker. When she makes the decision is less clear. The selection
of the feasible alternatives may be the key item, with the rest of the analysis a methodical
process leading to the inevitable decision. We can see that the decision may be drastically
affected, or even predetermined, by theway inwhich the decision-making process is carried
out. This is illustrated by the following example.

Liz, a young engineer, was assigned to develop an analysis of additional equipment
needed for the machine shop. The single criterion for selection was that the equipment
should be the most economical, considering both initial costs and future operating costs.
A little investigation by Liz revealed three practical alternatives:

1. A new specialized lathe

2. A new general-purpose lathe

3. A rebuilt lathe available from a used-equipment dealer

A preliminary analysis indicated that the rebuilt lathe would be the most economical. Liz
did not like the idea of buying a rebuilt lathe, so she decided to discard that alternative. She
prepared a two-alternative analysis that showed that the general-purpose lathe was more
economical than the specialized lathe. She presented this completed analysis to her man-
ager. The manager assumed that the two alternatives presented were the best of all feasible
alternatives, and he approved Liz’s recommendation.

At this pointwe should ask: Whowas the decision maker, Liz or her manager? Although the
manager signed his name at the bottom of the economic analysis worksheets to authorize
purchasing the general-purpose lathe, he was merely authorizing what already had been
made inevitable, and thus he was not the decision maker. Rather Liz had made the key
decision when she decided to discard the most economical alternative from further consid-
eration. The result was a decision to buy the better of the two less economically desirable
alternatives.

9. Audit the Results
An audit of the results is a comparison of what happened against the predictions. Do the
results of a decision analysis reasonably agree with its projections? If a new machine tool
was purchased to save labor and improve quality, did it? If so, the economic analysis seems
to be accurate. If the savings are not being obtained, what was overlooked? The audit may
help ensure that projected operating advantages are ultimately obtained. On the other hand,
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the economic analysis projections may have been unduly optimistic.We want to know this,
too, so that the mistakes that led to the inaccurate projection are not repeated. Finally, an
effective way to promote realistic economic analysis calculations is for all people involved
to know that there will be an audit of the results!

ETHICS

You must be mindful of the ethical dimensions of engineering economic analysis and of
your engineering and personal decisions. This text can only introduce the topic, and we
hope that you will explore this subject in greater depth.

Ethics can be described variously; however, a common thread is the concept of dis-
tinguishing between right and wrong in decision making. Ethics includes establishing
systems of beliefs and moral obligations, defining values and fairness, and determining
duty and guidelines for conduct. Ethics and ethical behavior are important because when
people behave in ethical ways, individuals and society benefit. Usually the ethical choice is
reasonably clear, but there are ethical dilemmas with conflicting moral imperatives. Con-
sider an overloaded and sinking lifeboat. If one or more passengers are thrown into the
shark-infested waters, the entire lifeboat can be saved. How is the decision made, how is
it implemented, and who if anyone goes into the water? Ethical dilemmas also exist in
engineering and business contexts. Ethical decision making requires the understanding of
problem context, choices, and associated outcomes.

Ethical Dimensions in EngineeringDecisionMaking

Ethical issues can arise at every stage of the integrated process for engineering decision
making described in Figure 1-1. Ethics is such an important part of professional and busi-
ness decision making that ethical codes or standards of conduct exist for professional
engineering societies, small and large organizations, and every individual.Written profes-
sional codes are common in the engineering profession, serving as a reference basis for new
engineers and a basis for legal action against engineers who violate the code.

One such example is the Code of Ethics of the National Society of Professional
Engineers (NSPE). Here is NSPE’s fundamental canon of ethical behavior for engineering:

Engineers, in the fulfillment of their professional duties, shall:

• Hold paramount the safety, health and welfare of the public.
• Perform services only in areas of their competence.
• Issue public statements only in an objective and truthful manner.
• Act for each employer or client as faithful agents or trustees.
• Avoid deceptive acts.
• Conduct themselves honorably, responsibly, ethically and lawfully so as to enhance

the honor, reputation, and usefulness of the profession.

In addition, NSPE has Rules of Practice and Professional Obligations for its members.
Most engineering organizations have similar written standards. For all engineers difficul-
ties arise when they act contrary to these written or internal codes, and opportunities for
ethical dilemmas are found throughout the engineering decision-making process. Table 1-1
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TABLE 1–1 Example Ethical Lapses by Decision Process Step

Decision Process Step Example Ethical Lapses

1. Recognize the problem • “Looking the other way,” that is, not to recognize
the problem—due to bribes or perhaps fear of
retribution for being a “whistle-blower”

2. Define the goal or objective • Favoring one group of stakeholders by focusing
on their objective for a project

3. Assemble relevant data • Using faulty or inaccurate data

4. Identify feasible alternatives • Leaving legitimate alternatives out of
consideration

5. Select the criterion to determine the
best alternative

• Considering only monetary consequences when
there are other significant consequences

6. Construct a model • Using a short horizon that favors one alternative
over another.

7. Predict each alternative’s outcomes
or consequences

• Using optimistic estimates for one alternative and
pessimistic ones for the other alternatives

8. Choose the best alternative • Choosing an inferior alternative, one that is
unsafe, adds unnecessary cost for the end user,
harms the environment, etc.

9. Audit the result • Hiding past mistakes

provides examples of ethical lapses that can occur at each step of the decision-making
process.

Ethical dilemmas for engineers may arise in connection with engineering economic
analysis in many situations. Following are examples of a few of these.

Gaining Knowledge and Building Trust Versus Favors for Influence
Consider these three situations:

• The salesman for a supplier of HVAC (heating, ventilating, and air conditioning)
equipment invites a mechanical engineer and spouse to come along on the company
jet for a users’ conference at a vacation resort.

• Same salesman and same engineer, but the invitation is for a day of golfing at an
exclusive club.

• Same salesman invites the same engineer to lunch.

In each case the salesman is trying to “get the order,” and there is likely to be some mix
of business—discussing specifications—and pleasure. The first case, which brings up the
largest ethical questions, also has the largest business justification. This is the opportunity
to meet other users of the products and see displays of the product line. Often, firms and
government agencies have strict guidelines that dictate behavior in these situations.
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Cost, Quality, and Functionality
One of the most common conflicts in the conceptual and design phase involves the trade-
offs between cost, quality, and required functionality. Most modern products entail many
thousands of decisions by designers that ultimately affect the cost and quality for the end
user.

• A designer in an engineering consulting firm knows that a “gold-plated” solution
would be very profitable for his firm (and for his bonus). This solution may also
provide excellent reliability and require little maintenance cost.

• Engineers in the consumer durables division of a multinational company know that
by using lower-quality connectors, fasteners, and subcomponents they can lower
costs and improve the firm’smarket position. In addition, they know that these design
elements have only a limited usable life, and the firm’s most profitable business is
repairs and extended warranties.

The EnvironmentWe Live In
Projects for transportation and power generation typically must consider environmental
impacts in their design and in deciding whether the project should be done in any form.
Who incurs the costs for the project, and who receives the benefits? Many other engineering
products are designed to promote recycling, reduce energy usage, and reduce pollution.Eth-
ical issues can be particularly difficult because there are often stakeholders with opposing
viewpoints, and some of the data may be uncertain and hard to quantify.

Examples of difficult choices include:

• Protecting the habitat of an endangered species versus flood control projects that
protect people, animals, and structures.

• Meeting the needs for electrical power when all choices have some negative
environmental impacts:

• Hydroelectric—reservoir covers land and habitat
• Coal—underground mining can be dangerous, open-pit mining damages
habitat, and burning the coal can cause air pollution

• Nuclear—disposal of radioactive waste
• Fuel oil—air pollution and economic dependence
• Wind—visual pollution of wind farms; birds killed by whirling blades

• Determining standards for pollutants: Is 1 part per millionOK, or is 1 part per billion
needed?

Safety and Cost
Some of the most common and most difficult ethical dilemmas involve trade-offs between
safety and cost. If a product is “too safe,” then it will be too expensive, and it will not be
used. Also sometimes the cost is incurred by one party and the risk by another.

• Should the oil platform be designed for the 100-year, 500-year, or 1000-year
hurricane?
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• Should the auto manufacturer add run-flat tires, stability control, side-cushion
airbags, and rear-seat airbags to every car?

• Should a given product design go through another month of testing?
• Are stainless steel valves required, or is it economically better to use less corrosion-

resistant valves and replace them more frequently?
• Is it safe to launch the Space Shuttle today?

Emerging Issues and “Solutions”
Breaches of the law by corporate leaders of Enron, Tyco, and other firms have led to
attempts to prevent, limit, and expose financial wrongdoing within corporations. One part
of the solution has been the Sarbanes–Oxley Act of 2002, which imposed requirements on
firm executives and auditing accounting firms, as well as penalties for violations.

Globalization is another area of increasing importance for ethical considerations. One
reason is that different ethical expectations prevail in the world’s various countries and
regions. A second reason is that jobs may be moved to another country based on differ-
ences in cost, productivity, environmental standards, and so on. What may be viewed as a
sweatshop from a U.S. perspective may be viewed as a wonderful opportunity to support
many families from the perspective of a less developed nation.

Importance of Ethics in Engineering and Engineering Economy

Many times engineers and firms try to act ethically, but mistakes are made—the data were
wrong, the design was changed, or the operating environment was different than expected.
In other cases, a choice was made between expediency (profit) and ethics. The firm and
management are driven by the need tomake a profit, and they expect the engineer to identify
when safety will be compromised.

Ethics in engineering economic analysis focuses on how well and how honestly the
decision-making process is conducted—the data, method of analysis, recommendations,
and follow-up. The first step in avoiding problems is to recognize that ethical issues exist
and to make them an explicit part of your decision-making process.

As a student, you’ve no doubt heard discussions about cheating on exams, plagiarism
on written reports, violating university drinking and drug use policies, accepting one job
while continuing to interview for others, and selling student sports tickets to nonstudents.
You’ve made your own decisions about your behavior, and you’ve established patterns of
behavior.

You should know that your professors care deeply about the ethical decisions youmake
at school. Your ethical habits there form a foundation for the character of your work and
personal behavior after graduation.

Often recent engineering graduates are asked, “What is the most important thing you
want from your supervisor?” The most common response is mentoring and opportunities
to learn and progress. When employees with 5, 15, 25, or more years of experience are
asked the same question, the most common response at all experience levels is integrity.
This is what your subordinates, peers, and superiors will expect and value the most from
you. Integrity is the foundation for long-term career success.
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ENGINEERINGDECISIONMAKING FOR CURRENT COSTS

Some of the easiest forms of engineering decision making deal with problems of alternative
designs, methods, ormaterials. If results of the decision occur in a very short period of time,
one can quickly add up the costs and benefits for each alternative. Then, using the suitable
economic criterion, the best alternative can be identified. Three example problems illustrate
these situations.

EXAMPLE 1–2

A concrete aggregate mix must contain at least 31% sand by volume for proper batching. One
source of material, which has 25% sand and 75% coarse aggregate, sells for $3 per cubic meter
(m3). Another source, which has 40% sand and 60% coarse aggregate, sells for $4.40/m3.
Determine the least cost per cubic meter of blended aggregates.

SOLUTION

The least cost of blended aggregates will result from maximum use of the lower-cost material.
The higher-cost material will be used to increase the proportion of sand up to the minimum level
(31%) specified.

Let x = Portion of blended aggregates from $3.00/m3 source

1 − x = Portion of blended aggregates from $4.40/m3 source

Sand Balance

x(0.25) + (1 − x)(0.40) = 0.31

0.25x + 0.40 − 0.40x = 0.31

x = 0.31 − 0.40

0.25 − 0.40
= −0.09

−0.15

= 0.60

Thus the blended aggregates will contain

60% of $3.00/m3 material

40% of $4.40/m3 material

The least cost per cubic meter of blended aggregates is

0.60($3.00) + 0.40($4.40) = 1.80 + 1.76

= $3.56/m3
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EXAMPLE 1–3

A machine part is manufactured at a unit cost of 40� c for material and 15� c for direct labor. An
investment of $500,000 in tooling is required. The order calls for 3 million pieces. Halfway
through the order, managers learn that a new method of manufacture can be put into effect that
will reduce the unit costs to 34� c formaterial and 10� c for direct labor—but it will require $100,000
for additional tooling. This tooling will not be useful for future orders. Other costs are allocated
at 2.5 times the direct labor cost. What, if anything, should be done?

SOLUTION

Since there is only one way to handle the first 1.5 million pieces, our problem concerns only the
second half of the order.

AlternativeA: Continue with PresentMethod

Material cost 1,500,000 pieces × 0.40 = $600,000

Direct labor cost 1,500,000 pieces × 0.15 = 225,000

Other costs 2.50 × direct labor cost = 562,500

Cost for remaining 1,500,000 pieces $1,387,500

AlternativeB: Change theManufacturingMethod

Additional tooling cost $100,000

Material cost 1,500,000 pieces × 0.34 = 510,000

Direct labor cost 1,500,000 pieces × 0.10 = 150,000

Other costs 2.50 × direct labor cost = 375,000

Cost for remaining 1,500,000 pieces $1,135,000

Before making a final decision, one should closely examine the other costs to see whether
they do, in fact, vary as the direct labor cost varies. Assuming they do, the decision would be to
change the manufacturing method.

EXAMPLE 1–4

In the design of a cold-storage warehouse, the specifications call for a maximum heat transfer
through the warehouse walls of 30,000 joules per hour per square meter of wall when there
is a 30◦C temperature difference between the inside surface and the outside surface of the
insulation. The two insulation materials being considered are as follows:
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Conductivity

Insulation Material Cost per Cubic Meter (J-m/m
2
-
◦◦◦
C-hr)

Rock wool $12.50 140
Foamed insulation 14.00 110

The basic equation for heat conduction through a wall is

Q = K (�T )

L

where Q = heat transfer, in J/hr/m2 of wall
K = conductivity, in J-m/m2-◦C-hr

�T = difference in temperature between the two surfaces, in ◦C
L = thickness of insulating material, in meters

Which insulation material should be selected?

SOLUTION

Two steps are needed to solve the problem. First, the required thickness of each of the available
materials must be calculated. Then, since the problem is one of providing a fixed output (heat
transfer through the wall limited to a fixed maximum amount), the criterion is to minimize the
input (cost).

Required Insulation Thickness

Rock wool 30,000 = 140(30)

L
, L = 0.14 m

Foamed insulation 30,000 = 110(30)

L
, L = 0.11 m

Cost of Insulationper Square Meter ofWall

Unit cost = Cost/m3 × Insulation thickness, in meters

Rock wool Unit cost = $12.50 × 0.14 m = $1.75/m2

Foamed insulation Unit cost = $14.00 × 0.11 m = $1.54/m2

The foamed insulation is the lesser-cost alternative. However, there is an intangible constraint that
must be considered. How thick is the available wall space? Engineering economy and the time
value of money are needed to decide what the maximum heat transfer should be. What is the cost
of more insulation versus the cost of cooling the warehouse over its life?

SUMMARY

ClassifyingProblems

Many problems are simple and thus easy to solve. Others are of intermediate difficulty
and need considerable thought and/or calculation to properly evaluate. These intermediate
problems tend to have a substantial economic component and to require economic anal-
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ysis. Complex problems, on the other hand, often contain people elements, along with
political and economic components. Economic analysis is still very important, but the best
alternative must be selected by considering all criteria—not just economics.

The Decision-MakingProcess

Rational decision making uses a logical method of analysis to select the best alternative
from among the feasible alternatives. The following nine steps can be followed sequen-
tially, but decision makers often repeat some steps, undertake some simultaneously, and
skip others altogether.

1. Recognize the problem.

2. Define the goal or objective: What is the task?

3. Assemble relevant data: What are the facts? Is more data needed, and is it worth
more than the cost to obtain it?

4. Identify feasible alternatives.
5. Select the criterion for choosing the best alternative: possible criteria include polit-

ical, economic, environmental, and social. The single criterion may be a composite
of several different criteria.

6. Mathematically model the various interrelationships.
7. Predict the outcomes for each alternative.

8. Choose the best alternative.
9. Audit the results.

Engineering decision making refers to solving substantial engineering problems in
which economic aspects dominate and economic efficiency is the criterion for choosing
from among possible alternatives. It is a particular case of the general decision-making
process. Some of the unusual aspects of engineering decision making are as follows:

1. Cost-accountingsystems, while an important source of cost data, contain allocations
of indirect costs that may be inappropriate for use in economic analysis.

2. The various consequences—costs and benefits—of an alternative may be of three
types:

(a) Market consequences—there are established market prices.

(b) Extra-market consequences—there are no direct market prices, but prices can
be assigned by indirect means.

(c) Intangible consequences—valued by judgment, not by monetary prices.

3. The economic criteria for judging alternatives can be reduced to three cases:

(a) When neither input nor output is fixed: maximize profit, which equals the
difference between benefits and costs.

(b) For fixed input: maximize benefits or other outputs.

(c) For fixed output: minimize costs or other inputs.

The first case states the general rule from which both the second and third cases
may be derived.

4. To choose among the alternatives, the market consequences and extra-market con-
sequences are organized into a cash flow diagram. We will see in Chapter 3 that
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engineering economic calculations can be used to compare differing cash flows.
These outcomes are compared against the selection criterion. From this compari-
son plus the consequences not included in themonetary analysis, the best alternative
is selected.

5. An essential part of engineering decision making is the postaudit of results. This
step helps to ensure that projected benefits are obtained and to encourage realistic
estimates in analyses.

Importance of Ethics in Engineering and Engineering Economy

One of the gravest responsibilities of an engineer is protecting the safety of the public,
clients, and/or employees. In addition, the engineer can be responsible for the economic
performance of projects and products on which bonuses and jobs depend. Not surprisingly,
in this environment one of the most valued personal characteristics is integrity.

DecisionMaking with Current Costs

When all costs and benefits occur within a brief period of time, the time value of money is
not a consideration.We still must use the criteria of maximizing profit, minimizing cost, or
maximizing benefits.

P R O B L E M S

DecisionMaking

1-1 Think back to your first hour after awakening this
morning. List 15 decision-making opportunities that
existed during that hour. After you have done that,
mark the decision-making opportunities that you
actually recognized this morning and uponwhich you
made a conscious decision.

1-2 Someof the following problemswouldbe suitable for
solution by engineering economic analysis. Which
ones are they?

(a) Would it be better to buy a car with a diesel
engine or a gasoline engine?

(b) Should an automatic machine be purchased to
replace three workers now doing a task by hand?

(c) Would it be wise to enroll for an early morning
class to avoid traveling during themorning traffic
rush hours?

(d) Would you be better off if you changed your
major?

(e) One of the people you might marry has a job that
pays very little money, while another has a pro-
fessional job with an excellent salary.Which one
should you marry?

1-3 Which one of the following problems ismost suitable
for analysis by engineering economic analysis?

(a) Some 75� c candy bars are on sale for 12 bars for
$6. Sandy, who eats a couple of candy bars a
week, must decide whether to buy a dozen at the
lower price.

(b) A woman has $150,000 in a bank checking
account that pays no interest. She can either
invest it immediately at a desirable interest rate
or wait a week and know that she will be able to
obtain an interest rate that is 0.15% higher.

(c) Joe backed his car into a tree, damaging the
fender. He has car insurance that will pay for
the fender repair. But if he files a claim for pay-
ment, they may give him a lower “good driver”
rating and charge him more for car insurance in
the future.

1-4 If you have $300 and could make the right decisions,
how long would it take you to become a millionaire?
Explain briefly what you would do.

1-5 Many people write books explaining how to make
money in the stock market. Apparently the authors
plan to make their money selling books telling other
people how to profit from the stock market. Why
don’t these authors forget about the books and make
their money in the stock market?
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1-6 The owner of a small machine shop has just lost one
of his larger customers. The solution to his prob-
lem, he says, is to fire three machinists to balance
his workforce with his current level of business. The
owner says it is a simple problem with a simple
solution. The three machinists disagree. Why?

1-7 Every college student had the problem of selecting
the college or university to attend. Was this a simple,
intermediate, or complex problem for you? Explain.

1-8 Toward the end of the twentieth century, theU.S. gov-
ernment wanted to save money by closing a small
portion of its domestic military installations. While
many people agreed that saving money was a desir-
able goal, people in areas potentially affected by
a closing soon reacted negatively. Congress finally
selected a panel whose task was to develop a list of
installations to close, with the legislation specifying
that Congress could not alter the list. Since the goal
was to save money, why was this problem so hard to
solve?

1-9 The college bookstore has put pads of engineering
computation paper on sale at half price. What is the
minimum and maximum number of pads you might
buy during the sale? Explain.

1-10 Consider the seven situations described. Which one
situation seems most suitable for solution by engi-
neering economic analysis?

(a) Jane has met two college students that interest
her. Bill is a music major who is lots of fun to
be with. Alex is a fellow engineering student, but
he does not like to dance. Jane wonders what to
do.

(b) You drive periodically to the post office to pick
up your mail. The parking meters require 25� c for
6 minutes—about twice the time required to get
from your car to the post office and back. If park-
ing fines cost $20, do you put money in the meter
or not?

(c) At the local market, candy bars are 75� c each or
three for $2. Should you buy them three at a time?

(d) The cost of car insurance varies widely from
company to company. Should you check with
several insurance companies when your policy
comes up for renewal?

(e) There is a special local sales tax (“sin tax”) on
a variety of things that the town council would
like to remove from local distribution. As a result,
a store has opened up just outside the town and
offers an abundance of these specific items at
prices about 30% less than is charged in town.
Should you shop there?

( f ) Your mother reminds you that she wants
you to attend the annual family picnic. That
same Saturday you already have a date with
a person you have been trying to date for
months.

(g) One of your professors mentioned that you have
a poor attendancerecord in her class.Youwonder
whether to drop the course noworwait to see how
you do on the first midterm exam. Unfortunately,
the course is required for graduation.

1-11 A carmanufacturer is considering locating an assem-
bly plant in your region. List two simple, two inter-
mediate, and two complex problems associated with
this proposal.

1-12 Consider the following situations. Which ones
appear to represent rational decision making?
Explain.

(a) Joe’s best friend has decided to become a civil
engineer, so Joe has decided that he will also
become a civil engineer.

(b) Jill needs to get to the university from her home.
She bought a car and now drives to the univer-
sity each day. When Jim asks her why she didn’t
buy a bicycle instead, she replies, “Gee, I never
thought of that.”

(c) Don needed a wrench to replace the spark plugs
in his car. He went to the local automobile sup-
ply store and bought the cheapest one they had.
It broke before he had finished replacing all the
spark plugs in his car.

1-13 Identify possible objectives for NASA. For your
favorite of these, how should alternative plans to
achieve the objective be evaluated?

1-14 Suppose you have just 2 hours to determine how
many people in your hometown would be interested
in buying a pair of left-handed scissors. Give a step-
by-step outline of how you would seek to find out
within the time allotted.

1-15 A college student determines that he will have only
$250 per month available for his housing for the
coming year. He is determined to continue in the
university, so he has decided to list all feasible alter-
natives for his housing. To help him, list five feasible
alternatives.

1-16 Describe a situation in which a poor alternative was
selected because there was a poor search for better
alternatives.

1-17 If there are only two alternatives available and
both are unpleasant and undesirable, what should
you do?
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1-18 The three economic criteria for choosing the best
alternative are maximize the difference between out-
put and input, minimize input, and maximize output.
For each of the following situations, what is the
correct economic criterion?

(a) A manufacturer of plastic drafting triangles can
sell all the triangles he can produce at a fixed
price. As he increases production, his unit costs
increase as a result of overtime pay and so forth.
The manufacturer’s criterion should be .

(b) An architectural and engineering firm has been
awarded the contract to design a wharf for
a petroleum company for a fixed sum of
money. The engineering firm’s criterion should
be .

(c) A book publisher is about to set the list price
(retail price) on a textbook. The choice of a low
list price would mean less advertising than would
be used for a higher list price. The amount of
advertising will affect the number of copies sold.
The publisher’s criterion should be.

(d) At an auction of antiques, a bidder for a particular
porcelain statue would be trying to .

1-19 As in Problem 1-18, state the correct economic crite-
rion for each of the following situations.

(a) The engineering school raffled off a car; tickets
sold for $2 each or three for $5. When the stu-
dents were selling tickets, they noted that many
people had trouble deciding whether to buy one
or three tickets. This indicates the buyers’ crite-
rion was .

(b) A student organization bought a soft-drink
machine for use in a student area. There was
considerablediscussionover whether they should
set the machine to charge 75� c, $1, or $1.25 per
drink. The organization recognized that the num-
ber of soft drinks sold would depend on the price
charged. Eventually the decision was made to
charge $1. The criterion was .

(c) In many cities, grocery stores find that their sales
are much greater on days when they advertise
special bargains. However, the advertised special
prices do not appear to increase the total physical
volume of groceries sold by a store. This leads
us to conclude that many shoppers’ criterion
is .

(d) A recently graduated engineer has decided to
return to school in the evenings to obtain a mas-
ter’s degree. He feels it should be accomplished
in a manner that will allow him the maximum

amount of time for his regular day job plus
time for recreation. In working for the degree,
he will .

1-20 Seven criteria are given in the chapter for judg-
ing which is the best alternative. After reviewing
the list, devise three additional criteria that might
be used.

1-21 Suppose you are assigned the task of determining
the route of a new highway through an older section
of town. The highway will require that many older
homes be either relocated or torn down.Two possible
criteria that might be used in deciding exactly where
to locate the highway are:

(a) Ensure that there are benefits to those who gain
from the decision and that no one is harmed by
the decision.

(b) Ensure that the benefits to those who gain from
the decision are greater than the losses of those
who are harmed by the decision.

Which criterion will you select to use in determining
the route of the highway? Explain.

1-22 For the project in Problem 1-21, identify the major
costs and benefits. Which are market consequences,
which are extra-market consequences, and which are
intangible consequences?

1-23 You must fly to another city for a Friday meeting.
If you stay until Sunday morning your ticket will
be $200, rather than $800. Hotel costs are $100
per night. Compare the economics with reasonable
assumptions for meal expenses.What intangible con-
sequencesmay dominate the decision?

1-24 In the fall, Jay Thompson decided to live in a uni-
versity dormitory. He signed a dorm contract under
which he was obligated to pay the room rent for
the full college year. One clause stated that if he
moved out during the year, he could sell his dorm
contract to another student who would move into the
dormitory as his replacement. The dorm cost was
$5000 for the two semesters, which Jay had already
paid.

A month after he moved into the dorm, he
decided he would prefer to live in an apartment.
That week, after some searching for a replacement
to fulfill his dorm contract, Jay had two offers.
One student offered to move in immediately and
to pay Jay $300 per month for the eight remaining
months of the school year. A second student offered
to move in the second semester and pay $2500
to Jay.
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Jay estimates his food cost per month is $500
if he lives in the dorm and $450 if he lives in an
apartment with three other students. His share of
the apartment rent and utilities will be $400 per
month. Assume each semester is 41/2 months long.
Disregard the small differences in the timing of the
disbursements or receipts.

(a) What are the three alternatives available to Jay?

(b) Evaluate the cost for each of the alternatives.

(c) What do you recommend that Jay do?

1-25 In decision making we talk about the construction of
a model. What kind of model is meant?

1-26 An electric motor on a conveyor burned out. The
foreman told the plant manager that the motor had
to be replaced. The foreman said that there were no
alternatives and asked for authorization to order the
replacement. In this situation, is any decision making
taking place? If so, who is making the decision(s)?

1-27 Bill Jones’s parents insisted that Bill buy himself a
new sport shirt. Bill’s father gave specific instruc-
tions, saying the shirt must be in “good taste,” that is,
neither too wildly colored nor too extreme in tailor-
ing. Bill found three types of sport shirts in the local
department store:

• Rather somber shirts that Bill’s father would
want him to buy

• Good-looking shirts that appealed to Bill
• Weird shirts that were even too much for Bill

He wanted a good-looking shirt but wondered
how to convincehis father to let himkeep it. The clerk
suggested that Bill take home two shirts for his father
to see and return the one he did not like. Bill selected
a good-looking blue shirt he liked, and also a weird
lavender shirt. His father took one look and insisted
that Bill keep the blue shirt and return the laven-
der one. Bill did as his father instructed. What was
the key decision in this decision process, and who
made it?

1-28 A farmer must decide what combination of seed,
water, fertilizer, and pest control will be most prof-
itable for the coming year. The local agricultural
college did a study of this farmer’s situation and
prepared the following table.

Plan Cost/acre Income/acre

A $ 600 $ 800

B 1500 1900

C 1800 2250

D 2100 2500

The last page of the college’s study was torn off,
and hence the farmer is not sure which plan the agri-
cultural college recommends. Which plan should the
farmer adopt? Explain.

1-29 Identify the alternatives, outcomes, criteria, and pro-
cess for the selection of your college major. Did you
make the best choice for you?

1-30 Describe a major problem you must address in the
next two years. Use the techniques of this chapter to
structure the problem and recommend a decision.

1-31 Apply the steps of the decision-making process to
your situation as you decide what to do after grad-
uation.

1-32 One strategy for solving a complex problem is to
break it into a group of less complex problems and
then find solutions to the smaller problems. The result
is the solution of the complex problem. Give an
example in which this strategy will work. Then give
another example in which this strategy will not work.

Ethics

1-33 When you make professional decisions involving
investments in engineeringprojects, what criteria will
you use?
Contributed by D. P. Loucks, Cornell University

1-34 What are ethics?
Contributed by D. P. Loucks, Cornell University

1-35 Analyze the ethical aspects of Problem 1-6.

1-36 Suppose you are a engineer working in a private
engineering firm and you are asked to sign docu-
ments verifying information that you believe is not
true. You like your work and your colleagues in the
firm, and your family depends on your income.What
criteria can you use to guide your decision regarding
this issue?
Contributed by D. P. Loucks, Cornell University

1-37 Find the ethics code for the professional society of
your major.

(a) Summarize its key points.

(b) What are its similarities and differences in
comparison to NSPE’s ethics code?

1-38 Use a personal example or a published source to
analyze what went wrong or right with respect to
ethics at the assigned stage(s) of the decision-making
process.

(a) Recognize problem.

(b) Define the goal or objective.

(c) Assemble relevant data.

(d) Identify feasible alternatives.
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(e) Select the criterion for determining the best alter-
native.

( f ) Construct a model.

(g) Predict each alternative’s outcomes or conse-
quences.

(h) Choose the best alternative.

(i) Audit the result.

1-39 One of the important responsibilities of municipal
assemblies and school boards is public infrastructure,
such as roads and schools. Especially for this respon-
sibility, engineers bring skills, knowledge, and per-
spectives that can improve public decision making.
Often the public role is a part-time one, engineers that
fulfill it will also have full-time jobs as employees or
owners of engineering firms.

(a) What are some of the ethical issues that can arise
from conflicts between the public- and private-
sector roles?

(b) What guidelines for process or outcomes are
there in your hometown?

(c) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

1-40 Increasing population and congestion often are
addressed through road improvement projects. These
may pit the interests of homeowners and business
owners in the project area against the interests of
people traveling through the improvement project.

(a) What are someof the ethical issues that can arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes exist to
help address the ethical issues of your example?

1-41 Economic development and redevelopment often
require significant acreage that is assembled by
acquiring smaller parcels. Sometimes this is done
through simple purchase, but the property of an
“unwilling seller” can be acquired through the pro-
cess of eminent domain.

(a) What are someof the ethical issues that can arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes exist
to help address the ethical issues in your city or
state?

1-42 State governments use a variety of advisory and regu-
latory bodies. Example responsibilities include over-
sight of professional engineering licensing and the
pricing and operation of regulated utilities. Engineers
bring skills, knowledge, andperspectives that are use-
ful in this context. Often the public role is a part-time
one, and engineers that fulfill it will also have full-
time jobs as employees or owners of engineering
firms.

(a) What are some of the ethical issues that can arise
from conflicts between the public- and private-
sector roles?

(b) What guidelines for process or outcomes are
there in your home state?

(c) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

1-43 Many engineerswork in state governments, and some
are in high-profile roles as legislators, department
commissioners, and so on. Many of these individu-
als move between working in the private and public
sectors.

(a) What are some of the ethical issues that can arise
as individuals shift between public and private
sector roles?

(b) What guidelines for process or outcomes are
there in your home state?

(c) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

1-44 In the U.S., regulation of payment for overtime hours
is done at the state and federal levels. Because most
engineering work is accomplished through projects,
it is common for engineers to be asked or required
to work overtime as projects near deadlines. Some-
times the overtime is paid at time and a half, some-
times as straight time, and sometimes the engineer’s
salary is treated as a constant even when overtime
occurs. In a particular firm, engineering interns, engi-
neers, and partners may be treated the same or
differently.

(a) What are some of the legal and ethical issues that
can arise?

(b) What is the law or regulation in your state or
home state?

(c) Summarize and analyze an example firm’s
policies or data on how common the
problem is.
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1-45 At the federal government level, the economic con-
sequences of decisions can be very large. Firms hire
lobbyists, legislators may focus on their constituents,
and advocacy organizations promote their own agen-
das. In addition, sometimes some of the players are
willing to be unethical.

(a) What are some of the ethical issues that can
arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes are
there for the agency or legislative body involved
in your example?

1-46 At both state and federal levels, legislators can
be involved in “pork barrel” funding of capital
projects. These projects may even bypass the eco-
nomic evaluation using engineering economy that
normal projects are subject to.

(a) What are some of the ethical issues that can
arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes are
there for the agency or legislative body involved
in your example?

1-47 At the international level, a common ethics issue
important to engineering and project justification
is that of environmental regulation. Often differ-
ent nations have different environmental standards,
and a project or product might be built in either
location.

(a) What are some of the ethical issues that can arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes exist
to help address the ethical issues of your
example?

1-48 At the international level, a common ethics issue
important to engineering and project justification is
that of worker health and safety. Often different
nations have different standards, and a project or
product could be built in either location.

(a) What are some of the ethical issues that can
arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes exist
to help address the ethical issues of your
example?

1-49 At the international level, engineering decisions are
critical in matters of “sustainable development,” a
common ethics issue.

(a) What are some of the ethical issues that can
arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes exist
to help address the ethical issues of your
example?

1-50 At the international level, questions arise about
whether the U.S. ban on bribery is practical or
appropriate. In some countries government work-
ers are very poorly paid, and they can support their
families only by accepting money to “grease” a
process.

(a) What are some of the ethical issues that can
arise?

(b) Summarize and analyze an example situation
from the local newspaper, your hometown news-
paper, or a news magazine.

(c) What guidelines for process or outcomes exist
to help address the ethical issues of your
example?

1-51 In the 1970s the Ford Motor Company sold its sub-
compact Pinto model with known design defects.
In particular, the gas tank’s design and location led
to rupture, leaks, and explosion in low-speed, rear-
impact collisions. Fifty-nine people burned to death
in Pinto accidents. In a cost–benefit analysis weigh-
ing the cost of fixing the defects ($11 per vehicle)
versus the firm’s potential liability for lawsuits on
behalf of accident victims, Ford had placed the value
of a human life at $200,000. Ford eventually recalled
1.4 million Pintos to fix the gas tank problem for a
cost of $30 million to $40 million. In addition the
automaker ultimately paid out millions more in
liability settlements and incurred substantial damage
to its reputation.

(a) Critique Ford’s actions from the perspective of
the NSPE Code of Ethics.
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(b) One well-known ethical theory, utilitarianism,
suggests that an act is ethically justified if it
results in the “greatest good for the greatest
number” when all relevant stakeholders are con-
sidered. Did Ford’s cost–benefit analysis validly
apply this theory?

(c) What should engineers do when the product they
are designing has a known safety defect with an
inexpensive remedy?

Contributed by Joseph R. Herkert, Arizona State
University

1-52 The decision-making process used to launch the
Challenger shuttle has been extensively analyzed.
Briefly summarize the key institutional groups, how
the decisionwas made, and the ethical principles that
may have been compromised.

1-53 One of the elements in the flooding of New
Orleans during Hurricane Katrina was the failure
of some of the levees that protected the city. Out-
line the role that ethical failures by engineers may
have played in this situation. How could soci-
ety structure decision making to minimize such
failures?

1-54 Toyota has a long history of engineering-driven,
high-quality production processes. However, more
recently a series of problems with acceleration
and braking has raised questions about quality and
ethics. Summarize what seems to have produced
the problems, how they have been addressed, and
how successful Toyota has been in restoring its
reputation.

Current Costs

1-55 If you rent a car, you can (1) return it with a full
gas tank, (2) return it without filling it and pay
$3.45/gallon, or (3) accept a fixed price of $35 for
gas. The local price is $3.15/gallon for gasoline, and
you expect this car to get 28 miles per gallon. The car
has a 20-gallon tank. What choice should you make
if you expect to drive:

(a) 150 miles?

(b) 350 miles?

(c) 500 miles?

(d) How do your answers change if stopping at the
filling station takes 15 minutes and your time is
worth $12/hr?

1-56 Your car gets 24 miles per gallon (mpg) at 60 miles
per hour (mph) and 20mpg at 70mph. At what speed
should you make a 500-mile trip:

(a) If gas costs $3 per gallon and your time is worth
$18/hr?

(b) If gas costs $4 per gallon and your time is worth
$12/hr?

(c) If gas costs $5 per gallon and your time is worth
$9/hr?

(d) Build a spreadsheet (see Appendix A) to calcu-
late the total trip cost for gas costs of $2, $3, $4,
and $5 and values of time of $6, $9, $12, $15, and
$18 per hour. Do two tables: one at 60 mph and
one at 70 mph.

1-57 Willie Lohmann travels from city to city in the con-
duct of his business. Every other year he buys a
used car for about $15,000. The dealer allows about
$8000 as a trade-in allowance, with the result that the
salesman spends $7000 every other year for a car.
Willie keeps accurate records, which show that all
other expenses on his car amount to 32.3� c per mile
for each mile he drives. Willie’s employer has two
plans by which salesmen are reimbursed for their car
expenses:

A . Willie will receive all his operating expenses, and
in addition will receive $3500 each year for the
decline in value of the automobile.

B . Willie will receive 52� c per mile but no operating
expenses and no depreciation allowance.

If Willie travels 18,000 miles per year, which
method of computation gives him the larger reim-
bursement? At what annualmileage do the two meth-
ods give the same reimbursement?

1-58 Maria, a college student, is getting ready for three
final examinations at the end of the school year.
Between now and the start of exams, she has 15 hours
of study time available. She would like to get as high
a grade average as possible in her math, physics,
and engineering economy classes. She feels she must
study at least 2 hours for each course and, if neces-
sary,will settle for the low grade that the limited study
would yield. If Maria estimates her grade in each sub-
ject as follows, how much time should she devote to
each class?
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Engineering

Study Mathematics Physics Economy

Hours Grade Grade Grade

2 25 35 50
3 35 41 61
4 44 49 71
5 52 59 79
6 59 68 86
7 65 77 92
8 70 85 96

1-59 Two manufacturing companies, located in cities
90 miles apart, have discovered that they both send
their trucks four times a week to the other city full of
cargo and return empty. Each companypays its driver
$185 a day (the round trip takes all day) and have
truck operating costs (excluding the driver) of 60� c a
mile. Howmuch could each company save eachweek
if they shared the task, with each sending its truck
twice a week and hauling the other company’s cargo
on the return trip?

1-60 A city needs to increase its rubbish disposal facili-
ties. There is a choice of two rubbish disposal areas,
as follows.

Area A: A gravel pit with a capacity of 16 mil-
lion cubic meters. Owing to the possibility of high
groundwater, however, the Regional Water Pollution
Control Board has restricted the lower 2million cubic
meters of fill to inert material only (earth, concrete,
asphalt, paving, brick, etc.). The inert material, prin-
cipally clean earth, must be purchased and hauled to
this area for the bottom fill.

Area B: Capacity is 14 million cubic meters. The
entire capacity may be used for general rubbish dis-
posal. This area will require an average increase in
a round-trip haul of 5 miles for 60% of the city, a
decreased haul of 2 miles for 20% of the city. For
the remaining 20% of the city, the haul is the same
distance as for Area A.

Assume the following conditions:

• Cost of inert material placed in Area A will be
$9.40/m3.

• Average speed of trucks from last pickup to
disposal site is 15 miles per hour.

• The rubbish truck and a two-man crewwill cost
$140 per hour.

• Truck capacity of 41/2 tons per load or 20 m3.
• Sufficient cover material is available at all

areas; however, inert material for the bottom fill
in Area A must be hauled in.

Which of the sites do you recommend?
(Answer:Area B)

1-61 An oil company is considering adding an additional
grade of fuel at its service stations. To do this, an
additional 3000-gallon tank must be buried at each
station. Discussions with tank fabricators indicate
that the least expensive tank would be cylindrical
with minimum surface area. What size tank should
be ordered?
(Answer: 8-ft diameter by 8-ft length)

1-62 The vegetable buyer for a group of grocery stores
has decided to sell packages of sprouted grain in the
vegetable section of the stores. The product is per-
ishable, and any remaining unsold after one week in
the store is discarded. The supplier will deliver the
packages to the stores, arrange them in the display
space, and remove and dispose of any old packages.
The price the supplier will charge the stores depends
on the size of the total weekly order for all the
stores.

WeeklyOrder Price per Package

Less than 1000 packages 70� c
1000–1499 56

1500–1999 50

2000 or more 40

The vegetable buyer estimates the quantity that
can be sold per week, at various selling prices, as
follows:

Selling Price Packages Sold perWeek

$1.20 300

.90 600

.80 1200

.66 1700

.52 2300
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The sprouted grain will be sold at the same price
in all the grocery stores.

(a) How many packages should be purchased per
week, and at which of the five prices listed above
should they be sold?

(b) Build a spreadsheet (see Appendix A) to calcu-
late the profit for every combination of selling
price and weekly order size.

1-63 CathyGwynn, a recently graduated engineer, decided
to invest some of her money in a “Quick Shop” gro-
cery store. The store emphasizes quick service, a
limited assortment of grocery items, and rather high
prices. Cathy wants to study the business to see if the
store hours (currently 0600 to 0100) can be changed
to make the store more profitable. Cathy assembled
the following information.

Daily Sales in

Time Period the Time Period

0600–0700 $ 40
0700–0800 80
0800–0900 120
0900–1200 400
1200–1500 500
1500–1800 600
1800–2100 800
2100–2200 200
2200–2300 60
2300–2400 120
2400–0100 40

The cost of the groceries sold averages 70% of
sales. The incremental cost to keep the store open,
including the clerk’s wage and other incremental
operating costs, is $20 per hour. To maximize profit,
when should the store be opened, and when should it
be closed?

1-64 Jim Jones, a motel owner, noticed that just down the
street the “Motel 36” advertises a $36-per-night room
rental rate on its sign. As a result, this competitor has
rented all 80 rooms every day by late afternoon. Jim,
on the other hand, does not advertise his rate,which is

$54 per night, and he averages only a 68%occupancy
of his 50 rooms.

There are a lot of other motels nearby, but only
Motel 36 advertises its rate on its sign. (Rates at the
other motels vary from $48 to $80 per night.) Jim
estimates that his actual incremental cost per night
for each room rented, rather than remaining vacant,
is $12. This $12 pays for all the cleaning, launder-
ing, maintenance, utilities, and so on. Jim believes
his eight alternatives are:

Alternative

Resulting

Occupancy Rate

Advertise

and Charge

1 $35 per night 100%
2 42 per night 94
3 48 per night 80
4 54 per night 66

Do Not Advertise

and Charge

5 $48 per night 70%
6 54 per night 68
7 62 per night 66
8 68 per night 56

What should Jim do? Show how you reached
your conclusion.

1-65 A firm is planning to manufacture a new product.
The sales department estimates that the quantity that
can be sold depends on the selling price. As the sell-
ing price is increased, the quantity that can be sold
decreases. Numerically they estimate:

P = $35.00− 0.02Q

where P = selling price per unit

Q= quantity sold per year

On the other hand, management estimates that
the average cost of manufacturing and selling the
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product will decrease as the quantity sold increases.
They estimate

C = $4.00Q + $8000

where C = cost to produce and sell Q per year

The firm’s management wishes to produce and
sell the product at the rate that will maximize profit,
that is, income minus cost will be a maximum. What
quantity should the decision makers plan to produce
and sell each year?
(Answer: 775 units)

1-66 A manufacturing firm has received a contract to
assemble 1000 units of test equipment in the next
year. The firm must decide how to organize its assem-
bly operation. Skilled workers, at $33 per hour each,
could be assigned to individually assemble the test
equipment. Each worker would do all the assem-
bly steps, and it would take 2.6 hours to complete
one unit. An alternate approach would be to set up
teams of four less skilled workers (at $19 per hour
each) and organize the assembly tasks so that each
worker does part of the assembly. The four-man
team would be able to assemble a unit in one hour.
Which approach would result in more economical
assembly?

1-67 A grower estimates that if he picks his apple crop
now, he will obtain 1000 boxes of apples, which
he can sell at $3 per box. However, he thinks
his crop will increase by 120 boxes of apples for
each week he delays picking, but that the price
will drop at a rate of 15� c per box per week;
in addition, he estimates that approximately 20
boxes per week will spoil for each week he delays
picking.

(a) When should he pick his crop to obtain the largest
total cash return? How much will he receive for
his crop at that time?

(b) Build a spreadsheet (see Appendix A) to calcu-
late the profit for 0, 1, 2, . . . , 6 weeks.

1-68 On her first engineering job, JoyHayeswas given the
responsibility of determining the production rate for
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a new product. She has assembled the data presented
in the following graphs.

(a) Select an appropriate economic criterion
and estimate the production rate based
upon it.

(b) Joy’s boss told Joy: “I want you to maximize
output with minimum input.” Joy wonders if
it is possible to meet her boss’s criterion. She
asks for your advice. What would you tell
her?

C A S E S
The following cases from Cases in Engineering Economy
2nd are suggested as matched with this chapter.

CASE 1 NewOffice Equipment
Student develops requirements for new copier
machines with little given data. Organizational
thinking required.

CASE 2 Budgeting Issues
Strategies for a group’s operating budget request.
One focus is ethics.



C H A P T E R 2

ENGINEERINGCOSTSAND
COST ESTIMATING

North Slope Natural Gas Pipeline

C
rude oil from Alaska’s North Slope
has long been important to the U.S.
Now a major project to bring Alaska
North Slope natural gas to the lower

48 is under active consideration. The numbers
associated with this private sector endeavor are:
35 trillion cubic feet (TCF) of producible gas
reserves, $20 billion of estimated infrastructure
costs needed to access and deliver the gas, and
a 9-year engineer, design, and build process to
make it all happen.

A significant driver for this massive project is
consumer demand and supply capabilities. By
the end of the decade the annual U.S. new
sources of natural gas demand will increase to

18 TCF, and experts estimate that the consumption rate will continue to increase at a 2 to
3% annual rate. All this adds up to a case of demand soon exceeding domestic supply capa-
bilities. That is where the North Slope project comes into play. At a design capacity of 4.5
billion cubic feet per day, the project would not completely fill the projected shortfall, but
it would reduce reliance on foreign suppliers.

While the pipeline design configuration is not complete, the leading candidate is the Prud-
hoe Bay to Canada to Chicago route—approximately 2140 miles. An alternate route is the
Prudhoe Bay to Valdez pipeline (approximately 800 miles) to a liquefaction plant for ship-
ping on liquefied natural gas (LNG) oceangoing tankers. Under either route, the proposed
pipeline design daily capacity is 4.5 billion cubic feet of gas. Delivering 4.5 billion cubic
feet daily puts the estimated revenue increase for the state of Alaska between $2 billion and
$3 billion annually.

As is often the case with a private-sector, large-scale project, this one faces many risks.
One major risk is the development of accurate cost estimates for engineering and building



the pipeline. Another risk is providing the project owners an adequate return on investment
when energy prices are volatile and demands are uncertain.

The natural gas resource supply is available, and the projected consumer needs are real.
Yet, this project must compete for private investors’ capital with other global investment
projects. Final decisions on project viabilitywill be based on cost estimates and calculations
of rate of return on investment in comparison to other investment opportunities. That is
why accurate estimates are essential in the decision process, and ultimately will determine
whether North Slope gas finds its way into U.S. markets. � � �

Contributed by Morgan E. Henrie, University of Alaska Anchorage

1. When large-scale projects compete for limited corporate capital funds, what type of
cost estimating should be utilized? Can you develop a philosophical statement, from
the firm’s perspective, regarding the detail needed and confidence justifiable in a cost
estimate?

2. When a project is estimated to take 5 to 10 (or more) years from concept to com-
pletion, should cost estimates be adjusted for the greater influences and impacts
of inflation, adverse government regulatory changes, and changing local economic
environment? Why or why not?

3. Should large-scale infrastructure projects be required tomeet the same internal rate of
return requirements as smaller, shorter-completion-time projects?Why or whynot?

4. Are there any ethical issues related to economics, the environment, safety, and so on
that project sponsors, consumers, and/or the U.S. government should consider?

After Completing This Chapter. . .

The student should be able to:

• Define various cost concepts.
• Provide specific examples of how and why these engineering cost concepts are

important.
• Define engineering cost estimating.
• Explain the three types of engineering estimate, as well as common difficulties

encountered in making engineering cost estimates.
• Use several common mathematical estimating models in cost estimating.
• Discuss the impact of the learning curve on cost estimates.
• State the relationship between cost estimating and estimating project benefits.
• Draw cash flow diagrams to show project costs and benefits.

35
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This chapter defines fundamental cost concepts. These include fixed and variable costs,
marginal and average costs, sunk and opportunity costs, recurring and nonrecurring costs,
incremental cash costs, book costs, and life-cycle costs. We then describe the various types
of estimates and difficulties sometimes encountered. The models that are described include
unit factor, segmenting, cost indexes, power sizing, triangulation, and learning curves. The
chapter discusses estimating benefits, developing cash flow diagrams, and drawing these
diagrams with spreadsheets.

Understanding engineering costs is fundamental to the engineering economic analysis
process, and therefore this chapter addresses an important question: Where do the numbers
come from?

ENGINEERINGCOSTS

Evaluating a set of feasible alternatives requires that many costs be analyzed. Examples
include costs for initial investment, new construction, facility modification, general labor,
parts and materials, inspection and quality, contractor and subcontractor labor, training,
computer hardware and software, material handling, fixtures and tooling, data manage-
ment, and technical support, as well as general support costs (overhead). In this section we
describe several concepts for classifying and understanding these costs.

Fixed, Variable, Marginal, and Average Costs

Fixed costs are constant or unchanging regardless of the level of output or activity. In con-
trast, variable costs depend on the level of output or activity. Amarginal cost is the variable
cost for one more unit, while the average cost is the total cost divided by the number of
units.

In a production environment, for example, fixed costs, such as those for factory
floor space and equipment, remain the same even though production quantity, number of
employees, and level of work-in-process may vary. Labor costs are classified as a variable
cost because they depend on the number of employees and the number of hours they work.
Thus fixed costs are level or constant regardless of output or activity, and variable costs are
changing and related to the level of output or activity.

As another example, many universities charge full-time students a fixed cost for 12 to
18 hours and a cost per credit hour for each credit hour over 18. Thus for full-time students
who are taking an overload (>18 hours), there is a variable cost that depends on the level
of activity, but for most full-time students tuition is a fixed cost.

This example can also be used to distinguish between marginal and average costs.
A marginal cost is the cost of one more unit. This will depend on how many credit hours
the student is taking. If currently enrolled for 12 to 17 hours, adding one more is free. The
marginal cost of an additional credit hour is $0. However, for a student taking 18 or more
hours, the marginal cost equals the variable cost of one more hour.

To illustrate average costs, the fixed and variable costs need to be specified. Suppose
the cost of 12 to 18 hours is $1800 per term and overload credits are $120/hour. If a student
takes 12 hours, the average cost is $1800/12 = $150 per credit hour. If the student were to
take 18 hours, the average cost would decrease to $1800/18 = $100 per credit hour. If the
student takes 21 hours, the average cost is $102.86 per credit hour [$1800+ (3× $120)]/21.
Average cost is thus calculated by dividing the total cost for all units by the total number of
units. Decision makers use average cost to attain an overall cost picture of the investment
on a per unit basis.
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Marginal cost is used to decide whether an additional unit should be made, pur-
chased, or enrolled in. For our example full-time student, the marginal cost of another
credit is $0 or $120 depending on how many credits the student has already signed
up for.

EXAMPLE 2–1

The Federation of Student Societies of Engineering (FeSSE) wants to offer a one-day training
course to help students in job hunting and to raise funds. The organizing committee is sure that
they can find alumni, local business people, and faculty to provide the training at no charge. Thus
the main costs will be for space, meals, handouts, and advertising.

The organizers have classified the costs for room rental, room setup, and advertising as fixed
costs. They also have included the meals for the speakers as a fixed cost. Their total of $225
is pegged to a room that will hold 40 people. So if demand is higher, the fixed costs will also
increase.

The variable costs for food and bound handouts will be $20 per student. The organizing
committee believes that $35 is about the right price to match value to students with their budgets.
Since FeSSE has not offered training courses before, they are unsure how many students will
reserve seats.

Develop equations for FeSSE’s total cost and total revenue, and determine the number of
registrations that would be needed for revenue to equal cost.

SOLUTION

Let x equal the number of students who sign up. Then,

Total cost = $225+ $20x

Total revenue = $35x

To find the number of student registrants for revenue to equal cost, we set the equations equal
to each other and solve.

Total cost = Total revenue

$225+ $20x = $35x

$225 = ($35 − $20)x

x = 225/15 = 15 students

While this example has been defined for a student engineering society, we could just as easily
have described this as a training course to be sponsored by a local chapter of a professional
technical society. The fixed cost and the revenue would increase by a factor of about 10, while
the variable cost would probably double or triple.

If a firm were considering an in-house short course, the cost of the in-house course would
be compared with the cost per employee (a variable cost) for enrolling employees in external
training.
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FIGURE 2–1 Profit–loss
breakeven chart for Example 2-1.
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From Example 2-1 we see how it is possible to calculate total fixed and total variable
costs. Furthermore, these values can be combined into a single total cost equation as
follows:

Total cost===Total fixed cost+++Total variable cost (2-1)

Example 2-1 developed total cost and total revenue equations to describe a training
course proposal. These equations can be used to create what is called a profit–loss breakeven
chart (see Figure 2-1). A plot of revenues against costs for various levels of output (activity)
allows one to illustrate a breakeven point (in terms of costs and revenue) and regions of profit
and loss. These terms can be defined as follows.

Breakeven point: The level of activity at which total costs for the product, good, or
service are equal to the revenue (or savings) generated. This is the level at which
one “just breaks even.”

Profit region: Values of the variable x greater than the breakeven point, where total
revenue is greater than total costs.

Loss region: Values of the variable x less than the breakeven point,where total revenue
is less than total costs.

Notice in Figure 2-1 that the breakeven point for the number of persons in the training
course is 15 people. For more than 15 people, FeSSE will make a profit. If fewer than 15
sign up, there will be a net loss. At the breakeven level, the total cost to provide the course
equals the revenue received from the 15 students.

The fixed costs of our simple model are in reality fixed over a range of values for x . In
Example 2-1, that range was 1 to 40 students. If zero students signed up, then the course
could be canceled and many of the fixed costs would not be incurred. Some costs such as
advertising might already have been spent, and there might be cancellation fees. If more
than 40 students signed up, then greater costs for larger rooms or multiple sessions would
be incurred. The model is valid only within the range named.

When modeling a specific situation, we often use linear variable costs and revenues.
However, sometimes the relationship may be nonlinear. For example, employees are often
paid at 150% of their hourly rate for overtime hours, so that production levels requiring
overtime have higher variable costs. Total cost in Figure 2-2 is a fixed cost of $3000 plus
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FIGURE 2–2 Nonlinear variable
costs.
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a variable cost of $200 per unit for straight-time production of up to 10 units and $300 per
unit for overtime production of up to 5 more units.

Figure 2-2 can also be used to illustrate marginal and average costs. At a volume of
5 units the marginal cost is $200 per unit, while at a volume of 12 units the marginal cost
is $300 per unit. At 5 units the average cost is $800 per unit, or (3000+ 200× 5)/5. At 12
units the average cost is $467 per unit, or (3000 + 200× 10 + 300 × 2)/12.

Sunk Costs

A sunk cost is money already spent as a result of a past decision. If only 5 students signed
up for the training course in Example 2-1, the advertising costs would be a sunk cost.

Sunk costsmust be ignored in engineering economic analysis because current decisions
cannot change the past. For example, dollars spent last year to purchase new production
machinery is money that is sunk: the money has already been spent—there is nothing that
can be done now to change that action. As engineering economists we deal with present
and future opportunities.

Many times it is difficult not to be influenced by sunk costs. Consider 100 shares of
stock in XYZ, Inc., purchased for $15 per share last year. The share price has steadily
declined over the past 12 months to a price of $10 per share today. Current decisions must
focus on the $10 per share that could be attained today (as well as future price potential),
not the $15 per share that was paid last year. The $15 per share paid last year is a sunk cost
and has no influence on present opportunities.

As another example, when Regina was a sophomore, she purchased a newest-
generation laptop from the college bookstore for $2000. By the time she graduated, the
most anyone would pay her for the computer was $400 because the newest models were
faster and cheaper and had more capabilities. For Regina, the original purchase price was
a sunk cost that has no influence on her present opportunity to sell the laptop at its current
market value of $400.

When we get to Chapters 11 and 12 on depreciation and income taxes, we will find an
exception to the rule of ignore sunk costs. When an asset is sold or disposed of, then the
sunk cost of what was paid for it is important in figuring out how much is owed in taxes.
This exception applies only to the after-tax analysis of capital assets.
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Opportunity Costs

An opportunity cost is associated with using a resource in one activity instead of another.
Every time we use a business resource (equipment, dollars, manpower, etc.) in one activity,
we give up the opportunity to use the same resources at that time in some other activity.

Every day businesses use resources to accomplish various tasks—forklifts are used to
transport materials, engineers are used to design products and processes, assembly lines
are used to make a product, and parking lots are used to provide parking for employees’
vehicles. Each of these resources costs the company money to maintain for those intended
purposes. However, the amount is not just made up of the dollar cost; it also includes the
opportunity cost. Each resource that a firm owns can feasibly be used in several alternative
ways. For instance, the assembly line could produce a different product, and the parking lot
could be rented out, used as a building site, or converted into a small airstrip. Each of these
alternative uses would provide some benefit to the company.

A firm that chooses to use the resource in one way is giving up the benefits that would
be derived from using it in those other ways. The benefit that would be derived by using the
resource in this “other activity” is the opportunity cost of using it in the chosen activity.
Opportunitycost may also be considered a forgone opportunity cost because we are forgo-
ing thebenefit that couldhavebeen realized.A formaldefinitionofopportunity costmightbe:

An opportunity cost is the benefit that is forgoneby engaginga business resource in a chosen
activity instead of engaging that same resource in the forgone activity.

As an example, suppose that friends invite a college student to travel through Europe
over the summer break. In considering the offer, the student might calculate all the out-of-
pocket cash costs that would be incurred. Cost estimates might be made for items such as
air travel, lodging, meals, entertainment, and train passes. Suppose this amounts to $3000
for a 10-week period. After checking his bank account, the student reports that indeed he
can afford the $3000 trip. However, the true cost to the student includes not only his out-
of-pocket cash costs but also his opportunity cost. By taking the trip, the student is giving
up the opportunity to earn $5000 as a summer intern at a local business. The student’s
total cost will comprise the $3000 cash cost as well as the $5000 opportunity cost (wages
forgone)—the total cost to our traveler is thus $8000.

EXAMPLE 2–2

Adistributorof electric pumpsmust decide what to dowith a “lot”of old electric pumps purchased
3 years ago. Soon after the distributorpurchased the lot, technology advances made the old pumps
less desirable to customers. The pumps are becoming obsolescent as they sit in inventory. The
pricing manager has the following information.

Distributor’s purchase price 3 years ago $ 7,000
Distributor’s storage costs to date 1,000
Distributor’s list price 3 years ago 9,500
Current list price of the same number of new pumps 12,000
Amount offered for the old pumps from a buyer 2 years ago 5,000
Current price the lot of old pumps would bring 3,000
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Looking at the data, the pricing manager has concluded that the price should be set at $8000.
This is the money that the firm has “tied up” in the lot of old pumps ($7000 purchase and $1000
storage), and it was reasoned that the company should at least recover this cost. Furthermore,
the pricing manager has argued that an $8000 price would be $1500 less than the list price from
3 years ago, and it would be $4000 less than what a lot of new pumps would cost ($12,000 −
$8000). What would be your advice on price?

SOLUTION

Let’s look more closely at each of the data items.

Distributor’s purchase price 3 years ago: This is a sunk cost that should not be considered
in setting the price today.

Distributor’s storage costs to date: The storage costs for keeping the pumps in inventory
are sunk costs; that is, they have been paid. Hence they should not influence the pricing
decision.

Distributor’s list price 3 years ago: If there have been nowilling buyers in the past 3 years at
this price, it is unlikely that a buyer will emerge in the future. This past list price should
have no influence on the current pricing decision.

Current list price of newer pumps: Newer pumps now include technology and features that
have made the older pumps less valuable. Directly comparing the older pumps to those
with new technology is misleading. However, the price of the new pumps and the value
of the new features help determine the market value of the old pumps.

Amount offered by a buyer 2 years ago: This is a forgoneopportunity.At the time of the offer,
the company chose to keep the lot and thus the $5000 offered became an opportunity
cost for keeping the pumps. This amount should not influence the current pricing
decision.

Current price the lot could bring: The price a willing buyer in the marketplace offers is
called the asset’s market value. The lot of old pumps in question is believed to have a
current market value of $3000.

From this analysis, it is easy to see the flaw in the pricing manager’s reasoning. In an engi-
neering economist analysis we deal only with today’s and prospective future opportunities. It
is impossible to go back in time and change decisions that have been made. Thus, the pricing
manager should recommend to the distributor that the price be set at the current value that a
buyer assigns to the item: $3000.

Recurring and Nonrecurring Costs

Recurring costs refer to any expense that is known and anticipated, and that occurs at
regular intervals. Nonrecurring costs are one-of-a-kind expenses that occur at irregular
intervals and thus are sometimes difficult to plan for or anticipate from a budgeting
perspective.

Examples of recurring costs include those for resurfacing a highway and reshingling a
roof. Annual expenses for maintenance and operation are also recurring expenses. Exam-
ples of nonrecurring costs include the cost of installing a new machine (including any
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facility modifications required), the cost of augmenting equipment based on older tech-
nology to restore its usefulness, emergency maintenance expenses, and the disposal or
close-down costs associated with ending operations.

In engineering economic analyses recurring costs are modeled as cash flows that occur
at regular intervals (such as every year or every 5 years). Their magnitude can be estimated,
and they can be included in the overall analysis. Nonrecurring costs can be handled easily
in our analysis if we are able to anticipate their timing and size. However, this is not always
so easy to do.

Incremental Costs

One of the fundamental principles in engineering economic analysis is that in choosing
between competing alternatives, the focus is on the differences between those alternatives.
This is the concept of incremental costs. For instance, one may be interested in comparing
two options to lease a vehicle for personal use. The two lease options may have several
specifics for which costs are the same. However, there may be incremental costs associated
with one option but not with the other. In comparing the two leases, the focus should be on
the differences between the alternatives, not on the costs that are the same.

EXAMPLE 2–3

Philip is choosing between model A (a budget model) and model B (with more features and a
higher purchase price). What incremental costs would Philip incur if he chose model B instead
of the less expensive model A?

Cost Items ModelA Model B

Purchase price $10,000 $17,500
Installation costs 3,500 5,000
Annual maintenance costs 2,500 750
Annual utility expenses 1,200 2,000
Disposal costs after useful life 700 500

SOLUTION

We are interested in the incremental or extra costs that are associated with choosing model B
instead of model A. To obtain these we subtract model A costs from model B costs for each
category (cost item) with the following results.

Incremental

Cost Items (Model B Cost – A Cost) Cost of B

Purchase price 17,500 − 10,000 $7500
Installation costs 5,000 − 3,500 1500
Annual maintenance costs 750 − 2,500 −1750/yr
Annual utility expenses 2,000 − 1,200 800/yr
Disposal costs after useful life 500 − 700 −200
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Notice that for the cost categories given, the incremental costs of model B are both positive
and negative. Positive incremental costs mean that model B costs more than model A, and neg-
ative incremental costs mean that there would be a savings (reduction in cost) if model B were
chosen instead.

Because model B has more features, a decision would also have to consider the incremental
benefits offered by those features.

Cash Costs Versus Book Costs

A cash cost requires the cash transaction of dollars “out of one person’s pocket” into “the
pocket of someone else.” When you buy dinner for your friends or make your monthly car
payment you are incurring a cash cost or cash flow. Cash costs and cash flows are the basis
for engineering economic analysis.

Book costs do not require the transaction of dollars “from one pocket to another.”
Rather, book costs are cost effects from past decisions that are recorded “in the books”
(accounting books) of a firm. In one common book cost, asset depreciation (which we dis-
cuss in Chapter 11), the expense paid for a particular business asset is “written off” on a
company’s accounting system over a number of periods. Book costs do not ordinarily repre-
sent cash flows and thus are not included in engineering economic analysis. One exception
to this is the impact of asset depreciation on tax payments—which are cash flows and are
included in after-tax analyses.

Life-Cycle Costs

The products, goods, and services designed by engineers all progress through a life cycle
very much like the human life cycle. People are conceived, go through a growth phase,
reach their peak during maturity, and then gradually decline and expire. The same general
pattern holds for products, goods, and services. As with humans, the duration of the dif-
ferent phases, the height of the peak at maturity, and the time of the onset of decline and
termination all vary depending on the individual product, good, or service. Figure 2-3 illus-
trates the typical phases that a product, good, or service progresses through over its life
cycle.

Life-cycle costing refers to the concept of designing products, goods, and services with
a full and explicit recognition of the associated costs over the various phases of their life
cycles. Two key concepts in life-cycle costing are that the later design changes are made, the
higher the costs, and that decisions made early in the life cycle tend to “lock in” costs that
will be incurred later. Figure 2-4 illustrates how costs are committed early in the product
life cycle—nearly 70–90% of all costs are set during the design phases. At the same time,
as the figure shows, only 10–30% of cumulative life-cycle costs have been spent.

Figure 2-5 reinforces these concepts by illustrating that later product changes are more
costly and that earlier changes are easier (and less costly) to make. When planners try to
save money at an early design stage, the result is often a poor design that results in change
orders during construction and prototype development. These changes, in turn, are more
costly than working out a better design would have been.

FromFigures 2-4 and 2-5we see that the time to consider all life-cycle effects andmake
design changes is during the needs and conceptual/preliminary design phases—before a
lot of dollars are committed. Some of the life-cycle effects that engineers should consider
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FIGURE 2–3 Typical life cycle for products, goods, and services.
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FIGURE 2–4 Cumulative life-cycle costs committed and dollars spent.

at design time include product costs for liability, production, material, testing and quality
assurance, and maintenance and warranty. Other life-cycle effects include product features
based on customer input and product disposal effects on the environment. The key point is
that engineers who design products and the systems that produce them should consider all
life-cycle costs.
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FIGURE 2–5 Ease of life-cycle de-
sign change and costs of change.
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COST ESTIMATING

Engineering economic analysis focuses on the future consequences of current decisions.
Because these consequences are in the future, usually they must be estimated and cannot
be known with certainty. Estimates that may be needed in engineering economic analysis
include purchase costs, annual revenue, yearly maintenance, interest rates for investments,
annual labor and insurance costs, equipment salvage values, and tax rates.

Estimating is the foundation of economic analysis. As in any analysis procedure, the
outcome is only as good as the numbers used to reach the decision. For example, a person
who wants to estimate her federal income taxes for a given year could do a very detailed
analysis, including social security deductions, retirement savings deductions, itemized per-
sonal deductions, exemption calculations, and estimates of likely changes to the tax code.
However, this very technical and detailed analysis will be grossly inaccurate if poor data
are used to predict the next year’s income. Thus, to ensure that an analysis is a reasonable
evaluation of future events, it is very important to make careful estimates.

Types of Estimate

The American poet and novelist Gertrude Stein wrote in The Making of Americans in 1925
that “a rose is a rose is a rose is a rose.” However, what holds for roses does not necessarily
hold for estimates because “an estimate is not an estimate.” Rather, we can define three
general types of estimate whose purposes, accuracies, and underlying methods are quite
different.

Rough estimates: Order-of-magnitude estimates used for high-level planning, for
determining project feasibility, and in a project’s initial planning and evaluation
phases. Rough estimates tend to involve back-of-the-envelope numbers with little
detail or accuracy. The intent is to quantify and consider the order of magnitude
of the numbers involved. These estimates require minimum resources to develop,
and their accuracy is generally −30 to +60%.

Notice the nonsymmetry in the estimating error. This is because decision makers
tend to underestimate the magnitude of costs (negative economic effects). Also, as
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Murphy’s law predicts, there seem to be more ways for results to be worse than
expected than there are for the results to be better than expected.

Semidetailed estimates: Used for budgeting purposes at a project’s conceptual or
preliminary design stages. These estimates are more detailed, and they require
additional time and resources. Greater sophistication is used in developing semide-
tailed estimates than the rough-order type, and their accuracy is generally −15 to
+20%.

Detailed estimates: Used during a project’s detailed design and contract bidding
phases. These estimates are made from detailed quantitative models, blueprints,
product specification sheets, and vendor quotes. Detailed estimates involve the
most time and resources to develop and thus are much more accurate than
rough or semidetailed estimates. The accuracy of these estimates is generally
−3 to +5%.

The upper limits of +60% for rough order, +20% for semidetailed, and +5% for
detailed estimates are based on construction data for plants and infrastructure.
Final costs for software, research and development, and new military weapons
often have much higher corresponding percentages.

In considering the three types of estimate it is important to recognize that each has its
unique purpose, place, and function in a project’s life. Rough estimates are used for gen-
eral feasibility activities; semidetailed estimates support budgeting and preliminary design
decisions; and detailed estimates are used for establishing design details and contracts. As
one moves from rough to detailed design, one moves from less to much more accurate
estimates.

However, this increased accuracy requires added time and resources. Figure 2-6 illus-
trates the trade-off between accuracy and cost. In engineering economic analysis, the
resources spent must be justified by the need for detail in the estimate. As an illustration,
during the project feasibility stages we would not want to use our people, time, and money
to develop detailed estimates for infeasible alternatives that will be quickly eliminated from
further consideration. However, regardless of how accurate an estimate is assumed to be,
it is only an estimate of what the future will be. There will be some error even if ample
resources and sophisticated methods are used.

FIGURE 2–6 Accuracy versus cost
trade-off in estimating.
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Difficulties in Estimation

Estimating is difficult because the future is unknown. With few exceptions (such as with
legal contracts) it is difficult to foresee future economic consequences exactly. In this
section we discuss several aspects of estimating that make it a difficult task.

One-of-a-Kind Estimates
Estimated parameters can be for one-of-a-kind or first-run projects. The first time something
is done, it is difficult to estimate costs required to design, produce, and maintain a product
over its life cycle. Consider the projected cost estimates that were developed for the first
NASA missions. The U.S. space program initially had no experience with human flight in
outer space; thus the development of the cost estimates for design, production, launch, and
recovery of the astronauts, flight hardware, and payloads was a “first-time experience.”
The same is true for any endeavor lacking local or global historical cost data. New
products or processes that are unique and fundamentally different make estimating costs
difficult.

The good news is that there are very few one-of-a-kind estimates to be made in engi-
neering design and analysis. Nearly all new technologies, products, and processes have
“close cousins” that have led to their development. The concept of estimation by anal-
ogy allows one to use knowledge about well-understood activities to anticipate costs for
new activities. In the 1950s, at the start of the military missile program, aircraft com-
panies drew on their in-depth knowledge of designing and producing aircraft when they
bid on missile contracts. As another example, consider the problem of estimating the pro-
duction labor requirements for a brand new product, X. A company may use its labor
knowledge about Product Y, a similar type of product, to build up the estimate for X.
Thus, although “first-run” estimates are difficult to make, estimation by analogy can be
an effective tool.

Time and Effort Available
Our ability to develop engineering estimates is constrained by time and person-power avail-
ability. In an ideal world, it would cost nothing to use unlimited resources over an extended
period of time. However, reality requires the use of limited resources in fixed intervals of
time. Thus for a rough estimate only limited effort is used.

Constraints on time and person-power can make the overall estimating task more
difficult. If the estimate does not require as much detail (such as when a rough estimate
is the goal), then time and personnel constraints may not be a factor. When detail is nec-
essary and critical (such as in legal contracts), however, requirements must be anticipated
and resource use planned.

Estimator Expertise
Consider two common expressions: The past is our greatest teacher, and Knowledge is
power. These simple axioms hold true for much of what we encounter during life, and they
are true in engineering estimating as well. The more experienced and knowledgeable the
engineering estimator is, the less difficult the estimating process will be, the more accurate
the estimate will be, the less likely it is that a major error will occur, and the more likely it
is that the estimate will be of high quality.



48 CHAPTER 2: ENGINEERING COSTS AND COST ESTIMATING

How is experience acquired in industry? One approach is to assign inexperienced
engineers relatively small jobs, to create expertise and build familiarity with products and
processes. Another strategy used is to pair inexperienced engineers with mentors who have
vast technical experience. Technical boards and review meetings conducted to “justify the
numbers” also are used to build knowledge and experience. Finally, many firms maintain
databases of their past estimates and the costs that were actually incurred.

ESTIMATINGMODELS

This section develops several estimatingmodels that can be used at the rough, semidetailed,
or detailed design levels. For rough estimates themodels are used with rough data, likewise
for detailed design estimates they are used with detailed data.

Per-UnitModel

The per-unit model uses a “per unit” factor, such as cost per square foot, to develop the
estimate desired. This is a very simplistic yet useful technique, especially for developing
estimates of the rough or order-of-magnitude type. The per-unit model is commonly used
in the construction industry. As an example, you may be interested in a new home that is
constructed with a certain type of material and has a specific construction style. Based on
this information a contractor may quote a cost of $65 per square foot for your home. If
you are interested in a 2000-square-foot floor plan, your cost would thus be: 2000× 65 =
$130,000. Other examples where per unit factors are used include

• Service cost per customer
• Safety cost per employee
• Gasoline cost per mile
• Cost of defects per batch
• Maintenance cost per window
• Mileage cost per vehicle
• Utility cost per square foot of floor space
• Housing cost per student

It is important to note that the per-unit model does not make allowances for economies
of scale (the fact that higher quantities usually cost less on a per-unit basis). In most cases,
however, the model can be effective at getting the decision maker “in the ballpark” of likely
costs, and it can be very accurate if accurate data are used.

EXAMPLE 2–4

Use the per-unit model to estimate the cost per student that you will incur for hosting 24 foreign
exchange students at a local island campground for 10 days. During camp you are planning the
following activities:

• 2 days of canoeing
• 3 campsite-sponsored day hikes
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• 3 days at the lake beach (swimming, volleyball, etc.)
• Nightly entertainment

After calling the campground and collecting other information, you have accumulated the follow-
ing data:

• Van rental from your city to the camp (one way) is $50 per 15-person van plus gas.
• Camp is 50 miles away, the van gets 10 miles per gallon, and gas is $3 per gallon.
• Each cabin at the camp holds 4 campers, and rent is $10 per day per cabin.
• Meals are $10 per day per camper; no outside food is allowed.
• Boat transportation to the island is $2 per camper (one way).
• Insurance/grounds fee/overhead is $1 per day per camper.
• Canoe rentals are $5 per day per canoe; a canoe holds 3 campers.
• Day hikes are $2.50 per camper (plus the cost for meals).
• Beach rental is $25 per group per half-day.
• Nightly entertainment is free.

SOLUTION

You are asked to use the per-unit factor to estimate the cost per student on this trip. For planning
purposes we assume that there will be 100% participation in all activities.We will break the total
cost down into categories of transportation, living, and entertainment.

Transportation Costs

Van travel to and from camp: 2 vans/trip× 2 trips × ($50/van + 50 miles/van ×
1 gal/10 miles × $3/gal) = $260

Boat travel to and from island: 2 trips × $2/camper × 24 campers = $96

Transportation costs = 260 + 96 = $356

Living Costs

Meals for the 10-day period: 24 campers × $10/camper-day × 10 days = $2400

Cabin rental for the 10-day period: 24 campers × 1 cabin/4 campers × $10/day/cabin ×
10 days = $600

Insurance/Overhead expense for the 10-day period: 24 campers × $1/camper-day ×
10 days = $240

Living costs = 2400+ 600 + 240 = $3240

Entertainment Costs

Canoe rental costs: 2 canoe days× 24 campers × 1 canoe/3 campers× $5/day/canoe= $80

Beach rental costs: 3 days × 2 half-days/day × $25/half-day= $150
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Day hike costs: 24 campers × 3 day hikes × $2.50/camper-day hike= $180

Nightly entertainment: This is free! Can you believe it?

Entertainment costs = 80 + 150+ 180+ 0 = $410

Total Cost

Total cost for 10-day period = Transportation costs + Living costs + Entertainment costs

= 356 + 3240 + 410 = $4006

Thus, the cost per student would be $4006/24 = $166.92.
Thus, it would cost you $166.92 per student to host the students at the island campground for the
10-day period. In this case the per-unit model gives you a very detailed cost estimate (although
its accuracy depends on the accuracy of your data and assumptions you’ve made).

SegmentingModel

The segmenting model can be described as “divide and conquer.” An estimate is decom-
posed into its individual components, estimates are made at those lower levels, and then the
estimates are aggregated (added) back together. It is much easier to estimate at the lower
levels because they are more readily understood. This approach is common in engineer-
ing estimating in many applications and for any level of accuracy needed. In planning the
camp trip of Example 2-4, the overall estimate was segmented into the costs for travel,
living, and entertainment. The example illustrated the segmenting model (division of the
overall estimate into the various categories) together with the unit factor model to make the
subestimates for each category. Example 2-5 provides another example of the segmenting
approach.

EXAMPLE 2–5

Clean Lawn Corp., a manufacturer of yard equipment, is planning to introduce a new high-end
industrial-use lawn mower called the Grass Grabber. The Grass Grabber is designed as a
walk-behind, self-propelled mower. Clean Lawn engineers have been asked by the accounting
department to estimate the material costs for the new mower. The material cost estimate will be
used, along with estimates for labor and overhead to evaluate the potential of this new model.

SOLUTION

The engineers decide to decompose the design specifications for the Grass Grabber into its
components, estimate the material costs for each of the components, and then sum these costs
up to obtain the overall estimate. The engineers are using a segmenting approach to build up their
estimate. After careful consideration, the engineers have divided the mower into the following
major subsystems: chassis, drive train, controls, and cutting/collection system. Each of these was
further divided as appropriate, and unit material costs were estimated at this lowest of levels as
follows:
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Unit Material Unit Material

Cost Item Cost Estimate Cost Item Cost Estimate

A. Chassis C. Controls
A.1 Deck $ 7.40 C.1 Handle assembly $ 3.85
A.2 Wheels 10.20 C.2 Engine linkage 8.55
A.3 Axles 4.85 C.3 Blade linkage 4.70

$22.45 C.4 Speed control linkage 21.50
B. Drive train C.5 Drive control assembly 6.70
B.1 Engine $38.50 C.6 Cutting height adjuster 7.40

B.2 Starter assembly 5.90 $52.70
B.3 Transmission 5.45 D. Cutting/Collection system
B.4 Drive disc assembly 10.00 D.1 Blade assembly $10.80
B.5 Clutch linkage 5.15 D.2 Side chute 7.05
B.6 Belt assemblies 7.70 D.3 Grass bag and adapter 7.75

$72.70 $25.60

The total material cost estimate of $173.45 was calculated by summing up the estimates for each
of the four major subsystem levels (chassis, drive train, controls, and cutting/collection system).
It should be noted that this cost represents only the material portion of the overall cost to produce
the mowers. Other costs would include labor and overhead items.

In Example 2-5 the engineers at Clean Lawn Corp. decomposed the cost estimation
problem into logical elements. The scheme they used of decomposing cost items and num-
bering the material components (A.1, A.1, A.2, etc.) is known as a work breakdown
structure. This technique is commonly used in engineering cost estimating and project
management of large products, processes, or projects. A work breakdown structure decom-
poses a large “work package” into its constituent parts, which can then be estimated or
managed individually. In Example 2-5 the work breakdown structure of the Grass Grabber
has three levels. At the top level is the product itself, at the second level are the four major
subsystems, and at the third level are the individual cost items. Imagine what the product
work breakdown structure for a Boeing 787 looks like. Then imagine trying to manage the
787’s design, engineering, construction, and costingwithout a tool like thework breakdown
structure.

Cost Indexes

Cost indexes are numerical values that reflect historical change in engineering (and other)
costs. The cost index numbers are dimensionless, and they reflect relative price change
in either individual cost items (labor, material, utilities) or groups of costs (consumer
prices, producer prices). Indexes can be used to update historical costs with the basic ratio
relationship given in Equation 2-2.

Cost at time A

Cost at time B
= Index value at time A

Index value at time B
(2-2)
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Equation 2-2 states that the ratio of the cost index numbers at two points in time (A
and B) is equivalent to the dollar cost ratio of the item at the same times (see Example 2-6).

EXAMPLE 2–6

Miriam is interested in estimating the annual labor and material costs for a new production facility.
She was able to obtain the following cost data:
Labor Costs

• Labor cost index value was at 124 ten years ago and is 188 today.
• Annual labor costs for a similar facility were $575,500 ten years ago.

Material Costs

• Material cost index value was at 544 three years ago and is 715 today.
• Annual material costs for a similar facility were $2,455,000 three years ago.

SOLUTION

Miriam will use Equation 2-2 to develop her cost estimates for annual labor and material costs.
Labor

Annual cost today

Annual cost 10 years ago
= Index value today

Index value 10 years ago

Annual cost today = 188

124
× $575,500 = $871,800

Materials

Annual cost today

Annual cost 3 years ago
= Index value today

Index value 3 years ago

Annual cost today = 715

544
× $2,455,000 = $3,227,000

Cost index data are collected and published by several private and public sources in the
U.S. (and world). The U.S. government publishes data through the Bureau of Labor Statis-
tics of theDepartment of Commerce. The StatisticalAbstract of the United States publishes
cost indexes for labor, construction, and materials. Another useful source for engineering
cost index data is the Engineering News Record.

Power-SizingModel

The power-sizing model is used to estimate the costs of industrial plants and equipment.
The model “scales up” or “scales down” known costs, thereby accounting for economies of
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scale that are common in industrial plant and equipment costs. Consider the cost to build a
refinery.Would it cost twice asmuch to build the same facilitywith double the capacity? It is
unlikely. The power-sizing model uses the exponent (x), called the power-sizing exponent,
to reflect economies of scale in the size or capacity:

Cost of equipment A

Cost of equipment B
=

(
Size (capacity) of equipment A

Size (capacity) of B

)x

(2-3)

where x is the power-sizing exponent, costs of A and B are at the same point in time (same
dollar basis), and size or capacity is in the same physical units for both A and B.

The power-sizing exponent (x) can be 1.0 (indicating a linear cost-versus-size/capacity
relationship)or greater than 1.0 (indicating diseconomies of scale), but it is usually less than
1.0 (indicating economies of scale). Generally the size ratio should be less than 2, and it
should never exceed 5. This model works best in a “middle” range—not very small or very
large.

Exponent values for plants and equipment of many types may be found in several
sources, including industry reference books, research reports, and technical journals. Such
exponent values may be found in Perry’s Chemical Engineers’ Handbook, Plant Design
and Economics for Chemical Engineers, and Preliminary Plant Design in Chemical Engi-
neering. Table 2-1 gives power-sizing exponent values for several types of industrial
facilities and equipment. The exponent given applies only to equipment within the size
range specified.

In Equation 2-3 equipment costs for both A and B occur at the same point in time. This
equation is useful for scaling equipment costs but not for updating those costs. When the
time of the desired cost estimate is different from the time in which the scaling occurs (per
Equation 2-3) cost indexes accomplish the time updating. Thus, in cases like Example 2-
7 involving both scaling and updating, we use the power-sizing model together with cost
indexes.

TABLE 2–1 Example Power-Sizing Exponent Values

Equipment or Facility Size Range

Power-Sizing

Exponent

Blower, centrifugal 10,000–100,000 ft3/min 0.59
Compressor 200–2100 hp 0.32
Crystallizer, vacuum batch 500–7000 ft2 0.37
Dryer, drum, single atmospheric 10–100 ft2 0.40
Fan, centrifugal 20,000–70,000 ft3/min 1.17
Filter, vacuum rotary drum 10–1500 ft2 0.48
Lagoon, aerated 0.05–20 million gal/day 1.13
Motor 5–20 hp 0.69
Reactor, 300 psi 100–1000 gal 0.56
Tank, atmospheric, horizontal 100–40,000 gal 0.57
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EXAMPLE 2–7

Based on her work in Example 2-6,Miriamhas been asked to estimate the cost today of a 2500-ft2

heat exchange system for the new plant being analyzed. She has the following data.

• Her company paid $50,000 for a 1000-ft2 heat exchanger 5 years ago.
• Heat exchangers within this range of capacity have a power-sizing exponent (x) of 0.55.
• Five years ago the Heat Exchanger Cost Index (HECI) was 1306; it is 1487 today.

SOLUTION

Miriam will first use Equation 2-3 to scale up the cost of the 1000-ft2 exchanger to one that is
2500 ft2 using the 0.55 power-sizing exponent.

Cost of 2500-ft2 equipment

Cost of 1000-ft2 equipment
=

(
2500-ft2 equipment

1000-ft2 equipment

)0.55

Cost of 2500-ft2 equipment =
(
2500

1000

)0.55

× 50,000 = $82,800

Miriam knows that the $82,800 reflects only the scaling up of the cost of the 1000-ft2 model
to a 2500-ft2 model. Now she will use Equation 2-2 and the HECI data to estimate the cost of a
2500-ft2 exchanger today. Miriam’s cost estimate would be

Equipment cost today

Equipment cost 5 years ago
= Index value today

Index value 5 years ago

Equipment cost today = 1487

1306
× $82,800 = $94,300

Triangulation

Triangulation is used in engineering surveying. A geographical area is divided into trian-
gles from which the surveyor is able to map points within that region by using three fixed
points and horizontal angular distances to locate fixed points of interest (e.g., property line
reference points). Since any point can be located with two lines, the third line represents an
extra perspective and check. Wewill not use trigonometry to arrive at our cost estimates, but
we can use the concept of triangulation. We should approach our economic estimate from
different perspectives because such varied perspectives add richness, confidence, and qual-
ity to the estimate. Triangulation in cost estimating might involve using different sources
of data or using different quantitative models. As decision makers, we should always seek
out varied perspectives.

Improvement and the Learning Curve

One common phenomenon observed, regardless of the task being performed, is that as the
number of repetitions increases, performance becomes faster and more accurate. This is the
concept of learning and improvement in the activities that people perform. From our own
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experience we all know that our fiftieth repetition is done in much less time than we needed
to do the task the first time.

The learning curve captures the relationship between task performance and task rep-
etition. In general, as output doubles, the unit production time will be reduced to some
fixed percentage, the learning-curve percentage or learning-curve rate. For example, it
may take 300 minutes to produce the third unit in a production run involving a task with
a 95% learning time curve. In this case the sixth unit doubles the output, so it will take
300(0.95) = 285 minutes to produce. Sometimes the learning curve is also known as the
progress curve, improvement curve, experience curve, or manufacturing progress function.

Equation 2-4 gives an expression that can be used for time estimating for repetitive
tasks.

TN = Tinitial × Nb (2-4)

where TN = time required for the N th unit of production

Tinitial = time required for the first (initial) unit of production

N = number of completed units (cumulative production)

b = learning curve exponent (slope of the learning curve on a log–log plot)

As just given, a learning curve is often referred to by its percentage learning slope.
Thus, a curve with b = −0.074 is a 95% learning curve because 2−0.074 = 0.95. This
equation uses 2 because the learning-curve percentage applies for doubling cumulative
production. The learning-curve exponent is calculated by using Equation 2-5.

b = log(learning curve expressed as a decimal)

log 2.0
(2-5)

EXAMPLE 2–8

Calculate the time required to produce the hundredth unit of a production run if the first unit took
32.0 minutes to produce and the learning-curve rate for production is 80%.

SOLUTION

Using Equation 2-4, we write

T100 = T1 × 100b

T100 = T1 × 100log0.80/ log2.0

T100 = 32.0 × 100−0.3219

T100 = 7.27 minutes

It is particularly important to account for the learning-curve effect if the produc-
tion run involves a small number of units instead of a large number. When thousands
or even millions of units are being produced, early inefficiencies tend to be “aver-
aged out” because of the larger batch sizes. However, in the short run, inefficiencies
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of the same magnitude can lead to rather poor estimates of production time require-
ments, and thus production cost estimates may be understated. Consider Example 2-9 and
the results that might be observed if the learning-curve effect is ignored. Notice in this
example that a “steady-state” time is given. Steady state is the time at which the phys-
ical constraints of performing the task prevent the achievement of any more learning or
improvement.

EXAMPLE 2–9

Estimate the overall labor cost portion due to a task that has a learning-curve rate of 85% and
reaches a steady-state value after 16 units of 5.0 minutes per unit. Labor and benefits are $22 per
hour, and the task requires two skilled workers. The overall production run is 20 units.

SOLUTION

Because we know the time required for the 16th unit, we can use Equation 2-4 to calculate the
time required to produce the first unit.

T16 = T1 × 16log0.85/ log2.0

5.0 = T1 × 16−0.2345

T1 = 5.0 × 160.2345

T1 = 9.6 minutes

Nowwe use Equation 2-4 to calculate the time requirements for the first 16 units in the production
run, and we sum for the total production time required.

TN = 9.6 × N−0.2345

Unit Time (min) Cumulative Unit Time (min) Cumulative

Number, to Produce Time from Number, to Produce Time from

N Nth Unit 1 to N N Nth Unit 1 to N

1 9.6 9.6 11 5.5 74.0
2 8.2 17.8 12 5.4 79.2
3 7.4 24.2 13 5.3 84.5
4 6.9 32.1 14 5.2 89.7
5 6.6 38.7 15 5.1 94.8
6 6.3 45.0 16 5.0 99.8
7 6.1 51.1 17 5.0 104.8
8 5.9 57.0 18 5.0 109.8
9 5.7 62.7 19 5.0 114.8

10 5.6 68.3 20 5.0 119.8
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The total cumulative time of the production run is 119.8 minutes (2.0 hours). Thus the total
labor cost estimate would be

(2.0 hours)($22/hour per worker)(2 workers) = $88

If we ignore the learning-curve effect and calculate the labor cost portionbased only on the steady-
state labor rate, the estimate would be

(0.083 hour/unit)(20 units)($22/hour per worker)(2 workers) = $73.04

This estimate is understated by about 20% from what the true cost would be.

Figures 2-7 and 2-8 illustrate learning curves plotted on linear scales and as a log–log
plot. On the log–log plot the relationship is a straight line, since doubling the number of
units on the x axis reduces the time required by a constant percentage.

FIGURE 2–7 Learning curve of time vs. number of
units.
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FIGURE 2–8 Learning curve on log–log scale.
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ESTIMATING BENEFITS

This chapter has focused on cost terms and cost estimating. However, engineering
economists must often also estimate benefits. Benefits include sales of products, revenues
from bridge tolls and electric power sales, cost reductions from reduced material or labor
costs, less time spent in traffic jams, and reduced risk of flooding. Many engineering
projects are undertaken precisely to secure these benefits.

The cost concepts and cost-estimating models can also be applied to economic bene-
fits. Fixed and variable benefits, recurring and nonrecurring benefits, incremental benefits,
and life-cycle benefits all have meaning. Also, issues regarding the type of estimate (rough,
semidetailed, and detailed), as well as difficulties in estimation (one of a kind, time and
effort, and estimator expertise), all apply directly to estimating benefits. Last, per-unit, seg-
mented, and indexed models are used to estimate benefits. The concept of triangulation is
particularly important for estimating benefits.

The uncertainty in benefit estimates is also typically asymmetric, with a broader limit
for negative outcomes. Benefits are more likely to be overestimated than underestimated,
so an example set of limits might be (−50%, +20%). One difference between cost and
benefit estimation is that many costs of engineering projects occur in the near future (for
design and construction), but the benefits are further in the future. Because benefits are often
further in the future, they are more difficult to estimate accurately, and more uncertainty is
typical.

The estimation of economic benefits for inclusion in our analysis is an important step
that should not be overlooked. Many of the models, concepts, and issues that apply in the
estimation of costs also apply in the estimation of economic benefits.

CASH FLOW DIAGRAMS

The costs and benefits of engineering projects occur over time and are summarized on a cash
flow diagram (CFD). Specifically, a CFD illustrates the size, sign, and timing of individual
cash flows. In this way the CFD is the basis for engineering economic analysis.

A cash flow diagram is created by first drawing a segmented time-based horizontal
line, divided into time units. The time units on the CFD can be years, months, quarters, or
any other consistent time unit. Then at each time at which a cash flow will occur, a vertical
arrow is added—pointing down for costs and up for revenues or benefits. These cash flows
are drawn to scale.

Unless otherwise stated, cash flows are assumed to occur at time 0 or at the end of
each period. Consider Figure 2-9, the CFD for a specific investment opportunity whose
cash flows are described as follows:

Timing of Cash Flow Size of Cash Flow

At time zero (now or today) A positive cash flow of $100
1 time period from today A negative cash flow of $100
2 time periods from today A positive cash flow of $100
3 time periods from today A negative cash flow of $150
4 time periods from today A negative cash flow of $150
5 time periods from today A positive cash flow of $50
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FIGURE 2–9 An example cash flow diagram
(CFD).
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Categories of Cash Flows

The expenses and receipts due to engineering projects usually fall into one of the following
categories:

First cost ≡ expense to build or to buy and install

Operating and maintenance (O&M) ≡ annual expense, such as electricity, labor, and
minor repairs

Salvage value ≡ receipt at project termination for sale or transfer of the equipment
(can be a salvage cost)

Revenues ≡ annual receipts due to sale of products or services

Overhaul ≡ major capital expenditure that occurs during the asset’s life

Individual projects will often have specific costs, revenues, or user benefits. For exam-
ple, annual operating and maintenance (O&M) expenses on an assembly line might be
divided into direct labor, power, and other. Similarly, a public-sector dam project might
have its annual benefits divided into flood control, agricultural irrigation, and recreation.

Drawing a Cash Flow Diagram

The cash flow diagram shows when all cash flows occur. Look at Figure 2-9 and the $100
positive cash flow at the end of period 2. From the time line one can see that this cash flow
can also be described as occurring at the beginning of period 3. Thus, in a CFD the end
of period t is the same time as the beginning of period t + 1. Beginning-of-period cash
flows (such as rent, lease, and insurance payments) are thus easy to handle: just draw your
CFD and put them in where they occur. Thus O&M, salvages, revenues, and overhauls are
assumed to be end-of-period cash flows.

The choice of time 0 is arbitrary. For example, it can be when a project is analyzed,
when funding is approved, or when construction begins. When construction periods are
assumed to be short, first costs are assumed to occur at time 0, and the first annual revenues
and costs start at the end of the first period. When construction periods are long, time 0 is
usually the date of commissioning—when the facility comes on stream.

Perspective is also important when one is drawing a CFD. Consider the simple trans-
action of paying $5000 for some equipment. To the firm buying the equipment, the cash
flow is a cost and hence negative in sign. To the firm selling the equipment, the cash flow
is a revenue and positive in sign. This simple example shows that a consistent perspective
is required when one is using a CFD to model the cash flows of a problem. One person’s
cash outflow is another person’s inflow.

Often two or more cash flows occur in the same year, such as an overhaul and an O&M
expense or the salvage value and the last year’s O&M expense. Combining these into one
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total cash flow per year would simplify the cash flow diagram. However, it is better to show
each individually, to ensure a clear connection from the problem statement to each cash
flow in the diagram.

Drawing Cash FlowDiagrams with a Spreadsheet

One simple way to draw cash flow diagrams with “arrows” proportional to the size of the
cash flows is to use a spreadsheet to draw a stacked bar chart. The data for the cash flows are
entered, as shown in the table part of Figure 2-10. To make a quick graph, select cells B1 to
D8, which are the three columns of the cash flow. Then select the graph menu and choose
column chart and select the stack option. Except for labeling axes (using the cells for year
0 to year 6), choosing the scale for the y axis, and adding titles, the cash flow diagram is
done. Refer to the appendix for a review of basic spreadsheet use. (Note: A bar chart labels
periods rather than using an x axis with arrows at times 0, 1, 2, . . .)
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FIGURE 2–10 Example of cash flow diagram in spreadsheets.

SUMMARY

This chapter has introduced the following cost concepts: fixed and variable, marginal and
average, sunk, opportunity, recurring and nonrecurring, incremental, cash and book, and
life-cycle. Fixed costs are constant and unchanging as volumes change, while variable
costs change as output changes. Fixed and variable costs are used to find a breakeven
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value between costs and revenues, as well as the regions of net profit and loss. Amarginal
cost is for one more unit, while the average cost is the total cost divided by the number
of units.

Sunk costs result from past decisions; they should not influence our attitude toward
current and future opportunities. Remember, “sunk costs are sunk.” Opportunity costs
involve the benefit that is forgone when we choose to use a resource in one activity instead
of another.Recurring costs can be planned and anticipated expenses; nonrecurring costs
are one-of-a-kind costs that are often more difficult to anticipate.

Incremental costs are economic consequences associated with the differences
between two choices of action. Cash costs are also known as out-of-pocket costs that
represent actual cash flows. Book costs do not result in the exchange of money, but rather
are costs listed in a firm’s accounting books. Life-cycle costs are all costs that are incurred
over the life of a product, process, or service. Thus engineering designers must consider
life-cycle costs when choosing materials and components, tolerances, processes, testing,
safety, service and warranty, and disposal.

Cost estimating is the process of “developing the numbers” for engineering economic
analysis. Unlike a textbook, the real world does not present its challenges with neat problem
statements that provide all the data. Rough estimates give us order-of-magnitude numbers
and are useful for high-level and initial planning as well as judging the feasibility of alterna-
tives. Semidetailed estimates are more accurate than rough-order estimates, thus requiring
more resources (people, time, and money) to develop. These estimates are used in prelimi-
nary design and budgeting.Detailed estimates generally have an accuracy of −3% to 5%.
They are used during the detailed design and contract bidding phases of a project.

Difficulties are common in developing estimates. One-of-a-kind estimates will have
no basis in earlier work, but this disadvantage can be addressed through estimationby anal-
ogy.Lack of time is best addressed by planning and by matching the estimate’s detail to the
purpose—one should not spend money developing a detailed estimate when only a rough
estimate is needed. Estimator expertise must be developed through work experiences and
mentors.

Several general models and techniques for developing cost estimates were discussed.
The per-unit and segmenting models use different levels of detail and costs per square foot
or other unit.Cost index data are useful for updating historical costs to formulate current
estimates. The power-sizing model is useful for scaling up or down a known cost quan-
tity to account for economies of scale, with different power-sizing exponents for industrial
plants and equipment of different types. Triangulation suggests that one should seek vary-
ing perspectives when developing cost estimates. Different information sources, databases,
and analytical models can all be used to create unique perspectives. As the number of
task repetitions increases, efficiency improves because of learning or improvement. This
is summarized in the learning-curve percentage, where doubling the cumulative produc-
tion reduces the time to complete the task, which equals the learning-curve percentage times
the current production time.

Cash flow estimation must include project benefits. These include labor cost savings,
avoided quality costs, direct revenue from sales, reduced catastrophic risks, improved traf-
fic flow, and cheaper power supplies. Cash flow diagrams are used to model the positive
and negative cash flows of potential investment opportunities. These diagrams provide a
consistent view of the problem (and the alternatives) to support economic analysis.
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P R O B L E M S

Fixed, Variable, Average, andMarginal Costs

2-1 Electricity is sold for $0.12 per kilowatt-hour
(kWh) for the first 10,000 units each month and
$0.09/kWh for all remaining units. If a firm uses
14,000kWh/month, what is its average and marginal
cost?
(Answer : average cost is $0.111/kWh)

2-2 One of your firm’s suppliers discounts prices for
larger quantities. The first 1000 parts are $13 each.
The next 2000 are $12 each. All parts in excess of
3000 cost $11 each. What are the average cost and
marginal cost per part for the following quantities?

(a) 500

(b) 1500

(c) 2500

(d) 3500

2-3 A new machine comes with 100 free service hours
over the first year. Additional time costs $75 per hour.
What are the average and marginal costs per hour for
the following quantities?

(a) 75

(b) 125

(c) 250

2-4 Venus Computer can produce 23,000 personal com-
puters a year on its daytime shift. The fixed manu-
facturing costs per year are $2 million and the total
labor cost is $9,109,000. To increase its production
to 46,000 computers per year, Venus is considering
adding a second shift. The unit labor cost for the sec-
ond shift would be 25% higher than the day shift,
but the total fixedmanufacturing costswould increase
only to $2.4 million from $2 million.

(a) Compute the unit manufacturing cost for the day-
time shift.

(b) Would adding a second shift increase or decrease
the unit manufacturing cost at the plant?

2-5 A small machine shop, with 30 hp of connected
load, purchases electricity at the following monthly
rates (assume any demand charge is included in this
schedule) per hp of connected load:

First 50 kWh at 12.6� c per kWh

Next 50 kWh at 10.6� c per kWh

Next 150 kWh at 6.0� c per kWh

Over 250 kWh at 5.7� c per kWh

The shop uses 2800 kWh per month.

(a) Calculate the monthly bill for this shop.
What are the marginal and average costs per
kilowatt-hour?

(b) Suppose Jennifer, the proprietor of the shop,
has the chance to secure additional business that
will require her to operate her existing equip-
ment more hours per day. This will use an extra
1200 kWh per month. What is the lowest figure
that she might reasonably consider to be the
“cost” of this additional energy? What is this per
kilowatt-hour?

(c) Jennifer contemplates installing certain new
machines that will reduce the labor time required
on certain operations. These will increase the
connected load by 10 hp, but since they will oper-
ate only on certain special jobs, will add only
100 kWh per month. In a study to determine the
economy of installing these new machines, what
should be considered as the “cost” of this energy?
What is this per kilowatt-hour?

2-6 Two automatic systems for dispensing maps are
being compared by the state highway department.
The accompanying breakeven chart of the compari-
son of these systems (System I vs. System II) shows
total yearly costs for the number of maps dispensed
per year for both alternatives. Answer the following
questions.

(a) What is the fixed cost for System I?

(b) What is the fixed cost for System II?

(c) What is the variable cost per map dispensed for
System I?

(d) What is the variable cost per map dispensed for
System II?

(e) What is the breakeven point in terms of maps
dispensed at which the two systems have equal
annual costs?

( f ) For what range of annual number of maps dis-
pensed is System I recommended?

(g) For what range of annual number of maps dis-
pensed is System II recommended?

(h) At 3000maps per year,what are the marginal and
average map costs for each system?
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2-7 A privately owned summer camp for youngsters has
the following data for a 12-week session:

Charge per camper $480 per week
Fixed costs $192,000 per session
Variable cost per camper $320 per week
Capacity 200 campers

(a) Develop the mathematical relationships for total
cost and total revenue.

(b) What is the total number of campers that will
allow the camp to just break even?

(c) What is the profit or loss for the 12-week session
if the camp operates at 80% capacity?

(d) What are marginal and average costs per camper
at 80% capacity?

2-8 Two new rides are being compared by a local amuse-
ment park in terms of their annual operating costs.
The two rides are assumed to be able to generate
the same level of revenue (thus the focus on costs).
The Tummy Tugger has fixed costs of $10,000 per
year and variable costs of $2.50 per visitor. The Head
Buzzer has fixed costs of $4000 per year and variable
costs of $4 per visitor. Provide answers to the follow-
ing questions so the amusement park can make the
needed comparison.

(a) Mathematically determine the breakevennumber
of visitors per year for the two rides to have equal
annual costs.

(b) Develop a breakeven graph that illustrates the
following:

• Accurate total cost lines for the two alterna-
tives (show line, slopes, and equations).

• The breakeven point for the two rides in terms
of number of visitors.

• The ranges of visitors per year where each
alternative is preferred.

2-9 Consider the accompanying breakeven graph for an
investment, and answer the following questions.
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(a) Give the equation for total revenue for x units per
year.

(b) Give the equation for total costs for x units per
year.

(c) What is the “breakeven” level of x?

(d) If you sell 1500 units this year, will you have a
profit or loss? How much?

(e ) At 1500 units, what are your marginal and aver-
age costs?

2-10 Quatro Hermanas, Inc. is investigating implement-
ing some new production machinery as part of its
operations. Three alternatives have been identified,
and they have the following fixed and variable costs:

Annual

Annual Variable Costs

Alternative Fixed Costs per Unit

A $100,000 $20.00
B 200,000 5.00
C 150,000 7.50

Determine the ranges of production (units produced
per year) over which each alternative would be rec-
ommended up to 30,000 units per year.

2-11 Three alternative designs have been created by
Snakisco engineers for a new machine that spreads
cheese between the crackers in a Snakisco snack. The
costs for the three designs (where x is the annual
production rate of boxes of cheese crackers) follow:

Design Fixed Cost VariableCost ($/x)

A $100,000 20.5x
B 350,000 10.5x
C 600,000 8.0x
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(a) Management is interested in the production inter-
val of 0–150,000 boxes of crackers per year.
Mathematically determine the production vol-
ume over which each design (A or B or C) would
be chosen.

(b) Depict your solution from part (a) graphically,
clearly labeling your axes and including a title for
the graph, so that management can easily see the
following:

i. Accurate total cost lines for each alternative
(show line, slopes, and line equations).

ii. Any relevant breakeven,or crossover points.

iii. Ranges of annual production where each
alternative is preferred.

2-12 A painting operation is performed by a production
worker at a labor cost of $1.40 per unit. A robot spray-
painting machine, costing $15,000, would reduce
the labor cost to $0.20 per unit. If the device would
be valueless at the end of 3 years, what is the
minimum number of units that would have to be
painted each year to justify the purchase of the robot
machine?

2-13 Company A has fixed expenses of $15,000 per year
and each unit of product has a $0.20 variable cost.
Company B has fixed expenses of $5000 per year
and can produce the same product at a $0.50 variable
cost. At what number of units of annual produc-
tion will Company A have the same overall cost as
Company B?

2-14 Mr. Sam Spade, the president of Ajax, recently read
in a report that a competitor named Bendix has the
following relationship between cost and production
quantity:

C = $3,000,000− $18,000Q + $75Q2

whereC = total manufacturing cost per year and Q =
number of units produced per year.

A newly hired employee, who previously
worked for Bendix, tells Mr. Spade that Bendix is
now producing 110 units per year. If the selling price
remains unchanged, Sam wonders if Bendix is likely
to increase the number of units produced per year in
the near future. He asks you to look at the information
and tell him what you are able to deduce from it.

2-15 A small company manufactures a certain product.
Variable costs are $20 per unit and fixed costs are
$10,875. The price–demand relationship for this
product is P = −0.25D + 250, where P is the
unit sales price of the product and D is the annual

demand. Use the data (and helpful hints) that follow
to work out answers to parts (a)–(e).

• Total cost= Fixed cost+ Variable cost
• Revenue= Demand × Price
• Profit = Revenue− Total cost

Set up your graph with dollars on the y axis (between
0 and $70,000) and, on the x axis, demand D: (units
produced or sold), between 0 and 1000 units.

(a) Develop the equations for total cost and total
revenue.

(b) Find the breakeven quantity (in terms of profit
and loss) for the product.

(c) What profit would the company obtain by
maximizing its total revenue?

(d) What is the company’smaximumpossible profit?

(e) Neatly graph the solutions from parts (a), (b),
(c), and (d).

2-16 A firm believes a product’s sales volume (S) depends
on its unit selling price (P ) as S = $100− P . The
production cost (C) is $1000+ 10S.

(a) Draw a graph with the sales volume (S) from 0 to
100 on the x axis, and total cost and total income
from $0 to $2500 on the y axis. On the graph
draw the line C = $1000 + 10S. Then plot the
curve of total income.Mark the breakeven points
on the graph.

(b) Determine the breakeven point (lowest sales vol-
ume at which total sales income just equals total
production cost). (Hint: This may be done by
trial and error or by using the quadratic equation
to locate the point at which profit is zero.)

(c) Determine the sales volume (S) at which the
firm’s profit is a maximum. (Hint: Write an
equation for profit and solve it by trial and error,
or as a minima–maxima calculus problem.)

2-17 A labor-intensive processhas a fixed costof $338,000
and a variable cost of $143 per unit. A capital-
intensive (automated) process for the same product
has a fixed cost of $1,244,000 and a variable cost of
$92.50 per unit. How many units must be produced
and sold at $197 each for the automated process to
be preferred to the labor-intensive process.
Contributedby PaulR.McCright,University of South
Florida

2-18 Heinrich is a manufacturing engineer with the Miller
Company. He has determined the costs of producing
a new product to be as follows:



Problems 65

Equipment cost: $288,000/year
Equipment salvage value at EOY5 = $41,000
Variable cost per unit of production: $14.55
Overhead cost per year: $48,300

If theMiller Companyuses a 5-year planning horizon
and the product can be sold for a unit price of $39.75,
howmany units must be produced and sold each year
to break even?
Contributed by Paul R. McCright, University of
South Florida

2-19 An assembly line can produce 90 units per hour. The
line’s hourly cost is $4500 on straight time (the first
8 hours). Workers are guaranteed a minimum of 6
hours. There is a 50% premium for overtime, how-
ever, productivity for overtime drops by 5%. What
are the average and marginal costs per unit for the
following daily quantities?

(a) 450

(b) 600

(c) 720

(d) 900

Sunk andOther Costs

2-20 A pump has failed in a facility that will be completely
replaced in 3 years. A brass pump costing $6000
installed will last 3 years. However, a used stainless
steel pump that should last 3 more years has been sit-
ting in the maintenance shop for a year. The pump
cost $13,000 new. The accountants say the pump is
worth $7000 now. The maintenance supervisor says
that it will cost an extra $500 to reconfigure the pump
for the new use and that he could sell it used (as is)
for $4000.

(a) What is the book cost of the stainless steel pump?

(b) What is the opportunity cost of the stainless steel
pump?

(c) How much cheaper or more expensive would it
be to use the stainless steel pump rather than a
new brass pump?

2-21 Last year to help with your New Year’s resolutions
you purchased a $500 piece of fitness equipment.
However, you use it only once a week on average.
It is December, and you can sell the equipment for
$200 (to someone with a New Year’s resolution)
and rely on the university gym until you graduate in
May. If you don’t sell until May, you will get only
$100. If you keep the heavy piece, you’ll have to pay
$25 to move it to the city of your new job (where
you interned last summer). There is no convenient

gym at the new location. What costs and intangible
consequences are relevant to your decision? What
should you do?

2-22 Bob Johnsondecided to buy a new home. After look-
ing at tracts of new homes, he decided that a custom-
built home was preferable. He hired an architect to
prepare the drawings. In due time, the architect com-
pleted the drawings and submitted them. Bob liked
the plans; he was less pleased that he had to pay the
architect a fee of $7000 to design the house. Bob
asked a building contractor to provide a bid to con-
struct the home on a lot Bob already owned. While
the contractor was working to assemble the bid, Bob
came across a book of standard house plans. In the
book was a home that he and his wife liked better
than the one designed for them by the architect. Bob
paid $200 and obtained a complete set of plans for
this other house.Bob then asked the contractor to pro-
vide a bid to construct this “stock plan” home. In this
way Bob felt he could compare the costs and make
a decision. The building contractor submitted the
following bids:

Custom-designed home $258,000

Stock-plan home 261,000

Bob was willing to pay the extra $3000 for it. Bob’s
wife, however, felt they should go ahead with the
custom-designed home, for, as she put it, “We can’t
afford to throw away a set of plans that cost $7000.”
Bob agreed, but he disliked the thought of building a
home that is less desirable than the stock plan home.
Then he asked your advice. Which house would you
advise him to build? Explain.

2-23 You are reevaluating the pump choice that was made
last year by your boss. The expected cost savings
have not occurred because the pump is too small.
Choice A, at $90,000, is to replace the pump with
one that is the right size and sell the old one. Choice
B , at $100,000, is to buy a small pump to use in tan-
dem with the existing pump. The two-pump solution
has slightly higher maintenance costs, but it is more
flexible and reliable. What criteria should you use?
Which choice would you recommend, and why?

2-24 Consider the situation of owning rental properties
that local university students rent from you for the
academic year. Develop a set of costs that you could
classify as recurring and others that could be classi-
fied as nonrecurring.

2-25 List and classify your costs in this academic year as
recurring or nonrecurring.
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2-26 Define the difference between a “cash cost” and a
“book cost.” Is engineering economic analysis con-
cerned with both types of cost? Give an example
of each, and provide the context in which it is
important.

2-27 In your own words, develop a statement of what the
authors mean by “life-cycle costs.” It is important for
a firm to be aware of life-cycle costs. Can you explain
why?

2-28 Most engineering students own a computer. What
costs have you incurred at each stage of your com-
puter’s life cycle? Estimate the total cost of owner-
ship. Estimate the benefits of ownership. Has it been
worth it?

2-29 Estimating benefits is often more difficult than cost
estimation. Use the example of car ownership to
describe the complicating factors in estimating the
costs and benefits.

2-30 In looking at Figures 2-4 and 2-5, restate in your own
words what the authors are trying to get across with
these graphs. Do you agree that this is an important
effect for companies? Explain.

2-31 In the text we describe three effects that compli-
cate the process of making estimates to be used
in engineering economy analyses. List these three
effects and comment on which might be the most
influential.

2-32 Develop an estimate for each of the following
situations.

(a) The cost of a 500-mile automobile trip, if gaso-
line is $3 per gallon, vehicle wear and tear is
$0.50 per mile, and our vehicle gets 20 miles per
gallon.

(b) The total number of hours in the average human
life, if the average life is 75 years.

(c) The number of days it takes to travel around the
equator using a hot air balloon, if the balloon
averages 100 miles per day, the diameter of the
earth is ∼4000 miles.

(d) The total area in square miles of the United
States of America, if Kansas is an average-sized
state. Kansas has an area of 390 miles × 200
miles.

SegmentingModels

2-33 Northern Tundra Telephone (NTT) has received a
contract to install emergency phones along a new

100-mile section of the Snow-Moose Turnpike. Fifty
emergency phone systems will be installed about
2 miles apart. The material cost of a unit is $125.
NTT will need to run underground communication
lines that cost NTT $7500 per mile (including labor)
to install. There will also be a one-time cost of
$10,000 to network these phones into NTT’s current
communication system.

(a) Develop a cost estimate of the project from
NTT’s perspective.

(b) If NTT adds a profit margin of 35% to its costs,
how much will it cost the state to fund the
project?

2-34 You and your spouse are planning a second honey-
moon to the Cayman Islands this summer and would
like to have your house painted while you are away.
Estimate the total cost of the paint job from the
information given below, where:

Costtotal = Costpaint + Costlabor + Costfixed

Paint information: Your house has a surface area
of 6000 ft2. One can of paint can cover 300 ft2.
You are estimating the cost to put on two coats of
paint for the entire house.

Number of Cans Purchased Cost per Can

First 10 cans purchased $15.00
Second 15 cans purchased $10.00
Up to next 50 cans purchased $7.50

Labor information: You plan to hire five painters
who will paint for 10 hours per day each. You
estimate that the job will require 4.5 days of their
painting time. The painter’s rate is $8.75 per hour.

Fixed cost information: The painting com-
pany charges $1200 per job to cover travel
expenses, clothing, cloths, thinner, administra-
tion, and so on.

2-35 You want a mountain cabin built for weekend trips,
vacations, to host family, and perhaps eventually to
retire in. After discussing the project with a local
contractor, you receive an estimate that the total
construction cost of your 2000-ft2 lodge will be
$250,000. The percentage of costs is broken down as
follows:
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Percentageof

Cost Items Total Costs

Construction permits, legal and 8

title fees

Roadway, site clearing, preparation 15
Foundation, concrete, masonry 13
Wallboard, flooring, carpentry 12
Heating, ventilation, air 13
conditioning (HVAC)

Electric, plumbing, communications 10
Roofing, flooring 12
Painting, finishing 17

100

(a) What is the cost per square foot of the 2000-ft2

lodge?

(b) If you are also considering a 4000-ft2 layout
option, estimate your construction costs if:

i. All cost items (in the table) change propor-
tionately to the size increase.

ii. The first two cost items do not change at all;
HVAC changes by 50%; and all others are
proportionate.

2-36 SungSam, Inc. is designing a new digital camcorder
that is projected to have the following per-unit costs
to manufacture:

Cost Categories Unit Costs

Materials costs $ 63

Labor costs 24

Overhead costs 110

Total unit cost $197

SungSam adds 30% to its manufacturing cost for
corporate profit.

(a) What unit profit would SungSam realize on each
camcorder?

(b) What is the overall cost to produce a batch of
10,000 camcorders?

(c) What would SungSam’s profit be on the batch of
10,000 if historical data show that 1% of prod-
uct will be scrapped in manufacturing, 3% of
finished product will go unsold, and 2% of sold
product will be returned for refund?

(d) Howmuch can SungSam afford to pay for a con-
tract that would lock in a 50% reduction in the
unit material cost previously given? If SungSam
does sign the contract, the sales price will not
change.

Indexes and Sizing Models

2-37 Estimate the cost of expanding a planned new clinic
by 20,000 ft2. The appropriate capacity exponent is
0.66, and the budget estimate for 200,000 ft2 was $15
million. (Answer : $1 million)

2-38 Fifty years ago, Grandma Bell purchased a set
of gold-plated dinnerware for $55, and last year
you inherited it. Unfortunately a fire at your home
destroyed the set. Your insurance company is at a loss
to define the replacement cost and has asked your
help. You do some research and find that the Aurum
Flatware Cost Index (AFCI) for gold-plated dinner-
ware, which was 112 when Grandma Bell bought her
set, is at 2050 today. Use the AFCI to update the cost
of Bell’s set to today’s cost to show to the insurance
company.

2-39 Your boss is the director of reporting for the Athens
County Construction Agency (ACCA). It has been
his job to track the cost of construction in Athens
County. Twenty-five years ago he created the ACCA
Cost Index to track these costs. Costs during the first
year of the index were $12 per square foot of con-
structed space (the index value was set at 100 for
that first year). This past year a survey of contractors
revealed that costs were $72 per square foot. What
index number will your boss publish in his report for
this year? If the index value was 525 last year, what
was the cost per square foot last year?

2-40 A new aerated sewage lagoon is required in a small
town. Earlier this year one was built on a similar
site in an adjacent city for $2.3 million. The new
lagoon will be 60% larger. Use the data in Table 2-1
to estimate the cost of the new lagoon.

2-41 A refinisher of antiques named Constance has been
so successfulwith her small business that she is plan-
ning to expand her shop. She is going to start enlarg-
ing her shop by purchasing the following equipment.

Cost of Power- New

Original Original Sizing Equipment

Equipment Size Equipment Exponent Size

Varnish bath 50 gal $3500 0.80 75 gal

Power scraper 3/4 hp $250 0.22 1.5 hp

Paint booth 3 ft3 $3000 0.6 12 ft3

What wouldbe the net cost to Constance to obtain this
equipment—assume that she can trade the old equip-
ment in for 15% of its original cost. Assume there has
been no inflation in equipment prices.
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2-42 Refer to Problem 2-41 and now assume the prices
for the equipment that Constance wants to replace
have not been constant. Use the cost index data for
each piece of equipment to update the costs to the
price that would be paid today. Develop the overall
cost for Constance, again assuming the 15% trade-
in allowance for the old equipment. Trade-in value is
based on original cost.

Cost Index

Original WhenOriginally Cost Index

Equipment Purchased Today

Varnish bath 154 171
Power scraper 780 900
Paint booth 49 76

2-43 Five years ago, when the relevant cost index was 120,
a nuclear centrifuge cost $40,000. The centrifuge
had a capacity of separating 1500 gallons of ionized
solution per hour. Today, it is desired to build a cen-
trifuge with capacity of 4500 gallons per hour, but
the cost index now is 300. Assuming a power-sizing
exponent to reflect economies of scale, x, of 0.75,
use the power-sizing model to determine the approx-
imate cost (expressed in today’s dollars) of the new
reactor.

2-44 Padre works for a trade magazine that publishes
lists of power-sizing exponents (PSE) that reflect
economies of scale for developing engineering esti-
mates of various types of equipment. Padre has been
unable to find any published data on the VMIC
machine and wants to list its PSE value in his next
issue. Given the following data (your staff was able
to find data regarding costs and sizes of the VMIC
machine) calculate the PSE value that Padre should
publish. (Note: The VMIC-100 can handle twice the
volume of a VMIC-50.)

Cost of VMIC-100 today $100,000
Cost of VMIC-50 5 years ago $45,000
VMIC equipment index today = 214
VMIC equipment index 5 years ago = 151

Learning-CurveModels

2-45 Determine the time required to produce the 2000th

item if the first item requires 180 minutes to produce
and the learning-curve percentage is 92%. (Answer :
72.1 minutes)

2-46 If 200 labor hours were required to produce the
1st unit in a production run and 60 labor hours

were required to produce the 7th unit, what was the
learning-curve rate during production?

2-47 Rose is a project manager at the civil engineer-
ing consulting firm of Sands, Gravel, Concrete, and
Waters, Inc. She has been collecting data on a project
in which concrete pillars were being constructed;
however not all the data are available. She has been
able to find out that the 10th pillar required 260
person-hours to construct, and that a 75% learning
curve applied. She is interested in calculating the
time required to construct the 1st and 20th pillars.
Compute the values for her.

2-48 Sally Statistics is implementing a system of statisti-
cal process control (SPC) charts in her factory in an
effort to reduce the overall cost of scrapped product.
The current cost of scrap is $X per month. If an 80%
learning curve is expected in the use of the SPC charts
to reduce the cost of scrap, what would the percent-
age reduction in monthly scrap cost be after the charts
have been used for 12 months? (Hint: Model each
month as a unit of production.)

2-49 Randy Duckout has been asked to develop an esti-
mate of the per-unit selling price (the price that each
unit will be sold for) of a new line of handcrafted
booklets that offer excuses for missed appoint-
ments. His assistant Doc Duckout has collected
information that Randy will need in developing his
estimate:

Cost of direct labor $20 per hour
Cost of materials $43.75 per batch

of 25 booklets
Cost of overhead items 50% of direct labor

cost
Desired profit 20% of total

manufacturing cost

Doc also finds out that (1) they should use a 75%
learning curve for estimating the cost of direct labor,
(2) the time to complete the 1st booklet is estimated
at 0.60 hour, and (3) the estimated time to complete
the 25th booklet should be used as their standard time
for the purpose of determining the unit selling price.
What would Randy andDoc’s estimate be for the unit
selling price?

Benefit Estimation

2-50 Develop a statement that expresses the extent to
which cost-estimating topics also apply to estimating
benefits. Provide examples to illustrate.



Problems 69

2-51 Large projects, such as a new tunnel under the Hud-
son, the Big Dig in Boston, the Denver airport, a new
military jet, and a natural gas pipeline from Alaska to
theMidwest, often take 5 to 15 years from concept to
completion.

(a) Should benefit and cost estimates be adjusted for
the greater influences and impacts of inflation,
government regulatory changes, and changing
local economic environments?Why or why not?.

(b) How does the public budget-making process
interact with the goal of accurate benefit and cost
estimating for these large projects?

Contributed by Morgan Henrie, University of Alaska
Anchorage

Cash Flow Diagrams

2-52 On December 1, Al Smith purchased a car for
$18,500. He paid $5000 immediately and agreed to
pay three additional payments of $6000 each (which
includes principal and interest) at the end of 1, 2, and
3 years.Maintenance for the car is projected at $1000
at the endof the first year and $2000 at the end of each
subsequent year. Al expects to sell the car at the end
of the fourth year (after paying for the maintenance
work) for $7000. Using these facts, prepare a table of
cash flows.

2-53 Bonka Toys is considering a robot that will cost
$20,000 to buy. After 7 years its salvage value will

be $2000. An overhaul costing $5000 will be needed
in Year 4. O&M costs will be $2500 per year. Draw
the cash flow diagram.

2-54 Pine Village needs some additional recreation fields.
Construction will cost $225,000, and annual O&M
expenses are $85,000. The city council estimates that
the value of added youth leagues is about $190,000
annually. In year 6 another $75,000 will be needed
to refurbish the fields. The salvage value is estimated
to be $100,000 after 10 years. Draw the cash flow
diagram.

2-55 Identify your major cash flows for the current school
term as first costs, O&M expenses, salvage values,
revenues, overhauls, and so on. Using a week as the
time period, draw the cash flow diagram.

C A S E S
The following cases fromCasesCasesCases ininin EngineeringEngineeringEngineering EconomyEconomyEconomy
222nnnddd are suggested as matched with this chapter.

CASE3 Wildcat Oil in Kasakstan
Rough order-of-magnitude estimation of total
facility cost and annual revenue. Option for NPV
and different size facility.

CASE25 Raster Blaster
Questions to guide students. Includes breakeven
analysis.



A
s an industrial engineer for
ahigh-profilecorporation,Nick
Cotton makes a good living,

but he’s figured out a way to make his
skillswork double-time.

Cotton’s engineering economics
class taught himhow to turnhis passion
for math into profit. At 19, he began to
invest in stocks and mutual funds, mak-
ing use of principles in his undergradu-

ate text. “I was able to calculate the future value of stocks and so could predict how
well eachwoulddo,”hesays.Henowowns twohouses-oneofwhich is still beingbuilt
and has already appreciated by 15%.

Being theenterprising type, Cotton realized that hecouldmarket his solid invest-
ment skills. He started a real estate business that has turned out to be as lucrative
as his day job. When he breaks down potential and interest for properties up for
sale, he demonstrates to his clients how a seemingly small percentage increase in
worth each year can compound to become a significant amount of money because
of compounding.

Cotton is in prime position to become a tycoon, and he has engineering eco-
nomics to thank. “No other class has contributed so much to my life,” he says. “Who
doesn’t like makingmoney?” � � �



W
hen Kim Brock enrolled in Engineering
Economy, shehadno idea shewould ever
use the skills taught in the course, let

alone apply them to a career in aeronautics.
“I was just flipping through a magazine and saw

an ad for Boeing-thought I might as well send them a
résumé ,” she says.

As it turned out, Brock’s understanding of big-
picture problem solving made her an ideal job candi-
date. She now works as an industrial engineer for the
Boeing 767 line, designing, improving, and controlling
systems of people, materials, and information.

She says that Engineering Economy was a particularly valuable course because
it taught her how to project the favorable and unfavorable consequences of a sit-
uation. When she conducts design meetings and process improvement workshops,
she helps determine the safest and most cost-effective options for Boeing mechan-
ics, right down to theway they hold a drill. “Recently, I had tooffer advice on building
a fixture to check that a part was working,” she says. “After running some analyses, I
realized that the fixturewould cost more than the part itself.”

It’s this kind of common sense know-how that Engineering Economy imparts.
Brock still owns her copy of an earlier edition of Engineering Economic Analysis and
says that it’s been helpful as she considers buying a condo: “It’s a book about the
reality of making decisions.” � � �



C H A P T E R 3

INTEREST AND
EQUIVALENCE

A Prescription for Success

A
pharmaceutical company manufactured a prescription drug that contained
a tablet inside another tablet. This inner tablet, called a “core,” needed to
be in the exact center of the larger tablet, and tolerances were measured
in tenths of millimeters. The process was not robust, and the placement

of the inner tablet sometimes drifted, requiring the scrapping of off-quality product
and the adjustment of the tablet press. This resulted in significant scrap and tablet
press downtime.

A process change was invented in Japan to correct the problem, using a new process
to place the inner tablet in the die of the press that made the outer tablet. There were
three of these tablet presses in use in the U.S., but modifications were made to one
tablet press as a test. The modification to the first press cost $27,000.During the first
batch the modified press ran the entire batch without a quality problem and without
quality losses. The batch finished compressing in 16 hours, which was considerably
faster than the typical time of 24 hours (however, core centering problems could
cause a delay of several days).

Additional test batches were run, all with excellent results. A detailed quality examination
proved that the modification performed as desired, reducing variation and nearly eliminat-
ing product quality scrap. The other two tablet presses were later modified. The total cost
for all modifications, including spare parts, was $90,000.

Over the next year, the results of the change were analyzed. Product yield increased from
92.4% to 96.6%, with each 1% yield increase worth $2.4 million per year. Operating effi-
ciency improved, resulting in higher output because of less scrap and less downtime due
to quality problems. Production plans called for 240 batches to be processed over the year
after the tablet press modification was made. This product was produced daily, but produc-
tion was reduced from three shifts to two because of the improved efficiency. Production
planning could now plan effectively; they knew that a batch could be processed in two shifts,
not one to five days.



Year-end accounting showed $10 million saved in the first year. Because the product’s
patent was about to expire, production was expected to be greatly reduced beyond this
time. � � �

Contributed by Neal A. Lewis, University of Bridgeport

1. One year of production had a value of $240 million. What is the value of one batch
of product?

2. Howmany batches needed to be produced to break even on the initial $27,000 invest-
ment? (Assume all batches improved the yield by 4.2%. Do not consider the time
value of money.)

3. If the first-year savings is considered to be a single end-of-year cash flow, and the
entire $90,000 investment is considered to occur at time 0, what is the present value
of the project? Assume an interest rate of 15%.

4. If one batch is produced per day, how often are the savings actually compounded?

5. Does a company face any ethical considerations when it improves process efficiency
resulting in lost labor hours for employees? Discuss and explain.

After Completing This Chapter. . .

The student should be able to:

• Define and provide examples of the time value of money.
• Distinguish between simple and compound interest, and use compound interest in
engineering economic analysis.

• Explain equivalence of cash flows.
• Solve problems using the single payment compound interest formulas.
• Distinguish and apply nominal and effective interest rates.
• Use continuously compounded interest with single payment interest factors.

73
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In the first chapter, we discussed situationswhere the economic consequences of an alterna-
tive were immediate or took place in a very short period of time, as in Example 1-2 (design
of a concrete aggregate mix) or Example 1-3 (change ofmanufacturingmethod).We totaled
the various positive and negative aspects, compared our results, and could quickly reach a
decision. But can we do the same if the economic consequences occur over a considerable
period of time?

No we cannot, because money has value over time. Would you rather (1) receive
$1000 today or (2) receive $1000 ten years from today? Obviously, the $1000 today
has more value. Money’s value over time is expressed by an interest rate. This chapter
describes two introductory concepts involving the time value of money: interest and
cash flow equivalence. Later in the chapter, nominal and effective interest are dis-
cussed. Finally, equations are derived for situations where interest is compounded
continuously.

COMPUTING CASH FLOWS

Installing expensive machinery in a plant obviously has economic consequences that occur
over an extended period of time. If the machinery was bought on credit, the simple process
of paying for it could take several years. What about the usefulness of the machinery?
Certainly it was purchased because it would be a beneficial addition to the plant. These
favorable consequences may last as long as the equipment performs its useful function.
In these circumstances, we describe each alternative as cash receipts or disbursements at
different points in time. Since earlier cash flows are more valuable than later cash flows, we
cannot just add them together. Instead, each alternative is resolved into a set of cash flows,
as in Examples 3-1 and 3-2.

EXAMPLE 3–1

The manager has decided to purchase a new $30,000 mixing machine. The machine may be paid
for in one of two ways:

1. Pay the full price now minus a 3% discount.

2. Pay $5000 now; at the end of one year, pay $8000; at the end of each of the next four
years, pay $6000.

List the alternatives in the form of a table of cash flows.

SOLUTION

The first plan represents a lump sum of $29,100 now, the second one calls for payments contin-
uing until the end of the fifth year.Those payments total $37,000, but the $37,000 value has no
clear meaning, since it has added together cash flows occurring at different times. The second
alternative can only be described as a set of cash flows. Both alternatives are shown in the cash
flow table, with disbursements given negative signs.
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End of Year Pay in Full Now Pay Over 5 Years

0 (now) −$29,100 −$5000
1 0 −8000
2 0 −6000
3 0 −6000
4 0 −6000
5 0 −6000

This can also be presented as a cash flow diagram:

0 1 2 3 4 5 0 1 2 3 4 5

$29,100

$5000

$8000
$6000 $6000 $6000 $6000

EXAMPLE 3–2

A man borrowed $1000 from a bank at 8% interest. He agreed to repay the loan in two
end-of-year payments. At the end of each year, he will repay half of the $1000 principal amount
plus the interest that is due. Compute the borrower’s cash flow.

SOLUTION

In engineering economic analysis, we normally refer to the beginning of the first year as “time 0.”
At this point the man receives $1000 from the bank. (A positive sign represents a receipt of money
and a negative sign, a disbursement.) The time 0 cash flow is +$1000.

At the end of the first year, the man pays 8% interest for the use of $1000 for that year. The
interest is 0.08 × $1000 = $80. In addition, he repays half the $1000 loan, or $500. Therefore,
the end-of-year-1 cash flow is −$580.

At the end of the second year, the payment is 8% for the use of the balance of the principal
($500) for the one-year period, or 0.08× 500 = $40. The $500 principal is also repaid for a total
end-of-year-2 cash flow of −$540. The cash flow is:

End of Year Cash Flow

0 (now) +$1000
1 −580
2 −540

0 1 2

$1000

$580
$540

In this chapter, we will demonstrate techniques for comparing the value of money at
different dates, which is the foundation of engineering economic analysis. We must be
able to compare, for example, a low-cost pump with a higher-cost pump. If there were no
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other consequences, we would obviously prefer the low-cost one. But what if the higher-
cost pump is more durable? Then we must consider whether to spend more money now to
postpone the future cost of a replacement pump. This chapter will provide the methods for
comparing the alternatives to determine which pump is preferred.

TIME VALUE OFMONEY

We often find that the monetary consequences of any alternative occur over a substantial
period of time—say, a year or more. When monetary consequences occur in a short period
of time, we simply add up the various sums of money and obtain a net result. But can we
treat money this way when the time span is greater?

Which would you prefer, $100 cash today or the assurance of receiving $100 a year
from now? You might decide you would prefer the $100 now because that is one way to be
certain of receiving it. But suppose you were convinced that you would receive the $100
one year hence. Nowwhat would be your answer? A little thought should convince you that
it still would be more desirable to receive the $100 now. If you had the money now, rather
than a year hence, you would have the use of it for an extra year. And if you had no current
use for $100, you could let someone else use it.

Money is quite a valuable asset—so valuable that people are willing to pay to have
money available for their use. Money can be rented in roughly the same way one rents an
apartment; only with money, the charge is called interest instead of rent. The importance
of interest is demonstrated by banks and savings institutions continuously offering to pay
for the use of people’s money, to pay interest.

If the current interest rate is 9% per year and you put $100 into the bank for one year,
how much will you receive back at the end of the year? You will receive your original
$100 together with $9 interest, for a total of $109. This example demonstrates the time
preference for money: we would rather have $100 today than the assured promise of $100
one year hence; but we might well consider leaving the $100 in a bank if we knew it would
be worth $109 one year hence. This is because there is a time value of money in the form
of the willingness of banks, businesses, and people to pay interest for the use of various
sums.

Simple Interest

Simple interest is interest that is computed only on the original sum, not on accrued interest.
Thus if you were to loan a present sum of money P to someone at a simple annual interest
rate i (stated as a decimal) for a period of n years, the amount of interest you would receive
from the loan would be

Total interest earned = P × i × n = Pin (3-1)

At the end of n years the amount of money due you, F , would equal the amount of the loan
P plus the total interest earned. That is, the amount of money due at the end of the loan
would be

F = P + Pin (3-2)

or F = P(1 + in).
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EXAMPLE 3–3

You have agreed to loan a friend $5000 for 5 years at a simple interest rate of 8% per year. How
much interest will you receive from the loan? How much will your friend pay you at the end of
5 years?

SOLUTION

Total interest earned = Pin = ($5000)(0.08)(5 yr) = $2000

Amount due at end of loan = P + Pin = 5000+ 2000 = $7000

In Example 3-3 the interest earned at the end of the first year is (5000)(0.08)(1)= $400, but
this money is not paid to the lender until the end of the fifth year. As a result, the borrower
has the use of the $400 for 4 years without paying any interest on it. This is how simple
interest works, and it is easy to see why lenders seldom agree to make simple interest loans.

Compound Interest

With simple interest, the amount earned (for invested money) or due (for borrowed money)
in one period does not affect the principal for interest calculations in later periods. How-
ever, this is not how interest is normally calculated. In practice, interest is computed by the
compound interestmethod. For a loan, any interest owed but not paid at the end of the year
is added to the balance due. Then the next year’s interest is calculated on the unpaid balance
due, which includes the unpaid interest from the preceding period. In this way, compound
interest can be thoughtof as interest on top of interest. This distinguishescompound interest
from simple interest. In this section, the remainder of the book, and in practice you should
assume that the rate is a compound interest rate. The very few exceptions will clearly
state “simple interest.”

EXAMPLE 3–4

To highlight the difference between simple and compound interest, rework Example 3-3 using
an interest rate of 8% per year compound interest. How will this change affect the amount that
your friend pays you at the end of 5 years?

SOLUTION

Original loan amount (original principal) = $5000

Loan term = 5 years

Interest rate charged = 8% per year compound interest

In the following table we calculate on a year-to-year basis the total dollar amount due at the end
of each year. Notice that this amount becomes the principal upon which interest is calculated in
the next year (this is the compounding effect).
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Year

Total Principal (P)

onWhich Interest Is

Calculated in Year n

Interest (I) Owed at the End

of Year n from Year n’s

Unpaid Total Principal

Total Amount Due at the

End of Year n, NewTotal

Principal for Year n+1

1 $5000 $5000× 0.08 = 400 $5000+ 400 = 5400

2 5400 5400× 0.08 = 432 5400+ 432 = 5832

3 5832 5832× 0.08 = 467 5832+ 467 = 6299

4 6299 6299× 0.08 = 504 6299+ 504 = 6803

5 6803 6803× 0.08 = 544 6803+ 544 = 7347

The total amount due at the end of the fifth year is $7347. This is $347 more than you received
for loaning the same amount, for the same period, at simple interest. This is because of the effect
of interest being earned on top of interest.

Repaying a Debt

To better understand the mechanics of interest, let us say that $5000 is owed and is to
be repaid in 5 years, together with 8% annual interest. There are a great many ways in
which debts are repaid; for simplicity, we have selected four specific ways for our example.
Table 3-1 tabulates the four plans.

Plan 1 (Constant Principal), like Example 3-2, repays 1/n th of the principal each year.
So in Plan 1, $1000 will be paid at the end of each year plus the interest due at the end of
the year for the use of money to that point. Thus, at the end of Year 1, we will have had the
use of $5000. The interest owed is 8%×$5000=$400. The end-of-year payment is $1000
principal plus $400 interest, for a total payment of $1400. At the end of Year 2, another
$1000 principal plus interest will be repaid on the money owed during the year. This time
the amount owed has declined from $5000 to $4000 because of the Year 1 $1000 principal
payment. The interest payment is 8%× $4000=$320, making the end-of-year payment a
total of $1320. As indicated in Table 3-1, the series of payments continues each year until
the loan is fully repaid at the end of the Year 5.

In Plan 2 (Interest Only) only the interest due is paid each year, with no principal
payment. Instead, the $5000 owed is repaid in a lump sum at the end of the fifth year. The
end-of-year payment in each of the first 4 years of Plan 2 is 8%× $5000=$400. The fifth
year, the payment is $400 interest plus the $5000 principal, for a total of $5400.

Plan 3 (Constant Payment) calls for five equal end-of-year payments of $1252 each.
In Example 4-3, we will show how the figure of $1252 is computed. By following the
computations in Table 3-1, we see that a series of five payments of $1252 repays a $5000
debt in 5 years with interest at 8%.

Plan 4 (All at Maturity) repays the $5000 debt like Example 3-4. In this plan, no
payment is made until the end of Year 5, when the loan is completely repaid. Note what
happens at the end of Year 1: the interest due for the first year—8%× $5000=$400—is
not paid; instead, it is added to the debt. At the second year then, the debt has increased
to $5400. The Year 2 interest is thus 8%× $5400=$432. This amount, again unpaid, is
added to the debt, increasing it further to $5832. At the end of Year 5, the total sum due has
grown to $7347 and is paid at that time.
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TABLE 3-1 Four Plans for Repayment of $5000 in 5 Years with Interest at 8%

(a)

Year

(b)

Amount Owed

at Beginning of

Year

(c)

Interest Owed for

That Year,

8%× (b)

(d)

Total Owed at

End of Year,

(b)+ (c)

(e)

Principal

Payment

(f )

Total

End-of-Year

Payment

Plan 1: Constant principal payment plus interest due.

1 $5000 $ 400 $5400 $1000 $1400

2 4000 320 4320 1000 1320

3 3000 240 3240 1000 1240

4 2000 160 2160 1000 1160

5 1000 80 1080 1000 1080
$1200 $5000 $6200

Plan 2: Annual interest payment and principal payment at end of 5 years.

1 $5000 $ 400 $5400 $ 0 $ 400

2 5000 400 5400 0 400

3 5000 400 5400 0 400

4 5000 400 5400 0 400

5 5000 400 5400 5000 5400
$2000 $5000 $7000

Plan 3: Constant annual payments.

1 $5000 $ 400 $5400 $ 852 $1252*

2 4148 331 4479 921 1252

3 3227 258 3485 994 1252

4 2233 178 2411 1074 1252

5 1159 93 1252 1159 1252
$1260 $5000 $6260

Plan 4: All payment at end of 5 years.

1 $5000 $ 400 $5400 $ 0 $ 0

2 5400 432 5832 0 0

3 5832 467 6299 0 0

4 6299 504 6803 0 0

5 6803 544 7347 5000 7347
$2347 $5000 $7347

*The exact value is $1252.28, which has been rounded to an even dollar amount.

Note that when the $400 interest was not paid at the end of Year 1, it was added to the
debt and, in Year 2 there was interest charged on this unpaid interest. That is, the $400 of
unpaid interest resulted in 8%× $400=$32 of additional interest charge in Year 2. That
$32, together with 8%×$5000= $400 interest on the $5000 original debt, brought the total
interest charge at the end of the Year 2 to $432. Charging interest on unpaid interest is called
compound interest.
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With Table 3-1 we have illustrated four different ways of accomplishing the same
task, that is, to repay a debt of $5000 in 5 years with interest at 8%. Having described
the alternatives, we will now use them to present the important concept of equivalence.

EQUIVALENCE

When we are indifferent as to whether we have a quantity of money now or the assurance
of some other sum of money in the future, or series of future sums of money, we say that
the present sum of money is equivalent to the future sum or series of future sums.

If an industrial firm believed 8%was a reasonable interest rate, it would have no partic-
ular preference about whether it received $5000 now or was repaid by Plan 1 of Table 3-1.
Thus $5000 today is equivalent to the series of five end-of-year payments. In fact, all four
repayment plans must be equivalent to each other and to $5000 now at 8% interest.

Equivalence is an essential factor in engineering economic analysis. In Chapter 2, we
saw how an alternative could be represented by a cash flow table. How might two alterna-
tives with different cash flows be compared? For example, consider the cash flows for Plans
1 and 2 from Table 3-1:

Year Plan 1 Plan 2

1 −$1400 −$400

2 −1320 −400

3 −1240 −400

4 −1160 −400

5 −1080 −5400

−$6200 −$7000

If you were given your choice between the two alternatives, which one would you choose?
Obviously the two plans have cash flows that are different, and you cannot compare the
−$6200 and −$7000. Plan 1 requires that there be larger payments in the first 4 years,
but the total payments are smaller. To make a decision, we must use the technique of
equivalence.

We can determine an equivalent value at some point in time for Plan 1 and a com-
parable equivalent value for Plan 2, based on a selected interest rate. Then we can judge
the relative attractiveness of the two alternatives, not from their cash flows, but from com-
parable equivalent values. Since Plan 1, like Plan 2, repays a present sum of $5000 with
interest at 8%, the plans are equivalent to $5000 now; therefore, the alternatives are equally
attractive at an interest rate of 8%. This cannot be deduced from the given cash flows alone.
It is necessary to learn this by determining the equivalent values for each alternative at some
point in time, which in this case is “the present.”

Difference in Repayment Plans

The four plans computed in Table 3-1 are equivalent in nature but different in structure.
Table 3-2 repeats the end-of-year payment schedules from Table 3-1 and also graphs each
plan to show the debt still owed at any point in time. Since $5000 was borrowed at the
beginning of the first year, all the graphs begin at that point. We see, however, that the four
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plans result in quite different amounts of money owed at any other point in time. In Plans 1
and 3, themoney owed declines as time passes. With Plan 2 the debt remains constant, while
Plan 4 increases the debt until the end of the fifth year. These graphs show an important
difference among the repayment plans—the areas under the curves differ greatly. Since
the axes are Money Owed and Time, the area is their product: Money owed × Time, in
years.

In the discussion of the time value of money, we saw that the use of money over a
time period was valuable, that people are willing to pay interest to have the use of money
for periods of time. When people borrow money, they are acquiring the use of money as
represented by the area under the curve for Money owed versus Time. It follows that, at a
given interest rate, the amount of interest to be paid will be proportional to the area under
the curve. Since in each case the $5000 loan is repaid, the interest for each plan is the total
minus the $5000 principal:

Plan Total Interest Paid

1 $1200

2 2000

3 1260

4 2347

We can use Table 3-2 and the data from Table 3-1, to compute the area under each of
the four curves, that is, the area bounded by the abscissa, the ordinate, and the curve itself.
We multiply the ordinate (Money owed) by the abscissa (1 year) for each of the five years,
then add:

Shaded area = (Money owed in Year 1)(1 year)

+ (Money owed in Year 2)(1 year)

+ · · ·
+ (Money owed in Year 5)(1 year)

or

Shaded area [(Money owed)(Time)] = dollar-years

The dollar-years for the four plans would be as follows:

Dollar-Years

Plan 1 Plan 2 Plan 3 Plan 4

(Money owed in Year 1)(1 year) $ 5,000 $ 5,000 $ 5,000 $ 5,000
(Money owed in Year 2)(1 year) 4,000 5,000 4,148 5,400
(Money owed in Year 3)(1 year) 3,000 5,000 3,227 5,832
(Money owed in Year 4)(1 year) 2,000 5,000 2,233 6,299
(Money owed in Year 5)(1 year) 1,000 5,000 1,159 6,803

Total dollar-years $15,000 $25,000 $15,767 $29,334
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TABLE 3-2 End-of-YearPayment Schedules and Their Graphs

Plan 1 (Constant Principal): At end of each year pay $1000 principal
plus interest due.

$0

$1000

$2000

1 2 3
Time (years)

4 5

$3000

$4000

$5000

$6000

M
on

ey
 O

w
ed

Year

End-of-Year

Payment

1 $1400
2 1320
3 1240
4 1160
5 1080

$6200

Plan 2 (Interest Only): Pay interest due at end of each year and
principal at end of 5 years.

$0

$1000

$2000

1 2 3
Time (years)

4 5

$3000

$4000

$5000

$6000

M
on

ey
 O

w
ed

Year

End-of-Year

Payment

1 $ 400
2 400
3 400
4 400
5 5400

$7000

Plan 3 (Constant Payment): Pay in five equal end-of-year payments.

$0

$1000

$2000

1 2 3
Time (years)

4 5

$3000

M
on

ey
 O

w
ed $4000

$5000

$6000

Year

End-of-Year

Payment

1 $1252
2 1252
3 1252
4 1252
5 1252

$6260

Plan 4 (All at Maturity): Pay principal and interest in one payment
at end of 5 years.

$0

$1000

$2000

1 2 3
Time (years)

4 5

$3000

M
on

ey
 O

w
ed

$4000

$5000

$6000

$7000Year

End-of-Year

Payment

1 $ 0
2 0
3 0
4 0
5 7347

$7347
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With the area under each curve computed in dollar-years, the ratio of total interest paid to
area under the curve may be obtained:

Plan

Total Interest

Paid

AreaUnder Curve

(dollar-years)

Ratio of Total Interest Paid

to AreaUnder Curve

1 $1200 15,000 0.08

2 2000 25,000 0.08

3 1260 15,767 0.08

4 2347 29,334 0.08

We see that the ratio of total interest paid to the area under the curve is constant and equal
to 8%. Stated another way, the total interest paid equals the interest rate times the area under
the curve.

From our calculations, we more easily see why the repayment plans require the pay-
ment of different total sums of money, yet are actually equivalent. The key factor is that the
four repayment plans provide the borrower with different quantities of dollar-years. Since
dollar-years times interest rate equals the interest charge, the four plans result in different
total interest charges.

Equivalence Is Dependent on Interest Rate

In the example of Plans 1 to 4, all calculations were made at an 8% interest rate. At
this interest rate, it has been shown that all four plans are equivalent to a present sum of
$5000. But what would happen if we were to change the problem by changing the interest
rate?

If the interest rate were increased to 9%, we know that the interest payment for
each plan would increase, and the calculated repayment schedules (Table 3-1, column f )
could no longer repay the $5000 debt with the higher interest. Instead, each plan would
repay a sum less than the principal of $5000, because more money would have to be
used to repay the higher interest rate. By some calculations (to be explained later in this
chapter and in Chapter 4), the equivalent present sum that each plan will repay at 9%
interest is:

Plan Repay a Present Sum of

1 $4877

2 4806

3 4870

4 4775

At the higher 9% interest, each of the repayment plans of Table 3-1 repays a present sum
less than $5000. But they do not repay the same present sum. Plan 1 would repay $4877
with 9% interest, while Plan 2 would repay $4806. Thus, with interest at 9%, Plans 1 and
2 are no longer equivalent, for they will not repay the same present sum. The two series
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of payments (Plan 1 and Plan 2) were equivalent at 8%, but not at 9%. This leads to the
conclusion that equivalence is dependent on the interest rate. Changing the interest rate
destroys the equivalence between two series of payments.

Could we create revised repayment schemes that would be equivalent to $5000
now with interest at 9%? Yes, of course we could: to revise Plan 1 of Table 3-1,
we need to increase the total end-of-year payment in order to pay 9% interest on the
outstanding debt.

Amount Owed at 9% Interest Total End-of-Year Payment

Year Beginning of Year for Year ($1000 plus interest)

1 $5000 $450 $1450
2 4000 360 1360
3 3000 270 1270
4 2000 180 1180
5 1000 90 1090

Plan 2 of Table 3-1 is revised for 9% interest by increasing the first four payments to 9%×
$5000 = $450 and the final payment to $5450. Two plans that repay $5000 in 5 years with
interest at 9% are:

Revised End-of-Year Payments

Year Plan 1 Plan 2

1 $1450 $ 450
2 1360 450
3 1270 450
4 1180 450
5 1090 5450

We have determined that Revised Plan 1 is equivalent to a present sumof $5000 and Revised
Plan 2 is equivalent to $5000 now; it follows that at 9% interest, Revised Plan 1 is equivalent
to Revised Plan 2.

Thus far we have discussed computing equivalent present sums for a cash flow. But
the technique of equivalence is not limited to a present computation. Instead, we could
compute the equivalent sum for a cash flow at any point in time. We could compare alter-
natives in “Equivalent Year 10” dollars rather than “now” (Year 0) dollars. Furthermore,
the equivalence need not be a single sum; it could be a series of payments or receipts. In
Plan 3 of Table 3-1, the series of equal payments was equivalent to $5000 now. But the
equivalency works both ways. Suppose we ask, What is the equivalent equal annual pay-
ment continuing for 5 years, given a present sum of $5000 and interest at 8%? The answer
is $1252.

SINGLE PAYMENT COMPOUND INTEREST FORMULAS

To facilitate equivalence computations, a series of interest formulas will be derived. We
use the following notation:
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i = interest rate per interest period; in the equations the interest rate is stated as a
decimal (that is, 9% interest is 0.09)

n = number of interest periods

P = a present sum of money

F = a future sum of money at the end of the nth interest period, which is equivalent to
P with interest rate i

Suppose a present sum of money P is invested for one year1 at interest rate i. At the
end of the year, we should receive back our initial investment P, together with inter-
est equal to iP, or a total amount P + iP. Factoring P, the sum at the end of one year
is P(1 + i).

Let us assume that, instead of removing our investment at the end of one year, we
agree to let it remain for another year. How much would our investment be worth at the
end of Year 2? The end-of-first-year sum P(1 + i) will draw interest in the second year of
i P(1 + i). This means that at the end of Year 2 the total investment will be

P(1 + i) + i[P(1 + i)]

This may be rearranged by factoring out P(1 + i), which gives

P(1 + i)(1 + i) or P(1 + i)2

If the process is continued for Year 3, the end-of-the-third-year total amount will be
P(1 + i)3; at the end of n years, we will have P(1 + i)n . The progression looks
like:

Amount at Beginning of +++ Interest for === Amount at End of
Year Interest Period Period Interest Period

1 P + i P = P(1 + i)
2 P(1 + i) + i P(1 + i) = P(1 + i)2

3 P(1 + i)2 + i P(1 + i)2 = P(1 + i)3

n P(1 + i)n−1 + i P(1 + i)n−1 = P(1 + i)n

In other words, a present sum P increases in n periods to P(1 + i)n . We therefore have a
relationship between a present sum P and its equivalent future sum, F.

Future sum = (Present sum) (1 + i)n

F = P(1 + i)n (3-3)

This is the single payment compound amount formula and is written in functional
notation as

F = P(F/P, i, n) (3-4)

The notation in parentheses (F/P, i, n) can be read as follows:

1A more general statement is to specify “one interest period” rather than “one year.” Since it is easier
to visualize one year, the derivation uses one year as the interest period.
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To find a future sum F , given a present sum, P , at an interest rate i per interest period, and
n interest periods hence.

or

Find F , given P , at i , over n.

Functional notation is designed so that the compound interest factors may be written
in an equation in an algebraically correct form. In Equation 3-4, for example, the functional
notation is interpreted as

F = P

(
F

P

)

which is dimensionally correct. Without proceeding further, we can see that when we derive
a compound interest factor to find a present sum P, given a future sum F , the factor will
be (P/F, i, n); so, the resulting equation would be

P = F(P/F, i, n)

which is dimensionally correct.

EXAMPLE 3–5

If $500 were deposited in a bank savings account, how much would be in the account 3 years
from now if the bank paid 6% interest compounded annually?

SOLUTION

From the viewpoint of the person depositing the $500, the cash flows are:

0 1 2 3

n � 3
 i � 0.06P � 500

F � ?

Receipts (�$)

Disbursements (�$)

The present sum P is $500. The interest rate per interest period is 6%, and in 3 years there are
three interest periods. The future sum F is found by using Equation 3-3, where P = $500, i =
0.06, n = 3, and F is unknown:

F = P(1 + i)n = 500(1 + 0.06)3 = $595.50

Thus if we deposit $500 now at 6% interest, there will be $595.50 in the account in three
years.
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ALTERNATE SOLUTION

The equation F = P(1 + i)n need not be solved. Instead, the single payment compound amount
factor, (F/P, i, n), is readily found in the tables given in Appendix C.2 In this case the factor is

(F/P, 6%, 3)

Knowing n = 3, locate the proper row in the 6% table of Appendix C. To find F given P, look
in the first column, which is headed “Single Payment, Compound Amount Factor”: or F/P for
n = 3, we find 1.191.

Thus,
F = 500(F/P, 6%, 3) = 500(1.191) = $595.50

This can also be solved by using the time value of money (TVM) calculators described in
Appendix B. Note that the A variable is the focus of Chapter 4, and it is 0 here.

F = FV (i, n, A, P) = FV (6%, 3, 0, −500) = $595.51

Before leaving this problem, let’s draw another diagram of it, this time from the bank’s point of
view.

0 1 2 3

F � ?
n � 3
 i � 0.06

P � 500

Receipts (�)

Disbursements (�)

This indicates that the bank receives $500 now and must make a disbursement of F at the end of
3 years. The computation, from the bank’s point of view, is

F = 500(F/P, 6%, 3) = 500(1.191) = $595.50

This is exactly the same as what was computed from the depositor’s viewpoint, since this is just
the other side of the same transaction. The bank’s future disbursement equals the depositor’s
future receipt.

If we take F = P(1 + i)n and solve for P, then

P = F
1

(1 + i)n
= F(1 + i)−n

This is the single payment present worth formula. The equation

P = F(1 + i)−n (3-5)

in our notation becomes

P = F(P/F, i, n) (3-6)

2Appendix C contains compound interest tables for rates between 1/4 and 60%.
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EXAMPLE 3–6

If you wish to have $800 in a savings account at the end of 4 years, and 5% interest will be paid
annually, how much should you put into the savings account now?

FORMULA SOLUTION

F = $800, i = 0.05, n = 4, P = unknown

P = F(1 + i)−n = 800(1 + 0.05)−4 = 800(0.8227) = $658.16

Thus to have $800 in the savings account at the end of 4 years, we must deposit $658.16 now.

TABLE SOLUTION

0 1 2 3 4

F � 800

P � ?

Receipts (�)

Disbursements (�) n � 4
 i � 0.05

P = F(P/F, i, n) = $800(P/F, 5%, 4)

From the compound interest tables,

(P/F, 5%, 4) = 0.8227

P = $800(0.8227) = $658.16

TVMCALCULATOR SOLUTION

This can also be solved using the time value of money (TVM) calculators described in
Appendix B. Note that the A variable is the focus of Chapter 4, and it is 0 here.

P = PV (i, n, A, F) = PV (5%, 4, 0, 800) = −$658.16

Here the problem has an exact answer. In many situations, however, the answer is rounded
off, since it can be only as accurate as the input information on which it is based.

EXAMPLE 3–7

Suppose the bank changed the interest policy in Example 3-5 to “6% interest, compounded quar-
terly.” For this situation, howmuch money would be in the account at the end of 3 years, assuming
a $500 deposit now?
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SOLUTION

First, we must be certain to understand the meaning of 6% interest, compounded quarterly.There
are two elements:

6% interest: Unless otherwise described, it is customary to assume that the stated interest
is for a one-year period. If the stated interest is for any other period, the time frame must
be clearly stated.

Compounded quarterly: This indicates there are four interest periods per year; that is, an
interest period is 3 months long.

We know that the 6% interest is an annual rate because if it were for a different period, it would
have been stated. Since we are dealing with four interest periods per year, it follows that the
interest rate per interest period is 11/2% (= 6%/4). For the total 3-year duration, there are 12
interest periods. Thus

P = $500, i = 0.06/4 = 0.015, n = (3 × 4) = 12, F = unknown

F = P(1 + i)n = P(F/P, i, n)

= $500(1 + 0.015)12 = $500(F/P, 11/2%, 12)

= $500(1.196) = $598

A $500 deposit now would yield $598 in 3 years.

NOMINAL AND EFFECTIVE INTEREST

EXAMPLE 3–8

Consider the situation where a person deposits $100 into a bank that pays 5% interest,
compounded semiannually. How much would be in the savings account at the end of one
year?

SOLUTION

Five percent interest, compounded semiannually, means that the bank pays 21/2% every 6 months.
Thus, the initial amount P = $100would be credited with 0.025(100) = $2.50 interest at the end
of 6 months, or

P → P + Pi = 100 + 100(0.025) = 100 + 2.50 = $102.50

The $102.50 is left in the savings account; at the end of the second 6-month period, the interest
earned is 0.025(102.50) = $2.56, for a total in the account at the end of one year of 102.50 +
2.56 = $105.06, or

(P + Pi) → (P + Pi) + i(P + Pi) = P(1 + i)2 = 100(1 + 0.025)2

= $105.06
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Nominal interest rate per year, r, is the annual interest rate without considering the
effect of any compounding.

In Example 3-8, the bank pays 21/2% interest every 6 months. The nominal interest
rate per year, r, therefore, is 2 × 21/2% = 5%. The federal government mandates that
lenders provide the annual percentage rate (APR) for any loan. This is the nominal interest
rate.

Effective interest rate per year, ia , is the annual interest rate taking into account the
effect of any compounding during the year.

In Example 3-8, we saw that $100 left in the savings account for one year increased
to $105.06, so the interest paid was $5.06. The effective interest rate per year, ia , is
$5.06/$100.00 = 0.0506 = 5.06%. The effective annual interest rate earned on savings
accounts, certificates of deposit (CD), bonds, and so on is often called the annual percent-
age yield (APY). To calculate the effective annual interest rate ia , we use the following
variables:

r = nominal interest rate per interest period (usually one year)

i = effective interest rate per interest period

m = number of compounding subperiods per time period

Using the method presented in Example 3-8, we can derive the equation for the effec-
tive interest rate. If a $1 deposit were made to an account that compounded interest m times
per year and paid a nominal interest rate per year, r, the interest rate per compounding
subperiod would be r/m, and the total in the account at the end of one year would be

$1

(
1 + r

m

)m

or simply

(
1 + r

m

)m

If we deduct the $1 principal sum, the expression would be(
1 + r

m

)m

− 1

Therefore,

Effective annual interest rate ia =
(
1 + r

m

)m

− 1 (3-7)

where r = nominal interest rate per year

m = number of compounding subperiods per year

Or, substituting the effective interest rate per compounding subperiod, i = (r/m),

Effective annual interest rate ia = (1 + i)m − 1 (3-8)

where i = effective interest rate per compounding subperiod

m = number of compounding subperiods per year
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Either Equation 3-7 or 3-8 may be used to compute an effective interest rate per year.
This and many other texts use ia for the effective annual interest rate. The Fundamentals of
Engineering (FE) exam uses ie for the effective annual interest rate in its supplied material.

One should note that i was described earlier simply as the interest rate per interest
period. We were describing the effective interest rate without making any fuss about it.
A more precise definition, we now know, is that i is the effective interest rate per interest
period. Although it seems more complicated, we are describing the same exact situation,
but with more care.

The nominal interest rate r is often given for a one-year period (but it could be given
for either a shorter or a longer time period). In the special case of a nominal interest
rate that is given per compounding subperiod, the effective interest rate per compounding
subperiod, im , equals the nominal interest rate per subperiod, r.

In the typical effective interest computation, there are multiple compounding subperi-
ods (m> 1). The resulting effective interest rate is either the solution to the problem or an
intermediate solution,which allows us to use standard compound interest factors to proceed
to solve the problem.

For continuous compounding (which is detailed in the next section),

Effective annual interest rate ia = er − 1 (3-9)

EXAMPLE 3–9

If a savings bank pays 11/2% interest every 3 months, what are the nominal and effective interest
rates per year?

SOLUTION

Nominal interest rate per year r = 4 × 11/2% = 6%

Effective annual interest rate ia =
(
1 + r

m

)m

− 1

=
(
1 + 0.06

4

)4

− 1 = 0.061

= 6.1%

Alternately,

Effective annual interest rate ia = (1 + i)m − 1

= (1 + 0.015)4 − 1 = 0.061

= 6.1%

Table 3-3 tabulates the effective interest rate for a range of compounding frequencies
and nominal interest rates. It should be noted that when a nominal interest rate is com-
pounded annually, the nominal interest rate equals the effective interest rate. Also, it will
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TABLE 3-3 Nominal and Effective Interest

Nominal Interest EffectiveAnnual Interest Rate, ia

Rate per Year When Nominal Rate Is Compounded

r (%) Yearly Semiannually Monthly Daily Continuously

1 1% 1.0025% 1.0046% 1.0050% 1.0050%
2 2 2.0100 2.0184 2.0201 2.0201
3 3 3.0225 3.0416 3.0453 3.0455
4 4 4.0400 4.0742 4.0809 4.0811
5 5 5.0625 5.1162 5.1268 5.1271
6 6 6.0900 6.1678 6.1831 6.1837
8 8 8.1600 8.3000 8.3278 8.3287

10 10 10.2500 10.4713 10.5156 10.5171
15 15 15.5625 16.0755 16.1798 16.1834
25 25 26.5625 28.0732 28.3916 28.4025

be noted that increasing the frequency of compounding (for example, frommonthly to con-
tinuously) has only a small impact on the effective interest rate. But if the amount of money
is large, even small differences in the effective interest rate can be significant.

EXAMPLE 3–10

A loan shark lends money on the following terms: “If I give you $50 on Monday, you owe me
$60 on the followingMonday.”

(a) What nominal interest rate per year (r) is the loan shark charging?

(b) What effective interest rate per year (ia ) is he charging?

(c) If the loan shark started with $50 and was able to keep it, as well as all the money
he received, loaned out at all times, how much money did he have at the end of one
year?

SOLUTIONTO PART a

F = P(F/P, i, n)

60 = 50(F/P, i, 1)

(F/P, i, 1) = 1.2

Therefore, i = 20% per week.

Nominal interest rate per year = 52 weeks × 0.20 = 10.40 = 1040%
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SOLUTION TO PARTb

Effective annual interest rate ia =
(
1 + r

m

)m

− 1

=
(
1 + 10.40

52

)52

− 1 = 13,105− 1

= 13,104 = 1,310,400%

Or

Effective annual interest rate ia = (1 + i)m − 1

= (1 + 0.20)52 − 1 = 13,104

= 1,310,400%

SOLUTION TO PART c

F = P(1 + i)n = 50(1 + 0.20)52

= $655,200

With a nominal interest rate of 1040% per year and effective interest rate of 1,310,400% per year,
the loan shark who started with $50 had $655,200 at the end of one year.

CONTINUOUS COMPOUNDING

Two variables we have introduced are

r = nominal interest rate per interest period

m = number of compounding subperiods per time period

Since the interest period is normally one year, the definitions become

r = nominal interest rate per year

m = number of compounding subperiods per year
r

m
= interest rate per interest period

mn = number of compounding subperiods in n years

SinglePayment Interest Factors: Continuous Compounding

The single payment compound amount formula (Equation 3-3)

F = P(1 + i)n
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may be rewritten as

F = P

(
1 + r

m

)mn

If we increase m, the number of compounding subperiods per year, without limit, m
becomes very large and approaches infinity, and r/m becomes very small and approaches
zero.

This is the condition of continuous compounding: that is, the duration of the inter-
est period decreases from some finite duration �t to an infinitely small duration dt , and
the number of interest periods per year becomes infinite. In this situation of continuous
compounding:

F = P lim
m→∞

(
1 + r

m

)mn

(3-10)

An important limit in calculus is

lim
x→0

(1 + x)1/x = 2.71828 = e (3-11)

If we set x = r/m, then mn may be written as (1/x)(rn). As m becomes infinite, x
becomes 0. Equation 3-10 becomes

F = P

[
lim
x→0

(1 + x)1/x
]rn

Equation 3-11 tells us the quantity inside the brackets equals e. So returning to Equations
3-3 and 3-5, we find that

F = P(1 + i)n becomes F = Pern (3-12)

and

P = F(1 + i)−n becomes P = Fe−rn (3-13)

We see that for continuous compounding,

(1 + i) = er

or, as stated earlier,

Effective interest rate per year ia = er − 1 (3-14)

To find compound amount and present worth for continuous compounding and a single
payment, we write:

Compound amount F = P(ern ) = P[F/P, r, n] (3-15)

Present worth P = F(e−rn ) = F[P/F, r, n] (3-16)

Square brackets around the factors distinguish continuous compounding. If your calculator
does not have ex, use the table of ern and e−rn, provided at the end of Appendix C.
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EXAMPLE 3–11

If you were to deposit $2000 in a bank that pays 5% nominal interest, compounded continuously,
how much would be in the account at the end of 2 years?

SOLUTION

The single payment compound amount equation for continuous compounding is

F = Per n

where r = nominal interest rate = 0.05

n= number of years = 2

F = 2000e(0.05)(2) = 2000(1.1052) = $2210.40

There would be $2210.40 in the account at the end of 2 years.

EXAMPLE 3–12

A bank offers to sell savings certificates that will pay the purchaser $5000 at the end of 10 years
but will pay nothing to the purchaser in themeantime. If interest is computed at 6%, compounded
continuously, at what price is the bank selling the certificates?

SOLUTION

P = Fe−rn , F = $5000, r = 0.06, n = 10 years

P = 5000e−0.06×10 = 5000(0.5488) = $2744

Therefore, the bank is selling the $5000 certificates for $2744.

EXAMPLE 3–13

How long will it take for money to double at 10% nominal interest, compounded continuously?

F = Pern

2 = 1e0.10n

e0.10n = 2

or

0.10n = ln 2 = 0.693

n = 6.93 years

It will take 6.93 years for money to double at 10% nominal interest, compounded continuously.
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EXAMPLE 3–14

If the savings bank in Example 3-10 changes its interest policy to 6% interest, compounded
continuously, what are the nominal and the effective interest rates?

SOLUTION

The nominal interest rate remains at 6% per year.

Effective interest rate = er − 1

= e0.06 − 1 = 0.0618

= 6.18%

SUMMARY

This chapter describes cash flow tables, the time value of money, and equivalence. The
single payment compound interest formulas were derived. It is essential that these concepts
and the use of the interest formulas be understood, since the remainder of this book and the
practice of engineering economy are based on them.

Time value of money: The continuingoffer of banks to pay interest for the temporary
use of other people’s money is ample proof that there is a time value of money.
Thus, we would always choose to receive $100 today rather than the promise of
$100 to be paid at a future date.

Equivalence: What sum would a person be willing to accept a year hence instead
of $100 today? If a 9% interest rate is considered to be appropriate, she would
require $109 a year hence. If $100 today and $109 a year from today are consid-
ered equally desirable, we say the two sums of money are equivalent. But, if on
further consideration, we decided that a 12% interest rate is applicable, then $109
a year from today would no longer be equivalent to $100 today. This illustrates
that equivalence is dependent on the interest rate.

Single Payment Formulas
These formulas are for compound interest, which is used in engineering economy.

Compound amount F = P(1 + i)n = P(F/P, i, n)

Present worth P = F(1 + i)−n = F(P/F, i, n)

where i = interest rate per interest period (stated as a decimal)

n = number of interest periods

P = a present sum of money

F = a future sum of money at the end of the nth interest period that is equivalent

to P with interest rate i
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This chapter also defined simple interest,where interest does not carry over and become
part of the principal in subsequent periods. Unless otherwise specified, all interest rates in
this text are compound rates.

SinglePayment Formulas: Continuous Compounding at Nominal Rate r
per Period

Compound amount:
F = P(ern ) = P[F/P, r, n]

Present worth:
P = F(e−rn ) = F[P/F, r, n]

Note that square brackets around the factors are used to distinguish continuous
compounding.

P R O B L E M S

Equivalence

3-1 Explain the difference between simple and com-
pound interest. Which is more common?

3-2 A woman borrowed $2000 and agreed to repay it at
the end of 3 years, together with 10% simple interest
per year. How much will she pay 3 years hence?

3-3 A $5000 loanwas to be repaid with 8% simple annual
interest. A total of $5350 was paid. How long had the
loan been outstanding?

Problems 3-4 to 3-6 contributed by Hamed
Kashani, Saeid Sadri, and Baabak Ashuri, Georgia
Institute of Technology

3-4 At an interest rate of 10% per year, $100,000 today is
equivalent to how much a year from now?

3-5 A company invested $450,000 ten years ago in a new
technology that is now worth $1,000,000. What rate
of interest did the company earn on a simple interest
basis?

3-6 How long will it take for an investment to double at
a 4% per year simple interest rate?

3-7 In your own words explain the time value of money.
From your own life (either now or in a situation
that might occur in your future), provide an exam-
ple in which the time value of money would be
important.

3-8 Which is more valuable, $20,000 received now or
$5000 per year for 4 years? Why?

3-9 Magdalen, Miriam, and Mary June were asked to
consider two different cash flows: $500 that they
could receive today and $1000 that would be received

3 years from today. Magdalen wanted the $500 dol-
lars today, Miriam chose to collect $1000 in 3 years,
and Mary June was indifferent between these two
options. Can you offer an explanation of the choice
made by each woman?

Problems 3-10 to 3-13 contributed by Hamed
Kashani, Saeid Sadri, and Baabak Ashuri, Georgia
Institute of Technology

3-10 How long will it take for an investment to double at
4% per year compounding annually?

3-11 A firm has borrowed $5,000,000 for 5 years at 10%
per year compound interest. The firm will make no
payments until the loan is due, when it will pay off
the interest and principal in one lump sum. What is
the total payment?

3-12 Assume that you save 1 penny a day for 50 years,
that you deposit it in the bank at the end of each
month, and that there are 30.5 days per month (you
save 30.5 cents eachmonth). How much do you have
after 50 years, if:

(a) The bank does not pay any interest.

(b) The bank pays 2% per month interest.

3-13 A manufacturing company made an investment 10
years ago that is now worth $1,500,000. How much
was the initial investment:

(a) at a simple interest rate of 10% per year?

(b) at an interest rate of 10% per year compounding
annually?

Single Payment Factors

3-14 Solve the diagram for the unknown Q assuming a
10% interest rate.
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� 0 1 2 3 4

200
Q

n � 4

0

(Answer: Q = $136.60)

3-15 A man borrowed $750 from a bank. He agreed to
repay the sum at the end of 3 years, together with the
interest at 8% per year. How much will he owe the
bank at the end of 3 years?
(Answer: $945)

3-16 We know that a certain piece of equipment will cost
$150,000 in 5 years. How much must be deposited
today using 10% interest to pay for it?

3-17 Alvin’s Uncle Arnold gave him $16,000 from sell-
ing the old family farm. Alvin wants to start college
and have $12,000 available to buy a used car when he
graduates in 4 years. Alvin wants to buy a new com-
puter, software, and peripherals now, and he earns 3%
in his savings account. How much can he spend on
the computer now and still have enough to grow to
the $12,000 he needs when he graduates?
Contributed by Paul R. McCright, University of
South Florida

3-18 Suppose that $2000 is deposited in an account that
earns 6% interest. How much is in the account

(a) after 5 years?

(b) after 10 years?

(c) after 20 years?

(d) after 50 years?

(e) after 100 years?

3-19 An inheritance will be $20,000. The interest rate for
the time value of money is 7%. How much is the
inheritance worth now, if it will be received

(a) in 5 years?

(b) in 10 years?

(c) in 20 years?

(d) in 50 years?

3-20 Rita borrows $5000 from her parents. She repays
them $6000. What is the interest rate if she pays the
$6000 at the end of

(a) Year 2?

(b) Year 3?

(c) Year 5?

(d) Year 10?

3-21 How long would it take to double your money if you
invest it at 4% simple interest? At 4% compound
interest?

3-22 A savings account earns 8% interest. If $1000 is
invested, how many years is it until each of the
following amounts is on deposit?

(a) $1360

(b) $2720

(c) $4316

(d) $6848

3-23 Mohammed can get a certificate of deposit (CD) at
his bank that will pay 3.7% annually for 10 years. If
he places $5530in this CD, howmuchwill it beworth
when it matures?

(a) Use the formula.

(b) Use the interest tables and interpolation.

(c) Use a TVM calculator.

Contributed by Paul R. McCright, University of
South Florida

3-24 Ace Manufacturing is building a new facility that
will cost $44M. Ace will borrow $40M from First
National Bank and pay the remainder immediately
as a down payment. Ace will pay 7% interest but
will make no payments for 4 years, at which time
the entire amount will be due. How large will Ace’s
payment be?
Contributed by Paul R. McCright, University of
South Florida

3-25 How much must you invest now at 7.9% interest to
accumulate $175,000 in 63 years?

3-26 (a) If $100 at Time “0” will be worth $110 a year
later and was $90 a year ago, compute the inter-
est rate for the past year and the interest rate next
year.

(b) Assume that $90 invested a year ago will return
$110 a year from now.What is the annual interest
rate in this situation?

3-27 In 1995 an anonymous private collector purchased a
painting by Picasso entitled Angel Fernandez de Soto
for $29,152,000. The picture depicts Picasso’s friend
de Soto seated in a Barcelona cafe drinking absinthe.
The painting was done in 1903 and was valued then
at $600. If the painting was owned by the same fam-
ily until its sale in 1995, what rate of return did they
receive on the $600 investment?

3-28 The following series of payments will repay a present
sum of $5000 at an 8% interest rate. Use single
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payment factors to find the present sum that is equiv-
alent to this series of payments at a 10% interest
rate.

End-of-Year

Year Payment

1 $1400
2 1320
3 1240
4 1160
5 1080

3-29 What sum of money now is equivalent to $8250 two
years later, if interest is 4% per 6-month period?
(Answer: $7052)

3-30 A sum of money invested at 2% per 6-month period
(semiannually), will double in amount in approxi-
mately how many years? (Answer: 171/2 years)

3-31 One thousand dollars is borrowed for one year at
an interest rate of 1% per month. If the same sum
of money could be borrowed for the same period at
an interest rate of 12% per year, how much could be
saved in interest charges?

3-32 Sally Stanford is buying a car that costs $12,000.
She will pay $2000 immediately and the remaining
$10,000 in four annual end-of-year principal pay-
ments of $2500 each. In addition to the $2500, she
must pay 15% interest on the unpaid balance of the
loan each year. Prepare a cash flow table to represent
this situation.

3-33 The local bank offers to pay 5% interest on savings
deposits. In a nearby town, the bank pays 1.25% per
3-month period (quarterly). A man who has $3000
to put in a savings account wonders whether the
higher interest paid in the nearby town justifies driv-
ing there to make the deposit. Assuming hewill leave
all money in the account for 2 years, howmuch addi-
tional interest would he obtain from the out-of-town
bank over the local bank?

3-34 The following cash flows are equivalent in value if
the interest rate is i . Which one is more valuable if
the interest rate is 2i?

0(i) (ii)1 2 0 1 2 3

3-35 The tabulated factors stop at n = 100. How can they
be used to calculate (P /F , i , 150)? (P /F , i , 200)?

3-36 In 1990 Mrs. John Hay Whitney sold her painting
by Renoir, Au Moulin de la Galette, depicting an

open-air Parisian dance hall, for $71 million. The
buyer also had to pay the auction house commis-
sion of 10%, or a total of $78.1 million. The Whit-
ney family had purchased the painting in 1929 for
$165,000.

(a) What rate of return did Mrs. Whitney receive on
the investment?

(b) Was the rate of return really as high as you
computed in (a)? Explain.

3-37 A sumofmoney Q will be received 6 years from now.
At 5% annual interest, the present worth of Q is $60.
At the same interest rate, what would be the value of
Q in 10 years?

Nominal and Effective Interest Rates

3-38 A thousand dollars is invested for 7 months at an
interest rate of 1% per month. What is the nomi-
nal interest rate? What is the effective interest rate?
(Answers: 12%; 12.68%)

3-39 A firm charges its credit customers 13/4% interest per
month. What is the effective interest rate?

3-40 If the nominal annual interest rate is 12% com-
pounded quarterly, what is the effective annual
interest rate?

3-41 A local store charges 11/2% eachmonth on the unpaid
balance for its charge account. What nominal annual
interest rate is being charged? What is the effective
interest rate?

3-42 What interest rate, compounded quarterly, is
equivalent to a 9.31% effective interest rate?

3-43 A bank advertises it pays 7% annual interest, com-
pounded daily, on savings accounts, provided the
money is left in the account for 4 years. What is the
effective annual interest rate?

3-44 At the Central Furniture Company, customers who
buy on credit pay an effective annual interest rate of
16.1%, based on monthly compounding.What is the
nominal annual interest rate that they pay?

3-45 A student bought a $75 used guitar and agreed to
pay for it with a single $85 payment at the end of
6 months. Assuming semiannual (every 6 months)
compounding, what is the nominal annual interest
rate? What is the effective interest rate?

3-46 A bank is offering to sell 6-month certificates of
deposit for $9500. At the end of 6 months, the bank
will pay $10,000 to the certificate owner. Based on a
6-month interest period, compute the nominal annual
interest rate and the effective annual interest rate.
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3-47 Mr. Sansomewithdrew $1000 from a savings account
and invested it in common stock. At the end of 5
years, he sold the stock and received a check for
$1307. If Mr. Sansome had left his $1000 in the sav-
ings account, he would have received an interest rate
of 5%, compounded quarterly. Mr. Sansome would
like to compute a comparable interest rate on his
common stock investment. Based on quarterly com-
pounding, what nominal annual interest rate did Mr.
Sansome receive on his investment in stock? What
effective annual interest rate did he receive?

3-48 The treasurer of a firm noted that many invoices were
receivedwith the following terms of payment: “2%—
10 days, net 30 days.” Thus, if he were to pay the bill
within 10 days of its date, he could deduct 2%. On
the other hand, if he did not promptly pay the bill, the
full amount would be due 30 days from the date of
the invoice.Assuming a 20-day compoundingperiod,
the 2% deduction for prompt payment is equivalent to
what effective annual interest rate?

3-49 Jim Duggan made an investment of $10,000 in a
savings account10 years ago. This accountpaid inter-
est of 51/2% for the first 4 years and 61/2% interest
for the remaining 6 years. The interest charges were
compounded quarterly. How much is this investment
worth now?

3-50 First Bank is sending alumni of universities an invi-
tation to obtain a credit card, with the name of their
university written on it, for a nominal 9.9% interest
per year after 6 months of 0% interest. These inter-
est rates apply to the outstanding debt if not paid by
a specified date each month, and hence interest is
compounded monthly. If you fail to make the mini-
mum payment in any month, your interest rate could
increase (without notice) to a nominal 19.99% per
year. Calculate the effective annual interest rates the
credit company is charging in both cases
Contributed by D. P. Loucks, Cornell University

ContinuousCompounding

3-51 Select the best of the following five alternatives.
Assume the investment is for a period of 4 years and
P = $10,000.

A. 11.98% interest rate compounded continuously

B. 12.00% interest rate compounded daily

C. 12.01% interest rate compoundedmonthly

D. 12.02% interest rate compounded quarterly

E. 12.03% interest rate compounded yearly

3-52 Traffic at a certain intersection is 2000 cars per day.A
consultant has told the city that traffic is expected to
grow at a continuous rate of 5% per year for the next
4 years. How much traffic will be expected at the end
of 2 years?

3-53 A bank pays 10% nominal annual interest on special
three-year certificates. What is the effective annual
interest rate if interest is compounded

(a) Every three months?

(b) Daily?

(c) Continuously?

3-54 A department store charges 13/4% interest per month,
compounded continuously, on its customer’s charge
accounts. What is the nominal annual interest rate?
What is the effective interest rate? (Answers: 21%;
23.4%)

3-55 If you want a 12% rate of return, continuously com-
pounded, on a project that will yield $6000 at the end
of 21/2 years, howmuch must you be willing to invest
now? (Answer: $4444.80)

3-56 BankNorth advertises, “We pay 6.50%, compounded
daily.” Bank South says, “We pay 6.50%, com-
pounded continuously.” If you deposit $10,000 with
Bank South for one year, how much additional inter-
est will you receive?

3-57 Bart wishes to tour the country with his friends. To
do this, he is saving money for a bus.

(a) Howmuch money must Bart deposit in a savings
accountpaying8%nominal annual interest, com-
pounded continuously, in order to have $8000 in
41/2 years?

(b) A friend offers to repay Bart $8000 in 41/2 years
if Bart gives him $5000 now. Assuming contin-
uous compounding, what is the nominal annual
interest rate of this offer?

3-58 The I’ve Been Moved Corporation receives a con-
stant flow of funds from its worldwide operations.
This money (in the form of checks) is continuously
deposited in many banks with the goal of earning
as much interest as possible for “IBM.” One billion
dollars is deposited eachmonth, and the money earns
an average of 1/2% interest per month, compounded
continuously. Assume all the money remains in the
accounts until the end of the month.

(a) How much interest does IBM earn each month?
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(b) How much interest would IBM earn each month
if it held the checks and made deposits to its bank
accounts just four times a month?

3-59 A forklift truck costs $29,000. A company agrees to
purchase such a truck with the understanding that it
will make a single payment for the balance due in
3 years. The vendor agrees to the deal and offers two
different interest schedules. The first schedule uses
an annual effective interest rate of 13%. The second
schedule uses 12.75% compounded continuously.

(a) Which schedule should the company accept?

(b) What would be the size of the single payment?

3-60 How long will it take for $10,000, invested at 5% per
year, compounded continuously, to triple in value?

3-61 A friend was left $50,000 by his uncle. He has
decided to put it into a savings account for the
next year or so. He finds there are varying inter-
est rates at savings institutions: 4 3/8% compounded
annually, 41/4% compounded quarterly, and 41/8%
compounded continuously. He wishes to select the
savings institution that will give him the highest
return on his money. What interest rate should he
select?

3-62 Jack deposited $500,000 into a bank for 6 months.
At the end of that time, he withdrew the money and
received $520,000. If the bank paid interest based on
continuous compounding:

(a) What was the effective annual interest rate?

(b) What was the nominal annual interest rate?

3-63 Ace Zenovia Bank and Trust deposits $2,567,223 of
excess capital in the Federal Reserve Bank. If the
Fed pays 4% interest compounded daily, how much
interest will Zenovia earn by leaving the money on
deposit for two years? By how much does assuming
continuous compounding change the answer?
Contributed by Paul R. McCright, University of
South Florida

Minicases

3-64 The U.S. recently purchased $1 billion of 30-year
zero-coupon bonds from a struggling foreign nation.
The bonds yield 41/2% per year interest. The
zero-coupon bonds pay no interest during their
30-year life. Instead, at the end of 30 years,
the U.S. government is to receive back its $1
billion together with interest at 41/2% per year.

A U.S. senator objected to the purchase, claim-
ing that the correct interest rate for bonds like
this is 51/4%. The result, he said, was a multi-
million dollar gift to the foreign country without
the approval of Congress. Assuming the senator’s
math is correct, how much will the foreign country
have saved in interest when it repays the bonds at
41/2% instead of 51/4% at the end of 30 years?

3-65 The Apex Company sold a water softener to Marty
Smith. The price of the unit was $350. Marty asked
for a deferred payment plan, and a contract was writ-
ten. Under the contract, the buyer could delay paying
for the water softener if he purchased the coarse salt
for recharging the softener from Apex. At the end of
2 years, the buyer was to pay for the unit in a lump
sum, with interest at a rate of 1.5% per quarter-year.
According to the contract, if the customer ceased
buying salt from Apex at any time prior to 2 years,
the full payment due at the end of 2 years would
automatically become due.

Six months later, Marty decided to buy salt
elsewhere and stopped buying from Apex, where-
upon Apex asked for the full payment that was to
have been due 18 months hence.Marty was unhappy
about this, so Apex offered as an alternative to accept
the $350 with interest at 10% per semiannual period
for the 6 months that Marty had been buying salt
from Apex.Which of these alternatives shouldMarty
accept? Explain.

3-66 The local garbage company charges $6 a month
for garbage collection. It had been their practice
to send out bills to their 100,000 customers at the
end of each 2-month period. Thus, at the end of
February it would send a bill to each customer
for $12 for garbage collection during January and
February.

Recently the firm changed its billing date: it
now sends out the 2-month bills after one month’s
service has been performed. Bills for January and
February, for example, are sent out at the end of
January. The local newspaper points out that the firm
is receiving half its money before the garbage collec-
tion. This unearnedmoney, the newspapersays, could
be temporarily invested for one month at 1% per
month interest by the garbage company to earn extra
income.

Compute how much extra income the garbage
company could earn each year if it invests the money
as described by the newspaper. (Answer: $36,000)



C H A P T E R 4

EQUIVALENCE FOR
REPEATED CASH
FLOWS

Anne Scheiber’s Bonanza

W
hen Anne Scheiber died in 1995,
aged 101, she left an estate worth
more than $20 million. It all went
toYeshivaUniversity inNewYork.

The university’sofficials were grateful. Butwho,
they asked, was Anne Scheiber?

She wasn’t a mysterious heiress or a business
tycoon, it turned out. She was a retired IRS audi-
tor who had started investing in 1944, putting
$5000—her life savings up to that point—into
the stock market.

Scheiber’s portfolio was not based on get-rich-
quick companies. In fact, it contained mostly
“garden variety” stocks like Coca-Cola and

Exxon. Scheiber typically researched stock purchases carefully and then held ontoher shares
for years, rather than trading them. She also continually reinvested her dividends.

Despite her increasing wealth, Scheiber never indulged in a lavish lifestyle. Acquaintances
described her as extremely frugal and reported that she lived as a near recluse in her small
apartment.

What motivatedScheiber to accumulate so much money? In large part, it seems to have been
a reaction to her life experiences. Scheiber worked for over 20 years as a tax auditor but
failed to receive promotions. At her request, the endowment she left to Yeshiva University
was used to fund scholarships and interest-free loans for women students. � � �



1. Set aside your calculator and test your intuition for a minute. What annual rate of
return do you suppose it would take to turn $5000 into $20 million in 51 years?
20%, 100%?

2. Now get out the calculator and refer to an equation fromChapter 3.What was Anne
Scheiber’s actual average annual rate of return during the years she was investing?
(Assume no added investment from her salary.)

3. How does that rate compare with the overall performance of the stock market from
1944 to 1995?

4. Anne Scheiber’s endowment was given to support scholarships and loans for
women. Should universities allow donors to place constraints on money they give?
What ethical boundaries are appropriate?

After Completing This Chapter. . .

The student should be able to:
• Solve problems modeled by the uniform series compound interest formulas.
• Use arithmetic and geometric gradients to solve appropriately modeled problems.
• Use continuously compounded interest with uniform payment series
• Use spreadsheets and financial functions to model and solve engineering economic
analysis problems.

103
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Chapter 3 presented the fundamental components of engineering economic analysis, includ-
ing formulas to compute equivalent single sums of money at different points in time. Most
problems we will encounter are much more complex. This chapter develops formulas for
cash flows that are a uniform series or are increasing on an arithmetic or geometric gradient.

UNIFORM SERIES COMPOUND INTEREST FORMULAS

Many times we will find uniform series of receipts or disbursements. Automobile loans,
house payments, and many other loans are based on a uniform payment series. Future
costs and benefits are often estimated to be the same or uniform every year. This is the
simplest assumption; it is often sufficiently accurate; and often there is no data to support
what might be a more accurate model.

Since most engineering economy problems define “a period” as one year, the uniform
cash flow is an annual cash flow denoted by A for all period lengths. More formally, A is
defined as

A = an end-of-period cash receipt or disbursement in a uniform series, continuing
for n periods

Engineering economy practice and textbooks (including this one) generally assume
that cash flows after Time 0 are end-of-period cash flows. Thus the equations and tabulated
values of A and F assume end-of-period timing. Tables for beginning- or middle-of-period
assumptions have been built, but they are rarely used.

The horizontal line in Figure 4-1 is a representation of time with four interest periods
illustrated. Uniform payments A have been placed at the end of each interest period, and
there are as many A’s as there are interest periods n. (Both these conditions are specified in
the definition of A.) Figure 4-1 uses January 1 and December 31, but other 1-year or other
length periods could be used.

In Chapter 3’s section on single payment formulas, we saw that a sum P at one point
in time would increase to a sum F in n periods, according to the equation

F = P(1 + i)n
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FIGURE 4–1 The general relationship between A and F .
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We will use this relationship in our uniform series derivation.
Looking at Figure 4-1, we see that if an amount A is invested at the end of each year for

4 years, the total amount F at the end of 4 years will be the sum of the compound amounts
of the individual investments.

A A A A A AAA

�

F �

� �

A

�

A(1 � i )3 A(1 � i )2 A(1 � i )� � �

0 1 2 3 4

0 1 2 3 4

0 1 2 3 4 0 1 2 3 4 0 1 2 3 40 1 2 3 4

In the general case for n years,

F = A(1 + i)n−1 + · · · + A(1 + i)3 + A(1 + i)2 + A(1 + i) + A (4-1)

Multiplying Equation 4-1 by (1 + i), we have

(1 + i)F = A(1 + i)n + · · · + A(1 + i)4

+ A(1 + i)3 + A(1 + i)2 + A(1 + i) (4-2)

Factoring out A and subtracting Equation 4-1 gives

(1 + i)F = A
[
(1 + i)n + · · · + (1 + i)4 + (1 + i)3 +(1+ i)2 +(1+ i)

]
−F = A

[
(1 + i)n−1+· · · + (1 + i)3 + (1 + i)2 + (1 + i) + 1

]
iF = A

[
(1 + i)n − 1

]
(4-3)

Solving Equation 4-3 for F gives

F = A

[
(1 + i)n − 1

i

]
= A(F/A, i%, n) (4-4)

Thus we have an equation for F when A is known. The term inside the brackets[
(1 + i)n − 1

i

]
is called the uniform series compound amount factor and has the notation (F/A, i, n).

EXAMPLE 4–1

You deposit $500 in a credit union at the end of each year for 5 years. The credit union pays 5%
interest, compounded annually. Immediately after the fifth deposit, how much can you withdraw
from your account?
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SOLUTION

The diagram on the left shows the situation from your point of view; the one on the right, from
the credit union’s point of view. Either way, the diagram of the five deposits and the desired
computation of the future sum F duplicates the situation for the uniform series compound amount
formula

0 1 2 3 4

AA

5

F

AAA

0 1 2 3 4 5

AAAAA

F

F = A

[
(1 + i)n − 1

i

]
= A(F/A, i%, n)

where A = $500, n = 5, i = 0.05, F = unknown. Filling in the known variables gives

F = $500(F/A, 5%, 5) = $500(5.526) = $2763

There will be $2763 in the account following the fifth deposit.

If Equation 4-4 is solved for A, we have

A = F

[
i

(1 + i)n − 1

]

= F(A/F, i%, n) (4-5)

where [
i

(1 + i)n − 1

]
is called the uniform series sinking fund1 factor and is written as (A/F, i, n).

EXAMPLE 4–2

Jim Hayes wants to buy some electronic equipment for $1000. Jim has decided to save a uniform
amount at the end of each month so that he will have the required $1000 at the end of one year. The
local credit union pays 6% interest, compounded monthly. How much does Jim have to deposit
each month?

1A sinking fund is a separate fund into which one makes a uniform series of money deposits (A) to
accumulate a desired future sum (F) by the end of period n.
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SOLUTION

In this example,

F = $1000, n = 12, i = 1/2%, A = unknown

A = 1000(A/F, 1/2%, 12) = 1000(0.0811) = $81.10

Jim would have to deposit $81.10 each month.

If we use the sinking fund formula (Equation 4-5) and substitute for F the single payment
compound amount formula (Equation 3-3), we obtain

A = F

[
i

(1 + i)n − 1

]
= P(1 + i)n

[
i

(1 + i)n − 1

]

A = P

[
i(1 + i)n

(1 + i)n − 1

]
= P(A/P, i%, n) (4-6)

We now have an equation for determining the value of a series of end-of-period payments—
or disbursements—A when the present sum P is known.

The portion inside the brackets [
i(1 + i)n

(1 + i)n − 1

]
is called the uniform series capital recovery factor and has the notation (A/P, i, n).

The name capital recovery factor comes from asking the question, How large does the
annual return, A, have to be to “recover” the capital, P, that is invested at Time 0? In other
words, find A given P. This is illustrated in Example 4-3.

EXAMPLE 4–3

An energy-efficient machine costs $5000 and has a life of 5 years. If the interest rate is 8%, how
much must be saved every year to recover the cost of the capital invested in it?

SOLUTION

0 1 2 3 4 5

A A A A A

P

P = $5000, n = 5, i = 8%, A = unknown

A = P(A/P, 8%, 5) = 5000(0.2505) = $1252

The required annual savings to recover the capital investment is $1252.
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In Example 4-3, with interest at 8%, a present sum of $5000 is equivalent to five equal
end-of-period disbursements of $1252. This is another way of stating Plan 3 of Table 3-1.
The method for determining the annual payment that would repay $5000 in 5 years with
8% interest has now been explained. The calculation is simply

A = 5000(A/P, 8%, 5) = 5000(0.2505) = $1252

If the capital recovery formula (Equation 4-6) is solved for the present sum P, we
obtain the uniform series present worth formula

P = A

[
(1 + i)n − 1

i(1 + i)n

]
= A(P/A, i%, n) (4-7)

and

(P/A, i%, n) =
[

(1 + i)n − 1

i(1 + i)n

]

which is the uniform series present worth factor.

EXAMPLE 4–4

An investor holds a time payment purchase contract on some machine tools. The investor will
receive $140 at the end of each month for a 5-year period. The first payment is due in one month.
He offers to sell you the contract for $6800 cash today. If you otherwise can make 1% per month
on your money, would you accept or reject the investor’s offer?

SOLUTION

Summarizing the data in a cash flow diagram, we have

A � 140

n � 60
i � 1%

P

Use the uniform series present worth formula to compute the contract’s present worth.

P = A(P/A, i, n) = 140(P/A, 1%, 60)

= 140(44.955)

= $6293.70

Since you would be paying more than $6293.70, you would receive less than the required 1% per
month interest. Reject the investor’s offer.
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EXAMPLE 4–5

If $6800 is paid for the time purchase contract in Example 4-4, what is the monthly rate of return?

SOLUTION

We know P, A, and n, but we do not know i. The problem may be solved by using either the
uniform series present worth formula

0 = −P + A(P/A, i, n)

P = A(P/A, i, n)

or the uniform series capital recovery formula

A = P(A/P, i, n)

Either way, we have one equation with one unknown.

P = $6800, A = $140, n = 60, i = unknown

P = A(P/A, i, n)

$6800 = $140(P/A, i, 60)

(P/A, i, 60) = 6800

140
= 48.571

We look through the compound interest tables to find the values of (P /A , i , 60) that are closest
to 48.571. Then we compute the rate of return i by interpolation. Entering values from the tables
in Appendix C, we find

Interest Rate
% 51.726
i 48.571
% 48.174

a
b

c
d

The rate of return, which is between 1/2% and 3/4%, may indeed be computed by a linear interpola-
tion. The interest formulas are not linear, so a linear interpolation will not give an exact solution.
To minimize the error, the interpolation should be computed with interest rates as close to the
correct answer as possible. [Since a/b = c/d, a = b(c/d)], we write

Rate of return i = 0.5% + a

= 0.5% + b(c/d)

= 0.50% + 0.25%

(
51.726− 48.571

51.726− 48.174

)

= 0.50% + 0.25%

(
3.155

3.552

)
= 0.50% + 0.22%

= 0.72% per month

The monthly rate of return on our investment would be 0.72% per month.
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Expanded Factors as Calculator Functions

Appendix B describes financial calculators and programmable scientific calculators that
can be used instead of or in addition to the tables. Programmable scientific calculators can
be used on the FE exam.

These time value of money (TVM) calculators make the same assumptions as the tab-
ulated factors, and the notation is very similar. But fewer numbers have to be entered, and
many calculations can be completed much more quickly. Many problems can be solved by
entering four values chosen from i, n, P, A, and F , and solving for the fifth value.

It is much simpler to solve Example 4.5 using

i = Rate(n, A, P, F) = Rate(60, 140, −6800, 0) = 0.7207%/month

Cash Flows That DoNot Match Basic Patterns

EXAMPLE 4–6

A student is borrowing $100 per year for 3 years. The loan will be repaid 2 years later at a 15%
interest rate. Compute how much will be repaid. This is F in the following cash flow table and
diagram.

Year Cash Flow
1 +100
2 +100
3 +100
4 0
5 −F

0 1 2 3 4 5

100100100

F

SOLUTION

We see that the cash flow diagram does not match the sinking fund factor diagram: F occurs two
periods later, rather than at the same time as the last A. Since the diagrams do not match, the
problem is more difficult than those we’ve discussed so far. The approach to use in this situation
is to convert the cash flow from its present form into standard forms, for which we have compound
interest factors and compound interest tables.

One way to solve this problem is to consider the cash flow as a series of single payments P
and then to compute their sum F . In other words, the cash flow is broken into three parts, each
one of which we can solve.

0 1 2 3 4 5 �

100100100

F

0 1 2 3 4 5

100

F1

� 0 1 2 3 4 5

100

F2

� 0 1 2 3 4 5

100

F3
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F = F1 + F2 + F3 = 100(F/P, 15%, 4) + 100(F/P, 15%, 3)+ 100(F/P, 15%, 2)

= 100(1.749) + 100(1.521) + 100(1.322)

= $459.20

The value of F in the illustrated cash flow is $459.20.

ALTERNATE SOLUTION

A second approach is to calculate an equivalent F3 at the end of Period 3.

0 01 2 3 4 5

100 100 100

F F

F3

� 1 2 3 4 5

100 100 100

Looked at this way, we first solve for F3.

F3 = 100(F/A, 15%, 3) = 100(3.472) = $347.20

Now F3 can be considered a present sum P in the diagram

P � F3

F

3 4 5

and so

F = F3(F/P, 15%, 2)

= 347.20(1.322)

= $459.00

The slightly different value from the preceding computation is due to rounding in the compound
interest tables.
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This two-step solution can be combined into a single equation:

F = 100(F/A, 15%, 3)(F/P, 15%, 2)

= 100(3.472)(1.322)

= $459.00

ALTERNATETVM CALCULATOR SOLUTION

First find F3 as in the previous solution; then that becomes the P for finding F .

F3 = FV (i, n, A, P) = FV (15%, 3, 100, 0) = −347.25, which is saved as a P

F = FV (i, n, A, P) = FV (15%, 2, 0, −347.25) = $459.24

EXAMPLE 4–7

Consider the following situation, where P is deposited into a savings account and three
withdrawals are made.

0 1 2 3 4

P

i � 15%

20 20
30

The diagram is not in a standard form, indicating that there will be a multiple-step solution. There
are at least four different ways of computing the answer. (It is important that you understand
how the four computations are made, so please study all four solutions.)

SOLUTION1

0P � 1 2 3 4 �

P1

0 1 2 3 4

P2

P3

� 0 1 2 3 4

20 20
30

P = P1 + P2 + P3

= 20(P/F, 15%, 2)+ 30(P/F, 15%, 3)+ 20(P/F, 15%, 4)

= 20(0.7561) + 30(0.6575) + 20(0.5718)

= $46.28

SOLUTION2

The second approach converts the three withdrawals into an equivalent value at the end of
Period 4.
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0

P

F

0 1 2 3 4

20 20
30

The relationship between P and F in the diagram is

P = F(P/F, 15%, 4)

Next we compute the future sums of the three payments, as follows:

0 �1 2 3 4

20 20
F1

0 1 2 3 4

30 F2

� 0 1 2 3 4

0F � �1 2 3 4

F1

F2

20

0 1 2 3 4 � 0 1 2 3 4

F = F1 + F2 + 20

= 20(F/P, 15%, 2) + 30(F/P, 15%, 1)+ 20

Combining the two equations, we have

P = [F1 + F2 + 20](P/F, 15%, 4)

= [20(F/P, 15%, 2) + 30(F/P, 15%, 1)+ 20](P/F, 15%, 4)

= [20(1.322) + 30(1.150) + 20](0.5718)

= $46.28

SOLUTION 3

The third approach finds how much would have to be deposited (P1) at t = 1 and then converts
that into an equivalent value (P) at t = 0.
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0 1 2 3 4

20

P P1
P1

1 2 3 4

20 20
30

20 20 2020
30

� 1 2 3 4

10

� 1 2 3 4

P = P1(P/F, 15%, 1) P1 = 20(P/A, 15%, 3) + 10(P/F, 15%, 2)

Combining, we have

P = [20(P/A, 15%, 3) + 10(P/F, 15%, 2)]× (P/F, 15%, 1)

= [20(2.283) + 10(0.7561)](0.8696)

= $46.28

SOLUTION 4WITH TVM CALCULATOR

With a TVM calculator, Solution 1 is probably the easiest approach, with changes in n and F as
needed.

P1 = PV(i, n, A, F) = PV(15%, 2, 0, 20) = −15.12

P2 = PV(i, n, A, F) = PV(15%, 3, 0, 30) = −19.73

P3 = PV(i, n, A, F) = PV(15%, 4, 0, 20) = −11.44

P = −15.12 − 19.73 − 11.44 = −$46.28

ECONOMIC EQUIVALENCE VIEWEDAS AMOMENT DIAGRAM

The similarity between cash flow and free body diagrams allows an analogy that helps some
students better understand economic equivalence.2 Think of the cash flows as forces that
are always perpendicular to the axis. Then the time periods become the distances along the
axis.

When we are solving for unknown forces in a free body diagram, we know that a
moment equation about any point will be in equilibrium. Typically moments are calculated
by using the right-hand rule so that counterclockwise moments are positive, but it is also
possible to define moments so that a clockwise rotation is positive. We are assuming that
clockwise rotations are positive. This allows us to make the normal assumptions that pos-
itive forces point up and positive distances from the force to the pivot point are measured
from left to right. Thus, negative forces point down, and negative distances are measured

2We thank David Elizandro and Jessica Matson of Tennessee Tech for developing, testing, and
describing this approach (The Engineering Economist, 2007, Vol. 52, No. 2, “Taking a Moment to
Teach Engineering Economy,” pp. 97–116).
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from the force on the right to the pivot point on the left. These assumptions are summarized
in the following diagram.

+F > 0

d > 0 d < 0

F < 0 +–

–

With these assumptions we can write force moment equations at equilibrium for the
following diagram.

0

4

1 2 3

10

4 5

6

For example, in the force moment equation about Point 1, the force at 0 is –4, and the
distance from the force to the pivot point is 1. Similarly the force at 5 is –6, and the distance
from the force on the right to the pivot point on the left is –4. The equilibrium equation for
force moments about Point 1 is

0 = −4 × 1 + 10 × (−2) + −6 × (−4)

To write the cash flow moment equation for the cash flow diagram we need:

1. A sign convention for cash flows, such that positive values point up.

2. A way to measure the moment arm for each cash flow. This moment arm must be
measured as (1 + i)T , where T is the number of periods measured from the cash
flow to the pivot point or axis of rotation.

a. Thus the sign of the distance is moved to the exponent.

b. For cash flows at the pivot point, T = 0, and (1 + i)0 = 1.

We can redraw the simple example with an unknown present cash flow, P.

0 1 2 3

10

4 5

6P

Since P is drawn as a negative cash flow, we put a minus sign in front of it when we
write the cash flow moment equation. To rewrite the cash flow moment equation at Year 1,
we use the distances from the diagram as the exponents for (1 + i)t :

0 = −P × (1 + i)1 + 10 × (1 + i)−2 + −6 × (1 + i)−4
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If i = 5%, the value of P can be calculated.

0 = −P × 1.051 + 10 × 1.05−2 + −6 × 1.05−4

P = 10× 1.05−3 + −6 × 1.05−5 = 8.64 − 4.70 = 3.94

EXAMPLE 4–8

For the cash flow diagram in Example 4-6 (repeated here), write the cash flow moment equations
at Years 0, 3, and 5. Solve for F when i = 15%.

0 1 2 3 4 5

100100100

F

SOLUTION

With Year 0 as the pivot point, the cash flow moment equation is

0 = 100× (1 + i)−1 + 100 × (1 + i)−2 + 100× (1 + i)−3 − F × (1 + i)−5

With Year 3 as the pivot point, the cash flow moment equation is

0 = 100× (1 + i)2 + 100× (1 + i)1 + 100 × (1 + i)0 − F × (1 + i)−2

With Year 5 as the pivot point, the cash flow moment equation is

0 = 100× (1 + i)4 + 100× (1 + i)3 + 100× (1 + i)2 − F × (1 + i)0

In each case, the cash flow moment equation simplifies to

F = 100 × (1 + i)4 + 100 × (1 + i)3 + 100 × (1 + i)2

If i = 15%, then

F = 100 × (1.749 + 1.521+ 1.323) = $459.23

RELATIONSHIPS BETWEEN COMPOUND INTEREST FACTORS

From the derivations, we see there are several simple relationships between the compound
interest factors. They are summarized here.
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SinglePayment

Compound amount factor = 1

Present worth factor

(F/P, i, n) = 1

(P/F, i, n)
(4-8)

UniformSeries

Capital recovery factor = 1

Present worth factor

(A/P, i, n) = 1

(P/A, i, n)
(4-9)

Compound amount factor = 1

Sinking fund factor

(F/A, i, n) = 1

(A/F, i, n)
(4-10)

The uniform series present worth factor is simply the sum of the n terms of the single
payment present worth factor

(P/A, i, n) =
n∑
t=1

(P/F, i, t) (4-11)

For example:

(P/A, 5%, 4) = (P/F, 5%, 1) + (P/F, 5%, 2) + (P/F, 5%, 3) + (P/F, 5%, 4)

3.546 = 0.9524+ 0.9070+ 0.8638 + 0.8227

The uniform series compound amount factor equals 1 plus the sum of (n− 1) terms of
the single payment compound amount factor

(F/A, i, n) = 1 +
n−1∑
t=1

(F/P, i, t) (4-12)

For example,

(F/A, 5%, 4) = 1 + (F/P, 5%, 1) + (F/P, 5%, 2) + (F/P, 5%, 3)

4.310 = 1 + 1.050+ 1.102 + 1.158

The uniform series capital recovery factor equals the uniform series sinking fund factor
plus i:

(A/P, i, n) = (A/F, i, n) + i (4-13)

For example,

(A/P, 5%, 4) = (A/F, 5%, 4) + 0.05

0.2820 = 0.2320 + 0.05
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This may be proved as follows:

(A/P, i, n) = (A/F, i, n) + i[
i(1 + i)n

(1 + i)n − 1

]
=

[
1

(1 + i)n − 1

]
+ i

Multiply by (1 + i)n − 1 to get

i(1 + i)n = i + i(1 + i)n − i = i(1 + i)n

ARITHMETIC GRADIENT

It frequently happens that the cash flow series is not of constant amount A. Instead, there
is a uniformly increasing series as shown:

0 1 2 3 4 5

Cash flows of this form may be resolved into two components:

� �

A � 2G
A � 3G

A � G
A

A � 4G

0 1 2 3 4 5

A A A A A

0 1 2 3 4 5 0 1 2 3 4 5
0

2G
3G

G

4G

Note that by resolving the problem in this manner, the first cash flow in the arithmetic
gradient series becomes zero. This is done so that G is the change from period to period,
and because the gradient (G) series normally is used along with a uniform series (A). To
find an equivalent present worth, we already have an equation for (P/A, i, n), and we need
to derive an equation for (P/G, i, n). In this way, we will be able to write

P = A(P/A, i, n) + G(P/G, i, n)

Pause here and look at the tables for n= 1. What is the value of (P/G, i, 1) for any i?

Derivation of Arithmetic Gradient Factors

The arithmetic gradient is a series of increasing cash flows as follows:

0
0 1 2 3 nn � 1

(n � 2)G

(n � 1)G

2G
G
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The arithmetic gradient series may be thought of as a series of individual cash flows that
can individually be converted to equivalent final cash flows at the end of period n.

� � ... � �0 1 2 3 nn�1

F2

F3

Fn–1

0 1 2 3 nn�1 0 1 2 3 nn�1 0 1 2 3 nn�1

(n � 2)G (n � 1)G = Fn

2G

G

The value of F for the sum of the cash flows = F2 + F3 + · · · + Fn−1 + Fn , or

F = G(1 + i)n−2 + 2G(1 + i)n−3 + · · · + (n − 2)(G)(1 + i)1 + (n − 1)G (4-14)

Multiply Equation 4-14 by (1 + i ) and factor out G, or

(1+ i)F = G[(1+ i)n−1 +2(1+ i)n−2 +· · ·+(n−2)(1+ i)2 +(n−1)(1+ i)1 ] (4-15)

Rewrite Equation 4-14 to show other terms in the series,

F = G[(1 + i)n−2 + · · · + (n − 3)(1 + i)2 + (n − 2)(1 + i)1 + n − 1] (4-16)

Subtracting Equation 4-16 from Equation 4-15, we obtain

F+ iF − F = G[(1+ i)n−1 + (1+ i)n−2 +· · ·+ (1+ i)2 + (1+ i)1 +1]−nG (4-17)

In the derivation of Equation 4-4, the terms inside the brackets of Equation 4-17were shown
to equal the series compound amount factor:

[(1 + i)n−1 + (1 + i)n−2 + · · · + (1 + i)2 + (1 + i)1 + 1] = (1 + i)n − 1

i
Thus, Equation 4-17 becomes

iF = G

[
(1 + i)n − 1

i

]
− nG

Rearranging and solving for F , we write

F = G

i

[
(1 + i)n − 1

i
− n

]
(4-18)

Multiplying Equation 4-18 by the single payment present worth factor gives

P = G

i

[
(1 + i)n − 1

i
− n

][
1

(1 + i)n

]

= G

[
(1 + i)n − in − 1

i2(1 + i)n

]

(P/G, i, n) =
[
(1 + i)n − in − 1

i2(1 + i)n

]
(4-19)
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Equation 4-19 is the arithmetic gradient present worth factor. Multiplying Equation
4-18 by the sinking fund factor, we have

A = G

i

[
(1 + i)n − 1

i
− n

][
i

(1 + i)n − 1

]
= G

[
(1 + i)n − in − 1

i(1 + i)n − i

]

(A/G, i, n) =
[
(1 + i)n − in − 1

i(1 + i)n − i

]
=

[
1

i
− n

(1 + i)n − 1

]
(4-20)

Equation 4-20 is the arithmetic gradient uniform series factor.

EXAMPLE 4–9

Andrew has purchased a new car. He wishes to set aside enough money in a bank account to pay
the maintenance for the first 5 years. It has been estimated that the maintenance cost of a car is
as follows:

Year Maintenance Cost
1 $120
2 150
3 180
4 210
5 240

Assume the maintenance costs occur at the end of each year and that the bank pays 5% interest.
How much should Andrew deposit in the bank now?

SOLUTION

1 2 3 4 50

P

150
180

210
240

120

The cash flow may be broken into its two components:

A = 120

0

120 120 120 120 120

1 2 3 4 5 +

G = 30

60
90

120

0
30

0 1 2 3 4 51 2 3 4 5 =0

P

150
180

210
240

120
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Both components represent cash flows for which compound interest factors have been derived.
The first is a uniform series present worth, and the second is an arithmetic gradient series present
worth:

P = A(P/A, 5%, 5) + G(P/G, 5%, 5)

Note that the value of n in the gradient factor is 5, not 4. In deriving the gradient factor, the cash
flow in the first period is zero followed by (n − 1) terms containing G. Here there are four terms
containing G, and it is a 5-period gradient.

P = 120(P/A, 5%, 5) + 30(P/G, 5%, 5)

= 120(4.329) + 30(8.237)

= 519 + 247

= $766

Andrew should deposit $766 in the bank now.

EXAMPLE 4–10

On a certain piece of machinery, it is estimated that the maintenance expense will be as follows:
Year Maintenance
1 $100
2 200
3 300
4 400

What is the equivalent uniform annual maintenance cost for the machinery if 6% interest is used?

SOLUTION

0 1 2 3 4 = 0 1 2 3 4

200

300

400

A

100

The first cash flow in the arithmetic gradient series is zero, hence the diagram is not in proper
form for the arithmetic gradient equation. As in Example 4-9, the cash flowmust be resolved into
two components:

� 30 1 2 4

100 100 100100

� 43

200

300

100

0
0 1 20 1 2 3 4

200

300

400

100

A = 100 + 100(A/G, 6%, 4) = 100+ 100(1.427) = $242.70

The equivalent uniform annual maintenance cost is $242.70.
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EXAMPLE 4–11

Demand for a new product will decline as competitors enter the market. If interest is 10%, what
is an equivalent uniform value?

Year Revenue
1 $24,000
2 18,000
3 12,000
4 6,000

0 1 2 3 4

12,000
A� A� A� A�

18,000

$24,000

6000

0 1 2 3 4=

SOLUTION

The projected cash flow is still a cash flow in Period 1 ($24,000) that defines the uniform series.
However, now the gradient or change each year is −$6000.

� +0 1 2 3

A � 24,000

4 3

12,000

4

18,000

6000

0
0 1 21 2 3 40

12,000

18,000

24,000

6000

A′ = 24,000 − 6000(A/G, 10%, 4)

= 24,000 − 6000(1.381)

= $15,714

The projected equivalent uniform value is $15,714 per year.

EXAMPLE 4–12

A car’s warranty is 3 years. Upon expiration, annual maintenance starts at $150 and then climbs
$25 per year until the car is sold at the end of Year 7. Use a 10% interest rate and find the present
worth of these expenses.
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150

200
225

175

1 2 3 4 5 6 70

SOLUTION

With the uniform series and arithmetic gradient series present worth factors, we can compute a
present sum P ′.

P P�

150

200

225

175

1 2 3 4 5 6 70

It is important that you closely examine the location of P ′. Based on the way the factor was
derived, there will be one zero value in the gradient series to the right of P ′. (If this seems strange
or incorrect, review the beginning of this section on arithmetic gradients.)

P ′ = A(P/A, i, n) + G(P/G, i, n)

= 150(P/A, 10%, 4) + 25(P/G, 10%, 4)

= 150(3.170) + 25(4.378) = 475.50 + 109.45 = 584.95

Then
P = P ′(P/F, 10%, 3) = 584.95(0.7513) = $439.47

Reality and the AssumedUniformity of A, G, and g

The reality of engineering projects is that the annual revenues from selling a new product
or annual benefits from using a new highway change each year as demand and traffic levels
change. Most annual cash flows are not really uniform.

Thus, why do we define and start with an A that is a uniform annual cost, a G that is a
uniform annual gradient, and a g (next section) that is a uniform annual rate of increase?

1. It is easier to start with simpler models. We use cash flow tables and spreadsheets
when needed for more complex models.
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2. These model cash flows are the basis of the formulas and tabulated factors that are
often used in engineering economic analysis.

3. Often in the real world, engineering economy is applied in a feasibility or prelimi-
nary analysis. At this stage, annual cash flows for costs and revenues are typically
estimated using A, G, and/or g. Not enough is known about the problem for more
detailed estimates.

GEOMETRIC GRADIENT

Earlier, we saw that the arithmetic gradient is applicable where the period-by-period change
in a cash receipt or payment is a constant amount. There are other situations where the
period-by-period change is a uniform rate, g. Often geometric gradients can be traced to
population levels or other levels of activity where changes over time are best modeled as a
percentage of the previous year. The percentage or rate is constant over time, rather than
the amount of the change as in the arithmetic gradient.

For example, if the maintenance costs for a car are $100 the first year and they increase
at a uniform rate, g, of 10% per year, the cash flow for the first 5 years would be as follows:

Year Cash Flow
1 100.00 = $100.00
2 100.00 + 10%(100.00) = 100(1 + 0.10)1 = 110.00
3 110.00 + 10%(110.00) = 100(1 + 0.10)2 = 121.00
4 121.00 + 10%(121.00) = 100(1 + 0.10)3 = 133.10
5 133.10 + 10%(133.10) = 100(1 + 0.10)4 = 146.41

100.00
110.00

121.00
133.10

146.41

0 1 2 3 4 5

From the table, we can see that the maintenance cost in any year is

$100(1 + g)t−1

Stated in a more general form,

At = A1(1 + g)t−1 (4-21)

where g= uniform rate of cash flow increase/decrease from period
to period, that is, the geometric gradient

A1 = value of cash flow at Year 1 ($100 in the example)
At = value of cash flow at any year t
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Since the present worth Pt of any cash flow At at interest rate i is

Pt = At (1 + i)−t (4-22)

we can substitute Equation 4-21 into Equation 4-22 to get

Pt = A1(1 + g)t−1(1 + i)−t

This may be rewritten as

Pt = A1(1 + i)−1
(
1 + g

1 + i

)t−1

(4-23)

The present worth of the entire gradient series of cash flows may be obtained by expanding
Equation 4-23:

P = A1(1 + i)−1
n∑
t=1

(
1 + g

1 + i

)t−1

(4-24)

P

A1
A2

A3

At�1

At

0 1 2 3 n�1 n

In the general case, where i �= g, Equation 4-23 may be written out as follows:

P = A1(1 + i)−1 + A1(1 + i)−1
(
1 + g

1 + i

)
+ A1(1 + i)−1

(
1 + g

1 + i

)2

+ · · · + A1(1 + i)−1
(
1 + g

1 + i

)n−1

(4-25)

Let a = A1(1 + i)−1 and b = (1 + g)/(1 + i). Equation 4-25 becomes

P = a + ab + ab2 + · · · + abn−1 (4-26)

Multiply Equation 4-26 by b:

bP = ab+ ab2 + ab3 + · · · + abn−1 + abn (4-27)

Subtract Equation 4-27 from Equation 4-26:

P − bP = a − abn

P(1 − b) = a(1 − bn)

P = a(1 − bn)

1 − b
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Replacing the original values for a and b, we obtain

P = A1(1 + i)−1

⎡
⎢⎢⎣
1 −

(
1 + g

1 + i

)n

1 −
(
1 + g

1 + i

)
⎤
⎥⎥⎦ = A1

⎡
⎢⎢⎣

1 −
(
1 + g

1 + i

)n

(1 + i) −
(
1 + g

1 + i

)
(1 + i)

⎤
⎥⎥⎦

= A1

[
1 − (1 + g)n(1 + i)−n

1 + i − 1 − g

]

P = A1

[
1 − (1 + g)n(1 + i)−n

i − g

]
(4-28)

where i �= g.
The expression in the brackets of Equation 4-28 is the geometric series present worth

factor

(P/A, g, i, n) =
[
1 − (1 + g)n(1 + i)−n

i − g

]
, where i �= g (4-29)

In the special case of i = g, Equation 4-28 becomes

P = A1n(1 + i)−1

(P/A, g, i, n) = [n(1 + i)−1], where i = g (4-30)

EXAMPLE 4–13

The first-year maintenance cost for a new car is estimated to be $100, and it increases at a
uniform rate of 10% per year. Using an 8% interest rate, calculate the present worth (PW) of the
cost of the first 5 years of maintenance.

STEP-BY-STEP SOLUTION

Maintenance PW of
Year n Cost (P/F, 8%, n) Maintenance
1 100.00 = 100.00 × 0.9259 = $ 92.59
2 100.00+ 10%(100.00) = 110.00 × 0.8573 = 94.30
3 110.00+ 10%(110.00) = 121.00 × 0.7938 = 96.05
4 121.00+ 10%(121.00) = 133.10 × 0.7350 = 97.83
5 133.10+ 10%(133.10) = 146.41 × 0.6806 = 99.65

$480.42
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SOLUTION USING GEOMETRIC SERIES PRESENTWORTH FACTOR

P = A1

[
1 − (1 + g)n(1 + i)−n

i − g

]
, where i �= g

= 100.00

[
1 − (1.10)5(1.08)−5

−0.02

]
= $480.42

The present worth of cost of maintenance for the first 5 years is $480.42.

COMPOUNDING PERIOD AND PAYMENT PERIODDIFFER

When the various time periods in a problem match, we generally can solve the problem by
simple calculations. Thus in Example 4-3, where we had $5000 in an account paying 8%
interest, compounded annually, the five equal end-of-year withdrawals are simply computed
as follows:

A = P(A/P, 8%, 5) = 5000(0.2505) = $1252

Consider how this simple problem becomes more difficult if the compounding period is
changed so that it no longer matches the annual withdrawals.

EXAMPLE 4–14

On January 1, a woman deposits $5000 in a credit union that pays 8% nominal annual interest,
compounded quarterly. She wishes to withdraw all the money in five equal yearly sums,
beginning December 31 of the first year. How much should she withdraw each year?

SOLUTION

Since the 8% nominal annual interest rate r is compounded quarterly, we know that the effective
interest rate per interest period, i, is 2%; and there are a total of 4 × 5 = 20 interest periods in
5 years. For the equation A = P(A/P, i, n) to be used, there must be as many periodic with-
drawals as there are interest periods, n. In this example we have 5 withdrawals and 20 interest
periods.

20191817161514131210 119876543210

$5000

i  � 2% per quarter
n � 20 quarters

W W W W W
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To solve the problem, we must adjust it so that it is in one of the standard forms for which we
have compound interest factors. This means we must first compute either an equivalent A for
each 3-month interest period or an effective i for each time period between withdrawals. Let’s
solve the problem both ways.

SOLUTION 1

Compute an equivalent Afor each 3-month time period.
If we had been required to compute the amount that could be withdrawn quarterly, the diagram
would have been as follows:

20191817161514131210 119876543210

$5000

i � 2% per quarter
n � 20 quarters

A A A A A A A A A A A A A A A A A A A A

A = P(A/P, i, n) = 5000(A/P, 2%, 20) = 5000(0.0612) = $306

Now, since we know A, we can construct the diagram that relates it to our desired equivalent
annual withdrawal,W .

20191817161514131210 119876543210

A A A A A A A A A A A A A A A A A A A A � $306

 �

20191817161514131210 11987654

W

3210

W W W W

Looking at a one-year period,

4 =31 20 431 20

W

 i � 2% per quarter
n � 4 quarters

A � $306

W = A(F/A, i, n) = 306(F/A, 2%, 4) = 306(4.122)

= $1260
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SOLUTION 2

Compute an effective i for the time period between withdrawals.
Between withdrawals,W , there are four interest periods, hence m = 4 compounding subperiods
per year. Since the nominal interest rate per year, r, is 8%,we can proceed to compute the effective
annual interest rate.

Effective annual interest rate ia =
(
1 + r

m

)m

− 1 =
(
1 + 0.08

4

)4

− 1

= 0.0824 = 8.24% per year

Now the problem may be redrawn as follows:

$5000

 i � 8.24% per year
n � 5 years

W W W W W

0 1 2 3 4 5

This diagram may be directly solved to determine the annual withdrawal W with the capital
recovery factor:

W = P(A/P, i, n) = 5000(A/P, 8.24%, 5)

= P

[
i(1 + i)n

(1 + i)n − 1

]
= 5000

[
0.0824(1 + 0.0824)5

(1 + 0.0824)5 − 1

]

= 5000(0.2520) = $1260

The depositor should withdraw $1260 per year.

UniformPayment Series: Continuous Compounding
at Nominal Rate r per Period

Let us now substitute the equation i = er − 1 into the equations for end-of-period com-
pounding.

Continuous Compounding Sinking Fund

[A/F, r, n] = er − 1

ern − 1
(4-31)

Continuous Compounding Capital Recovery

[A/P, r, n] = ern(er − 1)

ern − 1
(4-32)
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Continuous Compounding Series Compound Amount

[F/A, r, n] = ern − 1

er − 1
(4-33)

Continuous Compounding Series PresentWorth

[P/A, r, n] = ern − 1

ern (er − 1)
(4-34)

EXAMPLE 4–15

In Example 4-1, $500 per year was deposited into a credit union that paid 5% interest, com-
pounded annually. At the end of 5 years, $2763 was in the credit union account. How much
would there have been if the institution paid 5% nominal interest, compounded continuously?

SOLUTION

A = $500, r = 0.05, n = 5 years

F = A[F/A, r, n] = A

(
ern − 1

er − 1

)
= 500

(
e0.05(5) − 1

e0.05 − 1

)
= $2769.84

EXAMPLE 4–16

In Example 4-2, Jim Hayes wished to save a uniform amount each month so he would have
$1000 at the end of a year. Based on 6% nominal interest, compounded monthly, he had to
deposit $81.10 per month. How much would he have to deposit if his credit union paid 6%
nominal interest, compounded continuously?

SOLUTION

The deposits are made monthly; hence, there are 12 compounding subperiods in the one-year time
period.

F = $1000, r = nominal interest rate/interest period = 0.06

12
= 0.005

n = 12 compounding subperiods in the one-year period of the problem

A = F[A/F, r, n] = F

(
er − 1

ern − 1

)
= 1000

(
e0.005 − 1

e0.005(12) − 1

)

= 1000

(
0.005013

0.061837

)
= $81.07

He would have to deposit $81.07 per month. Note that the difference between monthly and con-
tinuous compounding is just 3 cents per month.
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SPREADSHEETS FOR ECONOMIC ANALYSIS

The reality of engineering projects is that the annual revenues from selling a new product
or annual benefits from using a new highway change each year as demand and traffic levels
change. Often this follows a geometric gradient, which spreadsheets can easily include; but
more complex patterns are common. For example, cumulative sales and market penetration
of a new product often follow a technology growth curve or S-curve, where the volume in
each year must be individually estimated.

Similarly, if a monthlymodel of energy use is built, then fluctuations in air-conditioning
and heating costs can be accurately modeled in a spreadsheet. As a final example, consider
the constructioncost for a large project such as new tunnels under theHudson River, the new
airport that Denver built, a new nuclear power plant, or a new professional sports stadium.
The construction period may be 3 to 10 years long, and the costs will be spread in a project-
unique way over that time span. Spreadsheets are a powerful tool to model and analyze
complex projects.

Spreadsheets are used in most real-world applications of engineering economy. Com-
mon tasks include the following:

1. Constructing tables of cash flows.

2. Using annuity functions to calculate a P, F , A, n, or i.
3. Using a block function to find the present worth or internal rate of return for a table

of cash flows.

4. Making graphs for analysis and convincing presentations.

5. Calculating “what-if ” for different assumed values of problem variables.

Constructing tables of cash flows relies mainly on spreadsheet basics that are covered in
Appendix A. These basics include using and naming spreadsheet variables, understanding
the difference between absolute and relative addresses when copying a formula, and for-
matting a cell. Appendix A uses the example of the amortization schedule shown in Table
3-1, Plan 3. This amortization schedule divides each scheduled loan payment into principal
and interest portions and includes the outstanding balance for each period.

Because spreadsheet functions can be found by pointing and clicking on menus, those
steps are not detailed. In Excel the starting point is the fx button. Excel functions are used
here; syntax differences for most other spreadsheet programs are minor.

Spreadsheet Annuity Functions

In tables of engineering economy factors, i is the table header, n is the row, and two of P,
F , A, and G define a column. The spreadsheet annuity functions list four arguments chosen
from n, A, P, F , and i, and solve for the fifth argument. The Type argument is optional. If
it is omitted or 0, then the A value is assumed to be the end-of-period cash flow. If the A
value represents the beginning-of-period cash flow, then a value of 1 can be entered for the
Type variable.

To find the equivalent P −PV (i, n, A, F , Type) −PV (i, n, A, F , Type)
To find the equivalent A −PMT(i, n, P, F , Type) −PMT (i, n, P, F , Type)
To find the equivalent F −FV (i, n, A, P, Type) −FV (i, n, A, P, Type)
To find n NPER (i, A, P, F , Type) NPER (i, A, P, F , Type)
To find i Rate (n, A, P, F , Type, guess) Rate ( n, A, P, F , Type, guess)
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The sign convention for the first three functions seems odd to some students. The PV
of $200 per period for 10 periods is negative, and the PV of −$200 per period is positive.
So a minus sign is inserted to find the equivalent P, A, or F . Without this minus sign, the
calculated value is not equivalent to the four given values.

If you have been using a TVM calculator (see Appendix B), then these spreadsheet
annuity functions will look very familiar. The most prominent difference is that in the
spreadsheet functions i is entered as a decimal or a percentage, rather than an integer value
that is assumed to represent a percentage as in the TVM calculators.

EXAMPLE 4–17

A new engineer wants to save money for down payment on a house. The initial deposit is
$685, and $375 is deposited at the end of each month. The savings account earns interest at an
annual nominal rate of 6%with monthly compounding. Howmuch is on deposit after 48 months?

SOLUTION

Because deposits are made monthly, the nominal annual interest rate of 6% must be converted to
1/2% per month for the 48 months. Thus we must find F if i = 0.5% = 0.005, n = 48, A = 375,
and P = 685. Note both the initial and periodic deposits are positive cash flows for the savings
account. The Excel function is multiplied by −1 or −FV(0.005,48,375,685,0), and the result is
$21,156.97.

EXAMPLE 4–18

A new engineer buys a car with 0% down financing from the dealer. The cost with all taxes,
registration, and license fees is $15,732. If each of the 48 monthly payments is $398, what is the
monthly interest rate? What is the effective annual interest rate?

SOLUTION

The RATE function can be used to find the monthly interest rate, given that n= 48, A=
−398, P= 15,732, and F = 0. The Excel function is RATE(48,−398,15732,0) and the result
is 0.822%. The effective annual interest rate is 1.0082212 − 1 = 10.33%.

Spreadsheet Block Functions for Cash Flow Tables

Cash flows can be specified period by period as a block of values. These cash flows are
analyzed by block functions that identify the row or column entries for which a present
worth or an internal rate of return should be calculated. In Excel the two functions are
NPV(i,values) and IRR(values,guess).

Economic Criterion Excel Function Values for Periods

Net present value NPV(i,values) 1 to n
Internal rate of return IRR(values,guess); 0 to n

guess argument is optional
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Excel’s IRR function can be used to find the interest rate for a loan with irregular payments
(other applications are covered in Chapter 7).

These block functions make different assumptions about the range of years included.
For example, NPV(i,values) assumes that Year 0 is not included, while IRR(values,guess)
assumes that Year 0 is included. These functions require that a cash flow be identified for
each period. You cannot leave cells blank even if the cash flow is $0. The cash flows for
1 to n are assumed to be end-of-periodflows. All periods are assumed to be the same length
of time.

Also, the NPV function returns the present worth equivalent to the cash flows, unlike
the PV annuity function, which returns the negative of the equivalent value.

For cash flows involvingonly constant values of P, F , and A this block approach seems
to be inferior to the annuity functions. However, this is a conceptually easy approach for
more complicated cash flows, such as arithmetic or geometric gradients. Suppose the years
(row 1) and the cash flows (row 2) are specified in columns B through E.

A B C D E F

1 Year 0 1 2 3 4

2 Cash flow �25,000 6000 8000 10,000 12,000

NPV(.08,C2:F2)

IRR(B2:F2)

If an interest rate of 8% is assumed, then the present worth of the cash flows can be
calculated as =B2+NPV(.08,C2:F2), which equals $4172.95. This is the present worth
equivalent to the five cash flows, rather than the negative of the present worth equivalent
returned by the PV annuity function.The internal rate of return calculated using IRR(B2:F2)
is 14.5%. Notice how the NPV function does not include the Year 0 cash flow in B2 but the
IRR function does.

• PW = B2+NPV(.08,C2:F2) NPV range without Year 0
• IRR = IRR(B2:F2) IRR range with Year 0

Using Spreadsheets for Basic Graphing

Often we are interested in the relationship between two variables. Examples include the
number and size of payments to repay a loan, the present worth of an MS degree and how
long until we retire, and the interest rate and present worth for a new machine. This kind of
two-variable relationship is best shown with a graph.

As we will show in Example 4-19, the goal is to place one variable on each axis of the
graph and then plot the relationship. Spreadsheets automate most steps of drawing a graph,
so that it is quite easy. However, there are two very similar chart types, and we must be
careful to choose the xy chart, not the line chart. Both charts measure the y variable, but
they treat the x variable differently. The xy chart measures the x variable; thus its x value is
measured along the x axis. For the line chart, each x value is placed an equal distance along
the x axis. Thus x values of 1, 2, 4, 8 would be spaced evenly, rather than doubling each
distance. The line chart is really designed to plot y values for different categories, such as
prices for models of cars or enrollments for different universities.

Drawing an xy plot with Excel is easiest if the table of data lists the x values before the
y values. This convention makes it easy for Excel to specify one set of x values and several
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sets of y values. The block of xy values is selected, and then the chart tool is selected. Then
the spreadsheet guides the user through the rest of the steps.

EXAMPLE 4–19

Graph the loan payment as a function of the number of payments for a possible auto loan. Let
the number of monthly payments vary between 36 and 60. The nominal annual interest rate is
12%, and the amount borrowed is $18,000.

SOLUTION

FIGURE 4–2 Example
spreadsheet graph.

A B C D E F

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

      #  Monthly
Payments           Payment

 36 $597.86  �PMT($A$2,A6,-$A$3)

 42 $526.96

 48 $474.01

 54 $433.02

 60 $400.40

$600.00

$500.00

$400.00

M
on

th
ly

 P
ay

m
en

t

36 42
Number of Payments

48 54 60

nominal annual interest rate12%

monthly interest rate1%

$18,000 amount borrowed

The spreadsheet table shown in Figure 4-2 is constructed first. Cells A5:B10 are selected, and
then the Chartwizard icon is selected. The first step is to select an x y (scatter) plot with smoothed
lines and without markers as the chart type. (The other choices are no lines, straight lines, and
adding markers for the data points.) The second step shows us the graph and allows the option
of changing the data cells selected. The third step is for chart options. Here we add titles for the
two axes and turn off showing the legend. (Since we have only one line in our graph, the legend
is not needed. Deleting it leaves more room for the graph.) In the fourth step we choose where
the chart is placed.

Because x y plots are normally graphed with the origin set to (0, 0), an attractive plot is best
obtained if the minimum and maximum values are changed for each axis. This is done by placing
the mouse cursor over the axis and left-clicking. Handles or small black boxes should appear on
the axis to show that it has been selected. Right-clicking brings up a menu to select format axis.
The scale tab allows us to change the minimum and maximum values.
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SUMMARY

The compound interest formulas described in this chapter, along with those in Chapter 3,
will be referred to throughout the rest of the book. It is very important that the reader under-
stand the concepts presented and how these formulas are used. The following notation is
used consistently:

i = effective interest rate per interest period3 (stated as a decimal)
n = number of interest periods
P = a present sum of money
F = a future sum of money at the end of the nth interest period, which

is equivalent to P with interest rate i
A = an end-of-period cash receipt or disbursement in a uniform series

continuing for n periods; the entire series equivalent to P or F at interest rate i
G = uniform period-by-period increase or decrease in cash receipts or

disbursements; the arithmetic gradient
g = uniform rate of cash flow increase or decrease from period to period; the

geometric gradient
r = nominal interest rate per interest period (see footnote 3)
ia = effective annual interest rate
m = number of compounding subperiods per period (see footnote 3)

SinglePayment Formulas (Derived in Chapter 3)

Compound amount:
F = P(1 + i)n = P(F/P, i, n)

Present worth:
P = F(1 + i)−n = F(P/F, i, n)

UniformSeries Formulas

Compound amount:

F = A

[
(1 + i)n − 1

i

]
= A(F/A, i, n)

Sinking fund:

A = F

[
i

(1 + i)n − 1

]
= F(A/F, i, n)

Capital recovery:

A = P

[
i(1 + i)n

(1 + i)n − 1

]
= P(A/P, i, n)

Present worth:

P = A

[
(1 + i)n − 1

i(1 + i)n

]
= A(P/A, i, n)

3Normally the interest period is one year, but it could be some other period (e.g., quarter, month,
half-year).



136 CHAPTER 4: EQUIVALENCE FOR REPEATEDCASH FLOWS

Arithmetic Gradient Formulas

Arithmetic gradient present worth:

P = G

[
(1 + i)n − in − 1

i2(1 + i)n

]
= G(P/G, i, n)

Arithmetic gradient uniform series:

A = G

[
(1 + i)n − in − 1

i(1 + i)n − i

]
= G

[
1

i
− n

(1 + i)n − 1

]
= G(A/G, i, n)

Geometric Gradient Formulas

Geometric series present worth, where i �= g:

P = A1

[
1 − (1 + g)n(1 + i)−n

i − g

]
= A1(P/A, g, i, n)

Geometric series present worth, where i = g:

P = A1[n(1 + i)−1] = A1(P/A, g, i, n) = A1(P/A, i, i, n)

Single Payment Formulas: Continuous Compounding
at Nominal Rate r per Period

Compound amount:
F = P(ern ) = P[F/P, r, n]

Present worth:
P = F(e−rn ) = F[P/F, r, n]

Note that square brackets around the factors are used to distinguish continuous
compounding.

Uniform Payment Series: ContinuousCompounding
at Nominal Rate r per Period

Continuous compounding sinking fund:

A = F

[
er − 1

ern − 1

]
= F[A/F, r, n]

Continuous compounding capital recovery:

A = P

[
ern(er − 1)

ern − 1

]
= P[A/P, r, n]

Continuous compounding series compound amount:

F = A

[
ern − 1

er − 1

]
= A[F/A, r, n]

Continuous compounding series present worth:

P = A

[
ern − 1

ern(er − 1)

]
= A[P/A, r, n]
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Nominal Annual Interest Rate, r

The annual interest rate without considering the effect of any compounding. Also called
the annual percentage rate (APR).

EffectiveAnnual Interest Rate, ia
The annual interest rate taking into account the effect of any compounding during the year.

Effective annual interest rate (periodic compounding):

ia =
(
1 + r

m

)m

− 1

or

ia = (1 + i)m − 1

Effective annual interest rate (continuous compounding):

ia = er − 1

P R O B L E M S

Most of these problems could be solved with a
spreadsheet, but calculators and tabulated factors are
often easier. The icon indicates that a spreadsheet is
recommended.

UniformAnnual Cash Flows

4-1 For diagrams (a) to (c), compute the unknown values
B,C, V , using the minimum number of compound
interest factors.

200200

(a) C = value at t = 0

200 200

i � 10%

0 1 2 3 4

101010 10

i � 10%

0 1 2 3 4 5

(b) V = value at t = 5

 i � 10%
n � 5

0 1 2 3 4 5

100100100

(c) B = value at t = 0

(Answers: B = $228.13; C = $634; V = $51.05)

4-2 The cash flows have a present value of 0. Compute
the value of J , assuming a 10% interest rate.

J J J

0 1 2 3 4 5 6 7 8

100100 100

4-3 For what value of n, based on a 31/2% interest rate,
do these cash flows have a present value of 0?

A � 50

n � ?

1000

... n10 2 3 4 5 6 7 8 9

4-4 The cash flows have a present value of 0. Compute
the value of n, assuming a 10% interest rate.

6 7 8 n � 2 nn � 13 4 5
n � ?

A � 1

0 1 2

F � 35.95

· · ·

4-5 How much must be deposited now at 51/4% interest
to produce $300 at the end of every year for 10 years?
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4-6 A man buys a car for $18,000 with no money
down. He pays for the car in 30 equal monthly pay-
ments with interest at 12% per annum, compounded
monthly. What is his monthly loan payment?
(Answer: $697.47)

4-7 A car may be purchasedwith a $3000 down payment
now and 60 monthly payments of $480. If the interest
rate is 12% compounded monthly, what is the price
of the car?

4-8 A company deposits $2000 in a bank at the end of
every year for 10 years. The company makes no
deposits during the subsequent 5 years. If the bank
pays 8% interest, how much would be in the account
at the end of 15 years?

4-9 A city engineer knows that she will need $25 million
in 3 years to replace toll booths on a toll road in the
city. Traffic on the road is estimated to be 20 million
vehicles per year. How much per vehicle should the
toll be to cover the cost of the toll booth replacement
project? Interest is 10%. (Simplify your analysis by
assuming that the toll receipts are received at the end
of each year in a lump sum.)

4-10 A studentwants to have $30,000 at graduation 4 years
from now to buy a new car. His grandfather gave
him $10,000 as a high school graduation present.
How much must the student save each year if he
deposits the $10,000 today and can earn 12% on both
the $10,000 and his earnings in a mutual fund his
grandfather recommends?

4-11 Using linear interpolation, determine the value of
(P/A, 61/2%, 10) from the compound interest tables.
Compute this same value using the equation or a
TVM calculator. Why do the values differ?

4-12 How many months will it take to pay off a $525
debt, with monthly payments of $15 at the end of
each month, if the interest rate is 18%, compounded
monthly?
(Answer: 50 months)

4-13 Tori is planning to buy a car. The maximum payment
she can make is $3400 per year, and she can get a car
loan at her credit union for 7.3% interest. Assume her
payments will be made at the end of each year 1–4.
If Tori’s old car can be traded in for $3325, which
is her down payment, what is the most expensive car
she can purchase?
Contributed by Paul R. McCright, University of
South Florida
Problems 4-14 to 4-16 contributed by Hamed
Kashani, Saeid Sadri, and Baabak Ashuri, Georgia
Institute of Technology

4-14 A manufacturing firm spends $500,000 annually for
a required safety inspection procedure on its pro-
duction lines. A new monitoring technology would
enable the company to eliminate the need for such
inspection. If the interest rate is 10% per year, how
much can the company afford to spend on this new
technology?The companywants to recover its invest-
ment in 15 years.

4-15 A student is buying a new car. The car’s price is
$16,500, the sales tax is 8%, and the title, license, and
registration fee is $450 to be paid in cash. The dealer
offers to finance 90% of the car’s price for 48 months
at a nominal interest rate of 9%per year, compounded
monthly.

(a) How much cash is paid when the car is pur-
chased?

(b) How much is the monthly payment?

4-16 A student is buying a new car. The car’s price
is $19,500, the sales tax is 8%, and the title,
license, and registration fee is $650 to be paid
in cash. Instead of buying the car now, the stu-
dent has decided to save money in equal monthly
amounts for 48 months and then pay cash. If the
student earns 0.75% per month interest on the
money she saves, how much money is the monthly
savings?

4-17 Rose recently graduated in engineering. Her employ-
er will give her a raise of $3500 per year if she passes
the FE exam (Fundamentals of Engineering). Over a
career of 40 years, what is the present worth of the
raise if the interest rate is 7%?

4-18 Jose graduated in engineering 5 years ago. His
employer will give him a raise of $10,000 per year if
he passes the PE exam (Professional Engineer). Over
a career of 35 years, what is the present worth of the
raise if the interest rate is 8%?

4-19 Brad will graduate next year. When he begins work-
ing, he plans to deposit $3000 at the end of each year
into an IRA account. If the retirement account pays
4% interest, how much will be in his account after 40
deposits?
Contributed by Paul R. McCright, University of
South Florida

4-20 If the university’s College of Engineering can earn
4% on its investments, howmuch should be in its sav-
ings account to fund one $5000 scholarship each year
for 10 years?
Contributed by Paul R. McCright, University of
South Florida
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4-21 Elias makes 7 annual end-of-year deposits of $350
into an account earning 2.5% interest. How much is
in the account at the end of Year 11, if he makes no
additional deposits and makes no withdrawals?
Contributed by Paul R. McCright, University of
South Florida

4-22 Liam dreams of starting his own business to import
consumer electronic products to his home country.
He estimates he can earn 5% on his investments and
that he will need to have $300,000 at the end of
year 10 if he wants to give his business a good solid
foundation. He now has $28,850 in his account, and
he believes he can save $12,000 each year from his
income, beginning now. He plans to marry at about
the end of year 6 and will skip the investment contri-
bution that year.How far belowor abovehis $300,000
goal will he be?
Contributed by Paul R. McCright, University of
South Florida

4-23 Martin pays rent of $500 per month for the 9-month
academic year. He is going to travel the world this
summer and won’t be working. How much must he
set aside in his savings account for the 3-month sum-
mer to cover his rent for next year? The savings
account earns 3% with monthly compounding.

4-24 How much money should Timothy and Tiffany
deposit annually for 20 years in order to provide an
income of $30,000 per year for the next 10 years?
Assume the interest rate is a constant 4%.
Contributed by Paul R. McCright, University of
South Florida

4-25 LaQuita deposits $3500 in her retirement account
every year. If her accountpays an average of 6% inter-
est and she makes 38 deposits before she retires, how
much money can she withdraw in 20 equal payments
beginning one year after her last deposit?
Contributed by Paul R. McCright, University of
South Florida

4-26 Determine the breakeven resale price 10 years from
now of an apartment house that can be bought today
for $449,000. Its annual net income is $54,000. The
owner wants a 10% annual return on her investment.
Contributed by D. P. Loucks, Cornell University

4-27 Kelsey Construction has purchased a crane that
comes with a 3-year warranty. Repair costs are
expected to average $3500per year beginning in Year
4 when the warranty expires. Determine the present
worth of the crane’s repair costs over its 15-year life.
The interest rate is 10%.

4-28 A young engineer wishes to become a millionaire by
the time he is 60 years old. He believes that by

careful investment he can obtain a 15% rate of return.
He plans to add a uniform sum of money to his
investment program each year, beginning on his 20th

birthday and continuing through his 59th birthday.
How much money must the engineer set aside in this
project each year?

4-29 What amount will be required to purchase, on an
engineers’s 40th birthday, an annuity to provide him
with 30 equal semiannual payments of $1000 each,
the first to be received on his 50th birthday, if nominal
interest is 4% compounded semiannually?

4-30 The first of a series of equal semiannual cash flows
occurs on July 1, 2011, and the last occurs on Jan-
uary 1, 2024. Each cash flow is equal to $128,000.
The nominal interest rate is 12% compounded semi-
annually. What single amount on July 1, 2015 is
equivalent to this cash flow system?

4-31 On January 1, Frank Jenson bought a used car
for $7200 and agreed to pay for it as follows: 1/3
down payment; the balance to be paid in 36 equal
monthly payments; the first payment due Febru-
ary 1; an annual interest rate of 9%, compounded
monthly.

(a) What is the amount of Frank’smonthly payment?

(b) During the summer, Frank made enough money
to pay off the entire balance due on the car
as of October 1. How much did Frank owe on
October 1?

4-32 If i = 12%, for what value of B is the present
value = 0.

800 800 800

1.5B

B

B B

00 1 2 3 4

4-33 Compute E so that the cash flows have a present
value of 0.

200200 200

300300

100100

i � 10%

EE

0 1 2 3 4 5 6 7
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4-34 A man borrowed $500 from a bank on October
15th. He must repay the loan in 16 equal monthly
payments, due on the 15th of each month, begin-
ning November 15th. If interest is computed at 1%
per month, how much must he pay each month?
(Answer: $33.95)

4-35 Jerry bought a house for $500,000 and made a
$100,000 down payment. He obtained a 30-year
loan for the remaining amount. Payments were made
monthly. The nominal annual interest rate was 9%.
After 10 years (120 payments) he decided to pay the
remaining balance on the loan.

(a) What was his monthly loan payment?

(b) What must he have paid (in addition to his regu-
lar 120th monthly payment) to pay the remaining
balance of his loan?

4-36 A man wants to help provide a college education for
his young daughter. He can afford to invest $600/yr
for the next 4 years, beginning on the girl’s 4th

birthday. He wishes to give his daughter $4000 on
her 18th, 19th, 20th, and 21st birthdays, for a total
of $16,000. Assuming 5% interest, what uniform
annual investment will he have to make on the girl’s
8th through 17th birthdays? (Answer: $792.73)

4-37 Table 3-1 presented four plans for the repayment of
$5000 in 5 yearswith interest at 8%. Still anotherway
to repay the $5000would be to make four annual end-
of-year payments of $1000 each, followed by a final
payment at the end of the fifth year. Howmuchwould
the final payment be?

4-38 A $150 bicycle was purchased on December 1 with
a $15 down payment. The balance is to be paid at
the rate of $10 at the end of each month, with the
first payment due on December 31. The last payment
may be some amount less than $10. If interest on the
unpaid balance is computed at 11/2% permonth, how
many payments will there be, and what is the amount
of the final payment? (Answers:16 payments; final
payment: $1.99)

4-39 A company buys a machine for $12,000, which it
agrees to pay for in five equal annual payments,
beginning one year after the date of purchase, at an
annual interest rate of 4%. Immediately after the sec-
ond payment, the terms of the agreement are changed
to allow the balance due to be paid off in a single pay-
ment the next year. What is the final single payment?
(Answer: $7778)

4-40 An engineering student bought a car at a local used
car lot. Including tax and insurance, the total price
was $6000. He is to pay for the car in 12 equal
monthly payments, beginning with the first payment

immediately (in other words, the first payment was
the down payment). Nominal interest on the loan
is 12%, compounded monthly. After six payments
(the down payment plus five additional payments),
he decides to sell the car. A buyer agrees to pay a
cash amount to pay off the loan in full at the time the
next payment is due and also to pay the engineering
student $2000. If there are no penalty charges for this
early payment of the loan, howmuch will the car cost
the new buyer?

4-41 A realtor sold a house on August 31, 2011, for
$150,000 to a buyer in which a 20% down payment
was made. The buyer took a 15-year mortgage on
the property with an effective interest rate of 8% per
annum. The buyer intends to pay off the mortgage
owed in yearly payments starting onAugust31, 2012.

(a) How much of the mortgage will still be owed
after the payment due on August 31, 2018, has
been made?

(b) Solve the sameproblemby separating the interest
and the principal amounts.

4-42 To provide for a college education for her son, a
woman opened an escrow account in which equal
deposits were made. The first deposit was made on
January 1, 1995, and the last deposit was made on
January 1, 2012. The yearly college expenses includ-
ing tuition were estimated to be $8000, for each of
the 4 years. Assuming the interest rate to be 5.75%,
how much did the mother have to deposit each year
in the escrow account for the son to draw $8000 per
year for 4 years beginning January 1, 2012?

4-43 A bank recently announcedan “instant cash” plan for
holders of its bank credit cards. A cardholder may
receive cash from the bank up to a preset limit (about
$500). There is a special charge of 4% made at the
time the “instant cash” is sent to the cardholders. The
debt may be repaid in monthly installments. Each
month the bank charges 11/2% on the unpaid balance.
The monthly payment, including interest, may be as
little as $10. Thus, for $150 of “instant cash,” an ini-
tial charge of $6 ismade and added to the balance due.
Assume the cardholder makes a monthly payment of
$10 (this includes both principal and interest). How
many months are required to repay the debt? If your
answer includes a fraction of a month, round up to the
next month.

4-44 An engineer borrowed $3000 from the bank, payable
in six equal end-of-year payments at 8%. The bank
agreed to reduce the interest on the loan if interest
rates declined in the U.S. before the loan was fully
repaid. At the end of 3 years, at the time of the third
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payment, the bank agreed to reduce the interest rate
on the remaining debt from 8% to 7%. What was the
amount of the equal annual end-of-year payments for
each of the first 3 years? What was the amount of
the equal annual end-of-year payments for eachof the
last 3 years?

4-45 A local finance company will loan $10,000 to a
homeowner. It is to be repaid in 24monthly payments
of $499 each. The first payment is due 30 days after
the $10,000 is received. What interest rate per month
are they charging? (Answer: 11/2%)

4-46 A woman made 10 annual end-of-year purchases of
$1000 worth of common stock. The stock paid no
dividends. Then for 4 years she held the stock. At
the end of the 4 years she sold all the stock for
$28,000. What interest rate did she obtain on her
investment?

Relationships Between Factors

4-47 For some interest rate i and some number of interest
periods n, the uniform series capital recovery factor
is 0.1408 and the sinking fund factor is 0.0408.What
is the interest rate? What is n?

4-48 For some interest rate i and some number of interest
periods n, the uniform series capital recovery factor
is 0.1728 and the sinking fund factor is 0.0378.What
is the interest rate?

4-49 Derive an equation to find the end-of-year future
sum F that is equivalent to a series of n beginning-
of-year payments B at interest rate i . Then use the
equation to determine the future sum F equivalent
to six B payments of $100 at 8% interest. (Answer:
F = $792.28)

4-50 If $200 is deposited in a savings accountat the begin-
ning of each of 15 years, and the account draws
interest at 7% per year, how much will be in the
account at the end of 15 years?

4-51 How can the tables be used to compute (P /A, 5%,
150)? (P /A, 7%, 200)?

4-52 Prove the following relationships algebraically

(a) (A/F, i, n) = (A/P, i, n) − i

(b) (P/F, i, n) = (P/A, i, n) − (P/A, i, n − 1)

(c) (P/A, i, n) = (P/F, i, 1)+ (P/F, i, 2) + · · · +
(P/F, i, n)

(d) (F/A, i, n) = [(F/P, i, n) − 1]/ i

ArithmeticGradients

4-53 Assume a 10% interest rate and find S, T , and x.

50

150

0 1 2 3 4

50

150

0 1 2 3 4

100

(a) S = value at t = 0

30
60

90
120

0 1 2 3 4 5

(b) T = uniform value for 5 periods

x
2x

3x
4x

500

(c)

 i � 10%
x � ?

0 1 2 3 4

(Answers: S = $218.90; T = $54.30; x = $66.24)

4-54 Compute the unknown values.

75
50

i � 10%

25

0 1 2 3 4

(a) C = value at t = 0

25
50

75
100

i � 10%

0 1 2 3 4

(b) F = value at t = 4

40

80

120

i � 10%

0 1 2 3 4

(c) A = uniform value from t = 1 to 4

(Answers: C = $109.45; F = $276.37; A =
$60.78)
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4-55 For diagrams (a) to (d), compute the present values
of the cash flows.

25
50

75
100

(a) i � 10%

0 1 2 3 4

100

200

300

(b) i � 10%

0 1 2 3 4 5

100

200

300

(c) i � 10%

0 1 2 3

100

50

100

(d) i � 10%

0 1 2 3

4-56 Compute the present value of the cash flows.

150

250
200

100

0 1 2 3

i � 10%

(Answer: $589.50)

4-57 Use a 15% interest rate to compute the present value
of the cash flows.

50
60

70
80

2 3 4 510

4-58 The cash flows have a present value of 0. Compute
the value of C, assuming a 10% interest rate.

100

200

300

C C C

0 1 2 3 4 5 6 7 8

4-59 If i = 12%, for what value of G does the present
value equal 0?

2G

G

3G

4G

5G

500 500

6G

0 1 2 3 4 5 6

4-60 The cashflowshave a present value equal0. Compute
the value of D in the diagram.

100

200

300

i � 10%

D D DD

0 1 2 3 4 5 6 7 8

4-61 Using a 10% interest rate, for what value of B does
the present value equal 0?

200

4B

3B

2B

B

300

400

100

0 1 2 3 4

4-62 These cash flow transactions are said to be equivalent
in terms of economic desirability at an interest rate of
12% compounded annually. Determine the unknown
value A.

Cash Flow 2Cash Flow 1

�

150

300

450

600

750

A A A A

0 1 2 3 4 50 1 2 3 4
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4-63 For what value of P in the cash flow diagram does
the present value equal 0?

250

250

500
750

1000
1250

3000

750
P � ? 

i � 10%

0 1 2 3 4 5 6 7 8

4-64 Use a 10% interest rate to compute the present value
of the cash flows.

300
400 400

500

300

0 1 2 3 4 5

4-65 Consider the following cash flow:

Year Cash Flow

0 −$100

1 50

2 60

3 70

4 80

5 140

Which one of the following is correct for this cash
flow?

A. 100 = 50 + 10(A/G, i, 5) + 50(P/F, i, 5)

B. 1 = 50(P/A, i, 5) + 10(P/G, i, 5) + 50(P/F, i, 5)
100

C. 100(A/P, i, 5) = 50 + 10(A/G, i, 5)

D. None of the equations are correct.

4-66 Consider the following cash flow:

Year Cash Flow

0 −$P

1 1000

2 850

3 700

4 550

5 400

6 400

7 400

8 400

Alice was asked to compute the value of P for the
cashflow at 8% interest. Shewrote three equations:

A. P = 1000(P/A,8%, 8) − 150(P/G,8%, 8) +
150(P/G, 8%, 4)(P/F,8%, 4)

B. P = 400(P/A,8%, 8) + 600(P/A,8%, 5) −
150(P/G, 8%, 4)

C. P = 150(P/G,8%, 4) + 850(P/A,8%, 4) +
400(P/A, 8%, 4)(P/F,8%, 4)

Which of the equations is correct?

4-67 It is estimated that the maintenance cost on a new
car will be $400 the first year. Each subsequent year,
this cost is expected to increase by $100. How much
would you need to set aside when you bought a new
car to pay all future maintenance costs if you planned
to keep the vehicle for 7 years?Assume interest is 5%
per annum. (Answer: $3937.6)

4-68 The council members of a small town have decided
that the earth levee that protects the town flooding
should be rebuilt and strengthened. The town engi-
neer estimates that the cost of the work at the end of
the first year will be $85,000. He estimates that in
subsequent years the annual repair costs will decline
by $10,000, making the second-year cost $75,000;
the third-year $65,000, and so forth. The council
members want to know what the equivalent present
cost is for the first 5 years of repair work if interest is
4%. (Answer: $292,870)

4-69 A firm expects to install smog control equipment on
the exhaust of a gasoline engine. The local smog con-
trol district has agreed to pay to the firm a lump sum
ofmoney to provide for the first cost of the equipment
and maintenance during its 10-year useful life. At the
end of 10 years the equipment, which initially cost
$10,000, is valueless. The firm and the smog control
district have agreed that the following are reasonable
estimates of the end-of-year maintenance costs:



144 CHAPTER 4: EQUIVALENCE FOR REPEATEDCASH FLOWS

Year 1 $500 Year 6 $200

2 100 7 225

3 125 8 250

4 150 9 275

5 175 10 300

Assuming interest at 6% per year, how much should
the smog control district pay to the firm now to
provide for the first cost of the equipment and its
maintenance for 10 years? (Answer: $11,693)

4-70 A debt of $5000 can be repaid, with interest at 8%,
by the following payments.

Year Payment

1 $ 500

2 1000

3 1500

4 2000

5 X

The payment at the end of the fifth year is shown as
X . How much is X?

4-71 A man is buying a small garden tractor. There will be
no maintenance cost during the first 2 years because
the tractor is sold with 2 years free maintenance. For
the third year, the maintenance is estimated at $80. In
subsequent years the maintenance cost will increase
by $40 per year.Howmuchwould need to be set aside
now at 8% interest to pay the maintenance costs on
the tractor for the first 6 years of ownership?

4-72 A woman makes an investment every 3 months at
a nominal annual interest rate of 28%, compounded
quarterly. Her first investment was $100, followed
by investments increasing $20 each 3 months. Thus,
the second investment was $120, the third invest-
ment $140, and so on. If she continues to make this
series of investments for a total of 20 years, what
will be the value of the investments at the end of that
time?

4-73 A sports star can sign a 6-year contract that starts
at $1.2M with increases of $0.3M each year for his
expected playing career of 6 years. It is also possible
to sign a contract that starts at $0.8M for the first year
and then increases at $0.2M each year for 10 years
(note some income is deferred until after he retires).
If his interest rate for the time value of money is 8%,
what is the value of each choice?

Problems 4-74 to 4-76 contributed by Hamed
Kashani, Saeid Sadri, and Baabak Ashuri, Georgia
Institute of Technology

4-74 A college student is buying a new car, which costs
$16,500 plus 8% sales tax. The title, license, and
registration fees are $650. The dealer offers her a
financing program that starts with a small monthly
payment, and the payments will gradually increase.
The dealer offers to finance 80% of the car’s price for
48 months at a nominal interest rate of 9% per year,
compoundedmonthly. The first payment is $300 and
each successive payment will increase by a constant
dollaramount x.

(a) How much is the constant amount x?

(b) How much is the 48th payment?

4-75 A firm has $500,000 per year to pay for replac-
ing machinery over the next 5 years. What is the
expected cost in Year 1 if the firm has projected that
themachinery costwill increase by $15,000per year?
The interest rate is 10% per year.

4-76 A construction firm can achieve a $15,000 cost sav-
ings in Year 1 and increasing by $2000 each year for
the next 5 years by upgrading some equipment. At
an interest rate of 15%, what is the equivalent annual
worth of the savings?

4-77 Helen can earn 3% interest in her savings account.
Her daughter Roberta is 11 years old today. Suppose
Helen deposits $4000 today, and one year from today
she deposits another $500. Each year she increases
her deposit by $500 until she makes her last deposit
on Roberta’s 18th birthday. What is the annual equiv-
alent of her deposits, and how much is on deposit
after the 18th birthday? Contributed by Paul R.
McCright, University of South Florida

4-78 Francisco believes in planning ahead. So he decides
to find out how much he can draw from a retirement
account each year for 30 years if he invests exactly
$1000 each year in the account. Suppose that he can
earn 5% on this long-term account, that he will make
40 deposits, and that hewill make the firstwithdrawal
one year after the last deposit. How big can Fran-
cisco’s withdrawals be? Contributed by Paul R.
McCright, University of South Florida

4-79 Perry is a freshman. He estimates that the cost of
tuition, books, room and board, transportation, and
other incidentalswill be $13,000 this year.He expects
these costs to rise about$1500 eachyearwhile he is in
college.If itwill takehim5years toearnhisBS,whatis
the present costof his degree at an interest rate of 6%?
Ifheearnsanextra$10,000annually for40years,what
is the presentworth ofhis degree? Contributed by
Paul R. McCright, University of South Florida
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4-80 The following cash flows are equivalent in value if
the interest rate is i . Which one is more valuable if
the interest rate is 2i?

32A. 40 1

32 40 1B.

4-81 The following cash flows are equivalent in value if
the interest rate is i . Which one is more valuable if
the interest rate is 2i?

32 40 1A.

32 40 1B.

Geometric Gradients

4-82 A set of cash flows begins at $20,000 the first year,
with an increase each year until n = 10 years. If the
interest rate is 8%, what is the present value when

(a) the annual increase is $2000?

(b) the annual increase is 10%?

(Answer: (b) $201,405)

4-83 A set of cash flows begins at $50,000 the first year,
with an increase each year until n = 15 years. If the
interest rate is 7%, what is the present value when

(a) the annual increase is $5000?

(b) the annual increase is 10%?

4-84 A set of cash flows begins at $20,000 the first year,
with an increase each year until n = 10 years. If the
interest rate is 10%, what is the present valuewhen

(a) the annual increase is $2000?

(b) the annual increase is 10%?

4-85 A set of cash flows begins at $20,000 the first year,
with a decrease each year until n = 10 years. If the
interest rate is 8%, what is the present value when

(a) the annual decrease is $2000?

(b) the annual decrease is 10%?

4-86 The market for a product is expected to increase at
an annual rate of 8%. First-year sales are estimated at
$60,000, the horizon is 15 years, and the interest rate
is 10%. What is the present value?

4-87 Fred is evaluating whether a more efficient motor
with a life of 5 years should be installed on an assem-
bly line. Energy savings are estimated at $400 for the
first year, then increasing by 6% annually. If the inter-
est rate is 10%, what is the present value of the energy
savings?

4-88 In Problem 4-87, what if the energy savings are
increasing by 15% annually?

4-89 Suzanne is a recent chemical engineering graduate
who has been offered a 5-year contract at a remote
location. She has been offered two choices. The first
is a fixed salary of $75,000 per year. The second has
a starting salary of $65,000 with annual raises of 5%
starting in Year 2. (For simplicity, assume that her
salary is paid at the end of the year, just before her
annual vacation.) If her interest rate is 9%, which
should she take?

4-90 Mark Johnson saves a fixed percentage of his salary
at the end of each year. This year he saved $1500. For
the next 5 years, he expects his salary to increase at
an 8% annual rate, and he plans to increase his sav-
ings at the same8% annual rate. He invests his money
in the stock market. Thus there will be six end-of-
year investments (the initial $1500 plus five more).
Solve the problem using the geometric gradient
factor.

(a) How much will the investments be worth at the
end of 6 years if they increase in the stockmarket
at a 10% annual rate?

(b) How much will Mark have at the end of 6 years
if his stock market investments increase only at
8% annually?

4-91 The Macintosh Company has an employee savings
plan that allows every employee to invest up to 5%
of his or her annual salary. The money is invested in
company common stock with the company guaran-
teeing that the annual return will never be less than
8%. Jill was hired at an annual salary of $52,000. She
immediately joined the savings plan investing the full
5% of her salary each year. If Jill’s salary increases at
an 8%uniform rate, and she continues to invest 5% of
it each year,what amount of money is she guaranteed
to have at the end of 20 years?

4-92 The football coach at a midwestern university
was given a 5-year employment contract that paid
$225,000 the first year, and increased at an 8%
uniform rate in each subsequent year. At the end of
the first year’s football season, the alumni demanded
that the coach be fired. The alumni agreed to buy
his remaining years on the contract by paying him
the equivalent present sum, computed using a 12%
interest rate. How much will the coach receive?
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4-93 A25-year-old engineer is opening an individual retire-
ment account (IRA) at a bank.Her goal is to accumu-
late $1 million in the account by the time she retires
from work in 40 years. The bank manager estimates
she may expect to receive 8% nominal annual inter-
est, compounded quarterly, throughout the 40 years.
The engineerbelieves her incomewill increase at a 7%
annual rate during her career. She wishes to start her
IRA with as low a deposit as possible and increase it
at a 7%rate eachyear.Assuming end-of-yeardeposits,
howmuch shouldshedeposit thefirstyear?

4-94 A contractor estimates maintenance costs for a new
backhoe to be $275 for the first month with amonthly
increase of 0.5%. The contractor can buy a 4-year
maintenance contract for $18,500 at any point. If the
contract is purchasedat thesame time as the backhoe is
purchased, the dealerhas offered a 10%discount.Use
i =0.75%permonth.What should thecontractordo?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

4-95 An engineer will deposit 15% of her salary each year
into a retirement fund. If her current annual salary is
$80,000 and she expects that it will increase by 5%
each year, what will be the present worth of the fund
after 35 years if it earns 5% per year?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

4-96 Zachary has opened a retirement account that will
pay 5% interest each year. He plans to deposit 10%
of his annual salary into the account for 39 years
before he retires. His first year’s salary is $52,000,
and he expects the salary to grow 4% each year. How
much will be in his account after he makes the last
deposit?What uniform amount canhewithdraw from
the account for 25 years beginning one year after his
last deposit? Contributed by Paul R. McCright,
University of South Florida

4-97 Eddie is a production engineer for a major sup-
plier of component parts for cars. He has determined
that a robot can be installed on the production line
to replace one employee. The employee earns $20
per hour and benefits worth $8 per hour for a total
annual cost of $58,240 this year. Eddie estimates
this cost will increase 6% each year. The robot will
cost $16,500 to operate for the first year with costs
increasing by $1500 eachyear. Thefirm uses an inter-
est rate of 15% and a 10-year planning horizon. The
robot costs $75,000 installed and will have a sal-
vage value of $5000 after 10 years. Should Eddie
recommend that purchase of the robot?
Contributed by Paul R. McCright, University of
South Florida

Nominal and Effective Interest Rates

4-98 Quentin has been using his credit card too much. His
plan is to use only cash until the balance of $8574
is paid off. The credit card company charges 18%
interest, compounded monthly. What is the effec-
tive interest rate? How much interest will he owe
in the first month’s payment? If he makes monthly
payments of $225, how long until it is paid off?
Contributed by Paul R. McCright, University of
South Florida

4-99 A bank is offering a loan of $25,000 with a nominal
interest rate of 18% compoundedmonthly, payable in
60 months. (Hint: The loan origination fee of 2%will
be taken out from the loan amount.)

(a) What is the monthly payment?

(b) If a loan origination fee of 2% is charged at the
time of the loan, what is the effective interest
rate?

4-100 One of the largest car dealers in the city advertises a
3-year-old car for sale as follows:

Cash price $13,750, or a down payment
of $1375 with 45 monthly payments of
$361.23.

Susan DeVaux bought the car and made a down
payment of $2000. The dealer charged her the same
interest rate used in his advertised offer. What is the
monthly interest rate? Howmuchwill Susanpay each
month for 45 months? What effective interest rate is
being charged?

4-101 Pete borrows $10,000 to purchase a used car. He
must repay the loan in 48 equal end-of-period
monthly payments. Interest is calculated at 11/4%
per month. Determine the following:

(a) The nominal annual interest rate

(b) The effective annual interest rate

(c) The amount of the monthly payment

4-102 Picabo borrows $1000. To repay the amount, she
makes 12 equal monthly payments of $90.30. Deter-
mine the following:

(a) The effective monthly interest rate

(b) The nominal annual interest rate

(c) The effective annual interest rate

4-103 The Bawl Street Journal costs $580, payable now,
for a 2-year subscription. The newspaper is published
252 days per year (5 days per week, except holidays).
If a 10% nominal annual interest rate, compounded
quarterly, is used:

(a) What is the effective annual interest rate in this
problem?
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(b) Compute the equivalent interest rate per 1/252 of
a year.

(c) What is a subscriber’s cost per copy of the news-
paper, taking interest into account?

4-104 You are taking a $2000 loan. You will pay it back
in four equal amounts, paid every 6 months starting
3 years from now. The interest rate is 6% com-
pounded semiannually. Calculate:

(a) The effective interest rate, based on both semi-
annual and continuous compounding

(b) The amount of each semiannual payment

(c) The total interest paid

4-105 In 1555 King Henry borrowed money from his
bankers on the condition that he pay 5% of the loan
at each fair (there were four fairs per year) until he
had made 40 payments. At that time the loan would
be considered repaid. What effective annual interest
did King Henry pay?

4-106 A local bank offers a customer a 2-year car loan of
$10,000 as follows:

Money to pay for car $10,000
Two years’ interest at 7%: 2 × 0.07 × 10,000 1400

$11,400

24 monthly payments = 11,400

24
= $475.00

The first payment must be made in 30 days. What is
the nominal annual interest rate the bank is receiving?

4-107 A local lending institution advertises the “51–50
Club.” A personmay borrow $2000 and repay $51 for
the next 50months, beginning 30 days after receiving
the money. Compute the nominal annual interest rate
for this loan. What is the effective interest rate?

4-108 TheRule of 78s is a commonly usedmethod of com-
puting the amount of interest when the balance of a
loan is repaid in advance.

Adding the numbers representing
12 months gives

1 + 2 + 3 + 4 + 5 + · · · + 11+ 12 = 78

If a 12-month loan is repaid at the end
of one month, for example, the interest
the borrower would be charged is 12/78
of the year’s interest. If the loan is repaid
at the end of 2 months, the total interest
charged would be (12+ 11)/78, or 23/78
of the year’s interest. After 11 months the
interest chargewould therefore be 77/78of
the total year’s interest.

Helen borrowed $10,000 on January 1 at 9% annual
interest, compounded monthly. The loan was to be
repaid in 12 equal end-of-period payments. Helen

made the first two payments and then decided to repay
the balance of the loan with the third payment. Thus
shewillpay the thirdpaymentplusanadditionalsum.

You are to calculate the amount of this addit-
ional sum

(a) based on the rule of 78s.

(b) based on exact economic analysis methods.

Compounding and Payment Periods Differ

4-109 Upon the birth of his first child, Dick Jones decided to
establish a savings account to partly pay for his son’s
education. He plans to deposit $20 per month in the
account, beginning when the boy is 13 months old.
The savings and loan association has a current inter-
est policy of 6% per annum, compounded monthly,
paid quarterly. Assuming no change in the interest
rate, how much will be in the savings account when
Dick’s son becomes 16 years old?

4-110 Ann deposits $100 at the end of each month into her
bank savings account. The bank paid 6% nominal
interest, compounded and paid quarterly. No interest
was paid on money not in the account for the full 3-
month period. Howmuchwas in Ann’s account at the
end of 3 years? (Answer: $3912.30)

4-111 What is the present worth of a series of equal quar-
terly payments of $3000 that extends over a period
of 8 years if the interest rate is 10% compounded
monthly?

4-112 What single amount on April 1, 2012, is equivalent to
a series of equal, semiannual cashflows of $1000 that
starts with a cash flow on January 1, 2010, and ends
with a cash flow on January 1, 2019? The interest rate
is 14% and compounding is quarterly.

4-113 A contractor wishes to set up a special fund by
making uniform semiannual end-of-period deposits
for 20 years. The fund is to provide $10,000 at the
end of each of the last 5 years of the 20-year period.
If interest is 8%, compounded semiannually, what is
the required semiannual deposit?

4-114 Paco’s saving account earns 13% compounded
weekly and receives quarterly deposits of $38,000.
His first deposit occurred on October 1, 2006, and the
last deposit is scheduled for April 1, 2022. Tisha’s
account earns 13% compounded weekly. Semian-
nual deposits of $18,000 are made into her account,
with the first one occurring on July 1, 2016, and the
last one occurring on January 1, 2025. What single
amount on January 1, 2017, is equivalent to the sum
of both cash flow series?

4-115 The first of a series of equal monthly cash flows of
$2000 occurred on April 1, 2008, and the last of the
monthly cash flows occurred on February 1, 2010.
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This series of monthly cash flows is equivalent to a
series of semiannual cash flows. The first semiannual
cash flow occurred on July 1, 2011, and the last
semiannual cash flow will occur on January 1, 2020.
What is the amount of each semiannual cash flow?
Use a nominal interest rate of 12% with monthly
compounding on all accounts.

4-116 A series of monthly cash flows is deposited into an
account that earns 12%nominal interest compounded
monthly. Eachmonthly deposit is equal to $2100.The
first monthly deposit occurred on June 1, 2008 and
the last monthly deposit will be on January 1, 2015.
The account (the series of monthly deposits, 12%
nominal interest, and monthly compounding) also
has equivalentquarterlywithdrawals from it. The first
quarterly withdrawal is equal to $5000 and occurred
on October 1, 2008. The last $5000 withdrawal will
occur on January 1, 2015. How much remains in the
account after the last withdrawal?

ContinuousCompounding

4-117 PARC Company has money to invest in an employee
benefit plan, and you have been chosen as the plan’s
trustee. As an employee yourself, you want to maxi-
mize the interest earned on this investment and have
found an account that pays 14% compounded contin-
uously.PARCis providingyou$1200permonth to put
into your account for 7 years.Whatwill be the balance
in thisaccountat theendofthe7-yearperiod?

4-118 Barry, a recent engineeringgraduate, never took engi-
neering economics.When he graduated, he was hired
by a prominent architectural firm. The earnings from
this job allowed him to deposit $750 each quar-
ter into a savings account. There were two banks that
offered savings accounts in his town (a small town!).
The first bank was offering 4.5% interest com-
pounded continuously. The second bank offered
4.6% compoundedmonthly. Barry decided to deposit
in the first bank because it offered continuous com-
pounding. Did he make the right decision?

4-119 What single amount on October 1, 2012, is equal
to a series of $1000 quarterly deposits made into an
account? The first deposit occurs on October 1, 2012,
and the last deposit occurs on January 1, 2026. The
account earns 13% compounded continuously.

Spreadsheets for EconomicAnalysis

4-120 Develop a complete amortization table for a loan
of $4500, to be paid back in 24 uniform monthly
installments, based on an interest rate of 6%.

The amortization table must include the following
column headings:

Payment Number, Principal Owed (begin-
ning of period), Interest Owed in Each
Period, Total Owed (end of each period),
Principal Paid in Each Payment, Uniform
Monthly Payment Amount

You must also show the equations used to calculate
each column of the table. You are encouraged to use
spreadsheets.The entire table must be shown.

4-121 Using the loan and payment plan developed in
Problem 4-120, determine the month that the final
payment is due, and the amount of the final payment,
if $500 is paid for Payment 8 and $280 is paid for
Payment 10. This problem requires a separate amorti-
zation table giving the balance due,principalpayment,
and interestpaymentforeachperiodofthe loan.

4-122 The following beginning-of-month (BOM) and end-
of-month (EOM) amounts are to be deposited in
a savings account that pays interest at 9%, com-
pounded monthly:

Today (BOM 1) $400

EOM 2 270

EOM 6 100

EOM 7 180

BOM 10 200

Set up a spreadsheet to calculate the account balance
at the end of the first year (EOM12). The spread-
sheet must include the following column headings:
Month Number, Deposit BOM, Account Balance at
BOM, Interest Earned in EachMonth, Deposit EOM,
Account Balance at EOM. Also, use the compound
interest tables to drawa cashflowdiagramof this prob-
lemandsolve fortheaccountbalanceat theEOM12.

4-123 What is the present worth of cash flows that begin at
$20,000 and increase at 7% per year for 10 years?
The interest rate is 9%. (Answer: $169,054)

4-124 What is the present worth of cash flows that begin at
$50,000 and decrease at 12% per year for 10 years?
The interest rate is 8%. (Answer: $217,750)

4-125 Net revenues at an older manufacturing plant will be
$2million for this year. The net revenuewill decrease
15%per year for 5 years,when the assembly plantwill
beclosed(at theendofYear6).If thefirm’s interestrate
is10%,calculate thePWofthe revenuestream.

4-126 What is the present worth of cash flows that begin at
$10,000 and increase at 8% per year for 4 years? The
interest rate is 6%.

4-127 What is the present worth of cash flows that begin at
$30,000 and decrease at 15% per year for 6 years?
The interest rate is 10%.
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4-128 Five annual payments at an interest rate of 9% are
made to repay a loan of $6000. Build the table
that shows the balance due, principal payment, and
interest payment for each payment. What is the
annual payment? (Use a spreadsheet function, not
the tables.) What interest is paid in the last year?
(Answer: payment = $1542.55, interest = $127.37)

4-129 A newly graduated engineer bought furniture for
$900 from a local store. Monthly payments for 1
year will be made. Interest is computed at a nomi-
nal rate of 6%. Build the table that shows the bal-
ance due, principal payment, and interest payment for
each payment. What is the monthly payment? (Use a
spreadsheet function, not the tables.) What interest is
paid in the last month? (Answer: payment = $77.46,
interest = $0.39)

4-130 Calculate and print out the balance due, principal
payment, and interest payment for each period of a
used-car loan. The nominal interest is 12% per year,
compounded monthly. Payments are made monthly
for 3 years. The original loan is for $11,000.

4-131 Calculate and print out the balance due, principal
payment, and interest payment for each period of a
new car loan. The nominal interest is 9% per year,
compounded monthly. Payments are made monthly
for 5 years. The original loan is for $17,000.

4-132 For the used car loan of Problem 4-130, graph the
monthly payment.

(a) As a function of the interest rate (5–15%).
(b) Asafunctionofthenumberofpayments (24–48).

4-133 For the new car loan of Problem 4-131, graph the
monthly payment.

(a) As a function of the interest rate (4–14%).
(b) Asafunctionofthenumberofpayments (36–84).

4-134 Your beginning salary is $50,000. You deposit 10%
at the end of each year in a savings account that
earns 6% interest. Your salary increases by 5% per
year. What value does your savings book show after
40 years?

4-135 The market volume for widgets is increasing by 15%
per year from current profits of $200,000. Investing
in a design change will allow the profit per widget to
stay steady; otherwise profits will drop 3% per year.
What is the present worth of the savings over the next
5 years? Ten years? The interest rate is 10%.

4-136 A 30-year mortgage for $120,000 has been issued.
The interest rate is 10% and payments are made
monthly. Print out the balance due, principal pay-
ment, and interest payment for each period.

4-137 A homeowner may upgrade a furnace that runs on
fuel oil to a natural gas unit. The investment will be

$2500 installed. The cost of the natural gas will
average $60 per month over the year, instead of the
$145 per month that the fuel oil costs. If the interest
rate is 9% per year, how long will it take to recover
the initial investment?

4-138 Develop a general-purpose spreadsheet to calculate
the balance due, principal payment, and interest pay-
ment for each period of a loan. The user inputs to the
spreadsheet will be the loan amount, the number of
payments per year, the number of years payments are
made, and the nominal interest rate. Submit printouts
of your analysis of a loan in the amount of $15,000 at
8.9%nominal rate for 36months and for 60months of
payments.

4-139 Use the spreadsheet developed for Problem 4-138 to
analyze 180-month and 360-month house loan pay-
ments. Analyze a $100,000 mortgage loan at a nom-
inal interest rate of 7.5% and submit a graph of the
interest and principal paid over time. You need not
submit the printout of the 360 payments because it
will not fit on one page.

Minicases

4-140 Assume that you plan to retire 40 years from now and
that you expect to need $2M to support the lifestyle
that you want.

(a) If the interest rate is 10%, is the following state-
mentapproximately true? “Waiting5years to start
savingdoubleswhatyoumustdeposit eachyear.”

(b) If the interest rate is 12%, is the requiredmultiplier
higheror lower than for the 5%rate in (a)?

(c) At what interest rate is the following statement
exactly true? “Waiting 5 years to start saving
doubles what you must deposit each year.”

4-141 For winners of the California SuperLotto Plus, the
choice is between a lump sum and annual payments
that increase from 2.5% for the first year to 2.7% for
the second year and then increase by 0.1% per year
to 5.1% for the 26th payment. The lump sum is equal
to the net proceeds of bonds purchased to fund the
26 payments. This is estimated at 45% to 55% of the
lump sum amount. At what interest rate is the present
worth of the two paymentplans equivalent if the lump
sum is 45%? If it is 55%?

C A S E S
The following case from Cases in Engineering Economy
2nd is suggested as matched with this chapter.
CASE 27 Can Crusher

Basic time value of money, costs, and breakeven
analysis.



C H A P T E R 5

PRESENTWORTH
ANALYSIS

The Present Value of 30 Years
of Benefits

T
he Columbia River, from its headwaters
west of Banff in the Canadian Rockies
(Columbia Lake, elevation 820 m) flows
2000km through British Columbia and

the state of Washington before entering the Pacific
Ocean at Astoria, Oregon. Measured by the vol-
ume of its flow, the Columbia is the largest river
flowing into the Pacific fromNorthAmerica. Mea-
sured by elevation drop (0.41m/km compared to
the Mississippi’s 0.12m/km), the Columbia alone
possesses one-third of the hydroelectric poten-
tial of the U.S. Because of the steep mountain
trenches and high snowfall in its catchment area,
the Columbia’s water levels used to fluctuate
wildly, and vunerable areas along its banks were
subject to seasonal flooding.

Anxious to exploit that hydroelectric power and control flooding, the U.S. and Canadian
governments negotiated the Columbia River Treaty. It was signed in 1961 and ratified by
the U.S. in 1961 and by Canada in 1964.

The Treaty requires Canada to store 15.5Million Acre Feet [the volume of water that would
cover an acre of land one foot deep], for flood control in perpetuity. This storagewas accom-
plishedwith the construction of the Duncan,HughKeenleyside, andMica Dams in Canada.
In return for constructing the dams and regulating the water levels, the Province of British
Columbia is entitled to half of the electrical downstream power benefits that the water gen-
erates on the dams located in the U.S. Canada was also entitled to half of the estimated
value of the future flood control benefits in the U.S. in a one-time payment of $69.9million.
(Virtual Museum of Canada )

It took Canada several years to ratify the treaty because British Columbia in the 1950s was
sparsely populated and not very industrialized, and the prospects of turning a large part of



the interior of the province into a reservoir to provide benefits that the residents could not
use was not appealing to the premier, W. A. C. Bennett. The impasse was resolved when
the U.S. agreed to pay in cash to British Columbia the discounted present value of the first
30 years of the province’s benefit entitlement. The treaty said:

The purchase price of the entitlement shall be $254,400,000, in United States funds as of
October 1, 1964, subject to adjustment, in the event of an earlier payment of all or part
thereof, to the then present worth, at a discount rate of 4.5% per annum.

The 30 years was up in 1994, and British Columbia then started receiving annual benefits.
Today, Canada’s 50% share in the downstream benefits is worth annually about $250 to 350
million, which is paid to the government to British Columbia. � � �

Contributed by John Whittaker, University of Alberta

1. Canadian Premier Bennett used the $254 million to finance the Portage Mountain
Dam (later renamed the W. A. C. Bennett Dam) and an associated 2730-megawatt
power station in northern British Columbia. Was this a good use for the money
from the Canadian perspective?

2. Negotiating downstream rights can be a curious tangle. The people at the bottom
of the hill can argue that the water is going to flow there anyway and they are
free to use it as they want. The people upstream can argue that while the water is
on their land, they should be free to use or divert it as they please. Who is right-
and wrong-minded in this situation?What are the ethical considerations from both
perspectives?

3. Was 4.5%, the discount rate used in 1964, a reasonable one for the governments to
choose? Explain and justify your conclusion.

After Completing This Chapter. . .

The student should be able to:

• Define and apply the present worth criteria.
• Compare two competing alternative choices using present worth (PW).
• Apply the PW model in cases with equal, unequal, and infinite project lives.
• Compare multiple alternatives using the PW criteria.
• Develop and use spreadsheets to make present worth calculations.

151
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In Chapters 3 and 4 we accomplished two important tasks. First, we presented the concept
of equivalence. We can compare cash flows only if we can resolve them into equivalent
values. Second, we derived a series of compound interest factors to find those equivalent
values.

ASSUMPTIONS IN SOLVING ECONOMIC ANALYSIS PROBLEMS

One of the difficulties of problem solving is that most problems tend to be very complicated.
It becomes apparent that some simplifying assumptions are needed to make complex prob-
lems manageable. The trick, of course, is to solve the simplified problem and still be
satisfied that the solution is applicable to the real problem! In the subsections that follow,
we will consider six different items and explain the customary assumptions that are made.
These assumptions apply to all problems and examples, unless other assumptions are given.

End-of-Year Convention

As we indicated in Chapter 4, economic analysis textbooks and practice follow the end-
of-period convention. This makes “A” a series of end-of-period receipts or disbursements.

A cash flow diagram of P, A, and F for the end-of-period convention is as follows:

A
A

FP

Year 0
Jan 1

 End of Year 1
Dec 31 Jan 1

End of Year 2
Dec 31

If one were to adopt a middle-of-period convention, the diagram would be:

A A

FP

Year 0
Jan 1 Dec 31 Jan 1

Middle of
Year 2
Jun 30

Middle of
Year 1
Jun 30

End of Year 2
Dec 31

As the diagrams illustrate, only A shifts; P remains at the beginning of the period and F at
the end of period, regardless of the convention. The compound interest tables in Appendix C
are based on the end-of-period convention.

Viewpoint of Economic Analysis Studies

When wemake economic analysis calculations, we must proceed from a point of reference.
Generally, we will want to take the point of view of a total firm when doing industrial eco-
nomic analyses. Example 1-1 vividly illustrated the problem: a firm’s shipping department
decided it could save money by outsourcing its printing work rather than by using the
in-house printing department. An analysis from the viewpoint of the shipping department
supported this, as it could get for $688.50 the same printing it was paying $793.50 for in-
house. Further analysis showed, however, that its printing department costs would decline
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less than using the commercial printer would save. From the viewpoint of the firm, the net
result would be an increase in total cost.

From Example 1-1 we see it is important that the viewpoint of the study be carefully
considered. Selecting a narrow viewpoint, like that of the shipping department, may result
in a suboptimal decision from the firm’s viewpoint. It is the total firm’s viewpoint that is
used in industrial economic analyses. For public-sector problems, the combined viewpoint
of the government and the citizenry is chosen, since for many public projects the benefits
of faster commuting, newer schools, and so on are received by individuals and the costs are
paid by the government.

Sunk Costs

We know that it is the differences between alternatives that are relevant in economic anal-
ysis. Events that have occurred in the past really have no bearing on what we should do in
the future. When the judge says, “$200 fine or 3 days in jail,” the events that led to these
unhappy alternatives really are unimportant. It is the current and future differences between
the alternatives that are important. Past costs, like past events, have no bearing on deciding
between alternatives unless the past costs somehow affect the present or future costs. In
general, past costs do not affect the present or the future, so we refer to them as sunk costs
and disregard them.

BorrowedMoneyViewpoint

In most economic analyses, the proposed alternatives inevitably require money to be spent,
and so it is natural to ask the source of that money. Thus, each problem has two monetary
aspects: one is the financing—the obtaining of money; the other is the investment—the
spending of money. Experience has shown that these two concerns should be distinguished.
When separated, the problems of obtaining money and of spending it are both logical
and straightforward. Failure to separate financing and investment sometimes produces
confusing results and poor decision making.

The conventional assumption in economic analysis is that the money required to
finance alternatives/solutions in problem solving is considered to be obtained at interest
rate i.

Effect of Inflation and Deflation

For the present we will assume that prices are stable or stated in constant-value dollars.
This means that a machine that costs $5000 today can be expected to cost the same amount
several years hence. Inflation and deflation can be serious problems for after-tax analysis
and for cost and revenues whose inflation rates differ from the economy’s inflation rates,
but we assume stable prices for now.

Income Taxes

Income taxes, like inflation and deflation, must be considered to find the real payoff of a
project. However, taxes will often affect alternatives similarly, allowing us to compare our
choices without considering income taxes. We will introduce income taxes into economic
analyses in a later chapter.
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ECONOMIC CRITERIA

We have shown how to manipulate cash flows in a variety of ways, and we can now solve
many kinds of compound interest problems. But engineering economic analysis is more
than simply solving interest problems. The decision process (see Figure 1-1) requires that
the outcomes of feasible alternatives be arranged so that they may be judged for economic
efficiency in terms of the selection criterion. The economic criterion will be one of the
following, depending on the situation:

Situation Criterion

Neither input nor output fixed Maximize (output–input)

For fixed input Maximize output

For fixed output Minimize input

We will now examine ways to resolve engineering problems, so that criteria for economic
efficiency can be applied.

Equivalence provides the logic by which we may adjust the cash flow for a given
alternative into some equivalent sum or series. We must still choose which compara-
ble units to use. In this chapter we will learn how analysis can resolve alternatives into
equivalent present consequences, referred to simply as present worth analysis. Chapter 6
will show how given alternatives are converted into an equivalent uniform annual cash
flow, and Chapter 7 solves for the interest rate at which favorable consequences—that is,
benefits—are equivalent to unfavorable consequences—or costs.

As a general rule, any economic analysis problem may be solved by any of these three
methods. This is true because present worth, annual cash flow, and rate of return are exact
methods that will always yield the same recommendation for selecting the best alternative
from among a set of mutually exclusive alternatives. Remember that “mutually exclusive”
means that selecting one alternative precludes selecting any other alternative. For example,
constructing a gas station and constructing a drive-in restaurant on a particular piece of
vacant land are mutually exclusive alternatives.

Some problems, however, may be more easily solved by one method. We now focus
on problems that are most readily solved by present worth analysis.

APPLYING PRESENTWORTH TECHNIQUES

One of the easiest ways to compare mutually exclusive alternatives is to resolve their conse-
quences to the present time. The three criteria for economic efficiency are restated in terms
of present worth analysis in Table 5-1.

Present worth analysis is most frequently used to determine the present value of future
money receipts and disbursements. It would help us, for example, to determine the present
worth of an income-producing property, like an oil well or an apartment house. If the
future income and costs are known, then we can use a suitable interest rate to calculate
the property’s present worth. This should provide a good estimate of the price at which the
property could be bought or sold. Another application is valuing stocks or bonds based on
the anticipated future benefits of ownership.

In present worth analysis, careful consideration must be given to the time period cov-
ered by the analysis. Usually the task to be accomplished has a time period associated
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TABLE 5–1 PresentWorth Analysis

Situation Criterion

Neither input nor output is
fixed

Typical, general case Maximize (present worth of
benefits minus present worth
of costs), that is, maximize net
present worth

Fixed input Amount of money or other input
resources are fixed

Maximize present worth of
benefits or other outputs

Fixed output There is a fixed task,
benefit, or other output to be
accomplished

Minimize present worth of
costs or other inputs

with it. The consequences of each alternative must be considered for this period of time,
which is usually called the analysis period, planning horizon, or project life.

The analysis period for an economy study should be determined from the situation.
In some industries with rapidly changing technologies, a rather short analysis period or
planning horizonmight be in order. Industrieswithmore stable technologies (like steelmak-
ing) might use a longer period (say, 10–20 years), while government agencies frequently
use analysis periods extending to 50 years or more.

Three different analysis-period situations are encountered in economic analysis prob-
lems with multiple alternatives:

1. The useful life of each alternative equals the analysis period.

2. The alternatives have useful lives different from the analysis period.

3. There is an infinite analysis period, n = ∞.

Useful Lives Equal theAnalysis Period

Since different lives and an infinite analysis period present some complications, we will
beginwithfourexamplesinwhichtheuseful lifeofeachalternativeequalstheanalysisperiod.

EXAMPLE 5–1

A firm is considering which of two mechanical devices to install to reduce costs. Both devices
have useful lives of 5 years and no salvage value. Device A costs $1000 and can be expected
to result in $300 savings annually. Device B costs $1350 and will provide cost savings of
$300 the first year but will increase $50 annually, making the second-year savings $350, the
third-year savings $400, and so forth.With interest at 7%,which device should the firm purchase?

SOLUTION

The analysis period can conveniently be selected as the useful life of the devices, or 5 years. The
appropriate decision criterion is to choose the alternative that maximizes the net present worth of
benefits minus costs.
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P = 1350

Device BDevice A

n � 5 years

300

450
400350

500

n � 5 years

A � 300

P = 1000

0 1 2 3 4 5 0 1 2 3 4 5

PWA = 300(P/A, 7%, 5) = −1000 + 300(4.100) = $230

PWB = −1350 + 300(P/A, 7%, 5) + 50(P/G, 7%, 5)

= −1350 + 300(4.100) + 50(7.647) = $262.4

Device B has the larger present worth and is the preferred alternative.

EXAMPLE 5–2

Wayne County will build an aqueduct to bring water in from the upper part of the state. It can
be built at a reduced size now for $300 million and be enlarged 25 years hence for an additional
$350 million. An alternative is to construct the full-sized aqueduct now for $400 million.

Both alternatives would provide the needed capacity for the 50-year analysis period.
Maintenance costs are small and may be ignored. At 6% interest, which alternative should be
selected?

SOLUTION

This problem illustrates staged construction. The aqueduct may be built in a single stage, or in a
smaller first stage followed many years later by a second stage to provide the additional capacity
when needed.

For the Two-Stage Construction

PW of cost = $300 million+ 350 million(P/F, 6%, 25)

= $300 million+ 81.6 million

= $381.6 million

For the Single-Stage Construction

PW of cost = $400 million

The two-stage construction has a smaller present worth of cost and is the preferred construction
plan.
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EXAMPLE 5–3

A purchasing agent plans to buy some new equipment for the mailroom. Twomanufacturers have
provided bids. An analysis shows the following:

Useful Life End-of-Useful-Life

Manufacturer Cost (years) SalvageValue

Speedy $1500 5 $200
Allied 1600 5 325

The equipment of both manufacturers is expected to perform at the desired level of (fixed) output.
For a 5-year analysis period, which manufacturer’s equipment should be selected? Assume 7%
interest and equal maintenance costs.

SOLUTION

For fixed output, the criterion is to minimize the present worth of cost.

Speedy

PW of cost = 1500− 200(P/F, 7%, 5)

= 1500− 200(0.7130)

= 1500− 143 = $1357

Allied

PW of cost = 1600− 325(P/F, 7%, 5) = 1600− 325(0.7130)

= 1600− 232 = $1368

Since it is only the differences between alternatives that are relevant, maintenance costs may
be left out of the economic analysis. Although the PWs of cost for the two alternatives are
nearly identical, we would still choose the one with minimum present worth of cost unless there
were other tangible or intangible differences that would change the decision. Buy the Speedy
equipment.

EXAMPLE 5–4

A firm is trying to decide which of twoweighing scales it should install to check a package-filling
operation in the plant. The ideal scale would allow better control of the filling operation, hence
less overfilling. If both scales have lives equal to the 6-year analysis period, which one should be
selected? Assume an 8% interest rate.

Uniform End-of-Useful-Life

Alternatives Cost Annual Benefit SalvageValue

Atlas scale $2000 $450 $100
Tom Thumb scale 3000 600 700
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SOLUTION

Atlas Scale

PW of benefits − PW of cost = 450(P/A, 8%, 6) + 100(P/F, 8%, 6) − 2000

= 450(4.623) + 100(0.6302) − 2000

= 2080+ 63 − 2000 = $143

Tom ThumbScale

PW of benefits − PW of cost = 600(P/A, 8%, 6) + 700(P/F, 8%, 6) − 3000

= 600(4.623) + 700(0.6302) − 3000

= 2774+ 441− 3000 = $215

The salvage value of each scale, it should be noted, is simply treated as another positive cash
flow. Since the criterion is to maximize the present worth of benefits minus the present worth of
cost, the preferred alternative is the Tom Thumb scale.

In Examples 5-1 and 5-4, we compared two alternatives and selected the one in which
present worth of benefits minus present worth of cost was a maximum. The criterion is
called the net present worth criterion and written simply as NPW:

Net present worth = Present worth of benefits − Present worth of cost

NPW = PW of benefits − PW of cost (5-1)

The field of engineering economy and this text often use present worth (PW), present
value (PV), net present worth (NPW), and net present value (NPV) as synonyms. Some-
times, as in the foregoing definition,net is included to emphasize that both costs and benefits
have been considered.

Useful Lives Different from theAnalysis Period

In present worth analysis, there always must be an identified analysis period. It follows,
then, that each alternative must be considered for the entire period. In Examples 5-1 to 5-4,
the useful life of each alternative was equal to the analysis period. While often this is true,
in many situations at least one alternative will have a useful life different from the analysis
period. This section describes one way to evaluate alternatives with lives different from the
study period.

In Example 5-3, suppose that the Allied equipment was expected to have a 10-year
useful life, or twice that of the Speedy equipment. Assuming theAllied salvage value would
still be $325 in 10 years, which equipment should now be purchased? We can recompute
the present worth of cost of the Allied equipment, starting as follows:

PW of cost = 1600 − 325(P/F, 7%, 10)

= 1600 − 325(0.5083)

= 1600 − 165 = $1435
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The present worth of cost has increased. This, of course, is because of the more distant
recovery of the salvage value. More importantly, we now find ourselves attempting to com-
pare Speedy equipment, with its 5-year life, against the Allied equipment with a 10-year
life. Because of the variation in the useful life of the equipment, we no longer have a sit-
uation of fixed output. Speedy equipment in the mailroom for 5 years is certainly not the
same as 10 years of service with Allied equipment.

For present worth calculations, it is important that we select an analysis period and
judge the consequences of each of the alternatives during that period. As such, it is not a
fair comparison to compare the NPW of the Allied equipment over its 10-year life against
the NPW of the Speedy equipment over its 5-year life.

The firm, its economic environment, and the specific situation are important in select-
ing an analysis period. If the Allied equipment (Example 5-3) has a useful life of 10 years,
and the Speedy equipment will last 5 years, one method is to select an analysis period that
is the least common multiple of their useful lives. Thus we would compare the 10-year
life of Allied equipment against an initial purchase of Speedy equipment plus its replace-
ment with new Speedy equipment in 5 years. The result is to judge the alternatives on the
basis of a 10-year requirement in the mailroom. On this basis the economic analysis is as
follows.

Assuming the replacement Speedy equipment 5 years hence will also cost $1500,

1500

200

1500
Replacement Speedy Investment

Original Speedy Investment
200

0 1 2 3 4 5 6 7 8 9 10

PW of cost = 1500+ (1500 − 200)(P/F, 7%, 5) − 200(P/F, 7%, 10)

= 1500+ 1300(0.7130) − 200(0.5083)

= 1500+ 927− 102 = $2325

For the Allied equipment, on the other hand, we have the following results:

1600

325

0 1 2 3 4 5 6 7 8 9 10
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PW of cost = 1600− 325(P/F, 7%, 10) = 1600− 325(0.5083) = $1435

For the fixed output of 10 years of service in the mailroom, the Allied equipment, with its
smaller present worth of cost, is preferred.

We have seen that setting the analysis period equal to the least common multiple of the
lives of the two alternatives seems reasonable in the revised Example 5-3. However, what
if the alternatives had useful lives of 7 and 13 years? Here the least common multiple of
lives is 91 years. An analysis period of 91 years hardly seems realistic. Instead, a suitable
analysis period should be based on how long the equipment is likely to be needed. This may
require that terminal values be estimated for the alternatives at some point prior to the end
of their useful lives.

As Figure 5-1 shows, it is not necessary for the analysis period to equal the useful life
of an alternative or some multiple of the useful life. To properly reflect the situation at the
end of the analysis period, an estimate is required of the market value of the equipment
at that time. The calculations might be easier if everything came out even, but this is not
essential.

Salvage
Value

Terminal Value at
End of 10th Year

7-year Life

Alternative 1

Replacement
Cost

Initial
Cost

7-year Life

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Terminal Value at
End of 10th Year

10-year Analysis Period

Alternative 2

Initial
Cost

13-year Life 

0 1 2 3 4 5 6 7 8 9 10 11 12 13

FIGURE 5–1 Superimposing a 10-year analysis period on 7- and 13-year alternatives.

EXAMPLE 5–5

A diesel manufacturer is considering the two alternative production machines graphically
depicted in Figure 5-1. Specific data are as follows:
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Alt. 1 Alt. 2

Initial cost $50,000 $75,000

Estimated salvage value at end of useful life $10,000 $12,000

Useful life of equipment, in years 7 13

The manufacturer uses an interest rate of 8% and wants to use the PW method to compare these
alternatives over an analysis period of 10 years.

Alt. 1 Alt. 2
Estimated market value, end of 10-year analysis period $20,000 $15,000

SOLUTION

In this case, the decision maker is setting the analysis period at 10 years rather than accepting a
common multiple of the lives of the alternatives, or assuming that the period of needed service
is infinite (to be discussed in the next section). This is a legitimate approach—perhaps the diesel
manufacturer will be phasing out this model at the end of the 10-year period. In any event, we
need to compare the alternatives over 10 years.

As illustrated in Figure 5-1, we may assume that Alternative 1 will be replaced by an identical
machine after its 7-year useful life. Alternative 2 has a 13-year useful life. The diesel manufacturer
has provided an estimated market value of the equipment at the time of the analysis period. We
can compare the two choices over 10 years as follows:

PW (Alt. 1) = −50,000+ (10,000− 50,000)(P/F, 8%,7) + 20,000(P/F, 8%, 10)

= −50,000− 40,000(0.5835) + 20,000(0.4632)

= −$64,076

PW (Alt. 2) = −75,000+ 15,000(P/F, 8%, 10)

= −75,000+ 15,000(0.4632)

= −$69,442

To minimize PW of costs the diesel manufacturer should select Alt. 1.

InfiniteAnalysis Period: Capitalized Cost

Another difficulty in present worth analysis arises when we encounter an infinite analysis
period (n=∞). In governmental analyses, a service or condition sometimes must be main-
tained for an infinite period. The need for roads, dams, pipelines, and so on, is sometimes
considered to be permanent. In these situations a present worth of cost analysis would have
an infinite analysis period. We call this particular analysis capitalized cost.

Infinite lives are rare in the private sector, but a similar assumption of “indefinitely
long” horizons is sometimes made. This assumes that the facility will need electric motors,
mechanical HVAC equipment, and forklifts as long as it operates, and that the facility will
last far longer than any individual unit of equipment. So the equipment can be analyzed as
though the problem horizon is infinite or indefinitely long.
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Capitalized cost is the present sum of money that would need to be set aside now, at
some interest rate, to yield the funds required to provide the service (or whatever) indef-
initely. To accomplish this, the money set aside for future expenditures must not decline.
The interest received on the money set aside can be spent, but not the principal. When one
stops to think about an infinite analysis period (as opposed to something relatively short,
like a hundred years), we see that an undiminished principal sum is essential; otherwise one
will of necessity run out of money prior to infinity.

In Chapter 3 we saw that

Principal sum + Interest for the period = Amount at end of period, or

P + iP = P + iP

If we spend iP, then in the next interest period the principal sum P will again increase to
P + iP. Thus, we can again spend iP.

This concept may be illustrated by a numerical example. Suppose you deposited $200
in a bank that paid 4% interest annually. How much money could be withdrawn each year
without reducing the balance in the account below the initial $200? At the end of the first
year, the $200 would have earned 4%($200)= $8 interest. If this interest were withdrawn,
the $200 would remain in the account. At the end of the second year, the $200 balance
would again earn 4%($200)= $8. This $8 could also be withdrawn and the account would
still have $200. This procedure could be continued indefinitely and the bank account would
always contain $200. If more or less than $8 is withdrawn, the account will either increase
to ∞ or decrease to 0.

The year-by-year situation would be depicted like this:

Year 1 : $200 initial P → 200+ 8 = 208

Withdrawal iP = − 8

Year 2 : $200 → 200+ 8 = 208

Withdrawal iP = − 8

$200

and so on

Thus, for any initial present sum P, there can be an end-of-period withdrawal of A
equal to i P each period, and these withdrawals can continue forever without diminishing
the initial sum P. This gives us the basic relationship:

For n = ∞, A = Pi

This relationship is the key to capitalized cost calculations. Earlier we defined capitalized
cost as the present sum of money that would need to be set aside at some interest rate to
yield the funds to provide the desired task or service forever. Capitalized cost is therefore
the P in the equation A = i P. It follows that:

Capitalized cost P = A

i
(5-2)

If we can resolve the desired task or service into an equivalent A, the capitalized cost can
be computed. The following examples illustrate such computations.
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EXAMPLE 5–6

How much should one set aside to pay $50 per year for maintenance on a gravesite if interest
is assumed to be 4%? For perpetual maintenance, the principal sum must remain undiminished
after the annual disbursement is made.

SOLUTION

Capitalized cost P = Annual disbursement A

Interest rate i

P = 50

0.04
= $1250

One should set aside $1250.

EXAMPLE 5–7

A city plans a pipeline to transport water from a distant watershed area to the city. The pipeline
will cost $8 million and will have an expected life of 70 years. The city expects to keep the water
line in service indefinitely. Compute the capitalized cost, assuming 7% interest.

SOLUTION

The capitalized cost equation

P = A

i

is simple to apply when there are end-of-period disbursements A. Here we have renewals of
the pipeline every 70 years. To compute the capitalized cost, it is necessary to first compute an
end-of-period disbursement A that is equivalent to $8 million every 70 years.

$8 million $8 million

70 years00 140 years

$8 million$8 million

n � �

Capitalized Cost
P

· · ·�

The $8 million disbursement at the end of each 70-year period may be resolved into an equiva-
lent A.

n � 70

A

0 70

$8 million

�

A = F(A/F, i, n) = $8 million(A/F, 7%, 70)

= $8 million(0.00062)

= $4960



164 CHAPTER 5: PRESENTWORTH ANALYSIS

Each 70-year period is identical to this one, and the infinite series is shown in Figure 5-2.

Capitalized cost P = 8 million+ A

i
= 8 million+ 4960

0.07
= $8,071,000

FIGURE 5–2 Using the sink-
ing fund factor to compute an
infinite series. A � 4960

· · ·
n � �

$8 million
Capitalized

Cost

0 �

ALTERNATESOLUTION 1

Instead of solving for an equivalent end-of-period payment A based on a future $8 million
disbursement, we could find A, given a present $8 million disbursement.

A = P(A/P, i, n) = 8 million(A/P, 7%, 70)

= 8 million(0.0706) = $565,000

On this basis, the infinite series is shown in Figure 5-3. Carefully note the difference between this
and Figure 5-2. Now:

Capitalized cost P = A

i
= 565,000

0.07
= $8,071,000

FIGURE 5–3 Using the capital
recovery factor to compute an
infinite series. A � 565,000P

· · ·
n � �

0 �

ALTERNATESOLUTION 2

Another way of solving the problem is to assume the interest period is 70 years long and compute
an equivalent interest rate for the 70-year period. Then the capitalized cost may be computed by
using Equation 3–8 for m = 70

i70 yr = (1 + i1 yr)
70 − 1 = (1 + 0.07)70 − 1 = 112.989

Capitalized cost = 8 million+ 8 million

112.989
= $8,070,803

MultipleAlternatives

So far the discussion has been based on examples with only two alternatives. But multiple-
alternative problems may be solved by exactly the same methods. (The only reason for
avoiding multiple alternatives was to simplify the examples.) Examples 5-8 and 5-9 have
multiple alternatives.
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EXAMPLE 5–8

A contractor has been awarded the contract to construct a 6-mile-long tunnel in the mountains.
During the 5-year construction period, the contractor will need water from a nearby stream. She
will construct a pipeline to carry the water to the main construction yard. An analysis of costs for
various pipe sizes is as follows:

Pipe Sizes (in.)

2 3 4 6

Installed cost of pipeline and pump $22,000 $23,000 $25,000 $30,000

Cost per hour for pumping $1.20 $0.65 $0.50 $0.40

At the end of 5 years, the pipe and pump will have a salvage value equal to the cost of removing
them. The pump will operate 2000 hours per year. The lowest interest rate at which the contractor
is willing to invest money is 7%. (The minimum required interest rate for invested money is
called the minimum attractive rate of return, or MARR.) Select the alternative with the least
present worth of cost.

SOLUTION

We can compute the present worth of cost for each alternative. For each pipe size, the present
worth of cost is equal to the installed cost of the pipeline and pump plus the present worth of
5 years of pumping costs.

Pipe Size (in.)

2 3 4 6

Installed cost of pipeline and pump $22,000 $23,000 $25,000 $30,000

1.20 × 2000 hr × (P/A, 7%, 5) 9,840

0.65 × 2000 hr × 4.100 5,330

0.50 × 2000 hr × 4.100 4,100

0.40 × 2000 hr × 4.100 3,280

Present worth of cost $31,840 $28,330 $29,100 $33,280

Select the 3-in. pipe, since the lowest present worth of cost.

EXAMPLE 5–9

An investor paid $8000 to a consulting firm to analyze possible uses for a small parcel of land on
the edge of town that can be bought for $30,000. In their report, the consultants suggested four
alternatives:
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Total Investment UniformNet Terminal Value

Alternatives Including Land* Annual Benefit at End of 20 yr

A Do nothing $ 0 $ 0 $ 0

B Vegetable market 50,000 5,100 30,000

C Gas station 95,000 10,500 30,000

D Small motel 350,000 36,000 150,000

*Includes the land and structures but does not include the $8000 fee to the consulting firm.

Assuming 10% is the minimum attractive rate of return, what should the investor do?

SOLUTION

Alternative A is the “do-nothing” alternative. Generally, one feasible alternative in any situation
is to remain in the present status and do nothing. In this problem, the investor could decide that the
most attractive alternative is not to purchase the property and develop it. This is clearly a decision
to do nothing.

We note, however, that if he does nothing, the total venture would not be a very satisfactory
one. This is because the investor spent $8000 for professional advice on the possible uses of the
property. But because the $8000 is a past cost, it is a sunk cost. The only relevant costs in an
economic analysis are present and future costs. Past events and past, or sunk, costs are gone and
cannot be allowed to affect future planning. (Past costs may be relevant in computing depreciation
charges and income taxes, but nowhere else.) The past should not deter the investor from making
the best decision now.

This problem is one of neither fixed inputnor fixed output, so our criterionwill be tomaximize
the present worth of benefits minus the present worth of cost; that is, to maximize net present
worth.

Alternative A, Do Nothing

NPW = 0

Alternative B, VegetableMarket

NPW = −50,000+ 5100(P/A, 10%, 20) + 30,000(P/F, 10%, 20)

= −50,000+ 5100(8.514) + 30,000(0.1486)

= −50,000+ 43,420 + 4460

= −$2120

Using a TVM calculator with ×(−1) to change sign, we obtain

NPW = −50,000 + PV(10%, 20, 5100, 30000)× (−1)

= −50,000 + 47,878.5 = −$2121.5
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Alternative C, Gas Station

NPW = −95,000+ 10,500(P/A, 10%, 20) + 30,000(P/F, 10%, 20)

= −95,000+ 89,400 + 4460 = −$1140

or
NPW = −95,000 + PV(10%, 20, 10500, 3000)× (−1)

= −95,000 + 93,851.7 = −$1148.3

Alternative D, Small Motel

NPW = −350,000+ 36,000(P/A, 10%, 20) + 150,000(P/F, 10%, 20)

= −350,000+ 306,500+ 22,290 = −$21,210

or

NPW = −350,000 + PV(10%, 20, 36000, 150000)× (−1)

= −350,000 + 328,784.8 = −$21,215.2

The criterion is to maximize net present worth. In this situation, one alternative has NPW equal
to zero, and three alternatives have negative values for NPW. We will select the best of the four
alternatives, namely, the do-nothing Alt. A, with NPW equal to zero.

EXAMPLE 5–10

A piece of land may be purchased for $610,000 to be strip-mined for the underlying coal. Annual
net income will be $200,000 for 10 years. At the end of the 10 years, the surface of the land will
be restored as required by a federal law on strip mining. The reclamation will cost $1.5 million
more than the resale value of the land after it is restored. Using a 10% interest rate, determine
whether the project is desirable.

SOLUTION

The investment opportunity may be described by the following cash flow:

Year Cash Flow (thousands)

0 −$610

1–10 +200 (per year)

10 −1500

NPW = −610+ 200(P/A, 10%, 10) − 1500(P/F, 10%, 10)

= −610+ 200(6.145) − 1500(0.3855)

= −610+ 1229− 578

= +$41
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Since NPW is positive, the project is desirable. (See Appendix 7A for a more complete analysis
of this type of problem. At interest rates of 4.07% and 18.29%, NPW = 0.) In this example the
unlisted alternative was the do-nothing alternative with NPW= 0.

EXAMPLE 5–11

Two pieces of construction equipment are being analyzed:

Year Alt. A Alt. B

0 −$2000 −$1500

1 1000 700

2 850 300

3 700 300

4 550 300

5 400 300

6 400 400

7 400 500

8 400 600

At an 8% interest rate, which alternative should be selected?

SOLUTION

850
700

550
400

1000

2000

Alternative A

400

6

400

7

400

80 1 2 3 4 5

PW of benefits = 400(P/A, 8%, 8) + 600(P/A, 8%, 4) − 150(P/G, 8%, 4)

= 400(5.747) + 600(3.312) − 150(4.650) = 3588.50

PW of cost = 2000

Net present worth = 3588.50− 2000 = +$1588.50
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400300300 300300

700

1500

Alternative B

500 600

6 7 80 1 2 3 4 5

PW of benefits = 300(P/A, 8%, 8) + (700 − 300)(P/F, 8%, 1)

+ 100(P/G, 8%, 4)(P/F, 8%, 4)

= 300(5.747) + 400(0.9259) + 100(4.650)(0.7350)

= 2436.24

PW of cost = 1500

Net present worth = 2436.24− 1500

= +$936.24

To maximize NPW, choose Alt. A.

Bond Pricing

The calculation in Example 5-12 is done routinely when bonds are bought and sold during
their life. Bonds are issued at a face or par value (usually $1000), which is received when
the bonds mature. There is a coupon interest rate, which is set when the bond is originally
issued or sold. The term coupon interest dates from the time when bonds were paper rather
than electronic, and a paper coupon was detached from the bond to be redeemed in cash.
The annual interest paid equals the coupon rate times the face value. This interest is usually
paid in two semiannual payments, although some bonds have other compounding periods.
A cash flow diagram for the remaining interest payments and the final face value is used
with a current interest rate to calculate a price.

EXAMPLE 5–12

A 15-yearmunicipal bondwas issued 5 years ago. Its coupon interest rate is 8%, interest payments
are made semiannually, and its face value is $1000. If the current market interest rate is 12.36%,
what should be the bond’s price?Note: The issuer of the bond (city, state, company) makes interest
payments to the bondholder (at the coupon rate), as well as a final value payment.
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SOLUTION

The first 5 years are past, and there are 20 more semiannual payments. The coupon interest rate
is the nominal annual rate or APR. Half that, or 4%, of $1000 or $40 is paid at the end of each
6 month period.

The bond’s price is the PW of the cash flows that will be received if the bond is purchased.
The cash flows are $40 at the end of each of the 20 semiannual periods and the face value of
$1000 at the end of period 20.

$40

$40�$1000

0 1 2 3 4 5 6 17 18 19 20

Since the $40 in interest is received semiannually, the market or effective annual interest rate (ia)
must be converted to a semiannual rate. Using Equation 3-8, we obtain

(1 + i)2 = 1 + ia = 1.1236

(1 + i) = 1.06

i = 6% effective semiannual interest rate

PW = 40(P/A, 6%, 20) + 1000(P/F, 6%, 20)

= 40(11.470) + 1000(0.3118) = $770.6

The $770.6 is the discounted price; that is, the PW at 12.36% of the cash flows from the $1000
bond. The $229.4 discount raises the investment’s rate of return from a nominal 8% for the face
value to 12.36% on an investment of $770.6.

This example also illustrates why it is better to separately state cash flows. At the end of
period 20 from now, there are two cash flows, $40 and $1000. The $40 is part of the 20-period
uniform series, and the $1000 is a single cash flow. All of these numbers come directly from the
problem statement. If the two final cash flows are combined into $1040, then the $40 uniform
series has only 19 periods—and it is easy to err and forget that change.

Note that if a TVM calculator is used (see Appendix B), then this can be solved as
PV =PV (i, n, A, F) =PV(6, 20, 40, 1000)=−$770.6.

SPREADSHEETSAND PRESENTWORTH

Spreadsheets make it easy to build more accurate models with shorter time periods. When
one is using factors, it is common to assume that costs and revenues are uniform for n
years. With spreadsheets it is easy to use 120 months instead of 10 years, and the cash
flows can be estimated for each month. For example, energy costs for air conditioning peak
in the summer, and in many areas there is little construction during the winter. Cash flows
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that depend on population often increase at x% per year, such as for electric power and
transportation costs.

In spreadsheets any interest rate is entered exactly—so no interpolation is needed.
This makes it easy to calculate the monthly repayment schedule for a car loan or a house
mortgage. Examples 5-12 and 5-13 illustrate using spreadsheets to calculate PWs.

EXAMPLE 5–13

NLE Construction is bidding on a project whose costs are divided into $30,000 for start-up and
$240,000 for the first year. If the interest rate is 1% per month or 12.68% per year, what is the
present worth with monthly compounding?

SOLUTION

Figure 5-4 illustrates the spreadsheet solutionwith the assumption that costs are distributedevenly
throughout the year (−20,000 = −240,000/12).

FIGURE 5–4 Spreadsheet with monthly
cash flows.

A B C D

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

  Month   Cash Flow

  0    �30000

  1    �20000

  2    �20000

  3    �20000

  4    �20000

  5    �20000

  6    �20000

  7    �20000

  8    �20000

  9    �20000

 10   �20000

 11   �20000

 12   �20000

 NPV   �$255,102 �NPV(A1,B7:B18)�B6

i1%

�30,000

annual amount�240,000

initial cash flow

Since the costs are uniform, the factor solution is

PWmon = −30,000 − 20,000(P/A, 1%, 12) = −$255,102

The value of monthly periods can be illustrated by computing the PW assuming an annual
period. The results differ by more than $12,000, because $20,000 at the end of Months 1 through
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12 is not the same as $240,000 at the end of Month 12. The timing of the cash flows makes the
difference, even though the effective interest rates are the same.

PWannual = −30,000− 240,000(P/F, 12.68%, 1) = −30,000−240,000/1.1268 = −$242,993

EXAMPLE 5–14

Regina Industries has a new product whose sales are expected to be 1.2, 3.5, 7, 5, and 3 million
units per year over the next 5 years. Production, distribution, and overhead costs are stable at
$120 per unit. The price will be $200 per unit for the first 2 years, and then $180, $160, and $140
for the next 3 years. The remaining R&D and production costs are $300 million. If i is 15%,
what is the present worth of the new product?

SOLUTION

It is easiest to calculate the yearly net revenue per unit before building the spreadsheet shown in
Figure 5-5. Those values are the yearly price minus the $120 of costs, which equals $80, $80,
$60, $40, and $20.

FIGURE 5–5 Present worth
of a new product.

A B C D E

1

2

3

4

5

6

7

8

9

10

12%    i

3.5 80 280

7 60 420

5 40 200

Year

0

1

2

3

4

5 3 20 60

$469 MillionD4�NPV(A1,D5:D9) �

1.2 80 96

�300

Sales (M)
Net Unit
Revenue

Cash
Flow ($M)

SUMMARY

Present worth analysis is suitable for almost any economic analysis problem. But it is par-
ticularly desirable when we wish to know the present worth of future costs and benefits. We
frequently want to know the value today of such things as income-producing assets, stocks,
and bonds.

For present worth analysis, the proper economic criteria are:

Neither input nor Maximize (PW of benefits − PW of costs)

output is fixed or, more simply stated:

Maximize NPW

Fixed input Maximize the PW of benefits

Fixed output Minimize the PW of costs
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Tomake valid comparisons, we need to analyze each alternative in a problem over the same
analysis period or planning horizon. If the alternatives do not have equal lives, some
technique must be used to achieve a common analysis period. One method is to select an
analysis period equal to the least common multiple of the alternative lives. Another method
is to select an analysis period and estimate end-of-analysis-period salvage values for the
alternatives.

Capitalized cost is the present worth of cost for an infinite analysis period (n = ∞).
When n = ∞, the fundamental relationship is A = i P. Some form of this equation is used
whenever there is a problem with an infinite analysis period.

The numerous assumptions routinely made in solving economic analysis problems
include the following.

1. Present sums P are beginning-of-period, and all series receipts or disbursements A
and future sums F occur at the end of the interest period. The compound interest
tables were derived on this basis.

2. In industrial economic analyses, the point of view for computing the consequences
of alternatives is that of the total firm. Narrower views can result in suboptimal
solutions.

3. Only the differences between the alternatives are relevant. Past costs are sunk costs
and generally do not affect present or future costs. For this reason they are ignored.

4. The investment problem is isolated from the financing problem. We generally
assume that all required money is borrowed at interest rate i.

5. For now, stable prices are assumed. The inflation–deflation problem is deferred to
Chapter 14. Similarly, our discussion of income taxes is deferred to Chapter 12.

6. Often uniform cash flows or arithmetic gradients are reasonable assumptions.
However, spreadsheets simplify the finding of PW in more complicated problems.

P R O B L E M S

PresentValue of One Alternative

5-1 Compute the present value, P, for the following cash
flows.

120

i � 10%

60 60 60 6060

0 1 2 3 4 5

(Answer: P = $324.71)

5-2 Compute the present value, P, for the following cash
flows.

i � 12%

100

300

200

0 1 2 3 4
0

(Answer: P = $498.50)

5-3 Compute the present value, P, for the following cash
flows.

i � 10%

50

100

150

200

0 1 2 3 4

5-4 Compute the present value, P, for the following cash
flows.

3030

20 20

i � 15%

0 1 2 3
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5-5 Find the value of Q so that the present value is 0.

i � 12%

50 50 5050 50

Q

0 1 2 3 4

50

5

5-6 Use a geometric gradient formula to compute the
present value, P, for the following cash flows.

i  15%

200

220

242

266.20

0 1 2 3 4

5-7 A stonecutter, assigned to carve the headstone for a
well-known engineering economist, began with the
following design.

5G

G

2G

3G

4G

0

P

1 2 3 4 5

He then started the equation as follows:

P = G(P/G, i, 6)

He realized he had made a mistake. The equation
should have been

P = G(P/G, i, 5) + G(P/A, i, 5)

The stonecutterdoes not want to discard the stone and
start over. He asks you to help him with his problem.
What one compound interest factor can be added to
make the equation correct?

P = G(P/G, i, 6)( , i, )

5-8 A project has a net present worth of −$14,000 as of
January 1, 2015. If a 10% interest rate is used, what
was the project NPW as of December 31, 2012?

5-9 The annual income from a rented house is $24,000.
The annual expenses are $6000. If the house can be
sold for $245,000 at the end of 10 years, how much
could you afford to pay for it now, if you considered
9% to be a suitable interest rate?
(Answer: $219,000)

5-10 Consider the following cash flow. At a 6% interest
rate, what value of P at the end of Year 1 is equivalent
to the benefits at the end of Years 2 through 7?

Year Cash Flow

1 −P

2 $100
3 200
4 300
5 400

6 500

7 600

5-11 Howmuch would the owner of a building be justified
in paying for a sprinkler system that will save $750
a year in insurance premiums if the system has to be
replaced every 20 years and has a salvage value equal
to 10%of its initial cost? Assumemoney is worth 7%.
(Answer: $8156)

5-12 Amanufacturer is considering purchasing equipment
that will have the following financial effects:

Year Disbursements Receipts

0 $4400 $ 0

1 660 880

2 660 1980

3 440 2420

4 220 1760
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If money is worth 6%, should he invest in the
equipment?

5-13 In a present worth analysis of certain equipment,
one alternative has a net present worth of +$420,
based on a 6-year analysis period that equals the
useful life of the alternative. A 10% interest rate was
used in the computations.

The alternative device is to be replaced at the
end of the 6 years by an identical item with the same
cost, benefits, and useful life. Using a 10% interest
rate, compute the net presentworth of the alternative
equipment for the 12-year analysis period.
(Answer:NPW = +$657.09)

5-14 On February 1, the Miro Company needs to pur-
chase some office equipment. The company is short
of cash and expects to be short for several months.
The treasurer has said that he could pay for the
equipment as follows:

Date Payment

April 1 $150

June 1 300

Aug. 1 450

Oct. 1 600

Dec. 1 750

A local office supply firm will agree to sell the
equipment toMiro now and acceptpayment accord-
ing to the treasurer’s schedule. If interest will be
charged at 3% every 2 months, with compounding
once every 2 months, how much office equipment
can the Miro Company buy now?
(Answer: $2020)

5-15 A machine costs $980,000 to purchase and will
provide $200,000 a year in benefits. The company
plans to use the machine for 13 years and then will
sell the machine for scrap, receiving $20,000. The
company interest rate is 12%. Should the machine
be purchased?

5-16 Annual maintenance costs for a particular section
of highway pavement are $2000. The placement
of a new surface would reduce the annual main-
tenance cost to $500 per year for the first 5 years
and to $1000 per year for the next 5 years. After
10 years the annual maintenance would again be
$2000. If maintenance costs are the only saving,

what investment can be justified for the new sur-
face? Assume interest at 4%.

5-17 A road building contractor has received a major
highway construction contract that will require
50,000 m3 of crushed stone each year for 5 years.
The stone can be obtained from a quarry for
$5.80/m3. As an alternative, the contractor has
decided to try to buy the quarry. He believes that
if he owned the quarry, the stone would cost him
only $4.30/m3. He thinks he could resell the quarry
at the end of 5 years for $200,000. If the contrac-
tor uses a 10% interest rate, how much would he be
willing to pay for the quarry?

5-18 IBP Inc. is considering establishing a new machine
to automate a meatpacking process. The machine
will save $50,000 in labor annually. The machine
can be purchased for $200,000 today and will
be used for 10 years. It has a salvage value of
$10,000 at the end of its useful life. The new
machine will require an annual maintenance cost
of $9000. The corporation has a minimum rate of
return of 10%. Do you recommend automating the
process?

5-19 A firm has installed a manufacturing line for pack-
aging materials. The firm plans to produce 50 tons
of packing peanuts at $5000 per ton annually for 5
years, and then 80 tons of packing peanuts per year
at $5500 per ton for the next 5 years. What is the
present worth of the expected income? The firm’s
minimum attractive rate of return is 18% per year.?
Contributed by Hamed Kashani, Saeid Sadri,
and Baabak Ashuri, Georgia Institute of
Technology

5-20 A wholesale company has signed a contract with a
supplier to purchase goods for $2,000,000 annually.
The first purchase will be made now to be followed
by 10 more. Determine the contract’s present worth
at a 7% interest rate.
Contributed by Hamed Kashani, Saeid Sadri,
and Baabak Ashuri, Georgia Institute of
Technology

5-21 A new office building was constructed 5 years ago
by a consulting engineering firm. At that time the
firm obtained a bank loan for $600,000 with a
12% annual interest rate, compounded quarterly.
The terms of the loan call for equal quarterly pay-
ments to repay the loan in 10 years. The loan
also allows for its prepayment at any time without
penalty.
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As a result of internal changes in the firm,
it is now proposed to refinance the loan through
an insurance company. The new loan would be
for a 20-year term with an interest rate of 8% per
year, compounded quarterly. The new equal quar-
terly payments would repay the loan in the 20-year
period. The insurance company requires the pay-
ment of a 5% loan initiation charge (often described
as a “5-point loan fee”), which will be added to the
new loan.

(a) What is the balance due on the original mort-
gage if 20 payments have been made in the last
five years?

(b) What is the difference between the equal
quarterly paymentson the presentbank loan and
the proposed insurance company loan?

5-22 Argentina is considering constructing a bridge
across the Rio de la Plata to connect its north-
ern coast to the southern coast of Uruguay. If
this bridge is constructed, it will reduce the travel
time from Buenos Aires, Argentina, to São Paulo,
Brazil, by over 10 hours, and there is the potential
to significantly improve the flow of manufactured
goods between the two countries. The cost of the
new bridge, which will be the longest bridge in the
world, spanning over 50 miles, will be $700 mil-
lion. The bridge will require an annual maintenance
of $10 million for repairs and upgrades and is esti-
mated to last 80 years. It is estimated that 550,000
vehicles will use the bridge during the first year
of operation, and an additional 50,000 vehicles per
year until the tenth year. These data are based on
a toll charge of $90 per vehicle. The annual traffic
for the remainder of the life of the bridge will be
1,000,000 vehicles per year. The Argentine govern-
ment requires a minimum rate of return of 9% to
proceed with the project.

(a) Does this project provide sufficient revenues to
offset its costs?

(b) What considerationsare there besides economic
factors in deciding whether to construct the
bridge?

5-23 A student has a job that leaves her with $500 per
month in disposable income. She decides that she
will use the money to buy a car. Before looking

for a car, she arranges a 100% loan whose terms
are $500 per month for 36 months at 18% annual
interest. What is the maximum car purchase price
that she can afford with her loan?

5-24 The student in Problem 5-23 finds a car she likes and
the dealer offers to arrange financing. His terms are
12% interest for 60 months and no down payment.
The car’s sticker price is $24,000. Can she afford
to buy this car with her $500 monthly disposable
income?

5-25 The student in Problem5-24 reallywants this partic-
ular car. She decides to try to negotiate a different
interest rate. What is the highest interest rate that
she can accept, given a 60-month term and $500 per
month payments?

5-26 We know a car can be had for 60 monthly payments
of $399. The dealer has set us a nominal interest rate
of 4.5% compounded daily. What is the purchase
price?

5-27 Compute the present value,P, for the following cash
flows.

i � 10%
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120

50

120

50

120

0 1 2 3 4 5 6 7 8 9

5-28 If i = 10%, compute the present value, P, for the
following cash flows.
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5-29 Compute the present value,P, for the following cash
flows (assume series repeats forever).
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5-30 By installing some elaborate inspection equipment
on its assembly line, the Robot Corp. can avoid hir-
ing an extra workerwhowould have earned $36,000
a year in wages and an additional $9500 a year in
employee benefits. The inspection equipment has
a 6-year useful life and no salvage value. Use a
nominal 18% interest rate in your calculations. How
much can Robot afford to pay for the equipment if
the wages and worker benefits were to have been
paid

(a) At the end of each year

(b) Monthly

Explain why the answer in (b) is larger.

5-31 Jerry Stans, a young industrial engineer, prepared an
economic analysis for some equipment to replace
one production worker. The analysis showed that
the present worth of benefits (of employing one less
production worker) just equaled the present worth
of the equipment costs, assuming a 10-year useful
life for the equipment. It was decided not to buy the
equipment.

A short time later, the production workers
won a new 3-year union contract that granted them
an immediate 40� c-per-hour wage increase, plus an
additional 25� c-per-hour wage increase in each of
the two subsequent years. Assume that in each and
every future year, a 25� c-per-hour wage increasewill
be granted.

Jerry Stans has been asked to revise his ear-
lier economic analysis. The present worth of ben-
efits of replacing one production employee will
now increase. Assuming an interest rate of 8%, the
justifiable cost of the automation equipment (with
a 10-year useful life) will increase by how much?
Assume the plant operates a single 8-hour shift, 250
days per year.

Lives Match

5-32 Two alternative courses of action have the following
schedules of disbursements:

Year A B

0 −$1300
1 0 −$100
2 0 −200
3 0 −300
4 0 −400
5 0 −500

−$1300 −$1500

Based on a 6% interest rate, which alternative
should be selected?

5-33 If produced by Method A, a product’s initial capi-
tal cost will be $100,000, its operating cost will be
$20,000 per year, and its salvage value after 3 years
will be $20,000. With Method B there is a first cost
of $150,000, an operating cost of $10,000 per year,
and a $50,000 salvage value after its 3-year life.
Based on a present worth analysis at a 15% interest
rate, which method should be used?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

5-34 Quinton’s refrigerator has just died. He can get a
basic refrigerator or a more efficient refrigerator
with an Energy Star designation. Quinton earns 4%
compounded annually on his investments, he wants
to consider a 10-year planning horizon, and he will
use present worth analysis to determine the best
alternative. What is your recommendation?
Contributed by Paul R. McCright, University of
South Florida

Basic Energy

Unit Star Unit

Initial cost 700 800
Delivery and installation 60 60
Professional servicing (year 5) 100 100
Annual energy costs 120 55
Salvage value (year 10) 150 175

5-35 Walt Wallace Construction Enterprises is investigat-
ing the purchaseof a newdump truckwith a 10-year
life. Interest is 9%. The cash flows for two likely
models are as follows:

Annual

First Operating Annual Salvage

Model Cost Cost Income Value

A $50,000 $2000 $9,000 $10,000
B 80,000 1000 12,000 30,000

(a) Using present worth analysis, which truck
should the firm buy, and why?

(b) Before the construction company can close the
deal, the dealer sells out ofModel B and cannot
get any more. What should the firm do now, and
why?

5-36 Two different companies are offering a punch press
for sale. Company A charges $250,000 to deliver
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and install the device. Company A has estimated that
the machine will have maintenance and operating
costs of $4000 a year and will provide an annual
benefit of $89,000. Company B charges $205,000 to
deliver and install the device. Company B has esti-
mated maintenance and operating costs of the press
at $4300 a year, with an annual benefit of $86,000.
Both machines will last 5 years and can be sold for
$15,000 for the scrap metal. Use an interest rate of
12%. Which machine should your company buy?

5-37 A battery manufacturing plant has been ordered to
cease discharging acidic waste liquids containing
mercury into the city sewer system. As a result, the
firm must now adjust the pH and remove the mercury
from its waste liquids. Three firms have provided
quotations on the necessary equipment. An analysis
of the quotations provided the following table of
costs.

Annual

Income

Annual from

Installed Operating Mercury Salvage

Bidder Cost Cost Recovery Value

Foxhill $ 35,000 $8000 $2000 $20,000
Instrument

Quicksilver 40,000 7000 2200 0
Almaden 100,000 2000 3500 0

If the installation can be expected to last 20 years
and money is worth 7%, which equipment should be
purchased? (Answer:Almaden)

5-38 A new tennis court complex is planned. Each of two
alternatives will last 18 years, and the interest rate is
7%. Use present worth analysis to determine which
should be selected.
Contributed by D. P. Loucks, Cornell University

Construction Annual

Cost O&M

A $500,000 $25,000

B 640,000 10,000

5-39 In order to improve evacuation routes out of New
Orleans in the event of another major disaster such
as Hurricane Katrina, the Louisiana Department

of Transportation (L-DoT) is planning to construct
an additional bridge across the Mississippi River.
L-DoT is considering two alternatives: a suspension
bridge and a cantilever bridge. The department uses
an interest rate of 8% and plans a 50-year life for
either bridge. Which design has the most favorable
net present worth?
Contributedby PaulR.McCright,University of South
Florida

Suspension Cantilever

Bridge Bridge

Initial construction $585,000,000 $470,000,000
costs

Initial land 120,000,000 95,000,000
acquisition costs

Annual O&M costs 1,500,000 2,000,000

Annual growth 4% 300,000
in O&M

Major maintenance 185,000,000 210,000,000
(Year 25)

Salvage cost 30,000,000 27,000,000

5-40 Teri is an IE at Smith Manufacturing in Sarasota. She
has been studying process line G to determine if an
automated system would be preferred to the exist-
ing labor-intensive system. If Smith wants to earn at
least 15%and uses a 15-year planning horizon,which
alternative is preferred?
Contributedby PaulR.McCright,University of South
Florida

Labor

Intensive Automated

Initial cost $ 0 $ 55,000

Installation cost 0 15,500

First-year 1,500 4,800

maintenance costs

Annual increase in 200 600

maintenance costs

First-year labor costs 116,000 41,000

Annual increase in labor costs 4% 4%

Salvage value (EOY15) 5,000 19,000
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5-41 Teléfono Mexico is expanding its facilities to serve a
new manufacturing plant. The new plant will require
2000 telephone lines this year, and another 2000 lines
after expansion in 10 years. The plant will operate for
30 years.

Option 1 Provide one cable now with capacity to
serve 4000 lines. The cable will cost $200,000 and
annual maintenance costs will be $15,000.

Option 2 Provide a cable with capacity to serve
2000 lines now and a second cable to serve the
other 2000 lines in 10 years. Each cable will cost
$150,000 and will have an annual maintenance of
$10,000.

The telephone cables will last at least 30 years, and
the cost of removing the cables is offset by their
salvage value.

(a) Which alternative should be selected, assuming a
10% interest rate?

(b) Will your answer to (a) change if the demand
for additional lines occurs in 5 years instead of
10 years?

5-42 A consulting engineer has been hired to advise a
town how best to proceed with the construction of
a 200,000-m3 water supply reservoir. Since only
120,000 m3 of storage will be required for the next
25 years, an alternative to building the full capacity
now is to build the reservoir in two stages. Initially,
the reservoir could be built with 120,000m3 of capac-
ity and then, 25 years hence, the additional 80,000m3

of capacity could be added by increasing the height
of the reservoir. If interest is computed at 4%, which
construction plan is preferred?

Annual

Construction Maintenance

Cost Cost

Build in two stages
First stage: 120,000-m3 $14,200,000 $ 75,000
reservoir

Second stage:Add 80,000 m3 12,600,000 25,000
of capacity, additional
construction and
maintenance costs

Build full capacity now 22,400,000 100,000
200,000-m3 reservoir

Lives Differ

5-43 Use an 8-year analysis period and a 10% inter-
est rate to determine which alternative should be
selected:

A B

First cost $5300 $10,700

Uniform annual benefit $1800 $2100

Useful life, in years 4 8

5-44 A man had to have the muffler replaced on his
2-year-old car. The repairman offered two alterna-
tives. For $300 he would install a muffler guaranteed
for 2 years. But for $400 he would install a muffler
guaranteed “for as long as you own the car.” Assum-
ing the presentowner expects to keep the car for about
3 more years, which muffler would you advise him to
have installed if you thought20%was a suitable inter-
est rate and the less expensivemuffler would only last
2 years?

5-45 An engineer has received two bids for an elevator to
be installed in a new building. Given a 10% interest
rate, which bid should be accepted?

Alternatives Westinghome Itis

Installed cost $45,000 $54,000

Annual cost 2700 2850

Salvage value 3000 4500

Life, in years 10 15

5-46 Aweekly businessmagazineoffers a 1-year subscrip-
tion for $58 and a 3-year subscription for $116. If
you thought you would read the magazine for at least
the next 3 years, and consider 20% as a minimum
rate of return, which way would you purchase the
magazine:With three 1-year subscriptions or a single
3-year subscription? (Answer: Choose the 3-year
subscription.)

5-47 A new alloy can be produced by Process A, which
costs $200,000 to implement. The operating cost
will be $10,000 per quarter with a salvage value of
$25,000 after its 2-year life. Process B will have a
first cost of $250,000, an operating cost of $15,000
per quarter, and a $40,000 salvage value after its
4-year life. The interest rate is 8% per year com-
pounded quarterly. Using present value analysis
which process should be selected.
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

5-48 Which process line should be built for a new chem-
ical? The expected market for the chemical is 20
years. A 9% rate is used to evaluate new process
facilities, which are compared with present worth.
How much does the better choice save?
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First O&M

Cost Cost/year Salvage Life

A $18M $5M $4M 10 years
B 25M 3M 6M 20 years

5-49 Which equipment is preferred if the firm’s interest
rate is 9%? In PW terms howgreat is the difference?

Alternative A B

First cost $40,000 $35,000

Annual O&M 2,900 4,200

Salvage value 0 5,000

Overhaul (Year 6) 10,000 Not required

Life, in years 10 5

5-50 North City must choose between two new snow-
removal machines. The SuperBlower has a $70,000
first cost, a 20-year life, and an $8000 salvage value.
At the end of 9 years, it will need a major overhaul
costing $19,000.Annualmaintenanceand operating
costs are $9000. The Sno-Mover will cost $50,000,
has an expected life of 10 years, and has no salvage
value. The annual maintenance and operating costs
are expected to be $12,000. Using a 12% interest
rate, which machine should be chosen?

5-51 The Crockett Land Winery must replace its present
grape-pressing equipment. The two alternatives are
the Quik-Skwish and the Stomp-Master. The annual
operating costs increase by 12% each year as the
machines age. If the interest rate is 9%, which press
should be chosen?

Quik-Skwish Stomp-Master

First cost $350,000 $500,000

Annual operating costs 28,000 22,500

Salvage value 35,000 50,000

Useful life, in years 5 10

Perpetual Life

5-52 A small dam was constructed for $2 million. The
annual maintenance cost is $15,000. If interest is
5%, compute the capitalized cost of the dam, includ-
ing maintenance.

5-53 A depositor puts $25,000 in a savings account
that pays 5% interest, compounded semiannually.

Equal annual withdrawals are to be made from
the account, beginning one year from now and
continuing forever. What is the maximum annual
withdrawal?

5-54 What amount of money deposited 50 years ago at
8% interest would provide a perpetual payment of
$10,000 a year beginning this year?

5-55 The president of the E. L. EchoCorporation thought
it would be appropriate for his firm to “endow a
chair” in the Department of Industrial Engineering
of the local university. If the professor holding the
chairwill receive $134,000per year, and the interest
received on the endowment fund is expected to be
8%, what lump sum of money will the Echo Corpo-
ration need to provide to establish the endowment
fund? (Answer: $1,675,000)

5-56 Dr. Fog E. Professor is retiring and wants to endow
a chair of engineering economics at his university.
It is expected that he will need to cover an annual
cost of $100,000 forever. What lump sum must he
donate to the university today if the endowmentwill
earn 10% interest?

5-57 The local botanical society wants to ensure that the
gardens in the town park are properly cared for.
The group recently spent $100,000 to plant the gar-
dens. The members want to set up a perpetual fund
to provide $100,000 for future replantings of the
gardens every 10 years. If interest is 5%, how much
money would be needed to forever pay the cost of
replanting?

5-58 A home builder must construct a sewage treatment
plant and deposit sufficient money in a perpet-
ual trust fund to pay the $5000 per year operat-
ing cost and to replace the treatment plant every
40 years. The plant will cost $150,000, and future
replacement plants will also cost $150,000 each.
If the trust fund earns 8% interest, what is the
builder’s capitalized cost to construct the plant
and future replacements, and to pay the operating
costs?

5-59 Aman who likes cherry blossoms very much wants
an urn full of them put on his grave once each year
forever after he dies. In his will, he intends to leave
a certain sum of money in trust at a local bank
to pay the florist’s annual bill. How much money
should be left for this purpose? Make whatever
assumptions you feel are justified by the facts pre-
sented. State your assumptions, and compute a
solution.
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5-60 An elderly lady decided to distribute most of her
considerable wealth to charity and to keep for
herself only enoughmoney to provide for her living.
She feels that $1000 a month will amply provide
for her needs. She will establish a trust fund at a
bank that pays 6% interest, compounded monthly.
At the end of each month she will withdraw $1000.
She has arranged that, upon her death, the balance
in the account is to be paid to her niece, Susan. If
she opens the trust fund and deposits enoughmoney
to pay herself $1000 a month in interest as long as
she lives, how much will Susan receive when her
aunt dies?

5-61 A trust fund is to be established for three purposes:
(1) to provide $750,000 for the construction and
$250,000 for the initial equipment of a small engi-
neering laboratory; (2) to pay the $150,000 per
year laboratory operating cost; and (3) to pay for
$100,000 of replacement equipment every 4 years,
beginning 4 years from now.

At 6% interest, how much money is required
in the trust fund to provide for the laboratory
and equipment and its perpetual operation and
equipment replacement?

5-62 Wewant to donate amarble birdbath to the city park
as a memorial to cats. We also want to set up a per-
petual care fund to cover future expenses “forever.”
The initial cost of the bath is $5000. Routine annual
operating costs are $200 per year, but every fifth
year the cost will be $500 to cover major cleaning
and maintenance as well as operation.

(a) What is the capitalized cost of this project if the
interest rate is 8%?

(b) Howmuch is the present worth of this project if
it is to be demolished after 75 years? The final
$500 payment in the 75th year will cover the
year’s operating cost and the site reclamation.

5-63 A local symphony association offers memberships
as follows:

Continuing membership, per year $ 15

Patron lifetime membership 375

The patron membership has been based on the sym-
phony association’s belief that it can obtain a 4%
rate of return on its investment. If you believed 4%
to be an appropriate rate of return, would you be
willing to purchase the patronmembership?Explain
why or why not.

5-64 A city has developed a plan to provide for future
municipal water needs. The plan proposes an

aqueduct that passes through 500 feet of tunnel in
a nearby mountain. Two alternatives are being con-
sidered. The first proposes to build a full-capacity
tunnel now for $556,000. The second proposes to
build a half-capacity tunnel now (cost= $402,000),
which should be adequate for 20 years, and then
to build a second parallel half-capacity tunnel. The
maintenance cost of the tunnel lining for the full-
capacity tunnel is $40,000 every 10 years, and for
each half-capacity tunnel it is $32,000 every 10
years.

The friction losses in the half-capacity tunnel
will be greater than if the full-capacity tunnel were
built. The estimated additional pumping costs in
the single half-capacity tunnel will be $2000 per
year, and for the two half-capacity tunnels it will
be $4000 per year. Based on capitalized cost and
a 7% interest rate, which alternative should be
selected?

5-65 Use capitalized cost to determine which type of
road surface is preferred on a particular section of
highway. Use 12% interest rate.

A B

Initial cost $500,000 $700,000
Annual maintenance 35,000 25,000
Periodic resurfacing 350,000 450,000
Resurfacing interval 10 years 15 years

5-66 A new bridge project is being evaluated at i = 5%.
Recommend an alternative based on the capitalized
cost for each.

Construction Annual Life

Cost O&M (years)

Concrete $50 million $ 250,000 70
Steel 40 million 1,000,000 50

5-67 A new stadium is being evaluated at i = 6%.
Recommend an alternative for the main structural
material based on the capitalized cost for each.

Construction Annual Life

Cost O&M (years)

Concrete $25 million $ 200,000 80
Steel 21 million 1,000,000 60
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5-68 A rather wealthy man decides to arrange for his
descendants to be well educated.He wants each child
to have $60,000 for his or her education. He plans
to set up a perpetual trust fund so that six children
will receive this assistance in each generation.
He estimates that there will be four generations per
century, spaced 25 years apart. He expects the trust
to be able to obtain a 4% rate of return, and the first
recipients to receive the money 10 years hence. How
much money should he now set aside in the trust?
(Answer: $389,150)

5-69 Kansas Public Service Company wishes to determine
the capitalized worth of a new windmill at an interest
rate of 9% and following costs.
Contributed by PaulR.McCright,University of South
Florida

Initial costs $ 725,000 Installation costs $ 143,000
Annual 12,000 Major overhaul 260,000
O&M costs (Year 25)

Expected life 40 years Salvage value 32,000

5-70 An open-pit mine must fund an account now to pay
for maintenance of a tailing pond in perpetuity (after
the mine shuts down in 30 years). The costs until
shutdown are part of the mine’s operating costs. The
maintenance costs begin in 30 years at $300,000
annually. How much must be deposited now if the
fund will earn 5% interest?

5-71 A firm wants to sponsor a new engineering lab at a
local university. This requires $2.5M to construct the
lab, $1.2M to equip it, and $600,000 every 5 years
for new equipment. What is the required endowment
if the university will earn 6% interest on the funds?

Multiple Alternatives

5-72 A firm is considering three mutually exclusive alter-
natives as part of a production improvement program.
The alternatives are:

A B C

Installed cost $10,000 $15,000 $20,000
Uniform annual 1,625 1,530 1,890

benefit
Useful life, 10 20 20

in years

The salvage value at the end of the useful life of
each alternative is zero. At the end of 10 years,
Alternative A could be replaced with another A with
identical cost and benefits. The maximum attractive
rate of return is 6%. Which alternative should be
selected?

5-73 A steam boiler is needed as part of the design of a
new plant. The boiler can be fired by natural gas, fuel
oil, or coal. A decisionmust bemade on which fuel to
use. An analysis of the costs shows that the installed
cost, with all controls, would be least for natural gas
at $30,000; for fuel oil it would be $55,000; and for
coal it would be $180,000. If natural gas is used rather
than fuel oil, the annual fuel cost will increase by
$7500. If coal is used rather than fuel oil, the annual
fuel cost will be $15,000 per year less. Assuming 8%
interest, a 20-year analysis period, and no salvage
value, which is the most economical installation?

5-74 Austin General Hospital is evaluating new office
equipment offered by three companies. In each case
the interest rate is 15% and the useful life of the
equipment is 4 years. Use NPW analysis to deter-
mine the company from which you should purchase
the equipment.

Company A B C

First cost $15,000 $25,000 $20,000
Maintenance and 1,600 400 900
operating costs

Annual benefit 8,000 13,000 11,000
Salvage value 3,000 6,000 4,500

5-75 The following costs are associatedwith three tomato-
peeling machines being considered for use in a can-
ning plant. If the canning company uses an interest
rate of 12%, which is the best alternative? Use NPW
to make your decision. (Note: Consider the least
common multiple as the study period.)

Machine A B C

First cost $52,000 $63,000 $67,000
Maintenance and 15,000 9,000 12,000
operating costs

Annual benefit 38,000 31,000 37,000
Salvage value 13,000 19,000 22,000
Useful life, 4 6 12
in years

5-76 A railroad branch line to a landfill site is to be con-
structed. It is expected that the railroad line will be
used for 15 years, after which the landfill site will be
closed and the land turned back to agricultural use.
The railroad track and ties will be removed at that
time.



Problems 183

In building the railroad line, either treated or
untreated wood ties may be used. Treated ties have
an installed cost of $6 and a 10-year life; untreated
ties are $4.50 with a 6-year life. If at the end of 15
years the ties then in place have a remaining useful
life of 4 years or more, they will be used by the rail-
road elsewhere and have an estimated salvage value
of $3 each. Any ties that are removed at the end of
their service life, or too close to the end of their ser-
vice life to be used elsewhere, can be sold for 50� c
each.

Determine the most economical plan for the ini-
tial railroad ties and their replacement for the 15-year
period. Make a present worth analysis assuming 8%
interest.

5-77 A building contractor obtained bids for some asphalt
paving, based on a specification. Three paving
subcontractors quoted the following prices and terms
of payment:

Paving Co. Price Payment Schedule

Quick $85,000 50% payable immediately
25% payable in 6 months
25% payable at the end
of one year

Tartan 82,000 Payable immediately
Faultless 84,000 25% payable immediately

75% payable in 6 months

The building contractor uses a 12% nominal interest
rate, compounded monthly, in this type of bid
analysis. Which paving subcontractor should be
awarded the paving job?

5-78 Given the following data, use present worth analysis
to find the best alternative, A, B, or C.

A B C

Initial cost $10,000 15,000 $12,000
Annual benefit 6,000 10,000 5,000
Salvage value 1,000 −2,000 3,000
Useful life 2 years 3 years 4 years

Use an analysis period of 12 years and 10% interest.

5-79 Consider the following four alternatives. Three are
“do something” and one is “do nothing.”

A B C D

Cost $0 $50 $30 $40
Net annual benefit 0 12 4.5 6
Useful life, in years 5 10 10

At the end of the 5-year useful life of B , a replace-
ment is not made. If a 10-year analysis period and a
10% interest rate are selected, which is the preferred
alternative?

5-80 A cost analysis is to be made to determine what,
if anything, should be done in a situation offer-
ing three “do-something” and one “do-nothing”
alternatives. Estimates of the cost and benefits are as
follows.

Uniform End-of- Useful

Annual Useful-Life Life

Alternatives Cost Benefit Salvage Value (years)

1 $500 $135 $ 0 5
2 600 100 250 5
3 700 100 180 10
4 0 0 0 0

Use a 10-year analysis period for the four mutually
exclusive alternatives. At the end of 5 years, Alterna-
tives 1 and 2 may be replaced with identical alterna-
tives (with the same cost, benefits, salvage value, and
useful life).

(a) If an 8% interest rate is used, which alternative
should be selected?

(b) If a 12% interest rate is used, which alternative
should be selected?

5-81 Consider A–E, five mutually exclusive alternatives:

A B C D E

Initial cost $600 $600 $600 $600 $600
Uniform annual benefits

For first 5 years 100 100 100 150 150
For last 5 years 50 100 110 0 50

The interest rate is 10%. If all the alternatives have
a 10-year useful life, and no salvage value, which
alternative should be selected?
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5-82 An investor has carefully studied a number of com-
panies and their common stock. From his analy-
sis, he has decided that the stocks of six firms are
the best of the many he has examined. They rep-
resent about the same amount of risk, and so he
would like to determine one single stock in which
to invest. He plans to keep the stock for 4 years
and requires a 10% minimum attractive rate of
return.

Which stock if any, should the investor con-
sider buying? (Answer: Spartan Products)

Annual Estimated

End-of-Year Price

Price Dividend at End of

Common Stock per Share per Share 4 Years

Western House $233/4 $1.25 $32
Fine Foods 45 4.50 45
Mobile Motors 305/8 0 42
Spartan Products 12 0 20
U.S. Tire 333/8 2.00 40
Wine Products 521/2 3.00 60

5-83 Six mutually exclusive alternatives, A–F , are being
examined. For an 8% interest rate, which alternative
should be selected? Each alternative has a 6-year
useful life.

Initial UniformAnnual

Cost Benefit

A $ 20 $ 6.00
B 35 9.25
C 55 13.38
D 60 13.78
E 80 24.32
F 100 24.32

5-84 The management of an electronics manufacturing
firm believes it is desirable to automate its produc-
tion facility. The automated equipment would have
a 10-year life with no salvage value at the end of
10 years. The plant engineering department has sur-
veyed the plant and has suggested there are eight
mutually exclusive alternatives. If the firm expects
a 10% rate of return, which plan, if any, should it
adopt? (Answer: Plan 1)

Initial Cost Net Annual Benefit

Plan (thousands) (thousands)

1 $265 $51

2 220 39
3 180 26
4 100 15
5 305 57
6 130 23
7 245 47
8 165 33

Bonds

5-85 A corporate bond has a face value of $1000 with
maturity date 20 years from today. The bond pays
interest semiannually at a rate of 8% per year based
on the face value. The interest rate paid on sim-
ilar corporate bonds has decreased to a current
rate of 6%. Determine the market value of the
bond.

5-86 Calculate the present worth of a 4.5%, $5000 bond
with interest paid semiannually. The bond matures
in 10 years, and the investor wants to make 8% per
year compounded quarterly on the investment.

5-87 An investor is considering buying a 20-year
corporate bond. The bond has a face value of $1000
and pays 6% interest per year in two semiannual
payments. Thus the purchaser of the bond will
receive $30 every 6 months in addition to $1000 at
the end of 20 years, along with the last $30 interest
payment. If the investor wants to receive 8% inter-
est, compoundedsemiannually,howmuchwould he
or she be willing to pay for the bond?

5-88 You bought a $1000 corporate bond for $900 three
years ago. It is paying $30 in interest at the end of
every 6 months, and it matures in 4 more years.

(a) Compute its coupon rate.

(b) Compute its current value, assuming the market
interest rate for such investments is 5%per year,
compounded semiannually.

Contributed by D. P. Loucks, Cornell University

Problems 5-89 to 5-93 contributed by Meenakshi
Sundaram, Tennessee Tech University

5-89 A 6% coupon rate bond has a face value of $1000,
pays interest semiannually, and will mature in 10
years. If the current market rate is 8% interest com-
pounded semiannually, what is the bond’s price?
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5-90 A Treasury bond with a face value of $5000 and
a coupon rate of 6% payable semiannually was
bought by Kirt when the market’s nominal rate was
8%. The bondmatures 20 years from now.What did
Kirt pay for the bond?

5-91 A zero-couponbond (coupon rate= 0%)with a face
value of $10,000 and maturity date in 5 years is
being considered for purchase by Pam. The current
market interest rate is a nominal 10%, compounded
quarterly. How much should she pay for the bond?

5-92 A city government wants to raise $3 million by issu-
ing bonds. By ballot proposition, the bond’s coupon
interest rate was set at 8% per year with semiannual
payments.However,market interest rates have risen
to a nominal 9% interest rate. If the bonds mature in
20 years, how much will the city raise from issuing
$3M in bonds.

5-93 Kal Tech, a manufacturing company, needs to raise
$2 million to finance an expansion project. The
bonds will have a coupon interest rate of 12%,
payable quarterly, and 20 years to maturity. What
will the face value of the bonds have to be, if
the bonds are to have an interest rate of 12% per
year, payable quarterly, and a maturity date of 20
years? The current market interest rate is a nominal
semiannual rate of 16% compounded quarterly.

Spreadsheets

5-94 Assume monthly car payments of $500 per month
for 4 years and an interest rate of 0.5% per month.
What initial principal or PW will this repay?

5-95 Assume annual car payments of $6000 for 4 years
and an interest rate of 6% per year. What initial
principal or PW will this repay?

5-96 Assume annual car payments of $6000 for 4 years
and an interest rate of 6.168% per year. What initial
principal or PW will this repay?

5-97 Why do the values in Problems 5-94, 5-95, and 5-96
differ?

5-98 Assumemortgage payments of $1000permonth for
30 years and an interest rate of 0.5% per month.
What initial principal or PW will this repay?

5-99 Assume annual mortgage payments of $12,000 for
30 years and an interest rate of 6% per year. What
initial principal or PW will this repay?

5-100 Assume annual mortgage payments of $12,000 for
30 years and an interest rate of 6.168% per year.
What initial principal or PW will this repay?

5-101 Why do the values in Problems 5-98, 5-99, and
5-100 differ?

5-102 A construction project has the following end-of
month costs. Calculate the PW at a nominal interest
rate of 18%.

January $ 30,000 May $520,000
February 50,000 June 460,000
March 110,000 July 275,000
April 430,000 August 95,000

5-103 A factory has averaged the following monthly heat-
ing and cooling costs over the last 5 years. Calculate
the PW at a nominal interest rate of 12%.

January $25,000 July $29,000
February 19,000 August 33,000
March 15,000 September 19,000
April 9,000 October 8,000
May 12,000 November 16,000
June 18,000 December 28,000

5-104 Ding Bell Imports requires a return of 15% on all
projects. If Ding is planning an overseas develop-
ment project with these cash flows, what is the
project’s net present value?

Year 0 1 2 3 4 5 6 7

Net 0 −120,000 −60,000 20,000 40,000 80,000 100,000 60,000
Cash ($)
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5-105 Maverick Enterprises is planning a new product.
Annual sales, unit costs, and unit revenues are as
tabulated; the first cost of R&D and setting up the
assembly line is $42,000. If i is 10%, what is the
PW?

Year Annual Sales Cost/unit Price/unit

1 $ 5,000 $3.50 $6
2 6,000 3.25 5.75
3 9,000 3.00 5.50
4 10,000 2.75 5.25
5 8,000 2.5 4.5
6 4,000 2.25 3

5-106 Northern Engineering is analyzing a mining
project. Annual production, unit costs, and unit
revenues are in the table. The first cost of the mine
setup is $8 million. If i is 15%, what is the PW?

Annual Cost Price

Year Production (tons) per ton per ton

1 70,000 $25 $35
2 90,000 20 34
3 120,000 22 33
4 100,000 24 34
5 80,000 26 35
6 60,000 28 36
7 40,000 30 37

Minicases

5-107 Bayview’s growth is constrained by mountains on
one side and the bay on the other. A bridge across
the bay is planned, but which plan is best? It can
be built with a single deck to meet the needs of the
next 20 years, or it can be built with two decks to
meet the needs of the next 50 years. The piers can
also be built to support two decks, but with only
one deck being built now.

Building it all nowwill cost $160M, and leav-
ing the top deck for later will save $40M. Building

that top deck later will cost $70M including the
cost of traffic disruption. A single-deck bridge
will cost $100M now and $115M in 20 years.
Deck maintenance is $1.4M per year per deck.
Pier maintenance is $1.2M per year per bridge.
If the interest rate is 5%, which design should be
built?

If the two-deck bridge is built immediately,
then dedicated lanes for buses, carpools, and bicy-
cles can be added. To economically evaluate this
use, estimate the cost of the underutilized capacity
for the bridge.

5-108 Florida Power and Light has committed to build-
ing a solar power plant. JoAnne, an IE working for
FPL, has been taskedwith evaluating the three cur-
rent designs. FPL uses an interest rate of 10% and
a 20-year horizon.

Design 1: Flat Solar Panels

A field of “flat” solar panels angled to best
catch the sun will yield 2.6 MW of power and
will cost $87 million initially with first-year oper-
ating costs at $2 million, growing $250,000 annu-
ally. It will produce electricity worth $6.9 million
the first year and will increase by 8% each year
thereafter.

Design 2: Mechanized Solar Panels

A field of mechanized solar panels rotates
from side to side so that they are always positioned
parallel to the sun’s rays, maximizing the produc-
tion of electricity. This design will yield 3.1 MW
of power and will cost $101 million initially with
first-year operating costs at $2.3 million, grow-
ing $300,000 annually. It will produce electricity
worth $8.8 million the first year and will increase
8% each year thereafter.

Design 3: Solar Collector Field

This design uses a field of mirrors to focus
the sun’s rays onto a boiler mounted in a tower. The
boiler then produces steam and generates electric-
ity the same way a coal-fired plant operates. This
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system will yield 3.3 MW of power and will cost
$91 million initially with first-year operating costs
at $3 million, growing $350,000 annually. It will
produce electricity worth $9.7 million the first year
and will increase 8% each year thereafter.

5-109 Your grandparents are asking you for advice on
when they should start collecting social security
payments. If they wait until age 66, they will col-
lect $2000 per month; but if they start collecting at
age 62, they will collect $1600 per month. Assume
they live to be 85, and simplify by assuming annual
payments.

(a) When do the higher payments catch up in total
dollars received with the lower payment that
starts earlier?

(b) If their interest rate is 6%, which plan has a
higher PW?

C A S E S
The following cases fromCasesCasesCases ininin EngineeringEngineeringEngineering EconomyEconomyEconomy
222ndndnd are suggested as matched with this chapter.

CASE 7 The Board Looks to You
Bond valuation with realistic business details
including early-call premium.

Medium difficulty. Good example of employer
taking a small fact and making big assumptions
about individual talents which implies why engi-
neering students must keep learning.

CASE 8 Picking a Price

Simplified real estate analysis.Demonstrates anal-
ysis to screen before acquiring more data and
further decision making.

CASE 9 Recycling?
Financial analysis of recycling cardboard and sell-
ing unusable pallets to recycler.
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ANNUAL CASH
FLOW ANALYSIS

Are More Efficient Appliances Cost
Effective?

Typical FTC required EnergyGuide label for
a clothes washer. According to the Califor-
nia Energy Commission, the typical American
household does 400 loads of laundry per year,
using 40 gallons of water per load, with a typ-
ical non–ENERGY STAR clothes washer. An
ENERGY STAR appliance would reduce water
and energy consumption by 40%. For more
information, see http://www.energystar.gov.

W
ith an emphasis on green technologies
and energy savings, the U.S. Department
of Energy has targeted a reduction of
20% of a home’s energy use related

to appliances and home electronics. The ENERGY
STAR program includes EnergyGuide labels that are
required for most major home appliances. New appli-
ances that meet basic energy efficiency criteria are given
an ENERGY STAR label.

Whereas a typical residence is used for 75 years, itsmajor
appliances last from 10 to 30 years. The long-term trend
in energy prices (1–3% increase per year) lulls con-
sumers into ignoring short-term disruptions in energy
supply and spikes in energy prices. These spikes are
generally accepted by consumers as normal incremental
adjustments to their cost of living. The increases in oper-
ating costs are not enough to induce consumers to replace
existing appliances—except when appliances that have
failed must be replaced.

One driver in the slow adoption of energy appliances is
the fact that many investment decisions are made by
home builders, landlords, and property managers rather
than the end-use consumers. To reduce initial costs,
construction-level decision makers tend to install less

costly, less efficient appliances. Renters have little leverage to push landlords for new, more
efficient appliances. Even homeowners may focus on purchase price versus operating costs,
since they stay in a location for only 8 years on average and often leave appliances behind.
Any energy inefficiencies are assumed to be temporary, since this is not the “dream house”



they will live in for an extended period. Although the value of potential energy savings may
positively impact resale value, there are no guarantees.

When consumers do decide to replace appliances, EnergyGuide labels are provided to
show the energy cost for typical owners so that different models can be compared by all
consumers, not just by those who’ve had engineering economy. Few homeowners know
what their average total appliance energy use is or which appliances contribute the most to
those costs.

From the EnergyGuide label, the range of energy usage is 113–680 kWh/yr for clothes
washers. This energy consumption estimate is based on ratings of electricity and water
usage factors. At $0.08/kWh, the estimated electricity costs for comparable models ranges
from $9.04/yr to $54.40/yr. An EnergyGuide label for a refrigerator might show a range of
energy use from 617 kWh/yr to 698 kWh/yr.

When selecting a clothes washer, wise consumers will consider initial cost and the annual
energy savings/costs (is this a benefit or cost?) and will then select a model that suits their
needs based on the annual number of washer loads. When people are replacing an existing
appliance, changes in life needs (children, empty nest. etc) are important. Choices are based
on needs, and making these choices require tools that are part of the skill set provided by
engineering economics. � � �

Contributed by Gene Dixon, East Carolina University

1. Should average use be based on family size or lifestyle? How can lifestyle be
properly analyzed? For example, a family of twowhere one or both people work
outdoors in construction may have larger laundry demands than a family of
four where the parents work in offices. What about the impact of geography
and climate: that is, does wearing Bermuda shorts year round versus blue jeans
make a significant difference in laundry demands?

2. How would a home builder, landlord, or property manager justify the use of
ENERGY STAR appliances in pricing properties?

3. In 2010 some states offered Cash for ApplianceClunkers programs. Howwould
you estimate the impact of this program, anticipating that the program would
be paid for with increased taxes (sales, income, or property)?

4. Based on type, major appliances have lifespans of 7 to 15 years, with refriger-
ators having the longest. If a family stays in a residence on average for 8 years,
what considerations should a family use in deciding whether to keep or leave
their major appliances when moving?

189
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5. Given the foregoing data, which appliance replacement decision would be more
sensitive to changes in the cost of electricity, the clothes washer or the refrigera-
tor? How would you explain your answer to someone not skilled in engineering
economics?

6. EnergyGuide labels are not required for televisions, ranges, ovens, clothes dry-
ers, humidifiers, and dehumidifiers. Why would you think some appliances are not
required to have EnergyGuide labels?

After Completing This Chapter. . .

The student should be able to:

• Define equivalent uniform annual cost (EUAC) and equivalent uniform annual
benefits (EUAB).

• Resolve an engineering economic analysis problem into its annual cash flow equiv-
alent.

• Conduct an equivalent uniform annual worth (EUAW) analysis for a single invest-
ment.

• Use EUAW, EUAC, and EUAB to compare alternatives with equal, common multi-
ple, or continuous lives, or over some fixed study period.

• Develop and use spreadsheets to analyze loans for purposes of building an amor-
tization table, calculating interest versus principal, finding the balance due, and
determining whether to pay off a loan early.
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This chapter is devoted to annual cash flow analysis—the second of the three major analysis
techniques. With present worth analysis, we resolved an alternative into an equivalent net
present worth, a present worth of cost, or a present worth of benefit. Here we compare
alternatives based on their equivalent annual cash flows: the equivalent uniform annual cost
(EUAC), the equivalent uniform annual benefit (EUAB), or their difference, the equivalent
uniform annual worth: (EUAW) = (EUAB − EUAC).

To prepare for a discussion of annual cash flow analysis, we will review some annual
cash flow calculations, then examine annual cash flow criteria.

ANNUAL CASH FLOWCALCULATIONS

Resolving a Present Cost to an Annual Cost

In annual cash flow analysis, the goal is to convert money to an equivalent uniform annual
cost or benefit. The simplest case is to convert a present sum P to a series of equivalent
uniform end-of-period cash flows. This is illustrated in Example 6-1.

EXAMPLE 6–1

A student bought $1000 worth of home furniture. If the items are expected to last 10 years, what
will the equivalent uniform annual cost be if interest is 7%?

A A A A A A A A A A

n � 10 years
 i � 7%

00 1 2 3 4 5 6 7 8 9 10

P � 1000

=

SOLUTION

Equivalent uniform annual cost = P(A/P, i, n)

= 1000(A/P, 7%, 10)

= $142.40

Or with a TVM calculator, we obtain

EUAC = PMT(i, n, P, F)

= PMT(7%, 10, −1000, 0)

= $142.37

Treatment of Salvage Value

When there is a salvage value at the end of an asset’s useful life, this decreases the equivalent
uniform annual cost.
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EXAMPLE 6–2

The student in Example 6-1 now believes the furniture can be sold at the end of 10 years for $200.
Under these circumstances, what is the equivalent uniform annual cost?

Resale Value
S � 200

A A A A A A A A A A

P � 

� 

1000

0 1 2 3 4 5 6 7 8 9 100 1 10

SOLUTIONS

For this situation, the problem may be solved by means of three different calculations.

SOLUTION1

EUAC = P(A/P, i, n) − S(A/F, i, n) (6-1)

= 1000(A/P, 7%, 10) − 200(A/F, 7%, 10)

= 1000(0.1424) − 200(0.0724)

= 142.40 − 14.48 = $127.92

EUAC = PMT(i, n, P, F)

= PMT(7%, 10, −1000, 200)

= $127.90

This method reflects the annual cost of the cash disbursement minus the annual benefit of the
future resale value.

SOLUTION2

Equation 6-1 describes a relationship that may be modified by an identity presented in Chapter 4:

(A/P, i, n) = (A/F, i, n) + i (6-2)

Substituting this into Equation 6-1 gives

EUAC = P(A/F, i, n) + Pi − S(A/F, i, n) (6-3)

= (P − S)(A/F, i, n) + Pi

= (1000 − 200)(A/F, 7%, 10) + 1000(0.07)

= 800(0.0724) + 70 = 57.92+ 70

= $127.92
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This method computes the equivalent annual cost due to the unrecovered $800 when the furniture
is sold, and it adds annual interest on the $1000 investment.

SOLUTION 3

If the value for (A/F, i, n) from Equation 6-2 is substituted into Equation 6-1, we obtain

EUAC = P(A/P, i, n) − S(A/P, i, n) + Si (6-4)

= (P − S)(A/P, i, n) + Si

= (1000 − 200)(A/P, 7%, 10) + 200(0.07)

= 800(0.1424) + 14 = 113.92+ 14 = $127.92

This method computes the annual cost of the $800 decline in value during the 10 years, plus
interest on the $200 tied up in the furniture as the salvage value.

When there is an initial disbursement P followed by a salvage value S, the annual cost may
be computed in the three different ways introduced in Example 6-2.

EUAC = P(A/P, i, n) − S(A/F, i, n) (6-1)

EUAC = (P − S)(A/F, i, n) + Pi (6-3)

EUAC = (P − S)(A/P, i, n) + Si (6-4)

Each of the three calculations gives the same results. In practice, the first method is the most
commonly used. The EUAC calculated in Equations 6-1, 6-3, and 6-4 is also known as the
capital recovery cost of a project.

EXAMPLE 6–3

Bill owned a car for 5 years. One day he wondered what his uniform annual cost for maintenance
and repairs had been. He assembled the following data:

Maintenance and Repair

Year Cost for Year

1 $ 45

2 90

3 180

4 135

5 225

Compute the equivalent uniform annual cost (EUAC) assuming 7% interest and end-of-year
disbursements.
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SOLUTION

The EUAC may be computed for this irregular series of payments in two steps:

1. Use single payment present worth factors to compute the present worth of cost for the
5 years.

2. With the PW of cost known, use the capital recovery factor to compute EUAC.

PW of cost = 45(P/F, 7%, 1) + 90(P/F, 7%, 2) + 180(P/F, 7%, 3)

+ 135(P/F, 7%, 4)+ 225(P/F, 7%, 5)

= 45(0.9346) + 90(0.8734) + 180(0.8163) + 135(0.7629) + 225(0.7130)

= $531

EUAC = 531(A/P, 7%, 5) = 531(0.2439) = $130

EXAMPLE 6–4

Bill reexamined his calculations and found that in his table he had reversed the maintenance and
repair costs for Years 3 and 4. The correct table is:

Maintenance and Repair

Year Cost for Year

1 $ 45

2 90

3 135

4 180

5 225

Recompute the EUAC.

SOLUTION

This time the schedule of disbursements is an arithmetic gradient series plus a uniform annual
cost, as follows:

45

90

135

180

225

45

90

135

180

��

45 45 45 45 45

0 1 2 3 4 5 0

0

1 2 3 4 50 1 2 3 4 5
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EUAC = 45 + 45(A/G, 7%, 5)

= 45 + 45(1.865)

= $129

Since the timing of the expenditures is different in Examples 6-3 and 6-4, we would not expect
to obtain the same EUAC.

The examples have shown four essential points concerning cash flow calculations:

1. There is a direct relationship between the present worth of cost and the equivalent
uniform annual cost. It is

EUAC = (PW of cost)(A/P, i, n)

2. In a problem, expending money increases the EUAC, while receiving money—for
example, from an item’s salvage value—decreases the EUAC.

3. When there are irregular cash disbursements over the analysis period, a convenient
method of solution is to first determine the PW of cost; then use the equation in
Item 1 to calculate the EUAC.

4. Where there is an arithmetic gradient, EUAC may be rapidly computed by using
the arithmetic gradient uniform series factor, (A/G, i, n).

ANNUAL CASH FLOWANALYSIS

The criteria for economic efficiency are presented in Table 6-1. One notices immediately
that the table is quite similar to Table 5-1. It is apparent that, if you are maximizing the
present worth of benefits, simultaneously you must be maximizing the equivalent uniform
annual worth. This is illustrated in Example 6-5.

TABLE 6–1 Annual Cash FlowAnalysis

Input/Output Situation Criterion

Neither input Typical, general situation Maximize equivalent uniform annual

nor output is fixed worth (EUAW = EUAB − EUAC)

Fixed input Amount of money or other Maximize equivalent uniform

input resources is fixed benefits (maximize EUAB)

Fixed output There is a fixed task, benefit, Minimize equivalent uniform

or other output to be annual cost (minimize EUAC)

accomplished
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EXAMPLE 6–5

A firm is considering which of two devices to install to reduce costs. Both devices have useful
lives of 5 years with no salvage value. Device A costs $1000 and can be expected to result in
$300 savings annually. Device B costs $1350 and will provide cost savings of $300 the first
year; however, savings will increase $50 annually, making the second-year savings $350, the
third-year savings $400, and so forth.With interest at 7%, which device should the firm purchase?

SOLUTION

Device A

EUAW = −1000(A/P, 7%, 5) + 300

= −1000(0.2439) + 300 = $56.1

Device B

EUAW = −1350(A/P, 7%, 5) + 300+ 50(A/G, 7%, 5)

= −1350(0.2439) + 300+ 50(1.865)

= $64.00

To maximize EUAW, select Device B.

Example 6-5 was presented earlier, as Example 5-1, where we found:

PWA = −1000+ 300(P/A, 7%, 5)

= −1000+ 300(4.100) = $230

This is converted to EUAW by multiplying by the capital recovery factor:

EUAWA = 230(A/P, 7%, 5) = 230(0.2439) = $56.1

Similarly, for machine B

PWB = −1350 + 300(P/A, 7%, 5) + 50(P/G, 7%, 5)

= −1350 + 400(4.100) + 50(7.647) = $262.4

and, hence,

EUAWB = 262.4(A/P, 7%, 5) = 262.4(0.2439)

= $64.0

We see, therefore, that it is easy to convert the present worth analysis results into the annual
cash flow analysis results.We could go from annual cash flow to present worth just as easily,
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by using the series present worth factor. And, of course, both methods show that Device B
is the preferred alternative.

EXAMPLE 6–6

Three alternatives are being considered to improve an assembly line along with the “do-nothing”
alternative. Each of Plans A, B, and C has a 10-year life and a salvage value equal to 10% of its
original cost.

Plan A Plan B Plan C

Installed cost of equipment $15,000 $25,000 $33,000

Material and labor savings per year 14,000 9,000 14,000

Annual operating expenses 8,000 6,000 6,000

End-of-useful life salvage value 1,500 2,500 3,300

If interest is 8%, which plan, if any, should be adopted?

SOLUTION

Since neither installed cost nor output benefits are fixed, the economic criterion is to maximize
EUAW = EUAB − EUAC.

Plan A Plan B Plan C

Equivalent uniform annual benefit (EUAB)

Material and labor per year $14,000 $9,000 $14,000

Salvage value (A/F, 8%, 10) 104 172 228

EUAB = $14,104 $9,172 $14,228

Equivalent uniform annual cost (EUAC)

Installed cost (A/P, 8%, 10) $ 2,235 $3,725 $ 4,917

Annual operating expenses 8,000 6,000 6,000

EUAC = $10,235 $9,725 $10,917

EUAW = EUAB − EUAC = $ 3,869 −$ 553 $ 3,311

Based on our criterion of maximizing EUAW, Plan A is the best of the four alternatives. Since
the do-nothing alternative has EUAW = 0, it is a more desirable alternative than Plan B.

ANALYSIS PERIOD

In Chapter 5, we saw that the analysis period is an important consideration in computing
present worth comparisons. In such problems, a common analysis period must be used
for all alternatives. In annual cash flow comparisons, we again have the analysis period
question. Example 6-7 will help in examining the problem.
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EXAMPLE 6–7

Two pumps are being considered for purchase. If interest is 7%, which pump should be bought?
Pump A Pump B

Initial cost $7000 $5000

End-of-useful-life salvage value 1500 1000

Useful life, in years 12 6

SOLUTION

The annual cost for 12 years of Pump A can be found by using Equation 6-4:

EUAC = (P − S)(A/P, i, n) + Si

= (7000 − 1500)(A/P, 7%, 12) + 1500(0.07)

= 5500(0.1259) + 105 = $797

Now compute the annual cost for 6 years of Pump B:

EUAC = (5000 − 1000)(A/P, 7%, 6) + 1000(0.07)

= 4000(0.2098) + 70 = $909

For a common analysis period of 12 years, we need to replace Pump B at the end of its 6-year
useful life. If we assume that another pump B ′ can be obtained, having the same $5000 initial
cost, $1000 salvage value, and 6-year life, the cash flow will be as follows:

10001000

5000 5000
Pump B
6 years

Replacement Pump B�
6 years

0 1 2 3 4 5 6 7 8 9 10 11 12

For the 12-year analysis period, the annual cost for Pump B is

EUAC = [5000 − 1000(P/F, 7%, 6)+ 5000(P/F, 7%, 6)

− 1000(P/F, 7%, 12)]× (A/P, 7%, 12)

= [5000 − 1000(0.6663) + 5000(0.6663) − 1000(0.4440)]× (0.1259)

= (5000− 666+ 3331− 444)(0.1259)

= (7211)(0.1259) = $909

The annual cost of B for the 6-year analysis period is the same as the annual cost for the 12-year
analysis period. This is not a surprising conclusion when one recognizes that the annual cost
of the first 6-year period is repeated in the second 6-year period. Thus the lengthy calculation of
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EUAC for 12 years of Pump B and B ′ was not needed. By assuming that the shorter-life equip-
ment is replaced by equipment with identical economic consequences, we have avoided a lot of
calculations. Select Pump A.

Analysis Period Equal to Alternative Lives

If the analysis period for an economy study coincides with the useful life for each
alternative, then the economy study is based on this analysis period.

Analysis Period a Common Multipleof Alternative Lives

When the analysis period is a common multiple of the alternative lives (for example, in
Example 6-7, the analysis period was 12 years with 6- and 12-year alternative lives),
a “replacement with an identical item with the same costs, performance, and so forth”
is frequently assumed. This means that when an alternative has reached the end of its
useful life, we assume that it will be replaced with an identical item. As shown in Exam-
ple 6-7, the result is that the EUAC for Pump B with a 6-year useful life is equal to
the EUAC for the entire analysis period based on Pump B plus the replacement unit,
Pump B ′.

Under these circumstances of identical replacement, we can compare the annual cash
flows computed for alternatives based on their own service lives. In Example 6-7, the annual
cost for Pump A, based on its 12-year service life, was compared with the annual cost for
Pump B, based on its 6-year service life.

Analysis Period for a ContinuingRequirement

Many times an economic analysis is undertaken to determine how to provide for a more or
less continuing requirement. One might need to pump water from a well as a continuing
requirement. There is no distinct analysis period. In this situation, the analysis period is
assumed to be long but undefined.

If, for example, we had a continuing requirement to pump water and alternative
Pumps A and B had useful lives of 7 and 11 years, respectively, what should we do?
The customary assumption is that Pump A’s annual cash flow (based on a 7-year life)
may be compared to Pump B’s annual cash flow (based on an 11-year life). This is
done without much concern that the least common multiple of the 7- and 11-year lives
is 77 years. This comparison of “different-life” alternatives assumes identical replacement
(with identical costs, performance, etc.) when an alternative reaches the end of its useful
life.

This continuing requirement, which can also be described as an indefinitely long
horizon, is illustrated in Example 6-8. Since this is longer than the lives of the alternatives,
we can make the best decision possible given current information by minimizing EUAC or
maximizing EUAW or EUAB. At a later time, we will make another replacement and there
will be more information on costs at that time.
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EXAMPLE 6–8

Pump B in Example 6-7 is now believed to have a 9-year useful life. Assuming the same initial
cost and salvage value, compare it with Pump A using the same 7% interest rate.

SOLUTION

If we assume that the need for A or B will exist for some continuing period, the comparison of
costs per year for the unequal lives is an acceptable technique. For 12 years of Pump A:

EUAC = (7000 − 1500)(A/P, 7%, 12) + 1500(0.07) = $797

For 9 years of Pump B:

EUAC = (5000 − 1000)(A/P, 7%, 9) + 1000(0.07) = $684

For minimum EUAC, select Pump B.

Infinite Analysis Period

At times we have an alternative with a limited (finite) useful life in an infinite analysis
period situation. The equivalent uniform annual cost may be computed for the limited
life. The assumption of identical replacement (replacements have identical costs, per-
formance, etc.) is often appropriate. Based on this assumption, the same EUAC occurs
for each replacement of the limited-life alternative. The EUAC for the infinite analy-
sis period is therefore equal to the EUAC computed for the limited life. With identical
replacement,

EUACinfinite analysis period = EUACfor limited life n

A somewhat different situation occurs when there is an alternative with an infinite life in a
problem with an infinite analysis period:

EUACinfinite analysis period = P(A/P, i, ∞) +Any other annual costs

When n = ∞, we have A = Pi and, hence, (A/P, i, ∞) equals i.

EUACinfinite analysis period = Pi +Any other annual costs

EXAMPLE 6–9

In the construction of an aqueduct to expand the water supply of a city, there are two alternatives
for a particular portion of the aqueduct. Either a tunnel can be constructed through a mountain,
or a pipeline can be laid to go around the mountain. If there is a permanent need for the aqueduct,
should the tunnel or the pipeline be selected for this particular portion of the aqueduct? Assume
a 6% interest rate.



Analysis Period 201

SOLUTION

Tunnel ThroughMountain Pipeline AroundMountain

Initial cost $5.5 million $5 million

Maintenance 0 0

Useful life Permanent 50 years

Salvage value 0 0

Tunnel

For the tunnel, with its permanent life, we want (A/P, 6%, ∞). For an infinite life, the capital
recovery is simply interest on the invested capital. So (A/P, 6%, ∞) = i, and we write

EUAC = Pi = $5.5 million(0.06)

= $330,000

Pipeline

EUAC = $5 million(A/P, 6%, 50)

= $5 million(0.0634) = $317,000

For fixed output, minimize EUAC. Select the pipeline.

The difference in annual cost between a long life and an infinite life is small unless an
unusually low interest rate is used. In Example 6-9 the tunnel is assumed to be permanent.
For comparison, compute the annual cost if an 85-year life is assumed for the tunnel.

EUAC = $5.5 million(A/P, 6%, 85)

= $5.5 million(0.0604)

= $332,000

The difference in time between 85 years and infinity is great indeed; yet the difference in
annual costs in Example 6-9 is very small.

SomeOther Analysis Period

The analysis period in a particular problemmay be something other than one of the four we
have so far described. It may be equal to the life of the shorter-life alternative, the longer-life
alternative, or something entirely different. One must carefully examine the consequences
of each alternative throughout the analysis period and, in addition, see what differences
there might be in salvage values, and so forth, at the end of the analysis period.
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EXAMPLE 6–10

Suppose that Alternative 1 has a 7-year life and a salvage value at the end of that time. The
replacement cost at the end of 7 years may be more or less than the original cost. If the
replacement is retired prior to 7 years, it will have a terminal value that exceeds the end-of-life
salvage value. Alternative 2 has a 13-year life and a terminal value whenever it is retired. If
the situation indicates that 10 years is the proper analysis period, set up the equations to compute
the EUAC for each alternative. Use results from Example 5-5 to compute the results.

SOLUTION

Salvage
Value

Terminal Value at
End of 10th Year

Alternative 1

Replacement
Cost

Initial
Cost

7-year Life7-year Life

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14

Terminal Value at
End of 10th Year

10-year Analysis Period

Alternative 2

Initial
Cost

13-year Life 

0 1 2 3 4 5 6 7 8 9 10 11 12 13

Alternative 1

EUAC1 = [Initial cost + (Replacement cost − Salvage value)(P/F, i, 7)

− (Terminal value)(P/F, i, 10)](A/P, i, 10)

= 64,076(A/P, 8%, 10) using results from Example 5-5

= 64,076(8.1490) = $9547

Alternative 2

EUAC2 = [Initial cost − (Terminal value)(P/F, i, 10)](A/P, i, 10)

= 69,442(A/P, 8%, 10) using results from Example 5-5

= 69,442(0.1490) = $10,347

Select Alternative 1.
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USING SPREADSHEETS TO ANALYZE LOANS

Loan and bond payments are made by firms, agencies, and individual engineers. Usually,
the payments in each period are constant. Spreadsheets make it easy to:

• Calculate the loan’s amortization schedule
• Decide how a payment is split between principal and interest
• Find the balance due on a loan
• Calculate the number of payments remaining on a loan.

Buildingan Amortization Schedule

As illustrated in previous chapters and Appendix 1, an amortization schedule lists for each
payment period: the loan payment, interest paid, principal paid, and remaining balance.
For each period, the interest paid equals the interest rate times the balance remaining from
the period before. Then the principal payment equals the payment minus the interest paid.
Finally, this principal payment is applied to the balance remaining from the preceding
period to calculate the new remaining balance. As a basis for comparison with spreadsheet
loan functions, Figure 6-1 shows this calculation for Example 6-11.

EXAMPLE 6–11

An engineer wanted to celebrate graduating and getting a job by spending $2400 on new
furniture. Luckily the store was offering 6-month financing at the low interest rate of 6% per
year nominal (really 1/2% per month). Calculate the amortization schedule.

SOLUTION

A B C D E

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

 2400 Initial balance

 0.50% i

 6 N

 $407.03 Payment � �PMT(A2,A3,A1)

    

     Principal Ending

 Month   Interest Payment Balance

 0     2400.00 �A1

 1   12.00 395.03 2004.97 �D8�C9

 2   10.02 397.00 1607.97

 3     8.04 398.99 1208.98

 4     6.04 400.98   807.99

 5     4.04 402.99   405.00

 6     2.03 405.00       0.00

      �$A$4�B14

      �Payment�Interest

     �$A$2*D13

     �rate*previous balance

FIGURE 6–1 Amortization schedule for furniture loan.
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The first step is to calculate the monthly payment:

A = 2400(A/P, 1/2%, 6) = 2400(0.1696) = $407.0
= PMT(0.005, 6, −2400) = $407.03

With this information the engineer can use the spreadsheet of Figure 6–1 to obtain the amortization
schedule.

HowMuch to Interest? HowMuch to Principal?

For a loan with constant payments, we can answer these questions for any period with-
out the full amortization schedule. For a loan with constant payments, the functions IPMT
and PPMT directly answer these questions. For simple problems, both functions have
four arguments (i, t, n, −P), where t is the time period being calculated. Both functions
have optional arguments that permit adding a balloon payment (an F) and changing from
end-of-period payments to beginning-of-period payments.

For example, consider Period 4 of Example 6-11. The spreadsheet formulas give the
same answer as shown in Figure 6-1.

Interest period 4 = IPMT(0.5%, 4, 6, −2400) = $6.04

Principal payment period 4 = PPMT(0.5%, 4, 6, −2400) = $400.98

Finding the Balance Due on a Loan

An amortization schedule is one used to calculate the balance due on a loan. A second,
easier way is to remember that the balance due equals the present worth of the remaining
payments. Interest is paid in full after each payment, so later payments are simply based on
the balance due.

EXAMPLE 6–12

A car is purchased with a 48-month, 9% nominal loan with an initial balance of $15,000. What
is the balance due halfway through the 4 years?

SOLUTION

The first step is to calculate the monthly payment, at a monthly interest rate of 3/4%. This equals

Payment = 15,000(A/P, 0.75%, 48) or = PMT(0.75%, 48, −15000)

= (15,000)(0.0249) = $373.50 or = $373.28

The next step will use the spreadsheet answer, because it is more accurate (there are only three
significant digits in the tabulated factor).

After 24 payments and with 24 left, the remaining balance equals (P/A, i, Nremaining)
payment

Balance = (P/A, 0.75%, 24)$373.28 or = PV(0.75%, 24,373.28)

= (21.889)(373.28) = $8170.73 or = $8170.78

Thus halfway through the repayment schedule, 54.5% of the original balance is still owed.
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PayOff Debt Sooner by IncreasingPayments

Paying off debt can be a good investment because the investment earns the rate of interest
on the loan. For example, this could be 8% for a mortgage, 10% for a car loan, or 19% for
a credit card. When one is making extra payments on a loan, the common question is: How
much sooner will the debt be paid off? Until the debt is paid off, any early payments are
essentially locked up, since the same payment amount is owed each month.

The first reason that spreadsheets and TVM calculators are convenient relates to frac-
tional interest rates. For example, an auto loan might be at a nominal rate of 13% with
monthly compounding or 1.08333% per month. The second reason is that the function
NPER or the n key calculates the number of periods remaining on a loan.

NPER can be used to calculate how much difference is made by one extra payment
or by increasing all payments by x%. Extra payments are applied entirely to principal, so
the interest rate, remaining balance, and payment amounts are all known. Nremaining equals
NPER(i, payment, remaining balance) with optional arguments for beginning-of-period
cash flows and balloon payments. The signs of the payment and the remaining balance
must be different.

EXAMPLE 6–13

Maria has a 7.5% mortgage with monthly payments for 30 years. Her original balance was
$100,000, and she just made her twelfth payment. Each month she also pays into a reserve
account, which the bank uses to pay her fire and liability insurance ($900 annually) and property
taxes ($1500 annually). By how much does she shorten the loan if she makes an extra loan
payment today? If she makes an extra total payment? If she increases each total payment to
110% of her current total payment?

SOLUTION

The first step is to calculate Maria’s loan payment for the 360 months. Rather than calculating a
six-significant-digit monthly interest rate, it is easier to use 0.075/12 in the spreadsheet or TVM
calculator.

Payment = PMT(0.075/12, 360, −100000) = $699.21

The remaining balance after 12 such payments is the present worth of the remaining 348
payments.

Balance12 = PV(0.075/12, 348, 699.21) = $99,077.53
(after 12 payments, she has paid off $922!)

If she pays an extra $699.21, then the number of periods remaining is

NPER(0.075/12, −699.21, 99077.53− 699.21) = 339.5

This is 8.5 payments less than the 348 periods left before the extra payment. If shemakes an extra
total payment, then

Total payment = 699.21 + 900/12+ 1500/12 = $899.21/month

NPER(0.075/12, −699.21, 99244− 899.21) = 337.1
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or 2.4 more payments saved. If she increases each payment by an extra 10% payment on the total
payment of $899.21, then

NPER(0.075/12, −(1.1 ∗ 899.21 − 200), 99077.53) = 246.5 payments

or 101.5 payments saved.
Note that $200 of the total payment goes to pay for insurance and taxes.

SUMMARY

Annual cash flow analysis is the second of the three major methods of resolving alterna-
tives into comparable values. When an alternative has an initial cost P and salvage value
S, there are three ways of computing the equivalent uniform annual cost:

• EUAC = P(A/P, i, n) − S(A/F, i, n) (6-1)
• EUAC = (P − S)(A/F, i, n) + Pi (6-3)
• EUAC = (P − S)(A/P, i, n) + Si (6-4)

All three equations give the same answer. This quantity is also known as the capital recovery
cost of the project.

The relationship between the present worth of cost and the equivalent uniform annual
cost is

• EUAC = (PW of cost)(A/P, i, n)

The three annual cash flow criteria are:

Neither input nor output fixed Maximize EUAW = EUAB − EUAC

For fixed input Maximize EUAB

For fixed output Minimize EUAC

In present worth analysis there must be a common analysis period. Annual cash flow
analysis, however, allows some flexibility provided the necessary assumptions are suitable
in the situation being studied. The analysis period may be different from the lives of the
alternatives, and provided the following criteria are met, a valid cash flow analysis may be
made.

1. When an alternative has reached the end of its useful life, it is assumed to be replaced
by an identical replacement (with the same costs, performance, etc.).

2. The analysis period is a common multiple of the useful lives of the alternatives, or
there is a continuing or perpetual requirement for the selected alternative.

If neither condition applies, it is necessary to make a detailed study of the consequences
of the various alternatives over the entire analysis period with particular attention to the
difference between the alternatives at the end of the analysis period.

There is very little numerical difference between a long-life alternative and a perpetual
alternative. As the value of n increases, the capital recovery factor approaches i. At the
limit, (A/P, i, ∞) = i.
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One of the most common uniform payment series is the repayment of loans.
Spreadsheets and TVM calculators are useful in analyzing loans (balance due, interest paid,
etc.) for several reasons: they have specialized functions, many periods are easy, and any
interest rate can be used.

P R O B L E M S

Annual Calculations

6-1 Compute the EUAB for these cash flows based on a
10% interest rate.

0 1 2 3 4

15

30

45

60

(Answer: EUAB= $35.72)

6-2 Compute the EUAC for these cash flows.

0 1 2 3 4

100100

5

i � 15%

6-3 Compute the EUAB for these cash flows.

0 1

i � 12%

2 3 4

15
30

45
60

6-4 If i = 6%, compute the EUAB over 6 years that is
equivalent to the two receipts shown.

0 1 2 3 4

200

100

5 6

(Answer: EUAB = $52.31)

6-5 A loan of $1000 is to be repaid in three equal semian-
nual (every 6 months) payments. If the annual interest
rate is 7% compounded semiannually, how much is
each payment? (Answer: $356.90)

6-6 When he started work on his twenty-second birthday,
D. B. Cooper decided to invest money each month
with the objective of becoming a millionaire by the
time he reaches age 65. If he expects his investments
to yield 18% per annum, compoundedmonthly, how
much should he invest eachmonth? (Answer:$6.92
a month.)

6-7 The average age of engineering students at
graduation is a little over 23 years. This means
that the working career of most engineers is almost
exactly 500 months. How much would an engineer
need to save each month to become a millionaire
by the end of her working career? Assume a 15%
interest rate, compounded monthly.

6-8 An engineer wishes to have $5 million by the time he
retires in 40 years. Assuming 15% nominal interest,
compounded continuously,what annual summust he
set aside? (Answer: $2011)

6-9 For the diagram, compute the value of D that
results in a net equivalent uniform annual worth
(EUAW) of 0.

0 1 2 3 4

DD
1.5D

500

i � 12%

DD

5

6-10 An electronics firm invested $60,000 in a precision
inspection device. It cost $4000 to operate and main-
tain in the first year and $3000 in each later year.
At the end of 4 years, the firm changed their inspec-
tion procedure, eliminating the need for the device.
The purchasing agent was very fortunate to sell the
inspection device for $60,000, the original price.
Compute the equivalent uniform annual cost during
the 4 years the device was used. Assume interest at
10% per year. (Answer: $9287)
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6-11 A firm is about to begin pilot plant operation, and
it could add an optional heat exchanger unit. A unit
is now available for $30,000, and it is estimated
that the heat exchanger unit will be worth $35,000
after 8 years for use in other company operations.
This high salvage value is because the $30,000 pur-
chase price is really a rare bargain. If 15% is an
appropriate rate of return, what annual benefit is
needed to justify buying the heat exchanger unit?
(Answer: $4135)

6-12 A firm purchased some equipment at a very favor-
able price of $30,000. The equipment resulted in an
annual net savingof $1000per year during the 8 years
it was used. At the end of 8 years, the equipment was
sold for $40,000. Assuming interest at 8%, did the
equipment purchase prove to be desirable?

Problems 6-13 to 6-16 contributed by Hamed
Kashani, Saeid Sadri, and Baabak Ashuri, Georgia
Institute of Technology

6-13 A couple is saving for their newborn daughter’s col-
lege education. She will need $25,000 per year for a
four-year college program, which she will start when
she is 17.What uniformdeposits starting 3 years from
now andcontinuing through year 16 are needed, if the
account earns 6% interest?

6-14 How much should a new graduate pay in 10 equal
annual payments, starting 2 years from now, in order
to repay a $30,000 loan he has received today? The
interest rate is 6% per year.

6-15 A firm is buying an adjacent 1000-acre parcel for
a future plant expansion. The price has been set at
$30,000 per acre. The payment plan is 25% down,
and the balance 2 years from now. If the transac-
tion interest rate is 12% per year, what are the two
payments?

6-16 The manager of a small cleaning company applies for
a $25,000 loan at an interest rate of 10% per year.
He will repay the loan over 6 years with annual pay-
ments. The third through sixth payments are $1500
greater than the first two. Determine the size of the
payments.

Problems 6-17 to 6-20 contributed by Paul R.
McCright, University of South Florida

6-17 Amanda and Blake have found a house, which
owing to a depressed real estate market costs only
$201,500. They will put $22,000 down and finance
the remainder with a 30-year mortgage loan from
Bank of America at 4.65% interest (compounded
monthly).

(a) How much is their monthly loan payment?

(b) How much interest will they pay in the second
payment?

(c) Theywill also have the following expenses:prop-
erty taxes of $2100, homeowners’ insurance of
$1625, and $290mortgage insurance (in case one
of them dies before the loan is repaid, a require-
ment of the bank). These annual amounts are
paid in 12 installments and added to the loan
payment. What will Amanda and Blake’s full
monthly cost be?

(d) If they can afford $1200 per month, can Amanda
and Blake afford this house?

6-18 Helen purchases a new Ford Focus. She negotiates
a price of $18,400, trades in her 1993 Contour for
$1700, puts down an additional $1000, and borrows
the remainder for 3 years at 6% interest. How large
will her monthly payments be?

6-19 To reduce her personal carbon footprint, Zooey is
buying a new Ford Escape hybrid. She has negoti-
ated a price of $21,900 and will trade in her old Ford
Contour for $2350. She will put another $850 with it
and borrow the remainder at 7% interest compounded
monthly for 4 years. Prepare a payment schedule for
the first three months of payments.

6-20 Zwango Plus Manufacturing expects that fixed costs
of keeping its Zephyr Hills Plant operating will be
$1.4 M this year. If the fixed costs increase by
$100,000 each year, what is the EUAC for a 10-year
period? Assume the interest rate is 12%.

6-21 For the diagram, compute the value of C that results
in a net equivalent annual worth (EUAW) of 0.

0 1 2 3 4

C C CC

30

20

10

 i � 10%

5

10

40

6-22 If interest is 10%, what is the EUAB?

0 1 2 3 4

30 30

20 20

10

5 6 7

40 40
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6-23 The maintenance foreman of a plant in reviewing his
records found that a large press had the following
maintenance cost record:

5 years ago $ 600

4 years ago 700

3 years ago 800

2 years ago 900

Last year 1000

After consulting with a lubrication specialist, he
changed the preventive maintenance schedule. He
believes that maintenance will be $900 this year and
will decrease by $100 a year in each of the following
4 years. If his estimate of the future is correct, what
will be the equivalent uniform annual maintenance
cost for the 10-year period? Assume interest at 8%.
(Answer: $756)

6-24 A motorcycle is for sale for $26,000. The dealer is
willing to sell it on the following terms:

No down payment; pay $440 at the end of
each of the first 4 months; pay $840 at the
end of each month after that until the loan
has been paid in full.

At a 12% annual interest rate compounded monthly,
how many $840 payments will be required?

6-25 Art Arfons, a K-State-educated engineer, has made a
considerable fortune. He wishes to start a perpetual
scholarship for engineering students at K-State. The
scholarship will provide a student with an annual
stipend of $2500 for each of 4 years (freshman
through senior), plus an additional $5000 during the
senior year to cover job search expenses.Assume that
students graduate in 4 years, a new award is given
every 4 years, and the money is paid at the beginning
of each year with the first award at the beginning of
Year 1. The interest rate is 8%.

(a) Determine the equivalent uniform annual cost
(EUAC) of providing the scholarship.

(b) How much money must Art donate to K-State?

6-26 Amachine costs $20,000 and has a 5-year useful life.
At the end of the 5 years, it can be sold for $4000.
If annual interest is 8%, compounded semiannually,
what is the equivalent uniform annual cost of the
machine?

6-27 Mr. Wiggley wants to buy a new house. It will cost
$178,000. The bank will loan 90% of the purchase
price at a nominal interest rate of 10.75% com-
poundedweekly, andMr.Wiggleywill makemonthly
payments. What is the amount of the monthly pay-
ments if he intends to pay the house off in 25 years?

6-28 Steve Lowe must pay his property taxes in two equal
installments on December 1 and April 1. The two
payments are for taxes for the fiscal year that begins
on July l and ends the following June 30. Steve
purchased a home on September 1. Assuming the
annual property taxes remain at $850 per year for
the next several years, Steve plans to open a savings
account and to make uniform monthly deposits the
first of each month. The account is to be used to pay
the taxes when they are due.

To open the account, Steve deposits a lump sum
equivalent to the monthly payments that will not have
been made for the first year’s taxes. The savings
account pays 9% interest, compounded monthly and
payable quarterly (March 31, June 30, September 30,
and December 31). How much money should Steve
put into the account when he opens it on Septem-
ber 1? What uniform monthly deposit should he
make from that time on? (Answers: Initial deposit
$350.28; monthly deposit $69.02)

6-29 Your company must make a $500,000 balloon
payment on a lease 2 years and 9 months from
today. You have been directed to deposit an amount
of money quarterly, beginning today, to provide for
the $500,000 payment. The account pays 4% per
year, compounded quarterly. What is the required
quarterly deposit? Note: Lease payments are due at
the beginning of the quarter.

6-30 LindaO’Shay deposited$30,000 in a savingsaccount
as a perpetual trust. She believes the account will
earn 7% annual interest during the first 10 years and
5% interest thereafter. The trust is to provide a uni-
form end-of-year scholarship at the university. What
uniform amount could be used for the student schol-
arship each year, beginning at the end of the first year
and continuing forever?

6-31 An engineer has a fluctuating future budget for the
maintenance of a particular machine. During each of
the first 5 years, $1000 per year will be budgeted.
During the second 5 years, the annual budget will be
$1500 per year. In addition, $3500 will be budgeted
for an overhaul of themachine at the end of the fourth
year, and another $3500 for an overhaul at the end of
the eighth year.
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The engineerasks you to compute the uniform annual
expenditure that would be equivalent to these fluctu-
ating amounts, assuming interest at 6% per year.

6-32 A machine has a first cost of $150,000, an annual
operation and maintenance cost of $2500, a life of
10 years, and a salvage value of $30,000. At the end
of Years 4 and 8, it requires a major service, which
costs $20,000 and $10,000, respectively. At the end
of Year 5, it will need to be overhauled at a cost of
$45,000. What is the equivalent uniform annual cost
of owning and operating this particular machine?

6-33 There is an annual receipt of money that varies from
$100 to $300 in a fixed pattern that repeats forever.
If interest is 10%, compute the EUAB, also con-
tinuing forever, that is equivalent to the fluctuating
disbursements.

0 1 2 3 4

200200

300

100

200200

300

100

200200
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6-34 If the owner earns 5% interest on her investments,
determine the equivalent annual cost of owning a car
with the following costs (EOY = end of year).

Initial down payment= $2200
Annual payments= $5500, EOY1–EOY4
Prepaid insurance = $1500, growing 8% annually
Gas & oil & minor maintenance = $2000, growing

10% annually
Replacement tires = $650 at EOY4 & $800 at EOY8
Major maintenance= $2400 at EOY5
Salvage value = $3750 at EOY9

Contributed by Paul R. McCright, University of
South Florida

Annual Comparisons

6-35 A construction firm needs a new small loader. It can
be leased from the dealer for 3 years for $5500 per
year including all maintenance,or it canbe purchased
for $20,000. The firm expects the loader to have a sal-
vage value of $7000 after 7 years. The maintenance
will be $500 the first year and then it will increase by
$300 each year. The firm’s interest rate is 12% per

year. Compare the EUACs for leasing and buying the
loader.
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

6-36 The Johnson Company pays $2000 a month to a
trucker to haul wastepaper and cardboard to the city
dump. The material could be recycled if the com-
pany were to buy a $60,000 hydraulic press baler and
spend $30,000 a year for labor to operate the baler.
The baler has an estimated useful life of 30 years
and no salvage value. Strapping material would cost
$2000 per year for the estimated 500 bales a year
that would be produced. A wastepaper company will
pick up the bales at the plant and pay Johnson $23
per bale for them. Use an annual cash flow analysis
in working this problem.

(a) If interest is 8%, is it economical to install and
operate the baler?

(b) Would you recommend that the baler be
installed?

6-37 JennyMcCarthy is an engineer for amunicipal power
plant. The plant uses natural gas, which is currently
provided from an existing pipeline at an annual cost
of $10,000 per year. Jenny is considering a project to
construct a new pipeline. The initial cost of the new
pipeline would be $35,000, but it would reduce the
annual cost to $5000 per year. Assume an analysis
period of 20 years and no salvage value for either the
existing or new pipeline. The interest rate is 6%.

(a) Determine the equivalent uniform annual cost
(EUAC) for the new pipeline.

(b) Should the new pipeline be built?

6-38 Claude James, a salesman, needs a new car for
business use. He expects to be promoted to a super-
visory job at the end of 3 years, and he will no longer
be “on the road.” The company reimburses salesmen
each month at the rate of 55� c per mile driven. Claude
finds that there are three different ways of obtaining
his chosen car:

A. Pay cash: the price is $26,000.

B. Lease the car: the monthly charge is $700 on
a 36-month lease, payable at the end of each
month; at the end of the 3-year period, the car
is returned to the leasing company.

C. Lease the car with an option to buy at the end of
the lease: pay $720 a month for 36 months; at the
end of that time, Claude could buy the car, if he
chooses, for $7000.

Claude believes he should use a 12% interest rate. If
the car could be sold for $7500 at the end of 3 years,
which method should he use to obtain it?
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6-39 When he purchased his home, Al Silva borrowed
$280,000 at 10% interest to be repaid in 25 equal
annual end-of-year payments. After making 10
payments, Al found he could refinance the balance
due on his loan at 9% interest for the remaining 15
years.

To refinance the loan, Al must pay the original
lender the balance due on the loan, plus a penalty
charge of 2% of the balance due; to the new lender
he also must pay a $1000 service charge to obtain
the loan. The new loan would be made equal to the
balance due on the old loan, plus the 2% penalty
charge, and the $1000 service charge. Should Al
refinance the loan, assuming that he will keep the
house for the next 15 years? Use an annual cash flow
analysis in working this problem.

6-40 A firm must decide whether to provide their
salespeoplewith firm-owned cars or to pay a mileage
allowance for their own cars. New cars would cost
about $28,000 each and could be resold 4 years
later for about $11,000 each. Annual operating costs
would be $1200 per year plus 24� c per mile. If the
salespeople drove their own cars, the firm would pay
50�c per mile. How many miles must each salesperson
drive each year for it to be economically practical for
the firm to provide the cars? Assume a 10% annual
interest rate. Use an annual cash flow analysis.

6-41 The town of Dry Gulch needs more water from Pine
Creek. The town engineer has selected two plans for
comparison: a gravity plan (divert water at a point
10 miles up Pine Creek and pipe it by gravity to the
town) and a pumping plan (divert water at a point
closer to town). The pumping plant would be built in
two stages, with half-capacity installed initially and
the other half installed 10 years later.

The analysis will assume a 40-year life, 10%
interest, and no salvage value. Use an annual cash
flow analysis to find which plan is more economical.

Gravity Pumping

Initial investment $2,800,000 $1,400,000

Additional investment in None 200,000

10th year

Operation and maintenance 10,000/yr 25,000/yr

Power cost

Average first 10 years None 50,000/yr

Average next 30 years None 100,000/yr

6-42 Amanufacturer is considering replacing a production
machine tool. The new machine, costing $37,000,
would have a life of 4 years and no salvage value,
but would save the firm $5000 per year in direct
labor costs and $2000 per year in indirect labor
costs. The existing machine tool was purchased 4
years ago at a cost of $40,000. It will last 4 more
years and will have no salvage value. It could be sold
now for $10,000 cash. Assume that money is worth
8% and that differences in taxes, insurance, and so
forth are negligible. Use an annual cash flow analy-
sis to determine whether the new machine should be
purchased.

6-43 Two possible routes for a power line are under study.
Data on the routes are as follows:

Around Under

the Lake the Lake

Length 15 km 5 km

First cost $5000/km $25,000/km

Maintenance $200/km/yr $400/km/yr

Useful life, in years 15 15

Salvage value $3000/km $5000/km

Yearly power loss $500/km $500/km

Annual property taxes 2% of first cost 2% of first cost

If 7% interest is used, should the power line be
routed around the lake or under the lake? (Answer:
Around the lake.)

6-44 An oil refinery must now begin sending its waste
liquids through a costly treatment process before
discharging them into a nearby stream. The engi-
neering department estimates costs at $300,000 for
the first year. It is estimated that if process and plant
alterations are made, the waste treatment cost will
decline $30,000 each year. As an alternate, a spe-
cialized firm, Hydro-Clean, has offered a contract to
process thewaste liquids for 10 years for a fixed price
of $150,000 per year, payable at the end of each year.
Either way, there should be no need for waste treat-
ment after 10 years. The refinery manager considers
8% to be a suitable interest rate. Use an annual cash
flow analysis to determine whether the Hydro-Clean
offer should be accepted.
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6-45 Bill Anderson buys a car every 2 years as follows:
initially he makes a down payment of $6000 on a
$15,000 car. The balance is paid in 24 equal monthly
payments with annual interest at 12%. When he has
made the last payment on the loan, he trades in the
2-year-old car for $6000 on a new $15,000 car, and
the cycle begins over again.

Doug Jones decided on a different purchase
plan. He thought he would be better off if he paid
$15,000 cash for a new car. Then he would make a
monthly deposit in a savings account so that, at the
end of 2 years, he would have $9000 in the account.
The $9000 plus the $6000 trade-in value of the car
will allow Doug to replace his 2-year-old car by pay-
ing $9000 for a new one. The bank pays 6% interest,
compounded quarterly.

(a) What is Bill Anderson’smonthly payment to pay
off the loan on the car?

(b) After he purchased the new car for cash, how
much per month should Doug Jones deposit in
his savings account to have enoughmoney for the
next car 2 years hence?

(c) Why is Doug’s monthly savings account deposit
smaller than Bill’s payment?

6-46 Two mutually exclusive alternatives are being
considered.

Year A B

0 −$3000 −$5000

1 845 1400

2 845 1400

3 845 1400

4 845 1400

5 845 1400

One of the alternatives must be selected. Using a
15% nominal interest rate, compounded continu-
ously, determine which one. Solve by annual cash
flow analysis.

6-47 North Plains Biofuels (NPB) has negotiated a con-
tract with an oil firm to sell 150,000 barrels of ethanol
per year, beginning in end of year (EOY) 4. The
oil firm will pay NPB $10M annually beginning
from EOY0 to EOY3 and then $110 per barrel from
EOY4 through EOY13.If NPB an interest rate of
15%, which method should be used to produce the
biofuels?

Contributed by Paul R. McCright, University of
South Florida

Corn Algae

Purchase of land (EOY0) $1,900,000 $ 3,800,000

Facility construction $5,300,000 $7,100,000

(at EOY1)
Annual O&M $2,450,000 $2,800,000

Increasing 6% yearly from EOY1 through EOY13

Raw materials (corn or algae) $1,500,000 $250,000

Annual increase of 8% from EOY4 through EOY13

Salvage value (EOY13) $3,000,000 $3,600,000

6-48 Which car has a lower EUAC if the owner can earn
5% in his best investment.
Contributed by Paul R. McCright, University of
South Florida

Toyota Toyota

Corolla Prius

Initial cost $19,200 $25,500

Annual maintenance 1,000 1,500

Annual gas & oil 2,500 1,200

(increasing 15% yearly)

Salvage value (Year 8) 8,000 10,000

DifferentLives

6-49 A firm is choosing between machines that perform
the same task in the same time. Assume the mini-
mum attractive return is 8%. Which machine would
you choose? (Answers: X = $1252; Y = $1106)

Machine X Machine Y

First cost $5000 $8000

Estimated life, in years 5 12

Salvage value 0 $2000

Annual maintenance cost 0 150
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6-50 A company must decide whether to buy Machine A
or Machine B :

Machine A Machine B

Initial cost $10,000 $20,000

Useful life, in years 4 10

End-of-useful-life

salvage value $10,000 $10,000

Annual maintenance 1,000 0

At a 10% interest rate, which machine should be
installed? Use an annual cash flow analysis in
working this problem. (Answer:Machine A)

6-51 Consider the following two mutually exclusive alter-
natives:

A B

Cost $10,000 $15,000

Uniform annual benefit 1,600 2,400

Useful life, in years ∞ 20

Alternative B may be replaced with an identical item
every 20 years at the same $15,000 cost and will have
the same $2400 uniform annual benefit. Using a 10%
interest rate and an annual cash flow analysis, which
alternative should be selected?

6-52 A pump is needed for 10 years at a remote loca-
tion. The pump can be driven by an electric motor
if a power line is extended to the site. Otherwise,
a gasoline engine will be used. Use an annual cash
flow analysis and a 10% interest rate. How should the
pump be powered?

Gasoline Electric

First cost $2400 $6000

Annual operating cost 1200 750

Annual maintenance 300 50

Salvage value 300 600

Life, in years 5 10

6-53 A suburban taxi company is considering buying taxis
with diesel engines instead of gasoline engines. The
cars average 50,000 km a year.

Diesel Gasoline

Vehicle cost $24,000 $19,000

Useful life, in years 5 4

Fuel cost per liter 68� c 72� c
Mileage, in km/liter 35 28

Annual repairs $ 900 $ 700

Annual insurance premium 1,000 1,000

End-of-useful-life resale value 4,000 6,000

Use an annual cash flow analysis to determine the
more economical choice if interest is 6%.

6-54 The manager in a canned food processing plant is
trying to decide between two labeling machines.

Machine A Machine B

First cost $15,000 $25,000

Maintenance and 1,600 400

operating costs

Annual benefit 8,000 13,000

Salvage value 3,000 6,000

Useful life, in years 7 10

Assume an interest rate of 12%. Use annual cash
flow analysis to determine which machine should be
chosen.

6-55 Consider the following three mutually exclusive
alternatives:

A B C

Cost $10,000 $150,000 $20,000

Uniform annual 1,000 1,762 5,548

benefit

Useful life, ∞ 20 5

in years
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Assuming that Alternatives B and C are replaced
with identical units at the end of their useful lives,
and an 8% interest rate, which alternative should
be selected? Use an annual cash flow analysis in
working this problem. (Answer: Select C)

6-56 Carp, Inc. wants to evaluate two methods of packag-
ing their products. Use an interest rate of 15% and
annual cash flow analysis to decidewhich is the most
desirable alternative.

A B

First cost $700,000 $1,700,000

Maintenance and 18,000 29,000

operating costs

+ Cost gradient +900/yr +750/yr

(begin Year 1)

Annual benefit 154,000 303,000

Salvage value 142,000 210,000

Useful life, in years 10 20

6-57 A college student has been looking for new tires and
has found the following alternatives:

TireWarranty

(months) Price per Tire

12 $39.95

24 59.95

36 69.95

48 90.00

The student feels that the warranty period is a good
estimate of the tire life and that a 10% interest rate
is appropriate. Using an annual cash flow analysis,
which tire should be purchased?

6-58 Consider the following alternatives:

A B

Cost $5000 $18,000

Uniform annual benefit 1500 6,000

Useful life, in years 10 5

The analysis period is 10 years, but there will be no
replacement for Alternative B after 5 years. Based
on a 15% interest rate, which alternative should be
selected? Use an annual cash flow analysis.

6-59 Some equipment will be installed in a warehouse
that a firm has leased for 7 years. There are two
alternatives:

A B

Cost $1000 $1500

Uniform annual benefit 550 610

Useful life, in years 3 4

At any time after the equipment is installed, it has
no salvage value. Assume that Alternatives A and B
will be replaced at the end of their useful lives by
identical equipmentwith the same costs and benefits.
For a 7-year analysis period and a 10% interest rate,
use an annual cash flow analysis to determine which
alternative should be selected.

6-60 Uncle Elmo needs to replace the family privy.
The local sanitary engineering firm has submitted
two alternative structural proposals with respective
cost estimates as shown. Which construction should
Uncle Elmo choose if his minimum attractive rate of
return is 6%? Use both a present worth and annual
cost approach in your comparison.

Masonite Brick

First cost $2500 $10,000

Annual maintenance 200 100

Salvage value 100 1,000

Service life, in years 4 20

6-61 Dick Dickerson Construction, Inc. has asked you
to help them select a new backhoe. You have a
choice between a wheel-mounted version, which
costs $60,000 and has an expected life of 5 years
and a salvage value of $2000, and a track-mounted
one, which costs $80,000, with a 7-year life and an
expected salvage value of $10,000. Both machines
will achieve the same productivity. Interest is 8%.
Which one will you recommend?Use a annualworth
analysis.
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6-62 A small manufacturing company is evaluating trucks
for delivering their products. Truck A has a first cost
of $22,000, its operating cost will be $5500 per year,
and its salvage after 3 years will be $7000. Truck B
has a first cost of $27,000, an operating cost of $5200,
and a resale value of $12,000 after 4 years. At an
interest rate of 15% per year, which model should be
chosen if an annual worth analysis is performed?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

6-63 A job can be donewith Machine A that costs $12,500
and has annual end-of-year maintenance costs of
$5000; its salvage value after 3 years is $2000. Or
the job can be done with Machine B , which costs
$15,000 and has end-of-year maintenance costs of
$4000 and a salvage value of $1500 at the end of
4 years. These investments can be repeated in the
future, and your work is expected to continue indefi-
nitely. Use present worth, annual worth, and capital-
ized cost to compare the machines. The interest rate
is 5%/year.
Contributed by D. P. Loucks, Cornell University

Spreadsheets and Loans

6-64 A student loan totals $18,000 at graduation. The
interest rate is 6%, and there will be 60 payments
beginning 1 month after graduation. What is the
monthly payment? What is owed after the first 2
years of payments? (Answer: Payment = $347.99,
balance due = $11,439)

6-65 The student in Problem 6-64 received $1500 as a
graduation present. If an extra $1500 is paid at Month
1, when is the final payment made? How much is it?
(Answer: $98 in Month 55)

6-66 A new car is purchased for $12,000 with a 0%
down, 9% loan. The loan is for 4 years. After making
30 payments, the owner wants to pay off the loan’s
remaining balance. How much is owed?

6-67 A year after buying her car, Anita has been offered
a job in Europe. Her car loan is for $15,000 at a 9%
nominal interest rate for 60 months. If she can sell the
car for $12,000, how much does she get to keep after
paying off the loan?

6-68 (a) You are paying off a debt at a nominal 8% per
year by paying $400 at the end of each quarter
for the next year. Find the interest paid in the last
$400 payment.

(b) If this debt were to be paid off in two equal pay-
ments of $1650 at the end of this year and at
the end of the next year, find the interest paid in
the first $1650 payment. Again the loan rate is a
nominal 8% per year compounded quarterly.
Contributed by D. P. Loucks, Cornell University

6-69 Sam can afford to spend $500 per month on a car. He
figures he needs half of it for gas, parking, and insur-
ance. He has been to the bank, and they will loan him
100% of the car’s purchase price. (Note: If he had a
down payment saved, then he could borrow at a lower
rate.)

(a) If his loan is at a nominal 12% annual rate over
36 months, what is the most expensive car he can
purchase?

(b) The car he likes costs $14,000 and the dealer will
finance it over 60 months at 12%. Can he afford
it? If not, for how many months will he need to
save his $500 per month.

(c) What is the highest interest rate he can pay over
60 months and stay within his budget if he buys
the $14,000 car now?

6-70 EnergyMax Engineering constructed a small office
building for their firm 5 years ago. They financed
it with a bank loan for $450,000 over 15 years at
12% interestwith quarterly payments and compound-
ing. The loan can be repaid at any time without
penalty. The loan can be refinanced through an insur-
ance firm for 8% over 20 years—still with quarterly
compounding and payments. The new loan has a 5%
loan initiation fee, which will be added to the new
loan.

(a) What is the balance due on the original mortgage
(20 payments have been made in last 5 years)?

(b) How much will Energy Max’s payments drop
with the new loan?

(c) How much longer will the proposed loan run?
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6-71 Suppose you graduatewith a debt of $42,000 that you
or someone must repay. One option is to pay off the
debt in constant amounts at the beginning of each
month over the next 10 years at a nominal annual
interest rate of 10%.

(a) What is the constant beginning-of-month pay-
ment?

(b) Of the first payment, what is the interest and the
principal paid?

(c) Of the last payment, what is the interest and the
principal paid?
Contributed by D. P. Loucks, Cornell University

6-72 A $78,000 mortgage has a 30-year term and a 9%
nominal interest rate.

(a) What is the monthly payment?

(b) After the first year of payments, what is the
outstanding balance?

(c) How much interest is paid in Month 13? How
much principal?

6-73 A $92,000 mortgage has a 30-year term and a 9%
nominal interest rate.

(a) What is the monthly payment?

(b) After the first year of payments, what fraction of
the loan has been repaid?

(c) After the first 10 years of payments, what is the
outstanding balance?

(d) How much interest is paid in Month 25? How
much principal?

6-74 A 30-year mortgage for $95,000 is issued at a 9%
nominal interest rate.

(a) What is the monthly payment?

(b) How long does it take to pay off the mortgage, if
$1000 per month is paid?

(c) How long does it take to pay off the mortgage, if
double payments are made?

6-75 A 30-year mortgage for $145,000 is issued at a 6%
nominal interest rate.

(a) What is the monthly payment?

(b) How long does it take to pay off the mortgage, if
$1000 per month is paid?

(c) How long does it take to pay off the mortgage, if
20% extra is paid each month?

6-76 Solve Problem 6-43 for the breakeven first cost per
kilometer of going under the lake.

6-77 Redo Problem 6-53 to calculate the EUAW of the
alternatives as a function of miles driven per year
to see if there is a crossover point in the decision
process. Graph your results.

6-78 Set up Problem 6-36 on a spreadsheet and make all
the input data variable. Determine various scenarios
which would make the baler economical.

6-79 Develop a spreadsheet to solveProblem 6-41.What is
the breakeven cost of the additional pumping invest-
ment in Year 10?

Minicases

6-80 An office building should last 60 years, but this owner
will sell it at 20 years for 40% of its construction cost.
For the first 20 years it canbe leased as Class A space,
which is all this owner operates. When the building
is sold, the land’s cost will be recovered in full.

$2.2M Land

$4.1M Building

$640,000 Annual operating and maintenance

4% Annual property taxes and insurance

(% of initial investment)

(a) If the owner wants a 12% rate of return, what is
the required monthly leasing cost?

(b) Assuming that the building is vacant 5% of the
time, what is the required monthly lease?

(c) What is an example monthly cost per square foot
for Class A space in your community?

6-81 A 30-unit apartment building should last 35 years,
when it will need to be either replaced or undergo
major renovation. Assume the building’s value at 35
years will be 10% of its construction cost. Assume it
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will be sold, and that the land’s cost will be recovered
in full.

$3.2M Land

$4.8M Building

$850,000 Annual operating and maintenance

6% Annual property taxes and insurance

(% of initial investment)

12% Vacancy rate

(a) If the owner wants a 15% rate of return, what is
the required monthly leasing cost for each unit?

(b) If turning 2 units into an exercise facility would
decrease the vacancy rate by 5%, would that be a
good decision?

C A S E S
The following cases from Cases in Engineering Economy
2nnnddd are suggested as matched with this chapter.

CASE6 Lease a Lot

Compares leasing and ownership. Both financing
and investing decisions are needed.

CASE10 The Cutting Edge

Make versus buy and machine selection.

CASE27 Harbor Delivery Service

Focus is treatment of sunk costs. More compli-
cated than most. Some discoveries in the data
gathering process. Solution uses equation rather
than cash flow table.
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RATE OF RETURN
ANALYSIS

Bar Codes Give a Number;
RFID Codes Tell a Story

B
oth radio-frequency iden-
tification (RFID) and bar
code technology encode
information, but RFID

uses radio waves rather than opti-
cal scanning to read that informa-
tion. This means that the RFID
tag can be read without a line
of sight. The shift from manual
price tags, shipping labels, and
baggage tags to bar codes revo-
lutionized operations by reducing
costs and errors. Now the shift to
RFID is revolutionizingoperations
again. Today’s smart tag is a paper
sandwich of a bar code and an
RFID tag.

A bar code speaks five or six times
in its lifetime; RFID codes can
speak 200 to 1000 times each sec-
ond. Your car keys are an RFID
chip allowing you to open or start

your car remotely. RFID is in the EZ Pass on your windshield, a rail pass in China, your
Smart Passport, a subway pass in Washington, D.C., some employee IDs, and garment
labels. RFID chips are used to tightly control the inventory of packs of razor blades—
including the control of pilferage. They are used in boxes of Alaska wild seafood to track
temperatures from packaging to restaurant delivery. They are required on many deliveries
to the military and major retailers.

Because RFID tags carry so much more information, organizations need to measure how
they improve performance in many ways. RFID is changing the old ways of operating in



logistics and supply chains and business in general. Today’s wholesalers, retailers, manu-
facturers, and military decision makers trust RFID technology to create real-time inventory
tracking, while eliminating the jobs of many warehouse workers and cashiers.

As with any technology that allows change, there are some who dislike it. In addition,
some raise ethical questions about the ability to track items after purchase and people as
they move about a facility. � � �

Contributedby OliverHedgepeth,University of Alaska Anchorage, author ofRFIDMetrics,
CRC Press (2007)

1. The growth rate for the market in RFID systems from2010 to 2020 is estimated to be
over 50% annually. This is built on many individual projects—each of which must be
economically justified. Does the growth rate imply anything about the rate of return
on the individual projects?

2. The cost of RFID tags could be as low as 3–5¢ in 2012, much higher than the bar
code tag cost of less than a penny. What are the cost and benefit factors that you
would use to make a decision to replace bar codes with RFID tags? Or to incur the
cost of both in a smart tag?

3. The Smart Passport and its information may not be meaningful without access to a
database file on the person being scanned. How would you advise U.S. citizens or
Defense Department shippers and logisticians who use Smart Passports when they
are traveling outside the country?

4. What would you suggest to management about the 24/7 stream of data each second
that could come from an inventory counted by RFID tags?

5. Go to the Internet and find five different RFID applications. List the problems these
users think they are solving and why they seem to think the chips will work. Do you
think they have thought through the problem sufficiently? Are there ethical or social
concerns for each application?

6. The RFID computer chip sewn in the label of your new shirt can still be active or
readable when you get home, when you wear the garment to work, and when you
return to the store where you bought it. Some consumers have already expressed
concern about RFID chips, calling them an invasion of privacy. What ethical and
social concerns are raised by RFID chips?
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After Completing This Chapter. . .

The student should be able to:

• Evaluate project cash flows with the internal rate of return (IRR) measure.
• Plot a project’s present worth (PW) against the interest rate.
• Use an incremental rate of return analysis to evaluate competing alternatives.
• Develop and use spreadsheets tomake IRRand incremental rate of return calculations.
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In this chapter we will examine four aspects of rate of return, the third major analysis
method. First, the meaning of “rate of return” is explained; second, calculating the rate
of return is illustrated; third, rate of return analysis problems are presented; and fourth,
incremental analysis is presented. In an appendix to the chapter, we describe difficulties
sometimes encountered when computing an interest rate for cash flow series with multiple
sign changes.

Rate of return is themost frequently used measure in industry. Problems in computing
the rate of return sometimes occur, but itsmajor advantage is that it is a singlefigure ofmerit
that is readily understood.

Consider these statements:

• The net present worth on a project is $32,000.
• The equivalent uniform annual net benefit is $2800.
• The project will produce a 23% rate of return.

While none of these statements tells the complete story, the third one measures the project’s
desirability in terms that are widely and easily understood. Thus, this measure is accepted
by engineers and business leaders alike.

There is another advantage to rate of return analysis. In both present worth and annual
cash flow calculations, one must select an interest rate—and the exact value may be a dif-
ficult and controversial item. In rate of return analysis, no interest rate is introduced into
the calculations (except as described in Appendix 7A). Instead, we compute a rate of return
(more accurately called internal rate of return) from the cash flow. To decide how to pro-
ceed, the calculated rate of return is compared with a preselected minimumattractive rate
of return, or simply MARR. This is the same value of i used for present worth and annual
cash flow analysis.

INTERNAL RATE OF RETURN

Internal rate of return is the interest rate at which the present worth and
equivalent uniform annual worth are equal to 0.

This definition is easy to remember, and it also tells us how to solve for the rate of
return. In earlier chapters we did this when we solved for the interest rate on a loan or
investment.

Other definitions based on the unpaid balance of a loan or the unrecovered invest-
ment can help clarify why this rate of return is also called the internal rate of return
or IRR. In Chapter 3 we examined four plans to repay $5000 in 5 years with inter-
est at 8% (Table 3-1). In each case the amount loaned ($5000) and the loan duration
(5 years) were the same. Yet the total interest paid to the lender varied from $1200 to
$2347. In each case the lender received 8% interest each year on the amount of money
actually owed. And, at the end of 5 years, the principal and interest payments exactly
repaid the $5000 debt with interest at 8%. We say the lender received an “8% rate of
return.”

Internal rate of return can also be defined as the interest rate paid on the unpaid
balance of a loan such that the payment schedule makes the unpaid loan balance
equal to zero when the final payment is made.
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Instead of lendingmoney, wemight invest $5000 in amachine tool with a 5-year useful
life and an equivalent uniform annual benefit of $1252. The question becomes, What rate
of return would we receive on this investment?

$5000

10 2

$1252

3 4 5

We recognize the cash flow as reversed from Plan 3 of Table 3-1. We know that five
payments of $1252 are equivalent to a present sum of $5000when interest is 8%. Therefore,
the rate of return on this investment is 8%.

Internal rate of return can also be defined as the interest rate earned on the
unrecovered investment such that the payment schedule makes the unrecovered
investment equal to zero at the end of the investment’s life.

It must be understood that the 8% rate of return does not mean an annual return of
8% on the $5000 investment, or $400 in each of the 5 years with $5000 returned at the
end of Year 5. Instead, each $1252 payment represents an 8% return on the unrecovered
investment plus a partial return of the investment. This may be tabulated as follows:

Unrecovered 8% Return on Investment Unrecovered

Investment at Unrecovered Repayment at Investment at

Year Cash Flow Beginning of Year Investment End of Year End of Year

0 −$5000
1 1252 $5000 $ 400 $ 852 $4148
2 1252 4148 331 921 3227
3 1252 3227 258 994 2233
4 1252 2233 178 1074 1159
5 1252 1159 93 1159 0

$1260 $5000

This cash flow represents a $5000 investment with benefits that produce an 8% rate of
return on the unrecovered investment.

Although the definitions of internal rate of return are stated differently for a loan and for
an investment, there is only one fundamental concept. It is that the internal rate of return
is the interest rate at which the benefits are equivalent to the costs, or the present worth
(PW) is 0. Since we are describing the funds that remain within the investment throughout
its life, the resulting rate of return is described as the internal rate of return, i.

CALCULATING RATE OF RETURN

To calculate a rate of return on an investment, we must convert the various consequences of
the investment into a cash flow series. Then we solve the cash flow series for the unknown
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value of the internal rate of return (IRR). Five forms of the cash flow equation are as
follows:

PW of benefits − PW of costs = 0 (7-1)

PW of benefits

PW of costs
= 1 (7-2)

Present worth = Net present worth1 = 0 (7-3)

EUAW = EUAB − EUAC = 0 (7-4)

PW of costs = PW of benefits (7-5)

The five equations represent the same concept in different forms. They relate costs and
benefits with the IRR as the only unknown. The calculation of rate of return is illustrated
by the following examples.

EXAMPLE 7–1

An engineer invests $5000 at the end of every year for a 40-year career. If the engineer wants $1
million in savings at retirement, what interest rate must the investment earn?

SOLUTION

Using Equation 7-3, we write

Net PW = 0 = −$5000(F/A, i, 40) + $1,000,000

Rewriting, we see that

(F/A, i, 40) = $1,000,000/$5000= 200

We then look at the compound interest tables for the value of i where (F/A, i, 40) = 200. If
no tabulated value of i gives this value, then we will interpolate, using the two closest values or
solve exactly with a calculator or spreadsheet. In this case (F/A, 0.07, 40) = 199.636, which to
three significant digits equals 200. Thus the required rate of return for the investment is 7%. (The
exact value is 7.007%.)

While this example has been defined in terms of an engineer’s personal finances, we could
just as easily have said, “a mining firm makes annual deposits of $50,000 into a reclamation fund
for 40 years. If the firm must have $10 million when the mine is closed, what interest rate must
the investment earn?” Since the annual deposit and required final amount are 10 times larger in
each case, the F/A factor and the answer are obviously the same.

1Remember that present value (PV), present worth (PW), net present value (NPV), and net present
worth (NPW) are synonyms in practice and in this text.
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EXAMPLE 7–2

An investment resulted in the following cash flow. Compute the rate of return.

100
175

250
325

−700

10 2 3 4

SOLUTION

EUAW = EUAB − EUAC = 0 = 100+ 75(A/G, i, 4) − 700(A/P, i, 4)

Here, we have two different interest factors in the equation, and we will solve the equation by
trial and error. The EUAW value is a function of i. Try i = 5% first:

EUAW(5%) = 100+ 75(A/G, 5%, 4) − 700(A/P, 5%, 4)

= 100+ 75(1.439) − 700(0.2820)

= EUAB − EUAC = 208 − 197 = +11

The EUAW is too high. If the interest rate is increased, EUAW will decrease. Try i = 8%:

EUAW(8%) = 100+ 75(A/G, 8%, 4) − 700(A/P, 8%, 4)

= 100+ 75(1.404) − 700(0.3019)

= EUAB − EUAC = 205 − 211 = −6

This time the EUAW is too low. We see that the true rate of return is between 5% and 8%. Try
i = 7%:

EUAW(7%) = 100+ 75(A/G, 7%, 4) − 700(A/P, 7%, 4)

= 100+ 75(1.416) − 700(0.2952)

= EUAB − EUAC = 206 − 206 = 0

The IRR is 7%.

EXAMPLE 7–3

A local firm sponsors a student loan program for the children of employees. No interest is charged
until graduation, and then the interest rate is 5%.Maria borrows $9000 per year, and she graduates
after 4 years. Since tuitionmust be paid ahead of time, assume that she borrows the money at the
start of each year.

If Maria makes five equal annual payments, what is each payment? Use the cash flow from
when she started borrowing the money to when it is all paid back, and then calculate the internal
rate of return for Maria’s loan. Is this arrangement attractive to Maria?



Calculating Rate of Return 225

SOLUTION

Maria owes $36,000 at graduation. The first step is to calculate the five equal annual payments to
repay this loan at 5%.

Loan payment = $36,000(A/P, 5%, 5) = 36,000(0.2310) = $8316

Maria receives $9000 by borrowing at the start of each year. She graduates at the end of Year
4. At the end of Year 4, which is also the beginning of Year 5, interest starts to accrue. She makes
her first payment at the end of Year 5, which is one year after graduation.

9000

−8316

10 2 3 4 5 6 7 8 9

The next step is to write the present worth equation in factor form, so that we can apply
Equation 7-3 and set it equal to 0. This equation has three factors, so we will have to solve the
problembypicking interest rates and substituting values.Thepresentworth value is a function of i.

PW(i) = 9000[1 + (P/A, i, 3)] − 8316(P/A, i, 5)(P/F, i, 4)

The first two interest rates used are 0% (because it is easy) and 3% because the subsidized
rate will be below the 5% that is charged after graduation.

At 0% any P/A factor equals n, and any P/F factor equals 1.

PW(0%) = 9000(4) − 8316(5) = −5180

PW(3%) = 9000(1+ 2.829) − 8316(4.580)(0.8885) = 620.5

Since PW(i) has opposite signs for 0 and 3, there is a value of i between 0 and 3% which is the
IRR. Because the value for 3% is closer to 0, the IRR will be closer to 3%. Try 2% next.

PW(2%) = 9000(1 + 2.884) − 8316(4.713)(0.9238) = −1251

As shown in Figure 7-1, interpolating between 2 and 3% leads to

IRR = 2% + (3% − 2%)[1251/(1251+ 620.8)] = 2.67%.

This rate is quite low, and it makes the loan look like a good choice.

FIGURE 7–1 Plot of PW versus interest rate i . $1000
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We can prove that the rate of return in Example 7-3 is very close to 2.66% by tabu-
lating how much Maria owes each year, the interest that accrues, and her borrowings and
payments.

Amount Cash Amount

Owed at Interest Flow at Owed at

Startof at End of End of

Year Year 2.66% Year Year

1 $ 9,000 $ 239 $ 9000 $ 18,239
2 18,239 485 9000 27,725
3 27,725 737 9000 37,462
4 37,462 996 0 38,459
5 38,459 1023 −8315 31,166
6 31,166 829 −8315 23,680
7 23,680 630 −8315 15,995
8 15,995 425 −8315 8,106
9 8,106 216 −8315 6∗

∗This small amount owed indicates that the interest rate is slightly less than 2.66%.

If in Figure 7-1 net present worth (NPW) had been computed for a broader range of
values of i, Figure 7-2 would have been obtained. From this figure it is apparent that the
error resulting from linear interpolation increases as the interpolation width increases.

FIGURE 7–2 Replot of NPW versus
interest rate i over a larger range of
values.
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Plot of NPWVersus Interest Rate i

The plot of NPW versus interest rate i is an important source of information. For a cash
flow where borrowed money is repaid, the NPW plot would appear as in Figure 7-3. The
borrowedmoney is received early in the time periodwith a later repayment of an equal sum,
plus payment of interest on the borrowed money. In all cases in which interest is charged
and the amount borrowed is fully repaid, the NPW at 0% will be negative.

For a cash flow representing an investment followed by benefits from the investment,
the plot of NPW versus i (wewill call it anNPWplot for convenience) would have the form
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Year Cash Flow
0 +P
1 −A
2 −A
3 −A
4 −A
. .
. .
. .

N
PW

i

i

0

FIGURE 7–3 Typical NPW plot for borrowed money.
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FIGURE 7–4 NPW plot for a typical investment.

of Figure 7-4. As the interest rate increases, future benefits are discounted more heavily and
the NPW decreases.

Thus, interest is a charge for the use of someone else’s money or a receipt for letting
others use our money. The interest rate is almost always positive, but negative interest rates
do occur. A loanwith a forgiveness provision (not all principal is repaid) can have a negative
rate. Some investments perform poorly and have negative rates.

EXAMPLE 7–4

A new corporate bond was initially sold by a stockbroker to an investor for $1000. The issuing
corporation promised to pay the bondholder $40 interest on the $1000 face value of the bond
every 6 months, and to repay the $1000 at the end of 10 years. After one year the bond was sold
by the original buyer for $950.

(a) What rate of return did the original buyer receive on his investment?

(b) What rate of return can the new buyer (paying $950) expect to receive if he keeps the bond
for its remaining 9-year life?
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SOLUTION TOPART a

The original bondholder sold the bond for less ($950) than the purchase price ($1000). So the
semiannual rate of return is less than the 4% semiannual interest rate on the bond.

0 1

40
40

950

2

1000

Since $40 is received each 6 months, we will solve the problem using a 6-month interest
period. Let PW of cost = PW of benefits, and write

1000 = 40(P/A, i, 2) + 950(P/F, i, 2)

Try i = 11/2%:

1000 =? 40(1.956) + 950(0.9707) = 78.24 + 922.17 =? 1000.41

The interest rate per 6 months, IRR6 mon, is very close to 11/2%. This means the nomi-
nal (annual) interest rate is 2× 1.5%= 3%. The effective (annual) interest rate or IRR is
(1+ 0.015)2 − 1= 3.02%.

Using a TVM calculator, we can find the exact interest rate for 6 months:

i = i(n, A, P, F) = i(2, 40, −1000, 950) = 1.5188%

The effective interest rate is found as

IRR = 1.0151882 − 1 = 3.06%

SOLUTION TOPART b

The new buyer will redeem the bond for more ($1000) than the purchase price ($950). So the
semiannual rate of return is more than the 4% semiannual interest rate on the bond.

A � 40
40

n � 18

950

0 1 2 3 4 5 6 7 8 9 10 11 12 14 15 16 17 1813

1000
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Given the same $40 semiannual interest payments, for 6-month interest periods we write

950 = 40(P/A, i, 18) + 1000(P/F, i, 18)

Try i = 5%:

950 =? 40(11.690) + 1000(0.4155) = 467.60 + 415.50 =? 883.10

The PW of benefits is too low. Try a lower interest rate, say, i = 4%:

950 =? 40(12.659) + 1000(0.4936) = 506.36 + 493.60

=? 999.96

The value of the 6-month rate i, is between 4 and 5%. By interpolation,

i = 4%+ (1%)

(
999.96 − 950.00

999.96 − 883.10

)
= 4.43%

The nominal interest rate is 2 × 4.43% = 8.86%. The effective interest rate or IRR is
(1+ 0.0443)2 − 1 = 9.05%.

Using a TVM calculator, the 6-month rate is

i = i(n, A, P, F) = i(18, 40, −950, 1000) = 4.4082%

IRR = (1.044082)2 − 1 = 9.011%

INTERESTRATESWHEN THERE ARE FEES OR DISCOUNTS

Often when firms and individuals borrow money, there are fees charged in addition to the
interest. This can be as simple as the underwriting fee that a firm is charged when it sells a
bond. In Example 7-5 we add that underwriting fee to the bond in Example 7-4, and look
at the bond from the firm’s perspective rather than the investor’s.

Example 7-6 shows how a cash discount is “unstated interest.” When one is buying a
new car, this may be stated as a choice between a “cash” rebate and a low-interest loan.
Fees and cash discounts raise the interest rate on a loan, and the true cost of the loan is its
internal rate of return.

EXAMPLE 7–5

The corporate bond in Example 7-4 was part of a much larger offering that the firm arranged with
the underwriter. Each of the bonds had a face value of $1000 and a life of 10 years. Since $40
or 4% of the face value was paid in interest every 6 months, the bond had a nominal interest rate
of 8% per year. If the firm paid the underwriter a 1% fee to sell the bond, what is the effective
annual interest rate that the firm is paying on the bond?
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SOLUTION

From the firm’s perspective, it receives $1000 minus the fee at time 0, then it pays interest every
6 months for 10 years, and then it pays $1000 to redeem the bond. The 1% fee reduces what the
firm receives when the bond is sold to $990. The interest payments are $40 every 6 months. This
is easiest to model using twenty 6-month periods.

PW(i) = 990 − 40(P/A, i, 20) − 1000(P/F, i, 20)

Since the nominal interest rate is 4% every 6 months, we know that the fee will raise this
some. So let us use the next higher table of 4.5%.

PW(4.5%) = 990− 40(P/A, 4.5%, 20) − 1000(P/F, 4.5%, 20)

= 990− 40(13.008) − 1000(0.4146) = $55.08

We know that the PW of the interest and final bond payoff is $1000 at 4%.

PW(4%) = 990 − 1000 = −10

Now we interpolate to find the interest rate for each 6-month period.

i = 4%+ (4.5% − 4%) × 10/(10+ 55.08) = 4.077%

The effective annual rate is

ia = 1.040772 − 1 = 0.0832 = 8.32%

Using a TVM calculator, we find the 6-month interest rate as

i = i(n, A, P, F) = i(20, −40, 990, −1000) = 4.07407%

ia = −1.04074072 − 1 = 8.314%

EXAMPLE 7–6

Amanufacturing firm may decide to buy an adjacent property so that it can expand its warehouse.
If financed through the seller, the property’s price is $300,000, with 20% down and the balance
due in five annual payments at 12%. The seller will accept 10% less if cash is paid. The firm
does not have $270,000 in cash, but it can borrow this amount from a bank. What is the rate of
return or IRR for the loan offered by the seller?

SOLUTION

One choice is to pay $270,000 in cash. The other choice is to pay $60,000 down and five annual
payments computed at 12% on a principal of $240,000. The annual payments equal

240,000(A/P, 12%, 5) = 240,000(0.2774) = $66,576
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The two ways of borrowing the money and the incremental difference between them can be
summarized in a cash flow table. The incremental difference is the result of subtracting the second
set of cash flows from the first.

Borrow from Incremental
Year Pay Cash PropertyOwner Difference

0 −$270,000 −$60,000 −$210,000
1 −66,576 66,576
2 −66,576 66,576
3 −66,576 66,576
4 −66,576 66,576
5 −66,576 66,576

This choice between (1) −$270,000 now and (2) −$60,000 now and −$66,576 annually for
5 years can be stated by setting them equal in PW terms, as follows:

−270,000 = −60,000− 66,576(P/A, IRR, 5)

The true amount borrowed is $210,000, which is the difference between the $60,000 down pay-
ment and the $270,000 cash price. This is the incremental amount paid or invested by the firm
instead of borrowing from the seller. Collecting the terms, the PW equation is the same as the PW
equation for the incremental difference.

0 = −210,000+ 66,576(P/A, IRR, 5)

In either case, the final equation for finding the IRR is

PW = 0 = −210,000+ 66,576(P/A, IRR, 5)

(P/A, IRR, 5) = 3.154

Looking in the tables we see that the IRR is between 15% and 18%. Interpolating gives us
the following:

IRR = 15% + (18% − 15%)[(3.352 − 3.154)/(3.352 − 3.127)] = 17.6%

on a borrowed amount of $210,000. This is a relatively high rate of interest, so that borrowing
from a bank and paying cash to the property owner is better. Using a spreadsheet or a TVM
calculator gives an exact answer of 17.62% = i(n, A, P, F) = i(5, 66576, −210000, 0)

LOANS AND INVESTMENTS ARE EVERYWHERE

Examples 7-4, 7-5, and 7-6 were about borrowing money through bonds and loans, but
many applications for the rate of return are stated in other ways. Example 7-7 is a common
problem on university campuses—buying parking permits for an academic year or for a
quarter or a semester at a time.
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Buying a year’s parking permit is investing more money now to avoid paying for
another shorter permit later. Choosing to buy a shorter permit is a loan, where the money
saved by not buying the annual permit is borrowed to be repaid with the cost of the second
semester permit.

EXAMPLE 7–7

An engineering student is deciding whether to buy two 1-semester parking permits or an
annual permit. The annual parking permit costs $180 due August 15th; the semester permits
are $130 dueAugust 15th and January 15th.What is the rate of return for buying the annual permit?

SOLUTION

Before we solve this mathematically, let us describe it in words. We are equating the $50 cost
difference now between the two permits with the $130 cost to buy another semester permit in 5
months. Since the $130 is 2.6 times the $50, it is clear that we will get a high interest rate.

This is most easily solved by usingmonthly periods, and the payment for the second semester
is 5 months later. The cash flow table adds a column for the incremental difference to the
information in the cash flow diagram.

180
130 130

Aug 15th Aug 15thJan 15th
=

Jan 15th

Annual Two Semester Incremental

Time Pass Passes Difference

Aug. 15th −$180 −$ 130 −$ 50
Jan. 15th −130 130

Setting the two PWs equal to each other we have

−$180 = −$130[1 + (P/F, imon, 5)]

(P/F, imon, 5) = −$50/ − $130 = 5/13 = 0.3846

Rather than interpolating, we can use the formula for the P/F factor.

1/(1 + imon)
5 = 0.3846

(1 + imon)
5 = 2.600

1 + imon = 1.2106

imon = 21.06%,which is an extremely high rate per month

On an annual basis, the effective interest rate is (1.210612 − 1) = 891%. Unless the student is
planning on graduating in January, it is clearly better to buy the permit a year at a time.
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Examples 7-8 and 7-9 reference two common situations faced by firms and by
individuals—buying insurance with a choice of payment plans and deciding whether to
buy or lease a vehicle or equipment. Like the parking permit case, these situations can
be described as investing more now to save money later, or borrowing money now to be
paid later.

EXAMPLE 7–8

An engineering firm can pay for its liability insurance for errors and omissions on an annual or
quarterly basis. If paid quarterly, the insurance costs $10,000. If paid annually, the insurance
costs $35,000. What is the rate of return for paying on annual basis?

SOLUTION

This is most easily solved by using quarterly periods. As shown in the cash flow diagram and
table, insurance must be paid at the start of each quarter. The cash flow table adds a column for
the incremental difference to the information in the cash flow diagram.

35,000

0 1 2 3 4 �

10,000

0 1 2 3 4

Annual Quarterly Incremental

Quarter Payment Payments Difference

0 −$35,000 −$10,000 −$25,000
1 −10,000 10,000
2 −10,000 10,000
3 −10,000 10,000

Setting the two PWs equal to each other we have

−$35, 000 = −$10, 000(1+ (P/A, iqtr, 3))

(P/A, iqtr, 3) = −$25, 000/ − $10, 000 = 2.5

(P/A, 9%, 3) = 2.531

(P/A, 10%, 3) = 2.487

iqtr = 0.09 + (0.10 − 0.09)(2.531 − 2.5)/(2.531 − 2.487)

= 0.09 + 0.01(0.7045) = 9.705%

On an annual basis the effective interest rate is (1.097054 − 1) = 44.8%.
Unless the firm is planning on going out of business, it is clearly better to buy the insurance a

year at a time. Note that a TVM calculator or spreadsheet gives the exact quarterly interest rate:
iqtr = i(n, A, P, F) = i(3, 10000, −25000, 0) = 9.7010%.
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EXAMPLE 7–9

Mountain Environmental Consulting may buy some field equipment for $40,000 or lease it for
$2500 per month. In either case, the equipment will be replaced in 2 years. The salvage value of
the equipment after 2 years would be $6000. What is the IRR or cost of the lease?

SOLUTION

The first step is to summarize the cash flows in a table. We must use monthly periods and
remember that lease fees are paid at the start of the period.

Incremental

Month Buy Lease Difference

0 −$40,000 −$2500 −$37,500
1–23 −2500 2,500
24 6,000 0 6,000

The easiest way to analyze this example is to simply set the present worths of buying and
leasing equal.

−$40,000 + $6000(P/F, imon, 24) = −$2500− $2500(P/A, imon, 23)

0 = $37,500− $2500(P/A, imon, 23) − $6000(P/F, imon, 24)

In other words, if Mountain Environmental leases the equipment, it avoids the expenditure
of $37,500 at time 0. It incurs a cost of $2500 at the ends of Months 1 through 23, and it gives up
the salvage value of $6000 at the end of Month 24. This cash flow pattern (positive at time 0 and
negative in later years) occurs because leasing is a way to borrow money.

The column of incremental difference describes the decision to buy rather than lease, which
invests more $37,500 now to avoid the later lease payments.

For TVM calculators and spreadsheets, this equation is easier to solve if n = 24 for both
factors. There is a total cash flow of −$6000 at the end of Month 24. This cash flow can be split
into−$2500 and −$3500. Then both the uniform and single payment periods continue to the end
of Month 24.

0 = $37,500− $2500(P/A, imon, 24) − $3500(P/F, imon, 24)

PW (0%) = $37,500− $2500(24) − $3500(1) = −$26,000

PW (5%) = $37,500− $2500(13.799) − $3500(0.3101) = $1917

The answer is clearly between 0% and 5%, and closer to 5%. Try 4% next.

PW (4%) = $37,500− $2500(15.247) − $3500(0.3901) = −$1983

imon = 4%+ (5% − 4%)(1983)/(1983+ 1917) = 4.51%

The effective annual rate is

ia = 1.045112 − 1 = 0.6975 = 69.8%
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Using a TVM calculator, we obtain

imon = i(n, A, P, F) = i(24, −2500, 37500, −3500)

= 4.4886%

ia = 1.04488612 − 1 = 69.37%

In this case leasing is an extremely expensive way to obtain the equipment.

INCREMENTALANALYSIS

When there are two alternatives, rate of return analysis is performed by computing the incre-
mental rate of return—�IRR—on the difference between the alternatives. In Examples 7-6
through 7-9 this was done by setting the present worths of the two alternatives equal.

Now we will calculate the increment more formally. Since we want to look at incre-
ments of investment, the cash flow for the difference between the alternatives is computed
by taking the higher initial-cost alternativeminus the lower initial-cost alternative. If�IRR
is the same or greater than the MARR, choose the higher-cost alternative. If �IRR is less
than the MARR, choose the lower-cost alternative.

Two-Alternative Situation Decision

�IRR ≥ MARR Choose the higher-cost alternative
�IRR < MARR Choose the lower-cost alternative

Rate of return and incremental rate of return analysis are illustrated by Examples 7-
10 through 7-13. Example 7-10 illustrates a very important point that was not part of our
earlier examples of parking permits, insurance, and equipment to be bought or leased. In
those cases, the decision that we needed the insurance, permit, or equipment had already
been made. We only needed to decide the best way to obtain it. In Example 7-10, there is a
do-nothing alternative that must be considered.

EXAMPLE 7–10

If an electromagnet is installed on the input conveyor of a coal-processing plant, it will pick
up scrap metal in the coal. Removing this scrap will save an estimated $1200 per year in costs
associated with machinery damage. The electromagnetic equipment has an estimated useful life
of 5 years and no salvage value. Two suppliers have been contacted: Leaseco will provide the
equipment in return for three beginning-of-year annual payments of $1000 each; Saleco will
provide the equipment for $2783. If the MARR is 10%, should the project be done, and if so,
which supplier should be selected?

SOLUTION

Before we analyze which supplier should be selected, we must decide whether the do-nothing
alternative would be a better choice. Since the first cost of Leaseco is lower than the first cost
with Saleco, let us compare Leaseco with doing nothing. This is the same as finding the present
worth or IRR of the Leaseco investment.
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The cash flow at Time 0 for Leaseco is –$1000. At the end of Years 1 and 2, the firm spends
$1000 on the lease and saves $1200 in machinery damage for a net of $200. Then for 3 years the
firm saves $1200 annually. Since the firm is investing $1000 to save $4000 spread over 5 years,
the arrangement is clearly worthwhile. In fact, at the 10% MARR, the PW is $1813. (Problem
7-23 asks you to find the 49% rate of return.)

To compare Saleco and Leaseco, we first recognize that both will provide equipment with the
same useful life and benefits. Thus, the comparison is a fixed-output situation. In rate of return
analysis, the method of solution is to examine the differences between the alternatives. We find
the incremental cash flows each year to evaluate the additional investment required by Saleco.

DifferenceBetween Alternatives:

Year Leaseco Saleco Saleco – Leaseco

0 −$1000 −$2783 −$1783

1

{−1000

1200
1200 +1000

2

{−1000

1200
1200 +1000

3 1200 1200 0
4 1200 1200 0
5 1200 1200 0

Compute the NPW at various interest rates on the increment of investment represented by the
difference between the alternatives.

Year
Cash Flow PW*

n Saleco− Leaseco At 0% At 8% At 20% At∞%

0 −$1783 −$1783 −$1783 −$1783 −$1783
1 1000 1000 926 833 0
2 1000 1000 857 694 0
3 0 0 0 0 0
4 0 0 0 0 0
5 0 0 0 0 0

NPW = +217 0 −256 −1783

∗Each year the cash flow is multiplied by (P/F, i, n).

At 0%: (P/F, 0%, n) = 1 for all values of n
At ∞%: (P/F,∞%, 0) = 1

(P/F, ∞%, n) = 0 for all other values of n

From the plot of these data in Figure 7-5, we see that NPW = 0 at i = 8%.
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FIGURE 7–5 NPW plot for
Example 7-10.
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Thus, the incremental rate of return—�IRR—of selecting Saleco rather than Leaseco is 8%. This
is less than the 10% MARR. Thus, select Leaseco.

EXAMPLE 7–11

You must select one of two mutually exclusive alternatives. (Note: Engineering economists
often use the term “mutually exclusive alternatives” to emphasize that selecting one alternative
precludes selecting any other.) The alternatives are as follows:

Year Alt. 1 Alt. 2

0 −$1000 −$2000
1 +1500 +2800

Any money not invested here may be invested elsewhere at the MARR of 6%. If you can choose
only one alternative one time, using the internal rate of return (IRR) analysis method, which one
would you select?

SOLUTION

Using the IRR analysis method, we will select the lesser-cost alternative (Alt. 1), unless we find
that the additional cost of Alt. 2 produces enough additional benefits to make it preferable instead.
If we consider Alt. 2 in relation to Alt. 1, then[

Higher-cost
Alt. 2

]
=

[
Lower-cost
Alt. 1

]
+

[
Differences between
Alt. 1 and Alt. 2

]

or

Differences between Alt. 1 and Alt. 2 =
[
Higher-cost
Alt. 2

]
−

[
Lower-cost
Alt. 1

]

The choice between the two alternatives reduces to examining the differences between them. We
can compute the rate of return on the differences between the alternatives.

Year Alt. 1 Alt. 2 Alt. 2 −Alt. 1

0 −$1000 −$2000 −$2000 − (−$1000) = −$1000
1 1500 2800 2800− 1500 = 1300
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0 = PWAlt.2−Alt.1 = −1000 + 1300(P/F, i, 1)

(P/F, i, 1) = 1000

1300
= 0.7692

One can see that if $1000 increases to $1300 in one year, the interest rate must be 30%. The com-
pound interest tables confirm this conclusion. The 30% rate of return on the difference between
the alternatives is far higher than the 6% MARR. The additional $1000 investment to obtain
Alt. 2 is superior to investing the $1000 elsewhere at 6%. To obtain this desirable increment of
investment, with its 30% rate of return, Alt. 2 is selected.

To understand more about Example 7-11, compute the rate of return for each
alternative.

Alternative 1

0 = PW = − $1000+ $1500(P/F, i, 1)

(P/F, i, 1) = 1000

1500
= 0.6667 =⇒ i = 50%

Alternative 2

0 = PW = −$2000 + $2800(P/F, i, 1)

(P/F, i, 1) = 2000

2800
= 0.7143 =⇒ i = 40%

The higher rate of return of Alt. 1 is attractive, but Alt. 1 is not the correct solution.
Solve the problem again, this time using present worth analysis.

PresentWorth Analysis

Alternative 1

NPW = −1000 + 1500(P/F, 6%, 1) = −1000+ 1500(0.9434) = +$415

Alternative 2

NPW = −2000 + 2800(P/F, 6%, 1) = −2000+ 2800(0.9434) = +$642

Alternative 1 has a 50% rate of return and an NPW (at the 6% MARR) of +$415.
Alternative 2 has a 40% rate of return on a larger investment, with the result that its NPW
(at the 6%MARR) is +$642. Our economic criterion is to maximize the return, rather than
the rate of return. To maximize NPW, select Alt. 2. This agrees with the incremental rate
of return analysis.
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EXAMPLE 7–12

If the computations for Example 7-11 do not convince you, and you still thinkAlternative 1 would
be preferable, try this problem.

You have an extra $20 in your wallet and two alternative ways of lending Bill some money.

(a) Lend Bill $10 with his promise of a 50% return. That is, he will pay you back $15 at the
agreed time.

(b) Lend Bill $20 with his promise of a 40% return. He will pay you back $28 at the same
agreed time.

You can select whether to lend Bill $10 or $20. This is a one-time situation, and any money not
lent to Bill will remain in your wallet. Which alternative do you choose?

SOLUTION

So you see that a 50% return on the smaller sum is less rewarding to you than 40% on the larger
sum? Since you would prefer to have $28 than $25 ($15 from Bill plus $10 remaining in your
wallet) after the loan is paid, lend Bill $20.

EXAMPLE 7–13

Solve Example 7-11 again, but this time compute the interest rate on the increment
(Alt. 1 − Alt. 2) instead of (Alt. 2 − Alt. 1). How do you interpret the results?

SOLUTION

This time the problem is being viewed as follows:

Alt. 1 = Alt. 2 + [Alt. 1 − Alt. 2]

Year Alt. 1 Alt. 2 [Alt.1− Alt. 2]

0 −$1000 −$2000 −$1000− (−$2000) = $1000

1 1500 2800 1500− 2800 = −1300

We can write one equation in one unknown:

NPW = 0 = +1000 − 1300(P/F, i, 1)

(P/F, i, 1) = 1000

1300
= 0.7692 =⇒ i = 30%

Once again the interest rate is found to be 30%. The critical question is, What does the 30%
represent? Looking at the increment again:

Year Alt. 1 – Alt. 2

0 $1000

1 −1300
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The cash flow does not represent an investment; instead, it represents a loan. It is as if we bor-
rowed $1000 in Year 0 ($1000 represents a receipt of money) and repaid it in Year 1 (−$1300
represents a disbursement). The 30% interest rate means this is the amount we would pay for the
loan.

Is this a desirable borrowing scenario? Since the MARR on investments is 6%, it is reason-
able to assume our maximum interest rate on borrowing would also be 6%. Here the interest
rate is 30%, which means the borrowing is undesirable. Since Alt. 1=Alt. 2 plus the undesir-
able (Alt. 1 − Alt. 2) increment, we should reject Alternative 1. This means we should select
Alternative 2—the same conclusion reached in Example 7-11.

Example 7-13 illustrated that one can analyze either increments of investment or
increments of borrowing. When looking at increments of investment, we accept the
increment when the incremental rate of return equals or exceeds the minimum attractive
rate of return (�IRR≥MARR). When looking at increments of borrowing, we accept the
increment when the incremental interest rate is less than or equal to theminimum attractive
rate of return (�IRR≤MARR). One way to avoid much of the possible confusion is to
organize the solution to any problem so that one is examining increments of investment.
This is illustrated in the next example.

EXAMPLE 7–14

A firm is considering which of two devices to install to reduce costs. Both devices have useful
lives of 5 years and no salvage value. Device A costs $1000 and can be expected to result in $300
savings annually. Device B costs $1350 and will provide cost savings of $300 the first year but
will increase $50 annually, making the second-year savings $350, the third-year savings $700,
and so forth. For a 7% MARR, which device should the firm purchase?

SOLUTION

This problem has been solved by present worth analysis (Example 5-1) and annual cost anal-
ysis (Example 6-5). This time we will use rate of return analysis, which must be done on the
incremental investment.

DifferenceBetweenAlternatives:
Year DeviceA DeviceB DeviceB−DeviceA

0 −$1000 −$1350 −$350

1 300 300 0

2 300 350 50

3 300 400 100

4 300 450 150

5 300 500 200
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For the difference between the alternatives, write a single equation with i as the only unknown.

PW(i ) = 0 = −350 + 50(P/G , i ,5)

(P/G , i , 5) = 7; so i is between 9%, (P/G , 9%, 5) = 7.111

and 10%, (P/G , 10%, 5) = 6.862

i = 9% + (10% − 9%)(7.111 − 7)/(7.111 − 6.862) = 9.45%

The 9.45% IRR is greater than the 7%MARR; therefore, the increment is desirable. Reject Device
A and choose Device B.

Analysis Period

In discussing present worth analysis and annual cash flow analysis, an important consider-
ation is the analysis period. This is also true in rate of return analysis. The solutionmethod
for two alternatives is to examine the differences between the alternatives. Clearly, the
examination must cover the selected analysis period. For now, we can only suggest that the
assumptions made should reflect one’s perception of the future as accurately as possible.

In Example 7-15 the analysis period is a common multiple of the alternative service
lives and identical replacement is assumed. This problem illustrates an analysis of the
differences between the alternatives over the analysis period.

EXAMPLE 7–15

Two machines are being considered for purchase. If the MARR is 10%, which machine should
be bought? Use an IRR analysis comparison.

Machine X Machine Y

Initial cost $200 $700
Uniform annual benefit 95 120
End-of-useful-life salvage value 50 150
Useful life, in years 6 12

SOLUTION

The solution is based on a 12-year analysis period and a replacement machine X that is identical
to the present machine X . The cash flow for the differences between the alternatives, is as follows:
Difference between Alternatives (or Alts)

DifferenceBetween
Alternatives (Alts):

Year Machine X Machine Y Machine Y − Machine X

0 −$200 −$700 −$500
1 95 120 25
2 95 120 25
3 95 120 25
4 95 120 25
5 95 120 25
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DifferenceBetween

Alternatives (Alts):

Year Machine X Machine Y Machine Y −Machine X

6

⎧⎨
⎩

95
50

−200

120 25

150

7 95 120 25
8 95 120 25
9 95 120 25

10 95 120 25
11 95 120 25

12
{ 95

50

120 25

150 100

PW of cost (differences) = PW of benefits (differences)

500 = 25(P/A, i, 12) + 150(P/F, i, 6) + 100(P/F, i, 12)

The sum of the benefits over the 12 years is $550, which is only a little greater than the $500
additional cost. This indicates that the rate of return is quite low. Try i = 1%.

500 =? 25(11.255) + 150(0.942) + 100(0.887)

=? 281+ 141+ 89 = 511

The interest rate is too low. Try i = 11/2%:

500 =? 25(10.908) + 150(0.914) + 100(0.836)

=? 273+ 137+ 84 = 494

The internal rate of return on the Y − X increment, IRRY−X , is about 1.3%, far below the
10% minimum attractive rate of return. The additional investment to obtain Machine Y yields
an unsatisfactory rate of return, therefore X is the preferred alternative.

SPREADSHEETSAND RATE OF RETURNANALYSIS

The spreadsheet functions covered in earlier chapters are particularly useful in calculating
internal rates of returns (IRRs). If a cash flow diagram can be reduced to at most one P,
one A, and/or one F , then the RATE investment function can be used. Otherwise the IRR
block function is used with a cash flow in each period.

The Excel investment function is RATE(n, A, P, F , type, guess). The A, P, and F
cannot all be the same sign. The F , type, and guess are optional arguments. The “type” is
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end- or beginning-of-period cash flow (for A, but not F , which is always end-of-period),
and the “guess” is the starting value in the search for the IRR.

Considering Example 7-1, where P =−8200, A= 2000, and n= 5, the RATE func-
tion would be:

RATE(5,2000,−8200)

which returns an answer of 7.00%, matching Example 7-1.
For Example 7-2, where P = −700, A = 100, G = 75, and n = 4, the RATE

function cannot be used, since it has no provisions for the arithmetic gradient, G. Suppose
the years (row 1) and the cash flows (row 2) are specified in columns B through E. The
internal rate of return calculated using IRR(B2:F2) is 6.91%.

A B C D E F

1 Year 0 1 2 3 4

2 Cash flow 100 175 250 325�700

Figure 7-6 illustrates the use of spreadsheet to graph the present worth of a cash flow
series versus the interest rate. The interest rate with present worth equal to 0 is the IRR.
The y axis on this graph has been modified so that the x axis intersects at a present worth of
−50 rather than at 0. To do this click on the y axis, then right-click to bring up the “format
axis” option. Select this and then select the tab for the scale of the axis. This has a selection

A B C D E F
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 Year Cash flow  i PW  

 0 �700    0%  150.0 �$B$2�NPV(D2,$B$3:$B$6)

 1    100    2%  102.1
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FIGURE 7–6 Graphing present worth versus i .
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for the intersection of the x axis. This process ensures that the x-axis labels are outside
the graph.

SUMMARY

Rate of return is the interest rate i at which the benefits are equivalent to the costs or the
net present worth equals zero.

There are a variety of ways of writing the cash flow equation in which the rate of return
i may be the single unknown. Five of them are as follows:

PW of benefits − PW of costs = 0

PW of benefits

PW of costs
= 1

NPW = 0

EUAB − EUAC = 0

PW of costs = PW of benefits

Rate of return analysis: Rate of return is themost frequently used measure in industry,
as the resulting rate of return is readily understood. Also, the difficulties in select-
ing a suitable interest rate to use in present worth and annual cash flow analysis are
avoided.

Criteria

Two Alternatives
Compute the incremental rate of return—�IRR—on the increment of investment between
the alternatives. Then,

• if �IRR ≥ MARR, choose the higher-cost alternative, or,
• if �IRR < MARR, choose the lower-cost alternative

When an increment of borrowing is examined, where �IRR is the incremental interest
rate,

• if �IRR ≤ MARR, the increment is acceptable, or
• if �IRR > MARR, the increment is not acceptable

Three orMore Alternatives
See Chapter 8.

Looking Ahead

Rate of return is further described in Appendix 7A. This material concentrates on the dif-
ficulties that occur with some cash flows series with multiple sign changes that may yield
more than one root for the rate of return equation.
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P R O B L E M S

Rate of Return

7-1 Compute the rate of return for the following cash
flow to within 1/2%.

Year Cash Flow

0 −$100
1–10 +27

(Answer: 23.9%)

7-2 The Diagonal Stamp Company, which sells used
postage stamps to collectors, advertises that its
average price has increased from $1 to $5 in the last
5 years. Thus, management states, investors who had
purchased stamps from Diagonal 5 years ago would
have received a 100% rate of return each year.

(a) To check their calculations, compute the annual
rate of return.

(b) Why is your computed rate of return less than
100%?

7-3 A table saw costs $175 at a local store. Youmay either
pay cash for it or pay $35 now and $12.64 a month
for 12months beginning 30 dayshence. If you choose
the time payment plan, what nominal annual interest
rate will you be charged? (Answer: 15%)

7-4 An investment of $5000 in Biotech common stock
proved to be very profitable. At the end of 3 years
the stock was sold for $25,000. What was the rate of
return on the investment?

7-5 Helen is buying a $12,375 car with a $3000 down
payment, followed by 36 monthly payments of $325
each.The down payment is paid immediately, and the
monthly payments are due at the end of each month.
What nominal annual interest rate is Helen pay-
ing? What effective interest rate? (Answers: 15%;
16.08%)

7-6 Peter Minuit bought an island from the Manhattoes
Indians in 1626 for $24 worth of glass beads and
trinkets. The 1991 estimate of the value of landon this
island was $12 billion. What rate of return would the
Indians have received if they had retained title to the
island rather than selling it for $24?

7-7 An engineer invests $5800 at the end of every year
for a 35-year career. If the engineer wants $1 million
in savings at retirement, what interest rate must the
investment earn?

7-8 A mining firm makes annual deposits of $250,000
into a reclamation fund for 20 years. If the firm
must have $10 million when the mine is closed, what
interest rate must the investment earn?

7-9 You spend $1000 and in return receive two payments
of $1094.60—one at the end of 3 years and the other
at the end of 6 years. Calculate the resulting rate of
return.

7-10 Your cat just won the local feline lottery to the tune
of 3000 cans of “9-Lives” cat food (assorted flavors).
A local grocer offers to take the 3000 cans and in
return, supply 30 cans a month for the next 10 years.
What rate of return, in terms of nominal annual rate,
will you realize on this deal? (Compute to nearest
0.01%.)

7-11 A woman went to the Beneficial Loan Company and
borrowed $3000. She must pay $119.67 at the end of
each month for the next 30 months.

(a) Calculate the nominal annual interest rate she is
paying to within ±0.15%.

(b) What effective annual interest rate is she paying?

7-12 Your cousin Jeremyhas askedyou to bankroll his pro-
posed business painting houses in the summer. He
plans to operate the business for 5 years to pay his
way through college. He needs $5000 to purchase an
old pickup, some ladders, a paint sprayer, and some
other equipment. He is promising to pay you $1500
at the end of each summer (for 5 years) in return
for this investment. Calculate your annual rate of
return.
Contributed by PaulR.McCright,University of South
Florida

7-13 An investor has invested $250,000 in a new rental
property. Her estimated annual costs are $6000 and
annual revenues are $20,000. What rate of return per
year will the investor make over a 30-year period
ignoring the salvagevalue? If the property canbe sold
for $200,000 what is the rate of return?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

7-14 Installing an automated production system costing
$278,000 is initially expected to save Zia Corpo-
ration $52,000 in expenses annually. If the system
needs $5000 in operating and maintenance costs
each year and has a salvage value of $25,000 at Year
10, what is the IRR of this system? If the company
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wants to earn at least 12% on all investments, should
this system be purchased?
Contributed by Paul R. McCright, University of
South Florida

7-15 For the following diagram, compute the IRR to
within 1/2%.

0 1 2 3 4

125

5 6

10
20

30
40

50
60

7-16 For the following diagram, compute the rate of return.

0 1 2 3 4

42.55

5

25
20

15
10

5

7-17 Consider the following cash flow:

Year Cash Flow

0 −$500
1 200
2 150
3 100
4 50

Compute the rate of return represented by the cash
flow.

7-18 Switching to powder coating technology will reduce
the emission of volatile organic carbons (VOCs) for a
firm’s productionprocess.The initial cost is $200,000
with annual costs of $50,000 and revenues of $90,000
in the first year. Revenues are projected

to increase by $2000 annually after Year 1. The sal-
vage value 10 years from now is projected to be
$30,000. What rate of return will the firm make on
this investment?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

7-19 Consider the following cash flow:

Year Cash Flow

0 −$1000
1 0
2 300
3 300
4 300
5 300

Compute the rate of return on the $1000 investment
to within 0.1%. (Answer: 5.4%)

7-20 A bank proudly announces that it has changed its
interest computation method to continuous com-
pounding.Now $2000 left in the bank for 9 years will
double to $4000.

(a) What nominal interest rate, compounded
continuously, is the bank paying?

(b) What effective interest rate is it paying?

7-21 Compute the rate of return for the following cashflow
to within 0.5%.

Year Cash Flow

0 −$640
1 0
2 100
3 200
4 300
5 300

(Answer: 9.3%)

7-22 Compute the rate of return for the following cash
flow.

Year Cash Flow

1–5 −$233
6–10 1000

7-23 For Example 7-10, find the rate of return on the
Leaseco proposal compared with doing nothing.
(Answer: 49%)
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7-24 For the following diagram, compute the interest rate
at which the costs are equivalent to the benefits.

0 1 2 3 4

80 8080 80 80 80

5 6

200 200 200200

(Answer: 50%)

7-25 For the following diagram, compute the rate of return
on the $3810 investment.

0 1 2 3 4

500

250

500

250

500

250

5 6

500

n � �7

3810

· · ·

7-26 For the following diagram, compute the rate of return.

100

412

5000

A � 1000

n � �· · ·

7-27 Consider the following cash flow:

Year Cash Flow

0 −$400
1 0
2 200
3 150
4 100
5 50

Write one equation, with i as the only unknown, for
the cash flow. In the equation you are not to use more
than two single payment compound interest factors.
(You may use as many other factors as you wish.)
Then solve your equation for i .

7-28 You have just been elected into the “Society of
Honorable Engineers.” First-year dues are waived in
honor of your election. Thus, your first-payment of
$200 is due at the end of the year, and annual dues
are expected to increase 3% annually. After 40 years
you become a life member and no further dues are
owed. Instead of paying annual dues, however, you
can pay a one-time $2000 life membership fee.

(a) Show the equation for determining the rate of
return for buying a life membership.
Contributed by D. P. Loucks, Cornell University

(b) What is the rate of return?

Net PresentWorth vs. i and Bonds

7-29 For Problem 7-1, graph the PW versus the interest
rate for values from 0% to 50%. Is this the typical
PW graph for an investment?

7-30 For Problem 7-21, graph the PW versus the interest
rate for values from 0% to 50%. Is this the typical PW
graph for an investment?

7-31 A man buys a corporate bond from a bond brokerage
house for $925. The bond has a face value of $1000
and pays 4% of its face value each year. If the bond
will be paid off at the end of 10 years, what rate of
return will the man receive?
(Answer: 4.97%)

7-32 Awell-known industrial firm has issued $1000bonds
that carry 4% nominal annual interest paid semiannu-
ally. The bonds mature 20 years from now, at which
time the industrial firm will redeem them for $1000
plus the terminal semiannual interest payment. From
the financial pages of your newspaper you learn that
the bonds may be purchased for $715 each ($710 for
the bond plus a $5 sales commission). What nominal
annual rate of return would you receive if you pur-
chased the bond now and held it to maturity 20 years
from now?
(Answer: 6.6%)

7-33 On April 2, 1998, an engineer bought a $1000 bond
of an American airline for $875. The bond paid 6%
on its principal amount of $1000, half in each of its
April 1 andOctober 1 semiannual payments; it repaid
the $1000 principal sum on October 1, 2011. What
nominal rate of return did the engineer receive from
the bond if he held it to its maturity (on October 1,
2011)?
(Answer: 7.5%)
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7-34 Mildred can purchase a municipal bond with a par
(face) value of $5000 that will mature in 31/2 years.
The bond pays 8% interest compounded quarterly. If
she can buy this bond for $4800, what rate of return
will she earn?
Contributed by Paul R. McCright, University of
South Florida

Problems 7-35 to 7-39 contributed by Meenakshi
Sundaram, Tennessee Tech University

7-35 Mike buys a corporate bond with a face value of
$1000 for $900. The bond matures in 10 years and
pays a coupon interest rate of 6%. Interest is paid
every quarter.

(a) Determine the effective rate of return if Mike
holds the bond to maturity.

(b) What effective interest rate will Mike get if he
keeps the bond for only 5 years and sells it for
$950?

7-36 A 12%, $50,000 bond is offered for sale at $45,000.
If the bond interest is payable monthly and the bond
matures in 20 years, what nominal and effective rates
of return per year will the purchaser make on the
investment?

7-37 An investor purchased a 5%, $5000 bond for $4000.
The interest was payable quarterly, and the bond’s
maturity was 20 years. The bond was kept for only 9
years and sold for $4200 immediately after the 36th

interest payment was received. What nominal and
effective rates of return per year were made on this
investment?

7-38 At what coupon interest rate will a $20,000 bond
yield a nominal 12% interest compounded quarterly
if the purchaser pays $18,000 and the bond becomes
due in 20 years? Assume the bond interest is payable
quarterly.

7-39 A 9%, $10,000bond that has interest payablesemian-
nually sells for $8500. Determine what the maturity
date should be so that the purchasermay enjoy a 12%
nominal rate of return on this investment.

7-40 ABC Corporation’s recently issued bonds paying
interest semiannually and maturing in 10 years. The
face value of each bond is $1000, and 6.8% is the
nominal interest rate.

(a) What is the effective interest rate an investor
receives?

(b) If a 0.75% fee is deducted by the brokerage
firm from the initial $1000, what is the effective
annual interest rate paid by ABC Corporation?

7-41 ABCCorporation is issuing some zero couponbonds,
which pay no interest. At maturity in 20 years they
pay a face value of $10,000. The bonds are expected
to sell for $3118 when issued.

(a) What is the effective interest rate an investor
receives?

(b) A 1% fee (basedon the face value) is deductedby
the brokerage firm from the initial sales revenue.
What is the effective annual interest rate paid by
ABC Corporation?

Discounts and Fees

7-42 The cash price of a machine tool is $3500. The dealer
is willing to accept a $1200 down payment and 24
end-of-month monthly payments of $110 each. At
what effective interest rate are these terms equiva-
lent? (Answer: 14.4%)

7-43 A local bank makes auto loans. It charges 4% per
year in the following manner: if $3600 is borrowed
to be repaid over a 3-year period, the bank interest
charge is ($3600)(0.04)(3 years) = $432. The bank
deducts the $432 of interest from the $3600 loan and
gives the customer $3168 in cash. The customermust
repay the loan by paying 1/36 of $3600, or $100, at
the end of each month for 36 months. What nominal
annual interest rate is the bank actually charging for
this loan?

7-44 Jan purchased 100 shares of Peach Computer stock
for $18 per share, plus a $45 brokerage commission.
Every 6 months she received a dividend from Peach
of 50 cents per share. At the end of 2 years, just after
receiving the fourth dividend, she sold the stock for
$23 per share and paid a $58 brokerage commission
from the proceeds.What annual rate of return did she
receive on her investment?

7-45 A used car dealer advertises financing at 0% interest
over 3 years with monthly payments. You must pay
a processing fee of $250 at signing. The car you like
costs $6000.

(a) What is your effective annual interest rate?

(b) You believe that the dealer would accept $5200
if you paid cash. What effective annual interest
rate would you be paying, if you financed with
the dealer?

7-46 A new car dealer advertises financing at 0% inter-
est over 4 years with monthly payments or a $3000
rebate if you pay cash.

(a) The car you like costs $12,000. What effective
annual interest rate would you be paying if you
financed with the dealer?
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(b) The car you like costs $18,000. What effective
annual interest rate would you be paying if you
financed with the dealer?

(c) The car you like costs $24,000. What effective
annual interest rate would you be paying if you
financed with the dealer?

7-47 A used car dealer advertises financing at 4% interest
over 3 years with monthly payments. You must pay
a processing fee of $250 at signing. The car you like
costs $6000.

(a) What is your effective annual interest rate?

(b) You believe that the dealer would accept $5200
if you paid cash. What effective annual interest
rate would be paying if you financed with the
dealer?

(c) Compare these answers with those for Problem
7-45. What can you say about what matters the
most for determining the effective interest rate?

7-48 Some laboratory equipment sells for $75,000. The
manufacturer offers financing at 8% with annual

payments for 4 years for up to $50,000 of the cost.
The salesman is willing to cut the price by 10% if
you pay cash.What is the interest rate you would pay
by financing?

7-49 A home mortgage with monthly payments for 30
years is available at 6% interest. The home you are
buying costs $120,000, and you have saved $12,000
to meet the requirement for a 10% down payment.
The lender charges “points” of 2% of the loan value
as a loan origination and processing fee. This fee is
added to the initial balance of the loan.

(a) What is your monthly payment?

(b) If you keep the mortgage until it is paid off in 30
years, what is your effective annual interest rate?

(c) If you move to a larger house in 10 years and pay
off the loan, what is your effective annual interest
rate?

(d) If you are transferred in 3 years and pay off
the loan, what is your effective annual interest
rate?

TABLE P7–50

 Non-Negotiable INE
  1/96
For the
Amount of    $3000 or $2000 or $1000         Dollars
Pay to the Order of   I Feel Rich
Limited Time Offer

For the Amount of $3000 Dollars   APR 18.95%
Pay to the   Finance Charge $1034.29
Order of _____________________________________________
Total of Payments $4,280.40  Monthly Payment $118.90
Number of Monthly Payments Credit Line Premium
 36 Months  $83.46*
Amount Financed $3,246.25 Credit Disability Premium $162.65*

I Feel Rich

For the Amount of $2000 Dollars   APR 19.95%
Pay to the   Finance Charge $594.25
Order of _____________________________________________
Total of Payments $2,731.50  Monthly Payment $91.05
Number of Monthly Payments Credit Line Premium
 30 Months  $44.38*
Amount Financed $2,137.25 Credit Disability Premium $92.87*

I Feel Rich

*Credit insurance. If selected, premium will be paid from amount financed. If not selected,
 cash advance is total amount financed.

For the Amount of $1000 Dollars   APR 20.95%
Pay to the   Finance Charge $245.54
Order of _____________________________________________
Total of Payments $1,300.80  Monthly Payment $54.20
Number of Monthly Payments Credit Line Premium
 24 Months  $16.91*
Amount Financed $1055.26 Credit Disability Premium $39.02*

I Feel Rich

To borrow $3000,
$2000, or $1000

$3000 loan terms

$2000 loan terms

$1000 loan terms
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7-50 A finance company is using the “Money by Mail”
offer shown in Table P7–50. Calculate the yearly
nominal IRR received by the company if a customer
chooses the loan of $2000 and accepts the credit
insurance (life and disability).

7-51 A finance company is using the “Money by Mail”
offer shown in Problem 7-50. Calculate the yearly
nominal IRR received by the company if a cus-
tomer chooses the $3000 loan but declines the credit
insurance.

Investments and Loans

7-52 An investor bought a one-acre lot on the outskirts of a
city for $9000 cash. Each year she paid $80 of prop-
erty taxes. At the end of 4 years, she sold the lot for
a net value of $15,000. What rate of return did she
receive on her investment? (Answer: 12.92%)

7-53 Amine is for sale for $240,000. It is believed themine
will produce a profit of $65,000 the first year, but the
profit will decline $5000 a year after that, eventually
reaching zero, whereupon the mine will be worthless.
What rate of return would this $240,000 investment
produce for the purchaser of the mine?

7-54 An apartment building in your neighborhood is for
sale for $140,000. The building has four units, which
are rented at $500 per month each. The tenants
have long-term leases that expire in 5 years. Main-
tenance and other expenses for care and upkeep are
$8000 annually.A new university is being built in the
vicinity and it is expected that the building could be
sold for $160,000 after 5 years.

(a) What is the internal rate of return for this invest-
ment?

(b) Should this investment be accepted if the other
options have a rate of return of 12%?

7-55 A newmachine can be purchased today for $300,000.
The annual revenue from the machine is calculated
to be $67,000, and the equipment will last 10 years.
Expect the maintenance and operating costs to be
$3000 a year and to increase $600 per year. The sal-
vage value of the machine will be $20,000. What is
the rate of return for this machine?

7-56 An insurance company is offering to sell an annuity
for $20,000 cash. In return the firm will guarantee to
pay the purchaser 20 annual end-of-year payments,
with the first payment amounting to $1100. Subse-
quent payments will increase at a uniform 10% rate
each year (second payment is $1210; third payment

is $1331, etc.). What rate of return would someone
who buys the annuity receive?

7-57 Fifteen families live in Willow Canyon. Although
several water wells have been drilled, none has
produced water. The residents take turns driving a
water truck to a fire hydrant in a nearby town. They
fill the truck with water and then haul it to a stor-
age tank in Willow Canyon. Last year truck fuel and
maintenance cost $3180. This year the residents are
seriously considering spending $100,000 to install a
pipeline from the nearby town to their storage tank.
What rate of return would the Willow Canyon resi-
dents receive on their new water supply pipeline if
the pipeline is considered to last

(a) Forever?

(b) 100 years?

(c) 50 years?

(d) Would you recommend that the pipeline be
installed? Explain.

7-58 An investor bought 100 shares of Omega common
stock for $9000.He held the stock for 9 years. For the
first 4 years he received annual end-of-year dividends
of $800. For the next 4 years he received annual divi-
dends of $400. He received no dividend for the ninth
year. At the end of the ninth year he sold his stock
for $6000. What rate of return did he receive on his
investment?

7-59 One aspect of obtaining a college education is the
prospect of improved future earnings in comparison
to non-college graduates. Sharon Shay estimates that
a college education has a $28,000 equivalent cost at
graduation. She believes the benefits of her education
will occur throughout 40 years of employment. She
thinks that during the first 10 years out of college,
her income will be higher than that of a non-college
graduate by $3000 per year. During the subsequent
10 years, she projects an annual income that is $6000
per year higher. During the last 20 years of employ-
ment, she estimates an annual salary that is $12,000
above the level of the non-college graduate. If her
estimates are correct, what rate of return will she
receive as a result of her investment in a college
education?

7-60 Upon graduation, every engineer must decide
whether to go on to graduate school. Estimate the
costs of going full time to the university to obtain a
master of science degree. Then estimate the resulting
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costs and benefits. Combine the various conse-
quences into a cash flow table and compute the rate
of return. Nonfinancial benefits are probably relevant
here too.

7-61 A popular magazine offers a lifetime subscription for
$200. Such a subscription may be given as a gift to
an infant at birth (the parents can read it in those
early years), or taken out by an individual for him-
self. Normally, the magazine costs $12.90 per year.
Knowledgeable people say it probably will continue
indefinitely at this $12.90 rate. What rate of return
would be obtained if a life subscription were pur-
chased for an infant, rather than paying $12.90 per
year beginning immediately? You may make any
reasonable assumptions, but the compound interest
factors must be correctly used.

7-62 The following advertisement appeared in the Wall
Street Journal on Thursday, February 9, 1995:

There’s nothing quite like the Seville
SmartLease. Seville SLS $0 down, $599 a
month/36 months.

Terms are first month’s lease payment of $599 plus
$625 refundable security deposit and a consumer
down payment of $0 for a total of $1224 due at
lease signing. Monthly payment is based on a net
capitalized cost of $39,264 for total monthly pay-
ments of $21,564. Payment examples based on a
1995 Seville SLS: $43,658 MSRP including desti-
nation charge. Tax, license, title fees, and insurance
extra. Option to purchase at lease end for $27,854.
Mileage charge of $0.15 per mile over 36,000 miles.

(a) Set up the cash flows.

(b) Determine the interest rate (nominal and effec-
tive) for the lease.

7-63 An engineering student is deciding whether to buy
two 1-semester parking permits or an annual permit.
The annual parking permit costs $100 due August
15th, and the semester permits are $65 due August
15th and January 15th. What is the rate of return for
buying the annual permit?

7-64 An engineering student is deciding whether to buy
two 1-semester parking permits or an annual per-
mit. Using the dates and costs for your university,
find the rate of return for the incremental cost of the
annual permit.

7-65 An engineeringfirm can pay for its liability insurance
on an annual or quarterly basis. If paid quarterly,
the insurance costs $18,000. If paid annually, the

insurance costs $65,000. What are the quarterly rate
of return and the nominal and effective interest rates
for paying on an annual basis?

7-66 An engineering firm can pay for its liability insurance
on an annual or quarterly basis. If paid quarterly, the
insurance costs $18,000. If paid annually, the insur-
ance costs $65,000.Use a spreadsheet to calculate the
exact quarterly interest rate for paying on an annual
basis.

7-67 An engineering student must decide whether to pay
for auto insurance on a monthly or an annual basis. If
paid annually, the cost is $1650. If paid monthly, the
cost is $150 at the start of each month. What is the
rate of return for buying the insurance on an annual
basis?

7-68 For your auto or home insurance, find out the cost
of paying annually or on a shorter term. What is the
rate of return for buying the insurance on an annual
basis?

IncrementalAnalysis

7-69 Two alternatives are as follows:
Year A B

0 −$2000 −$2800
1 800 1100
2 800 1100
3 800 1100

If 5% is considered the minimum attractive rate of
return, which alternative should be selected?

7-70 Consider two mutually exclusive alternatives:

Year X Y

0 −$100 −$50.0
1 35 16.5
2 35 16.5
3 35 16.5
4 35 16.5

If theminimum attractive rate of return is 10%,which
alternative should be selected?

7-71 Two mutually exclusive alternatives are being
considered. Both have a 10-year useful life. If the
MARR is 8%, which alternative is preferred?

A B

Initial cost $100.00 $50.00
Uniform annual benefit 19.93 11.93
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7-72 Consider two mutually exclusive alternatives:

Year X Y

0 −$5000 −$5000
1 −3000 2000
2 4000 2000
3 4000 2000
4 4000 2000

If the MARR is 8%, which alternative should be
selected?

7-73 Two mutually exclusive alternatives are being con-
sidered. Both have lives of 5 years. Alternative A has
a first cost of $2500 and annual benefits of $746.
Alternative B costs $6000 and has annual benefits of
$1664

If the minimum attractive rate of return is 8%,
which alternative should be selected? Solve the prob-
lem by

(a) Present worth analysis

(b) Annual cash flow analysis

(c) Rate of return analysis

7-74 A contractor is considering whether to buy or lease
a new machine for her layout site work. Buying
a new machine will cost $12,000 with a salvage
value of $1200 after the machine’s useful life of
8 years. On the other hand, leasing requires an
annual lease payment of $3000. Assuming that the
MARR is 15% and on the basis of an internal rate
of return analysis, which alternative should the con-
tractor be advised to accept? The cash flows are as
follows:

Year (n) Alt. A (buy) Alt. B (lease)

0 −$12,000 −$3000
1 −3000
2 −3000
3 −3000
4 −3000
5 −3000
6 −3000
7 −3000
8 +1200 0

7-75 Two hazardous environment facilities are being
evaluated, with the projected life of each facil-
ity being 10 years. The cash flows are as
follows:

Alt. A Alt. B

First cost $615,000 $300,000
Maintenance and 10,000 25,000
operating cost

Annual benefits 158,000 92,000
Salvage value 65,000 −5,000

The company uses a MARR of 15%. Using rate of
return analysis,which alternative should be selected?

7-76 The owner of a corner lot wants to find a use that will
yield a desirable return on his investment.After much
study and calculation, the owner decides that the two
best alternatives are:

Build Soft

Build Ice Cream

Gas Station Stand

First cost $80,000 $120,000
Annual property taxes 3,000 5,000
Annual income 11,000 16,000
Life of building, in years 20 20
Salvage value 0 0

If the ownerwants aminimum attractive rate of return
on his investmentof 6%, which of the two alternatives
would you recommend?

7-77 A grocery distribution center is considering whether
to invest in RFID or bar code technology to track
its inventory within the warehouse and truck load-
ing operations. The useful life of the RFID and bar
code devices is projected to be 5 years with minimal
or zero salvage value. The bar code investment cost is
$100,000 and can be expected to save at least $50,000
in product theft and lost items annually. The RFID
system is estimated to cost $200,000 and will save
$30,000 the first year, with an increase of $15,000
annually after the first year. For a 5% MARR, should
themanager invest in the RFID systemor the bar code
system? Analyze incrementally using rate of return.
Contributed by Oliver Hedgepeth, University of
Alaska Anchorage

7-78 A state’s department of transportation (DOT) is con-
sidering whether to buy or lease an RFID tracking
system for asphalt, concrete, and gravel trucks to be
used in road paving. Purchasing the RFID system
will cost $5000 per truck, with a salvage value of
$1500 after the RFID system’s useful life of 5-years.
However, the DOT considering this purchase is also
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looking at leasing this same RFID system for an
annual payment of $3500, which includes a full
replacement warranty. Assuming that the MARR is
11%and on the basis of an internal rate of return anal-
ysis, which alternative would you advise the DOT to
consider? Analyze incrementally using rate of return.
The number of trucks used in a season varies from
5000 to 7500. Does this matter?
Contributed by Oliver Hedgepeth, University of
Alaska Anchorage

7-79 After 15 years of working for one employer, you
transfer to a new job. During each of these years
your employer contributed (that is, she diverted from
your salary) $1500 to an account for your retirement
(a fringe benefit), and you contributed a matching
amount each year. The whole fund was invested at
5% during that time, and the value of the accountnow
stands at $30,000.
You are now faced with two alternatives. (1) You

may leave both contributions in the fund until retire-
ment in 35 years, during which youwill get the future
value of this amount at 5% interest per year. (2) You
may take out the total value of “your” contributions,
which is $15,000 (one-half of the total $30,000). You
can do as you wish with the money you take out, but
the other half will be lost as far as you are concerned.
In other words, you can give up $15,000 today for the
sakeof getting the other $15,000now.Otherwise, you
must wait 35 years to get the accumulated value of
the entire fund. Which alternative is more attractive?
Explain your choice.

7-80 In his will, Frank’s uncle has given Frank the choice
between two alternatives:

Alternative 1 $2000 cash
Alternative 2 $150 cash now plus $100 per

month for 20 months beginning
the first day of next month

(a) At what rate of return are the two alternatives
equivalent?

(b) If Frank thinks the rate of return in (a) is too low,
which alternative should he select?

7-81 A bulldozer can be purchased for $380,000 and used
for 6 years, when its salvage value is 15% of the first
cost.Alternatively, it can be leasedfor $60,000 a year.
(Remember that lease payments occur at the start of
the year.) The firm’s interest rate is 12%.

(a) What is the interest rate for buying versus
leasing? Which is the better choice?

(b) If the firm will receive $65,000 more each year
than it spends on operating and maintenance
costs, should the firm obtain the bulldozer?What
is the rate of return for the bulldozer using the
best financing plan?

7-82 A diesel generator for electrical power can be pur-
chased by a remote community for $480,000 and
used for 10 years, when its salvage value is $50,000.
Alternatively, it can be leased for $70,000 a year.
(Remember that lease payments occur at the start of
the year.) The community’s interest rate is 8%.

(a) What is the interest rate for buying versus
leasing? Which is the better choice?

(b) The community will spend $80,000 less each
year for fuel and maintenance, than it currently
spends onbuying power. Should it obtain the gen-
erator?What is the rate of return for the generator
using the best financing plan?

Analysis Period

7-83 Two alternatives are being considered:

A B

First cost $9200 $5000
Uniform annual benefit 1850 1750
Useful life, in years 8 4

If the minimum attractive rate of return is 7%, which
alternative should be selected?

7-84 Jean has decided it is time to buy a new battery for
her car. Her choices are:

Zappo Kicko

First cost $56 $90
Guarantee period, in months 12 24

Jeanbelieves the batteries can be expected to last only
for the guarantee period. She does not want to invest
extra money in a battery unless she can expect a 50%
rate of return. If she plans to keep her present car
another 2 years, which battery should she buy?

7-85 Two alternatives are being considered:

A B

Initial cost $9200 $5000
Uniform annual benefit 1850 1750
Useful life, in years 8 4

Base your computations on a MARR of 7% and an
8-year analysis period. If identical replacement is
assumed, which alternative should be selected?
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7-86 Two investment opportunities are as follows:

A B

First cost $150 $100
Uniform annual benefit 25 22.25
End-of-useful-life salvage value 20 0
Useful life, in years 15 10

At the end of 10 years, Alt. B is not replaced. Thus,
the comparison is 15 years of A versus 10 years of
B . If the MARR is 10%, which alternative should be
selected?

Spreadsheets

7-87 The SouthernGuruCopperCompany operates a large
mine in a South American country. A legislator in
the National Assembly said in a speech that most of
the capital for the mining operation was provided by
loans from the World Bank; in fact, Southern Guru
has only $500,000of its ownmoney actually invested
in the property. The cash flow for the mine is:

Year Cash Flow

0 $−0.5M
1 3.5M
2 0.9M
3 3.9M
4 8.6M
5 4.3M
6 3.1M
7 6.1M

The legislator divided the $30.4million total profit by
the $0.5 million investment. This produced, he said,
a 6080% rate of return on the investment. Southern
Guru, claiming the actual rate of return is much lower,
asks you to compute it.

7-88 A young engineer’s starting salary is $52,000. The
engineer expects annual raises of 3%. The engineer
will deposit 10% of the annual salary at the end of
each year in a savings account that earns 4%. How
much will the engineer have saved for starting a
business after 15 years? We suggest that the spread-
sheet include at least columns for the year, the year’s
salary, the year’s deposit, and the year’s cumulative
savings.
(Answer: $126,348)

7-89 A young engineer’s starting salary is $55,000. The
engineer expects annual raises of 2%. The engineer
will deposit 10% of the annual salary at the end of
each year in a savings account that earns 5%. How
much will the engineer have saved for retirement
after 40 years?

7-90 A young engineer’s starting salary is $55,000. The
engineer expects annual raises of 2%. The engineer
will deposit a constantpercentage of the annual salary
at the end of each year in a savings account that earns
5%.What percentagemust be saved so that there will
be $1 million in savings for retirement after 40 years?

(Hint: Use GOAL SEEK: see last section of
Chapter 8.)

7-91 Find the average starting engineer’s salary for your
discipline. Find and reference a source for the average
annual raise you can expect. If you deposit 10% of
your annual salary at the end of each year in a sav-
ings account that earns 4%, how much will you have
saved for retirement after 40 years?

Minicases

7-92 Some lenders charge an up-front fee on a loan, which
is subtracted from what the borrower receives. This
is typically described as “points” (where one point
equals 1% of the loan amount). The federal govern-
ment requires that this be accounted for in the APR
that discloses the loan’s cost.

(a) A 5-year auto loan for $18,000 has monthly pay-
ments at a 9% nominal annual rate. If the bor-
rower must pay a loan origination fee of 2 points,
what is the true effective cost of the loan? What
would the APR be?

(b) If the car is sold after 2 years and the loan is
paid off, what is the effective interest rate and the
APR?

(c) Graph the effective interest rate as the time to sell
the car and pay off the loan varies from 1 to 5
years.

7-93 Some lenders charge an up-front fee on a loan, which
is added to what the borrower owes. This is typically
described as “points” (where one point equals 1% of
the loan amount). The federal government requires
that this be accounted for in the APR that discloses
the loan’s cost.

(a) A 30-year mortgage for $220,000 has monthly
payments at a 6% nominal annual rate. If a bor-
rower’s loan origination fee is 3% (3 points)
and it is added to the initial balance, what is the
true effective cost of the loan? What would the
APR be?

(b) If the house is sold after 6 years and the loan is
paid off, what is the effective interest rate and the
APR?

(c) Graph the effective interest rate as the time to sell
the house and pay off the loan varies from 1 to
15 years.
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C A S E S
The following cases from Cases in Engineering
Economy 2nd are suggested as matched with this
chapter.

CASE 12 Buying a Dream
Compare three alternative mortgages for a
first-time home buyer.

CASE 13 Guaranteed Return
Risk versus expected return and choice of
interest rate.

CASE 15 Pave the Stockpile Area?
Sensitivity analysis for IRR.

CASE 17 A Free Lunch?
Is proposal too good to be true from two per-
spectives? Realistic (unordered) statement
of facts.

APPENDIX 7A

Difficulties in Solving for an Interest Rate

After completing this chapter appendix, students should be able to:

• Describe why some projects’ cash flows cannot be solved for a singlepositive interest
rate.

• Identify when multiple roots can occur.
• Evaluate how many potential roots exist for a particular project.
• Use themodified internal rate of return (MIRR)methodology in multiple-root cases.

Example 7A-1 illustrates the situation.

EXAMPLE 7A–1

The Going Aircraft Company has an opportunity to supply a large airplane to Interair, a foreign
airline. Interair will pay $19 million when the contract is signed and $10 million one year later.
Going estimates its second- and third-year costs at $50 million each. Interair will take delivery
of the airplane during Year 4 and agrees to pay $20 million at the end of that year and the $60
million balance at the end of Year 5. Compute the rate of return on this project.

SOLUTION

The PW of each cash flow can be computed at various interest rates. For example, for Year 2 and
i = 10%: PW = −50(P/F, 10%, 2) = −50(0.826) = −41.3.

Year Cash Flow 0% 10% 20% 40% 50%

0 $19 $19 $19 $19 $19 $19
1 10 10 9.1 8.3 7.1 6.7
2 −50 −50 −41.3 −34.7 −25.5 −22.2
3 −50 −50 −37.6 −28.9 −18.2 −14.8
4 20 20 13.7 +9.6 5.2 3.9
5 60 60 37.3 +24.1 11.2 7.9

PW = $9 $0.1 −$2.6 −$1.2 −$0.5
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FIGURE 7A–1 PW
plot.
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The PW plot for this cash flow is represented in Figure 7A-1. We see that this cash flow produces
two points at which PW = 0: one at 10.24% and the other at 47.30%.

WhyMultiple Solutions Can Occur

Example 7A-1 produced unexpected results. This happens because there were two changes
in the signs of the cash flows. Years 0 and 1 were positive, Years 2 and 3 were negative, and
Years 4 and 5 were positive. The cash flow series went from positive cash flows to negative
cash flows to positive cash flows.

Most cash flow series have only one change in sign. Investments start with one or more
years of negative cash flows followed by many years of positive cash flows. Loans begin
with a positive cash flow that is repaid with later negative cash flows. These problems have
a unique rate of return because they have a single change in the sign of the cash flows.

Having more than one sign change in the cash flow series can (but might not) produce
multiple points or roots at which the PW equals 0. To see how many roots are possible, we
link solving an economic analysis problem to solving a mathematical equation.

A project’s cash flows are the values from CF0 to CFn .

Year Cash Flow

0 CF0
1 CF1
2 CF2
...

...

n CFn

The equation to find the internal rate of return, where PW = 0, is written as follows:

PW = 0 = CF0 + CF1(1 + i)−1 + CF2(1 + i)−2 + · · · + CFn(1 + i)−n (7A-1)

If we let x = (1 + i)−1, then Equation 7A-1 may be written

0 = CF0 + CF1x1 + CF2x2 + · · · + CFn xn (7A-2)
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Equation 7A-2 is an nth-order polynomial, and Descartes’ rule describes the number
of positive roots for x . The rule is:

If a polynomial with real coefficients has m sign changes, then the number of
positive roots will be m − 2k, where k is an integer between 0 and m/2.

A sign change exists when successive nonzero terms, written according to ascending
powers of x , have different signs. If x is greater than zero, then the number of sign changes
in the cash flows equals the number in the equation. Descartes’ rule means that the number
of positive roots (values of x) of the polynomial cannot exceed m, the number of sign
changes. The number of positive roots for x must either be equal to m or less by an even
integer.

Thus, Descartes’ rule for polynomials gives the following:

Number of Sign Number of Positive Number of Positive

Changes,m Values of x Values of i

0 0 0
1 1 1 or 0
2 2 or 0 2, 1, or 0
3 3 or 1 3, 2, 1, or 0
4 4, 2, or 0 4, 3, 2, 1, or 0

If x is greater than 1, the corresponding value of i is negative. If there is only one root
and it is negative, then it is a valid IRR. One example of a valid negative IRR comes from
a bad outcome, such as the IRR for a failed research and development project. Another
example would be a privately sponsored student loan set up so that if a student volunteers
for the Peace Corps, only half of the principal need be repaid.

If a project has a negative and a positive root for i, then for most projects only the
positive root of i is used.

Projects withMultiple Sign Changes

Example 7A-1 is representative of projects for which there are initial payments (e.g., when
the order for the ship, airplane, or building is signed), then the bulk of the costs occur, and
then there are more payments on completion.

Projects of other types often have two ormore sign changes in their cash flows. Projects
with a salvage cost typically have two sign changes. This salvage cost can be large for
environmental restoration at termination. Examples include pipelines, open-pit mines, and
nuclear power plants. The following cash flow diagram is representative.

10 2

$50K

$70K

$180K

3 4 5 6 7
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Examples like the cash flow diagram with a first cost, uniform return, and final reme-
diation expense have been thoroughly analyzed (Eschenbach, Baker, and Whittaker). Only
problems with a very large final cost have double positive roots. More importantly, because
the uncertain remediation expenses are much larger than the initial costs, the sensitivity of
the results means that the PW values seem also to be unreliable guides for decision making
when there are two positive roots for the PW = 0 equation.

Many enhancement projects for existing mines and deposits have a pattern of two sign
changes. Example 7A-2 describes an oil well in an existing field. The initial investment
recovers more of the resource and speeds recovery of resources that would have been
recovered eventually. The resources shifted for earlier recovery can lead to two sign
changes.

In Example 7A-3, we consider staged construction, where three sign changes are
common.

Other examples can be found in incremental comparisons of alternatives with unequal
lives. In the next section we learn how to determine whether each of these examples has
multiple roots.

EXAMPLE 7A–2

Adding an oil well to an existing field costs $4 million (4M). It will increase recovered oil by
$3.5M, and it shifts $4.5M worth of production from Years 5, 6, and 7 to earlier years. Thus,
the cash flows for Years 1 through 4 total $8M and Years 5 through 7 total −$4.5M. If the well
is justified, one reason is that the oil is recovered sooner. How many roots for the PW equation
are possible?

SOLUTION

The first step is to draw the cash flow diagram and count the number of sign changes. The
following pattern is representative, although most wells have a longer life.

0 1 2 3 4

�$4M

5 6 7

$3.5M

$2.5M

$1.5M

�$1.5M

�$2.5M

$0.5M

�$0.5M
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There are two sign changes, thus there may be 0, 1, or 2 positive roots for the PW = 0 equation.
The additional recovery corresponds to an investment, and the shifting of recovery to earlier years
corresponds to a loan (positive cash flow now and negative later). Thus, the oil wells are neither
an investment nor a loan; they are a combination of both.

EXAMPLE 7A–3

A project has a first cost of $120,000. Net revenues begin at $30,000 in Year 1 and then increase
by $2000 per year. In Year 5 the facility is expanded at a cost of $60,000 so that demand can
continue to expand at $2000 per year. How many roots for the PW equation are possible?

SOLUTION

The first step is to draw the cash flow diagram. Then counting the three sign changes is easy.

0 1 2 3 4 5

�$120K

$30K $32K $34K $36K $40K $42K $44K $46K

�$22K � $60K � $38K

$48K

6 7 8 9 10

With three sign changes, there may be 0, 1, 2, or 3 positive roots for the PW = 0 equation.

EvaluatingHowMany Roots There Are

The number of sign changes tells us how many roots are possible—not how many roots
there are. Rather than covering the many mathematical approaches that may tell us if the
root will be unique, it is more useful to employ the power of the spreadsheet. A spreadsheet
can show us if a root is unique and the value of each root that exists.

The approach is simple. For any set of cash flows, graph the PW as a function of the
interest rate. We are interested in positive interest rates, so the graph usually starts at i = 0.
SinceDescartes’ rule is based on x > 0, and x = (1+ i)−1, sometimes the graph is started
close to i = −1. This will identify any negative values of i that solve the equation.

If the root is unique, we’re done. We’ve found the internal rate of return. If there are
multiple roots, then we know the project’s PW at all interest rates—including the one our
organization uses. We can also use the approach of the next section to find a modified
internal rate of return.

The easiest way to build the spreadsheet is to use the NPV(i,values) function in
Excel. Remember that this function applies to cash flows in periods 1 to n, so that the cash
flow at time 0 must be added in separately. The following examples use a spreadsheet to
answer the question of how many roots each cash flow diagram in the last section has.
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EXAMPLE 7A–4

This project is representative of ones with a salvage cost. How many roots for the PW equation
exist?

10 2

$50K

$70K

$180K

3 4 5 6 7

SOLUTION Figure 7A-2 shows the spreadsheet calculations and the graph of PW versus i.
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FIGURE 7A–2 PW versus i for project with salvage cost.

In this case, there is one positive root of 10.45%. The value can be used as an IRR. There is
also a negative root of i = −38.29%. This root is not useful. With two sign changes, other similar
diagrams may have 0, 1, or 2 positive roots for the PW = 0 equation. The larger the value of the
final salvage cost, the more likely it is that 0 or 2 positive roots will occur.
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EXAMPLE 7A–5 (7A-2 revisited)

Adding an oil well to an existing field had the following cash flow diagram. How many roots for
the PW equation exist and what are they?

0 1 2 3 4

�$4M

5 6 7

$3.5M

$2.5M

$1.5M

�$1.5M

�$2.5M

$0.5M

�$0.5M

SOLUTION Figure 7A-3 shows the spreadsheet calculations and the graph of PW versus i.
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FIGURE 7A–3 PW versus i for oil well.

In this case, there are positive roots at 4.73 and 37.20%. These roots are not useful. This
project is a combination of an investment and a loan, so we don’t even know whether we want
a high rate or a low rate. If our interest rate is about 20%, then the project has a positive PW.
However, small changes in the data can make for large changes in these results.

It is useful to apply the modified internal rate of return described in the next section.
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EXAMPLE 7A–6 (7A-3 revisited)

A project has a first cost of $120,000. Net revenues begin at $30,000 in Year 1, and then increase
by $2000 per year. In Year 5 the facility is expanded at a cost of $60,000 so that demand can con-
tinue to expand at $2000 per year. Howmany roots for the PW equation have a positivevalue for i?

0 1 2 3 4 5

�$120K

$30K $32K $34K $36K $40K $42K $44K $46K

�$22K � $60K � $38K

$48K

6 7 8 9 10

SOLUTION Figure 7A-4 shows the spreadsheet calculations and the graph of PW versus i.
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FIGURE 7A–4 PW versus i for project with staged construction.

In this case, there is one positive root of 21.69%. The value can be used as an IRR, and the project
is attractive.
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When there are two or more sign changes in the cash flow, we know that there are
several possibilities concerning the number of positive values of i. Probably the greatest
danger in this situation is to fail to recognize the multiple possibilities and to solve for a
value of i. The approach of constructing the PW plot establishes both whether there are
multiple roots and what their values are. This may be tedious to do by hand but is very easy
with a spreadsheet (or a graphing calculator).

If there is a single positive value of i, we have no problem. On the other hand, if
there is no positive value of i, or if there are multiple positive values, the situation may
be attractive, unattractive, or confusing. When there are multiple positive values of i, none
of them should be considered a suitable measure of the rate of return or attractiveness of the
cash flow.

Modified Internal Rate of Return (MIRR)

Two external rates of return can be used to ensure that the resulting equation is solvable
for a unique rate of return—the MIRR. The MIRR is a measure of the attractiveness of the
cash flows, but it is also a function of the two external rates of return.

The rates that are external to the project’s cash flows are (1) the rate at which the orga-
nization normally invests and (2) the rate at which it normally borrows. These are external
rates for investing, einv, and for financing, efin. Because profitable firms invest at higher
rates than they borrow at, the rate for investing is generally higher than the rate for financ-
ing. Sometimes a single external rate is used for both, but this requires the questionable
assumption that investing and financing happen at the same rate.

The approach is:

1. Combine cash flows in each period (t ) into a single net receipt, Rt , or net expense,
Et .

2. Find the present worth of the expenses with the financing rate.
3. Find the future worth of the receipts with the investing rate.
4. Find the MIRR which makes the present and future worths equivalent.

The result is Equation 7A-3. This equation will have a unique root, since it has a single
negative present worth and a single positive future worth. There is only one sign change in
the resulting series.

(F/P,MIRR, n)
∑
t

Et (P/F, efin, t) =
∑
t

Rt (F/P, einv, n − t) (7A-3)

There are other external rates of return, but the MIRR has historically been the most
clearly defined. All of the external rates of return are affected by the assumed values for the
investing and financing rates, so none are a true rate of return on the project’s cash flow. The
MIRR also has an Excel function, so it now can easily be used. Example 7A-7 illustrates
the calculation, which is also summarized in Figure 7A-5.
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FIGURE 7A–5 MIRR for the oil well.

EXAMPLE 7A–7 (7A-2 and 7A-5 revisited)

Adding an oil well to an existing field had the cash flows summarized in Figure 7A-5. If the
firm normally borrows money at 8% and invests at 15%, find the modified internal rate of return
(MIRR).

SOLUTION

Figure 7A-6 shows the spreadsheet calculations.
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FIGURE 7A–6 MIRR for oil well.

It is also possible to calculate the MIRR by hand.While more work, the process does clarify what
the MIRR function is doing.

1. Each period’s cash flow is already a single net receipt or expenditure.

2. Find the present worth of the expenses with the financing rate.

PW = −4M − 0.5M(P/F, 8%, 5)− 1.5M(P/F, 8%, 6) − 2.5M(P/F, 8%, 7)

= −4M − 0.5M(0.6806) − 1.5M(0.6302) − 2.5M(0.5835) = −6.744M
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3. Find the future worth of the receipts with the investing rate.

FW = 3.5M(F/P, 15%, 6)+ 2.5M(F/P, 15%, 5)+1.5M(F/P, 15%, 4)+0.5M(F/P, 15%, 3)

= 3.5M(2.313) + 2.5M(2.011) + 1.5M(1.749) + 0.5M(1.521) = 16.507M

4. Find the MIRR that makes the present and future worths equivalent.

0 = (1 +MIRR)n(PW) + FW

0 = (1 +MIRR)7(−6.744M) + 16.507M

(1 +MIRR)7 = 16.507M/6.744M = 2.448

(1 +MIRR) = 2.4481/7 = 1.1364

MIRR = 13.64%

The MIRR does allow calculation of a rate of return for any set of cash flows. How-
ever, the result is only as realistic as the external rates that are used. The MIRR value can
depend as much on the external rates that are used, as it does on the cash flows that it is
describing.

SUMMARY

In cash flows with more than one sign change, we find that solving the cash flow
equation can result in more than one positive rate of return. Typical situations include
a new oil well in an existing field, a project with a significant salvage cost, and staged
construction.

In a sign change, successive nonzero values in the cash flow have different signs (that
is, they change from + to −, or vice versa). Zero sign changes indicates there is no rate of
return, as the cash flow is either all disbursements or all receipts.

One sign change is the usual situation, and a single positive rate of return generally
results. There will be a negative rate of return whenever loan repayments are less than the
loan or an investment fails to return benefits at least equal to the investment.

Multiple sign changes may result inmultiplepositive roots for i. When they occur, none
of the positive multiple roots is a suitable measure of the project’s economic desirability. If
multiple roots are identified by graphing the present worth versus the interest rate, then the
modified internal rate of return can be used to evaluate the project.

Graphing the present worth versus the interest rate ensures that the analyst recognizes
that the cash flow has multiple sign changes. Otherwise a rate could be found and used that
is not in fact a meaningful descriptor of the project.

The modified internal rate of return (MIRR) relies on rates for investing and borrowing
that are external to the project. The number of sign changes are reduced to one, ensuring
that the MIRR can be found.
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P R O B L E M S

Unless the problem asks a different question or pro-
vides different data: (1) determine how many roots
are possible and (2) graph the PW versus the inter-
est rate to see whether multiple roots occur. If the
root is a unique IRR, it is the project’s rate of return.
If there are multiple roots, then use an external
investing rate of 12% and an external borrowing
rate of 6%. Compute and use the MIRR as the
project’s rate of return.

7A-1 Find the rate of return for the following cash flow:

Year Cash Flow

0 −$15,000
1 10,000
2 −8,000
3 11,000
4 13,000

(Answer: 21.2% IRR)

7A-2 A group of businessmen formed a partnership to
buy and race an Indianapolis-type racing car. They
agreed to pay an individual $50,000 for the car and
associated equipment. The payment was to be in a
lump sum at the end of the year. In what must have
been “beginner’s luck,” the group won a major race
the first week and $80,000. The rest of the first year,
however, was not as good: at the end of the first
year, the group had to pay out $35,000 for expenses
plus the $50,000 for the car and equipment. The
second year was a poor one: the group had to pay
$70,000 just to clear up the racing debts at the end
of the year. During the third and fourth years, rac-
ing income just equaled costs. When the group was
approached by a prospective buyer for the car, they
readily accepted $80,000 cash, which was paid at
the end of the fourth year. What rate of return did
the businessmen obtain from their racing venture?
(Answer: 9.6% MIRR)

7A-3 A student organization, at the beginning of the fall
quarter, bought and operated a soft-drink vending
machine as a means of helping finance its activities.
The vending machine cost $75 and was installed at
a gasoline station near the university. The student
organization pays $75 every 3 months to the sta-
tion owner for the right to keep the vendingmachine
at the station. During the year the student organiza-
tion owned themachine, they received the following
quarterly income from it, before making the $75
quarterly payment to the station owner:

Quarter Income

Fall $150
Winter 25
Spring 125
Summer 150

At the end of one year, the student group resold
the machine for $50. Determine the quarterly cash
flow. Then determine a quarterly rate of return, a
nominal annual rate, and an effective annual rate.

7A-4 Given the following cash flow, determine the rate of
return on the project.

Year Cash Flow

0 −$500
1 2000
2 −1200
3 −300

(Answer: 11.3%MIRR)

7A-5 Given the following cash flow, determine the rate of
return on the investment.

Year Cash Flow

0 −$500
1 200
2 −500
3 1200

(Answer: IRR = 21.1% IRR)

7A-6 Given the following cash flow, determine the rate of
return on the investment.

Year Cash Flow

0 −$100
1 360
2 −570
3 360

7A-7 Compute the rate of return on the investment
characterized by the following cash flow.

Year Cash Flow

0 −$110
1 −500
2 300
3 −100
4 400
5 500
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7A-8 Compute the rate of return on the investment
characterized by the following cash flow.

Year Cash Flow

0 −$50.0
1 20.0
2 −40.0
3 36.8
4 36.8
5 36.8

(Answer: IRR = 15.4%)

7A-9 A firm invested $15,000 in a project that appeared
to have excellent potential. Unfortunately, a lengthy
labor dispute in Year 3 resulted in costs that
exceeded benefits by $8000. The cash flow for the
project is as follows:

Year Cash Flow

0 −$15,000
1 10,000
2 6,000
3 −8,000
4 4,000
5 4,000
6 4,000

Compute the rate of return for the project.

7A-10 The following cashflowhas no positive interest rate.
The project, which had a projected life of 5 years,
was terminated early.

Year Cash Flow

0 −$50
1 20
2 20

There is, however, a negative interest rate. Compute
its value. (Answer:−13.7%)

7A-11 For the following cash flow, compute the rate of
return.

Year Cash Flow

0 −$20
1 0
2 −10
3 20
4 −10
5 100

7A-12 Given the following cash flow:

Year Cash Flow

0 −$800
1 500
2 500
3 −300
4 400
5 275

What is the rate of return on the investment?
(Answer: 26.55% IRR)

7A-13 Consider the following cash flow.

Year Cash Flow

0 −$100
1 240
2 −143

If the minimum attractive rate of return is 12%,
should the project be undertaken?

7A-14 Refer to the strip-mining project in Example 5-10.
Compute the rate of return for the project.

7A-15 Consider the following cash flow.

Year Cash Flow

0 −$500
1 800
2 170
3 −550

Compute the rate of return on the investment.

7A-16 Determine the rate of return on the investment for
the following cash flow.

Year Cash Flow

0 −$100
1 360
2 −428
3 168

7A-17 Compute the rate of return on the investment on the
following cash flow.

Year Cash Flow

0 −$1200
1 358
2 358
3 358
4 358
5 358
6 −394
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7A-18 Determine the rate of return on the investment on
the following cash flow.

Year Cash Flow

0 −$3570
1–3 1000
4 −3170
5–8 1500

7A-19 Bill bought a vacation lot he saw advertised on
television for $800 down and monthly payments
of $55. When he visited the lot, he found it was
not something he wanted to own. After 40 months
he was finally able to sell the lot. The new owner
assumed the balance of the loan on the lot and paid
Bill $2500. What rate of return did Bill receive on
his investment?

7A-20 Compute the rate of return on an investment having
the following cash flow.

Year Cash Flow

0 −$ 850
0 600
2–9 200
10 −1800

7A-21 Assume that the following cash flows are associated
with a project.

Year Cash Flow

0 −$16,000
1 −8,000
2 11,000
3 13,000
4 −7,000
5 8,950

Compute the rate of return for this project.

7A-22 Compute the rate of return for the following cash
flow.

Year Cash Flow

0 −$200
1 100
2 100
3 100
4 −300
5 100
6 200

Year Cash Flow

7 200
8 −124.5

(Answer: 20%)

7A-23 Following are the annual cost data for a tomato
press.

Year Cash Flow

0 −$210,000
1 88,000
2 68,000
3 62,000
4 −31,000
5 30,000
6 55,000
7 65,000

What is the rate of return associated with this
project?

7A-24 A project has been in operation for 5 years, yielding
the following annual cash flows:

Year Cash Flow

0 −$103,000
1 102,700
2 −87,000
3 94,500
4 −8,300
5 38,500

Calculate the rate of return and state whether it has
been an acceptable rate of return.

7A-25 Consider the following situation.

Year Cash Flow

0 −$200
1 400
2 −100

What is the rate of return?

7A-26 An investor is considering two mutually exclusive
projects. She can obtain a 6% before-tax rate of
return on external investments, but she requires a
minimum attractive rate of return of 7% for these
projects. Use a 10-year analysis period to com-
pute the incremental rate of return from investing
in Project A rather than Project B .



Problems 269

ProjectA : ProjectB:

Build Drive-Up Buy Land

Photo Shop in Hawaii

Initial capital $58,500 $ 48,500
investment

Net uniform 6648 0
annual income

Salvage value 30,000 138,000
10 years hence

Computed rate 8% 11%
of return

7A-27 In January 2003, an investor bought a convertible
debenture bond issued by the XLA Corporation.
The bond cost $1000 and paid $60 per year interest
in annual payments on December 31. Under the
convertible feature of the bond, it could be con-
verted into 20 shares of common stock by tendering
the bond, together with $400 cash. The next busi-
ness day after the investor received the Decem-
ber 31, 2005, interest payment, he submitted the
bond together with $400 to the XLA Corporation.
In return, he received the 20 shares of common
stock. The common stock paid no dividends. On
December 31, 2007, the investor sold the stock for

$1740, terminating his 5-year investment in XLA
Corporation. What rate of return did he receive?

7A-28 A problem often discussed in the engineering
economy literature is the “oil-well pump problem.”
Pump 1 is a small pump; Pump 2 is a larger pump
that costs more, will produce slightly more oil,
and will produce it more rapidly. If the MARR is
20%, which pump should be selected?Assume that
any temporary external investment of money earns
10% per year and that any temporary financing is
done at 6%.

Pump 1 Pump 2

Year ($000s) ($000s)

0 −$100 −$110
1 70 115
3 70 30

C A S E S
The following case from Cases in EngineeringEconomy
2nd is suggested as matched with this appendix.

CASE14 Northern Gushers
Incremental oil production investment with
possible double root.



C H A P T E R 8

CHOOSING THE BEST ALTERNATIVE
Coauthored with JohnWhittaker

The Size of a Pipeline

T
he U.S. has nearly 200,000 miles of
oil pipelines, operating in all 50
states, that transport crude oil and
refined liquid petroleum products by

using centrifugal pumps to force the fluid
through the pipe. When a new pipeline is
announced, you may wonder how they decided
upon the diameter of pipe to use. Why choose a
20-inch diameter and not a 14- or 30-inch?

Let us say a company needs to transport 70,000
barrels of crude oil a day (bpd) from Cincinnati
to Toledo, a distance of 200 miles. The design
life of the pipeline is 30 years.

The capital cost of a pipeline is largely depen-
dent upon the weight of steel used. Heavier pipe

costs more to buy, haul, handle, place, and weld. The minimum wall thickness is propor-
tional to the diameter because of a requirement to maintain a minimum strength against
buckling. The weight, therefore, is approximately proportional to the square of the diameter
of the pipe.

Most of the operating costs of a pipeline are related to the electric power consumption
required to run the pumps. More flow means more pumps, more power, more pump main-
tenance, larger electric gear, and costlier operation. Because of the nature of Newtonian
fluids, the approximate power consumption for a given flow rate is inversely proportional to
the inside pipe diameter to the fifth power. The annual operating costs can be converted to
a present value at a given discount rate. The total cost of the pipeline for a given diameter
can be found by adding the capital cost to the present value of the 30 years of operating
costs. The minimum-cost alternative in this instance might be a pipeline with a 20-inch
diameter. � � �

Contributed by John Whittaker, University of Alberta



1. Sizing and material decisions must be made in all branches of engineering. Should
the structure be steel or concrete? Should the transmission be ac or dc? Should the
mine be open-pit or underground? Consider a sizing decision from your branch and
list the economic and noneconomic factors that influence the decision.

2. Enbridge Energy Partners’ Lakehead System, which delivers crude oil across the
Midwest via a 1900-mile pipeline system, has been of concern to federal regulators
for nearly a decade. Issues related to safety, record keeping, and pipeline operations
have resulted in almost 100 citations over that period. The 820,000-gallon oil spill
near Marshall, WA in July 2010 was one of the largest pipeline spills in U.S. history
and raised concerns related to pipeline corrosion monitoring and spill reporting.
What are the ethical, economic, social, environmental, and political issues related
to managing the U.S.’s pipeline infrastructure? How do these differ for among the
stakeholders?

3. The U.S. government faces a decision regarding approval of the Keystone Pipeline
project that will initiallydeliver 435,000 barrels per day (bpd) of crude oil across the
Canadian border (with up to 1.1 million bpd in a few years). What are the environ-
mental, permitting, safety and other aspects of this project that might influence the
decision to go forward? What benefits does the project provide the U.S. in terms of
energy policy, and what are the implications on reducing other foreign oil imports?
Develop a short position statement advising the administration.

After Completing This Chapter. . .

The student should be able to:
• Use a graphical technique to visualize and solve problems involving mutually

exclusive choices.
• Define incremental analysis and differentiate it from a standard present worth, annual

worth, and internal rate of return analyses.
• Use spreadsheets to solve incremental analysis problems.

271
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INCREMENTAL ANALYSIS

This chapter was once titled Incremental Analysis, and it extended the incremental analysis
presented in Chapter 7 to multiple alternatives—solely for the rate of return (IRR)measure.
The approach relied on a series of numerical comparisons of challengers and defenders.

In this edition we use the more powerful and easier-to-understand approaches of
graphical present worth (PW), equivalent uniform annual cost (EUAC), or equivalent uni-
form annual worth (EUAW) comparisons. These support calculation of incremental rates
of return.

The graphical approach has the added benefit of focusing on the difference between
alternatives. Often the difference ismuch smaller than the uncertainty in our estimated data.
For ease of grading and instruction,we assume in this text that answers are exact, but in the
real world the uncertainty in the data must always be considered.

Engineering design selects one from of a set of feasible alternatives. In engineer-
ing economy the words mutually exclusive alternatives are often used to emphasize that
only one alternative may be implemented. Thus our problem is selecting the best of these
mutually exclusive alternatives.

In earlier chapters we did this by maximizing PW, minimizing EUAC, or maximizing
EUAW. We do the same here. In Chapter 7 we compared two alternatives incrementally
to decide whether the IRR on the increment was acceptable. Any two alternatives can be
compared by recognizing that:

[Higher-cost alternative] = [Lower-cost alternative] + [Increment between them]

When there are two alternatives, only a single incremental analysis is required. With
more alternatives, a series of comparisons is required. Also, only by doing the analysis
step by step can we determine which pairs must be compared. For example, if there are 4
alternatives, then 3 of 6 possible comparisons must be made. For 5 alternatives then 4 of 10
possible comparisons must be made. For N alternatives, N− 1 comparisons must be made
from N(N− 1)/2 possibilities.

The graphical approach is best implemented with spreadsheets—it provides more
information and it is easier to understand and to present to others.

GRAPHICAL SOLUTIONS

Examples 8-1 and 8-2 illustratewhy incremental or graphical analyses for the IRR criterion
are required. They show that graphing makes it easy to choose the best alternative. Chapter
4 presented xy plots done with spreadsheets, and in Chapter 7 spreadsheets were used to
graph the present worth versus the rate of return. In this chapter the present worth of each
alternative is one y variable for graphswithmultiple alternatives (or variables). In Chapter 9,
one of the spreadsheet sections will present some of the ways that graphs can be customized
for a better appearance.
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EXAMPLE 8–1

The student engineering society is building a snack cart to raise money. Members must decide
what capacity the cart should be able to serve. To serve 100 customers per hour costs $10,310,
and to serve 150 customers per hour costs $13,400. The 50% increase in capacity is less than
50% of $10,310 because of economies of scale; but the increase in net revenue will be less than
50%, since the cart will not always be serving 150 customers per hour. The estimated net annual
income for the lower capacity is $3300, and for the higher capacity it is $4000. After 5 years the
cart is expected to have no salvage value. The engineering society is unsure of what interest rate
to use to decide on the capacity. Make a recommendation.

SOLUTION

Since we do not know the interest rate, the easiest way to analyze the problem is to graph the PW
of each alternative versus the interest rate, as in Figure 8-1. The Excel function1

= −cost + PV(interest rate, life, −annual benefit)

is used to graph these two equations:

PWlow = −$10, 310+ $3300(P/A, i, 5)

PWhigh = −$13, 400+ $4000(P/A, i, 5)

FIGURE 8–1 Maximizing PW to choose best
alternative.
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We want to maximize the PW, so the choice between these alternatives is defined by where
their curves intersect (the incremental rate of return of 4.3%), not by where those curves intersect
the PW = 0 axis. Those internal rates of return of 15 and 18% are irrelevant to the choice between
the low- and high-capacity carts.

1The cost term in the equation has a minus sign because it is a cost and we are calculating a present
worth. The annual benefit term has a minus sign because of the sign convention for the PV function.
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Figure 8-1 also shows the main advantage of the graphical approach for real-world decision
making.We can easily see that for interest rates between 0%and about 8%, there is littledifference
between the choices. In this regionwe are better off focusing our decisionmaking on risk, benefits,
or costs that we could not quantify, as well as an uncertainties in the data—since the PWs of our
two alternatives are nearly the same. These topics are discussed in later chapters. Until then it is
clearer if we analyze problems as though all numbers are known precisely.

From Figure 8-1, we see that if the interest rate is below 4.3%, the high-capacity cart has
a higher PW. From 4.3 to 18% the lower-capacity cart has a higher PW. Above 18%, the third
alternative of doing nothing is a better choice than building a low-capacity cart because the PW
< 0. This can be summarized in a choice table:

Interest Rate Best Choice

0% ≤ i ≤ 4.3% High capacity
4.3% ≤ i ≤ 18.0% Low capacity
18.0%≤ i Do nothing

The interest rate where the low- and high-capacity curves intersect can be found by analyzing
the incremental investment. The following table summarizes the added cost, capacity, and benefit
for that incremental investment.

Low High High – Low

Cost $10,310 $13,400 $3090
Capacity 100 150 50
Annual benefit $3,300 $4,000 $700
Life, in years 5 5 5

If the equation for the PW of the incremental investment is solved for its IRR, the answer
is 4.3%. The Excel function is = RATE(life, annual benefit, –first cost) and the TVM calculator
function is = i(n, A, P, F) = i(life, annual benefit, −first cost, 0).

PWhigh−low = −$3090 + $700(P/A, i, 5)

This example has been defined in terms of a student engineering society. But very similar
problems are faced by a civil engineer sizing the weighing station for trucks carrying fill to a new
earth dam, by an industrial engineer designing a package-handling station, and by a mechanical
engineer sizing energy conservation equipment.

EXAMPLE 8–2

Solve Example 7-15 by means of an NPW graph. Two machines are being considered for pur-
chase. If theminimum attractive rate of return (MARR) is 10%,whichmachine should be bought?

Machine X Machine Y

Initial cost $200 $700
Uniform annual benefit 95 120
End-of-useful-life salvage value 50 150
Useful life, in years 6 12
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SOLUTION

Since the useful lives of the two alternatives are different, for an NPW analysis we must adjust
them to the same analysis period. If the need seems continuous, then the “replace with an
identical machine” assumption is reasonable and a 12-year analysis period can be used. The
annual cash flows and the incremental cash flows are as follows:

Cash Flows

End of Year Machine X Machine Y Y− X

0 −$200 −$700 −$500
1 95 120 25
2 95 120 25
3 95 120 25
4 95 120 25
5 95 120 25
6 −55 120 175
7 95 120 25
8 95 120 25
9 95 120 25
10 95 120 25
11 95 120 25
12 145 270 125

By means of a spreadsheet program, the NPWs are calculated for a range of interest
rates and then plotted on an NPW graph (Figure 8-2).

For a MARR of 10%, Machine X is clearly the superior choice. In fact, as the graph clearly
illustrates, Machine X is the correct choice for most values of MARR. The intersection point
of the two graphs can be found by calculating �IRR, the rate of return on the incremental
investment. From the spreadsheet IRR function applied to the incremental cash flows for
Y − X :

�IRR = 1.3%

FIGURE 8–2 NPW graph.
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We can see from the graph that for MARR greater than 1.3%, Machine X is the right choice, and
for MARR values less than 1.3%, Machine Y is the right choice.

NPW

Rate Machine X Machine Y

0% $840.00 $890.00
1.322 752.24 752.24
2 710.89 687.31
4 604.26 519.90
6 515.57 380.61
8 441.26 263.90

10 378.56 165.44
12 325.30 81.83
14 279.77 10.37
16 240.58 −51.08
18 206.65 −104.23
20 177.10 −150.47

Examples 8-3 through 8-6 increase the number of alternatives being considered, but the
same approach is used: graph the PW, EUAW, or EUAC, and for each possible interest rate
choose the best alternative. Generally this means maximizing the PW or EUAW, but for
Example 8-4 the EUAC is minimized.

Example 8-4 is a typical design problemwhere themost cost-effective solutionmust be
chosen, but the dollar value of the benefit is not defined. For example, every buildingmust
have a roof, but deciding whether it should be metal, shingles, or a built-upmembrane is a
cost decision. No value is placed on a dry building; it is simply a requirement. In Example
8-4 having the pressure vessel is a requirement.

EXAMPLE 8–3

Consider the three mutually exclusive alternatives:

A B C

Initial cost $2000 $4000 $5000
Uniform annual benefit 410 639 700

Each alternative has a 20-year life and no salvage value. If the MARR is 6%, which alternative
should be selected?

SOLUTION

Using a spreadsheet to plot the NPW of the three alternatives produces Figure 8-3.
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FIGURE 8–3 NPW graph of Alternatives
A, B , and C.
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The highest line at any interest rate shows which alternative will provide the maximum NPW
at that rate. From the graph we see that Alternative C has the maximum, then B, and finally
A. The precise breakpoints can be found by calculating the�IRR of the corresponding increment.

NPW(C − B) = −$5000+ $4000+ ($700 − $639)(P/A, i, 20) = 0

�IRR(C − B) = 2% using = RATE(20, 700− 639, 4000− 5000)

NPW(B − A) = −$4000+ $2000+ ($639 − $410)(P/A, i, 20) = 0

�IRR(B − A) = 9.6% using = RATE(20, 639− 410, 2000− 4000)

The information from the graph can be presented in a choice table as follows:

If MARR ≥ 9.6% Choose Alt. A
If 9.66% ≥ MARR ≥ 2% Choose Alt. B
If 2% ≥ MARR ≥ 0% Choose Alt. C

and the answer to the original question is select Alternative B if MARR is 6%.

EXAMPLE 8–4

A pressure vessel can be made out of brass, stainless steel, or titanium. The first cost and
expected life for each material are:

Brass Stainless Steel Titanium

Cost $100,000 $175,000 $300,000
Life, in years 4 10 25

The pressure vessel will be in the nonradioactive portion of a nuclear power plant that is expected
to have a life of 50 to 75 years. The public utility commission and the power company have not
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yet agreed on the interest rate to be used for decision making and rate setting. Build a choice
table for the interest rates to show where each material is the best.

SOLUTION

The pressure vessel will be replaced repeatedly during the life of the facility, and each material
has a different life. Thus, the best way to compare the materials is using EUAC (see Chapter 6).
This assumes identical replacements.

Figure 8-4 graphs the EUAC for each alternative. In this case the best alternative at each
interest rate is the material with the lowest EUAC. (We maximize worths, but minimize costs.)
The Excel function is

= PMT(interest rate, life, −first cost)
The factor equation is

EUAC = first cost(A/P, i, life)

FIGURE 8–4 EUAC
comparison of alternatives.

Brass TitaniumStainless

0

10,000

20,000

30,000

40,000

$50,000

0% 5% 10% 15% 20%

Interest Rate

E
U

A
C

IRRstainless - brass = 15.3%

IRRtitanium - stainless = 6.3%

Brass

Best Choice

Stainless

Titanium

Because these alternatives have different-length lives, calculating the incremental IRRs is
best done using the spreadsheet function GOAL SEEK (see the last section of this chapter). The
choice table for each material is:

Interest Rate Best Choice

0% ≤ i ≤ 6.3% Titanium
6.3% ≤ i ≤ 15.3% Stainless steel
15.3%≤ i Brass

EXAMPLE 8–5

The following information refers to three mutually exclusive alternatives. The decision maker
wishes to choose the right machine but is uncertain what MARR to use. Create a choice table that
will help the decision maker to make the correct economic decision.
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Machine X Machine Y Machine Z

Initial cost $200 $700 $425
Uniform annual benefit 65 110 100
Useful life, in years 6 12 8

SOLUTION

In this example, the lives of the three alternatives are different. Thus we cannot directly use the
present worth criterion but must first make some assumptions about the period of use and the
analysis period. As we saw in Chapter 6, when the service period is expected to be continuous
and the assumption of identical replacement reasonable, we can assume a series of replacements
and compare annual worth values just as we did with present worth values. There is a direct
relationship between the present worth and the equivalent uniform annual worth. It is

EUAW = NPW(A/P, i, n)

We will make these assumptions in this instance, and instead of plotting NPW, we shall
plot EUAW. This was done on a spreadsheet using the Excel function= benefit + PMT (interest
rate, life, initial cost), and the result is Figure 8-5.

The EUAW graph shows that for low values of MARR, Y is the correct choice. Then, as
MARR increases, Z and finally X become the preferred machines. This can be expressed in a
choice table read directly from the graph. If the “do nothing” alternative is available, the table is
the following:

FIGURE 8–5 EUAW graph.
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If MARR≥ 23% do nothing
If 23%≥MARR≥ 10% choose X
If 10%≥MARR≥ 3.5% choose Z
If 3.5%≥MARR≥ 0% choose Y
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If the “do nothing” alternative is not available, then the table reads

If MARR ≥ 10% choose X
If 10% ≥ MARR ≥ 3.5% choose Z
If 3.5% ≥ MARR ≥ 0% choose Y

The choice now is back in the decision maker’s hands. There is still the need to determine
MARR, but if the uncertainty was, for example, that MARR was some value in the range
12 to 18%, it can be seen that for this problem it doesn’t matter. The answer is Machine X
in any event. If, however, the uncertainty of MARR were in the 7 to 13% range, it is clear
the decision maker would have to determine MARR with greater accuracy before solving this
problem.

EXAMPLE 8–6

The following information is for fivemutually exclusive alternatives that have 20-year useful lives.
The decision maker may choose any one of the options or reject them all. Prepare a choice
table.

Alternatives

A B C D E

Cost $4000 $2000 $6000 $1000 $9000
Uniform annual benefit 639 410 761 117 785

SOLUTION

Figure 8-6 is an NPW graph of the alternatives constructed by means of a spreadsheet.

FIGURE 8–6 NPW graph.
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The graph clearly shows that Alternatives D and E are never part of the solution. They are
dominated by the other three. The crossover points can either be read from the graph (if you have
plotted it at a large enough scale) or found by calculating the �IRR of the intersecting graphs.
Calculating the incremental interest rates:

�IRR(C − A)

$6000− $4000 = ($761− $639)(P/A, i, 20), i = 2%

�IRR(A − B)

$4000− $2000 = ($639− $410)(P/A, i, 20), i = 9.6%

and to find where the NPW of B crosses the 0 axis

IRR(B)

$2000 = $410 (P/A, i, 20), i = 20%

Placing these numbers in a choice table:

If MARR≥ 20% do nothing
If 20%≥MARR≥ 9.6% select B
If 9.6%≥MARR≥ 2% select A
If 2%≥MARR≥ 0% select C

A final point to note on this example is that if we view the IRRs of the five alternatives, the only
information we can glean from them is that if the “do nothing” alternative is available, it will be
chosen if MARR is greater than that of the largest IRR.

A B C D E

IRR 15% 20% 11% 10% 6%

There is nothing in the numbers to tell us which alternatives will be in the final solution set; only
the NPW graph will show us where the change points will be.2

ELEMENTS IN COMPARING MUTUALLY EXCLUSIVE ALTERNATIVES

1. Be sure all the alternatives are identified. In textbook problems the alternatives
will be well-defined, but real-life problems may be less clear. Before proceeding,
one must have all the mutually exclusive alternatives tabulated, including the “do-
nothing” or “keep doing the same thing” alternative, if appropriate.

2. Construct an NPW or EUAW or EAC graph showing all alternatives plotted
on the same axes. This would be a difficult task were it not for spreadsheets.

2There are analytical techniques for determiningwhich incremental investments enter the solution set,
but they are beyond the scope of this book and, in any case, are redundant in this era of spreadsheets.
Interested readers can consult Economic Analysis for Engineers and Managers by Sprague and
Whittaker (Prentice-Hall, 1987).
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3. Examine the line of best values and determine which alternatives create it, and
over what range.

4. Determine the changeover points where the line of best values changes from one
alternative to another. These can either be read directly off the graph or calculated,
since they are the intersection points of the two curves and, what is more important
and meaningful for engineering economy, they are the �IRR of the incremental
investment between the two alternatives.

5. Create a choice table to present the information in compact and easily understand-
able form.

DOING A SET OF INCREMENTAL CHALLENGER–DEFENDER COMPARISONS

This chapter has focused on doing a graphical comparison of thePW of each alternative over
a range of interest rates. We’ve calculated incremental interest rates, but we’ve looked at the
curves to see which pair of intersectingPW curves we were analyzing. Before spreadsheets,
this type of problem was solved by a series of challenger–defender comparisons, where
defender ≡ best alternative identified at this stage of the analysis, and challenger ≡ next
alternative being evaluated. Example 8-7 illustrates this approach.

The numerically based pairwise incremental comparisons is done at a single interest
rate, and it does not show that “near” their intersection, two PW curves have “essentially”
the same value. It also does not produce a choice table, since it is at a single interest rate.
A choice table can be constructed, but it requires even more incremental comparisons.

EXAMPLE 8–7

For the alternatives in Example 8-6, conduct a pairwise incremental comparison. Which alterna-
tive is the best at an interest rate of 10%? Each of the five alternatives has no salvage value at the
end of a 20-year useful life.

Alternatives

A B C D E

Cost $4000 $2000 $6000 $1000 $9000
Annual benefit 639 410 761 117 785

SOLUTION

1. The first step is to reorder the alternatives in order of increasing cost. This ensures that
for each pairwise comparison the increment is an investment. In this example the order
becomes D, B, A, C, E .

Alternatives

D B A C E

Cost $1000 $2000 $4000 $6000 $9000
Annual benefit 117 410 639 761 785
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2. Calculate the IRR of the least expensive alternative to see if it is better than doing nothing
at a MARR of 10%.

PWD = 0 = −$1000+ $117(P/A, IRRD , 20)

Solving this without a spreadsheet may take several tries and interpolation, but using the
Excel function = RATE(life, annual benefit, –first cost) makes it easy and the answer
exact:

IRRD = 9.94%

Because investment D earns less than 10%, doing nothing is preferred to doing D.

3. Doing nothing is still our defender, and the next Alternative, B, becomes the challenger.
Calculate the IRR of Alternative B to see if it is better than doing nothing at a MARR of
10%.

PWB = 0 = −$2000 + $410(P/A, IRRB , 20)

Using the Excel function = RATE(life, annual benefit, –first cost), we find

IRRB = 19.96%

Because investment B earns more than 10%, Alternative B is preferred to doing nothing.

4. Alternative B is now our defender, and the next Alternative, A, becomes the challenger.
This comparison must be made incrementally.

PWA−B = 0 = −($4000 − $2000) + ($639 − $410)(P/A, IRRA−B , 20)

Using the Excel function = RATE(life, annual benefit, −first cost), we have

IRRA−B = 9.63%

Because the incremental investment A−B earns less than 10%,Alternative B is preferred
to doing Alternative A.

5. Alternative B is still our defender, and the next Alternative, C, becomes the challenger.
This comparison must be made incrementally.

PWC−B = 0 = −($6000 − $2000) + ($761 − $410)(P/A, IRRC−B , 20)

Using the Excel function= RATE(life, annual benefit, −first cost), we have

IRRC−B = 6.08%

Because the incremental investment C−B earns less than 10%,Alternative B is preferred
to doing Alternative C.

6. Alternative B is still our defender, and the final Alternative, E, becomes the challenger.
This comparison must be made incrementally.

PWE−B = 0 = −($9000 − $2000) + ($785 − $410)(P/A, IRRE−B, 20)
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Using the Excel function = RATE(life, annual benefit, –first cost)

IRRE−B = 0.67%

Because the incremental investment E − B earns less than 10%, Alternative B is
preferred to doing Alternative E .

At an interest rate of 10%, Alternative B is the best choice. But only by referring to
Figure 8-6 can we see that Alternative B is the best choice for all interest rates between
9.63% (where Alternative A is equally attractive) and 19.96% (where doing nothing is
equally attractive). With other data, the curve for Alternative B might intersect at an incre-
mental comparison we hadn’t done. Also this pairwise comparison has not even compared
Alternatives A and C so we cannot complete the choice table.

CHOOSING AN ANALYSISMETHOD

At this point, we have examined in detail the three major economic analysis techniques:
present worth analysis, annual cash flow analysis, and rate of return analysis. A practical
question is, which method should be used for a particular problem?

While the obvious answer is to use the method requiring the least computations, a
number of factors may affect the decision.

1. Unless the MARR—minimum attractive rate of return (or minimum required
interest rate for invested money)—is known, neither present worth analysis nor
annual cash flow analysis is possible.

2. Present worth analysis and annual cash flow analysis often require far less compu-
tation than rate of return analysis.

3. In some situations, a rate of return analysis is easier to explain to people unfamiliar
with economic analysis. At other times, an annual cash flow analysis may be easier
to explain.

4. Business enterprises generally adopt one, or at most two, analysis techniques for
broad categories of problems. If you work for a corporation and the policy manual
specifies rate of return analysis, you would appear to have no choice in the matter.

Since one may not always be able to choose the analysis technique computationally best
suited to the problem, this book illustrates how to use each of the three methods in all
feasible situations. Ironically, the most difficult method to apply when using tabulated
factors—rate-of-return analysis—is the one used most frequently by engineers in industry,
which is one reason why spreadsheets and TVM calculators are used so much in industry.

SPREADSHEETSAND GOAL SEEK

An incremental analysis of two alternatives is easily done with the RATE or IRR functions
when the lives of the alternatives are the same. The problem ismore difficult, however, when
the lives are different. As was discussed in Chapters 5 and 6, alternatives having lives of
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different lengths are usually compared by assuming that the alternatives are repeated until
the least common multiple of their lives. This repetition can be done with a spreadsheet,
but Excel supports an easier approach.

Excel has a tool called GOAL SEEK that identifies a formula cell, a target value, and a
variable cell. This tool causes the variable cell to be changed automatically until the formula
cell equals the target value. To find an IRR for an incremental analysis

1. Find alternative A’s EUAW or EUAC at its life.

2. Find alternative B’s EUAW or EUAC at its life.

3. Compute the difference. This cell is the formula cell for GOAL SEEK.

4. Set the target value to 0.
5. Identify the interest rate cell as the variable cell for GOAL SEEK.

In Excel this tool is accessed by selecting T(ools) on the main toolbar or
menu and G(oal seek) on the submenu. As shown in Example 8-8, the variable cell
(with the interest rate) must somehow affect the formula cell (difference in equiv-
alent uniform annual worths or costs (EUAWs or EUACs)), although it need not
appear directly in the formula cell. In Figures 8-7 and 8-8 the interest rate (cell
A1) appears in the EUAC formulas (cells D3 and D4) but not in the formula cell
(cell D5).

EXAMPLE 8–8

Two different asphalt mixes can be used on a highway. The good mix will last 6 years and will
cost $600,000 to buy and lay down. The better mix will last 10 years and will cost $800,000 to
buy and lay down. Find the incremental IRR for using the more expensive mix.

SOLUTION

This example would be difficult to solve without the GOAL SEEK tool. The least common
multiple of 6 and 10 is 30 years, which is the comparison period. With the GOAL SEEK tool
a very simple spreadsheet does the job. In Figure 8-7 the spreadsheet is shown before GOAL
SEEK. Figure 8-8 shows the result after the goal (D5) has been set = 0 and A1 has been chosen
as the variable cell to change.

A B C D E F

1

2

3

4

5

Alternative Cost Life EUAC

 Good 600000 6 129,789 � �PMT($A$1,C3,B3)

 Better 800000 10 119,224 � �PMT($A$1,C4,B4)

   difference� 10,566 � D3�D4

Interest rate8.00%

FIGURE 8–7 Spreadsheet before GOAL SEEK.
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A B C D E F

1

2

3

4

5

 Alternative Cost Life EUAC

 Good 600000 6 156,503 � �PMT($A$1,C3,B3)

 Better 800000 10 156,503 � �PMT($A$1,C4,B4)

   difference� 0 � D3�D4

14.52% Interest rate

FIGURE 8–8 Spreadsheet after GOAL SEEK.

The incremental IRR found by GOAL SEEK is 14.52%.

SUMMARY

For choosing from a set of mutually exclusive alternatives, the rate of return technique is
more complex than the present worth or annual cash flow techniques. This results because
in the latter two techniques the numbers can be compared directly, whereas with the rate of
return it is necessary to consider the increment of investment. This is fairly straightforward
if there are only two alternatives, but it becomes more and more complex as the number of
alternatives increases.

A visual display of the problem can be created by using a spreadsheet to graph the
economic value of the alternatives. The steps are as follows:

1. Be sure all the alternatives are identified.
2. Construct a NPW or EUAW (or EUAC) graph showing all alternatives plotted on

the same axes.

3. Examine the line of maximum values (or minimum for the EUAC) and determine
which alternatives create it, and over what range.

4. Determine the changeover points (�IRRs).

5. Create a choice table.

This graphical approach, although more values are calculated, is a more powerful one
because, by allowing the decision maker to see the range over which the choices are valid, it
provides a form of sensitivity analysis. It also makes it clear that “close” to the changeover
point the alternatives are very similar in value.

P R O B L E M S

These problems are organized such that the (a)
parts require graphical analysis and as such
are much more easily done with spreadsheets,
and the (b) parts require numerical incremen-
tal analysis. Some problems include only one
approach.

Two ActionAlternatives
8-1 Given the following, construct a choice table for

interest rates from 0% to 100%.

Year X Y

0 −$10 −$20
1 15 28

8-2 Consider two mutually exclusive alternatives and
the do-nothing alternative:

Year Buy X Buy Y

0 −$100.0 −$50.0
1 31.5 16.5
2 31.5 16.5
3 31.5 16.5
4 31.5 16.5
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Construct a choice table for interest rates from 0%
to 100%.

8-3 Consider three alternatives A, B, and “do-nothing.”
Construct a choice table for interest rates from 0%
to 100%.

Year A B

0 −$100 −$150
1 30 43
2 30 43
3 30 43
4 30 43
5 30 43

8-4 A firm is considering two alternatives that have no
salvage value.

A B

Initial cost $10,700 $5500
Uniform annual benefits 2,100 1800
Useful life, in years 8 4

At the end of 4 years, another B may be purchased
with the same cost, benefits, and so forth.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the MARR is 10%, which alternative should
be selected?

8-5 Your cat’s summer kitty-cottage needs a new roof.
You are considering the following two proposals
and feel a 15-year analysisperiod is in linewith your
cat’s remaining lives. (There is no salvage value for
old roofs.)

Thatch Slate

First cost $20 $40
Annual upkeep 5 2
Service life, in years 3 5

(a) Construct a choice table for interest rates from
0% to 100%.

(b) Which roof should you choose if your MARR
is 12%? What is the actual value of the IRR on
the incremental cost?

8-6 Don Garlits is a landscaper. He is considering the
purchase of a new commercial lawn mower, either
the Atlas or the Zippy. Construct a choice table for
interest rates from 0% to 100%.

Atlas Zippy

Initial cost $6700 $16,900
Annual operation and 1500 1,200
maintenance cost

Annual benefit 4000 4,500
Salvage value 1000 3,500
Useful life, in years 3 6

8-7 The South End bookstore has an annual profit
of $170,000. The owner is considering opening a
second bookstore on the north side of the campus.
He can lease an existing building for 5 years with
an option to continue the lease for a second 5-year
period. If he opens the secondbookstore, he expects
the existing store will lose some business that will
he gainedby “TheNorth End,” the newbookstore. It
will take $500,000 of store fixtures and inventory to
open The North End. He believes that the two stores
will have a combined profit of $260,000 a year after
all the expenses of both stores have been paid.

The owner’s economic analysis is based on a 5-
year period. He will be able to recover this $500,000
investment at the end of 5 years by selling the store
fixtures and inventory.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) The owner will not open The North End unless
he can expect a 15% rate of return. What should
he do?

8-8 A paper mill is considering two types of pollution
control equipment.

Neutralization Precipitation

Initial cost $700,000 $500,000
Annual chemical cost 40,000 110,000
Salvage value 175,000 125,000
Useful life, in years 5 5
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(a) Construct a choice table for interest rates from
0% to 100%.

(b) The firmwants a 12% rate of return on any avoid-
able increments of investment.Which equipment
should be purchased?

8-9 A stockbroker has proposed two investments in low-
rated corporate bonds paying high interest rates
and selling below their stated value (in other
words, junk bonds). The bonds are rated as equally
risky.

Annual Current Market

Stated Interest Price with Bond
Bond Value Payment Commission Maturity∗

Gen Dev $1000 $ 94 $480 15 years
RJR 1000 140 630 15

∗At maturity the bondholder receives the last interest
payment plus the bond’s stated value.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) Which, if any, of the bonds should youbuy if your
MARR is 25%?

8-10 Using the current specifications, a new road will
cost $1.5M initially, need $120K in annual mainte-
nance, and need to be resurfaced every 10 years for
$1.1M. A proposed new specification is expected to
be more resistant to wear. The initial cost will be
$2.1M with $90K in annual maintenance and resur-
facing every 15 years for $1.3M. Use capitalized
cost.

(a) Develop a choice table for interest rates from 0%
to 25%.

(b) If the highway department’s interest rate is 6%,
which specification is preferred?

8-11 George is going to replace his car in 3 years when
he graduates, but now he needs a radiator repair. The
local shop has a used radiator, which will be guaran-
teed for 2 years, or they can install a new one, which
is “guaranteed for as long as you own the car.” The
used radiator is $250 and the new one is $450. If
George assumes the used radiator will last 3 years,
but will need to be replaced so he can sell the car,
which should he buy?

(a) Develop a choice table for interest rates from 0%
to 50%.

(b) George’s interest rate on his credit card is 20%.
What should he do?

Multiple Alternatives

8-12 Consider the following alternatives:

A B C

Initial cost $300 $600 $200
Uniform annual benefits 41 98 35

Each alternative has a 10-year useful life and no
salvage value.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the MARR is 8%, which alternative should be
selected?

8-13 The following four mutually exclusive alternatives
have no salvage value after 10 years.

A B C D

First cost $75 $50 $50 $85
Uniform annual benefit 16 12 10 17
Computed rate of return 16.8% 20.2% 15.1% 15.1%

(a) Construct a choice table for interest rates from
0% to 100%.

(b) Using 8% for the MARR, which alternative
should be selected? (Answer: A )

8-14 The following three mutually exclusive alternatives
have no salvage value after 5 years:

A B C

First cost $200 $300 $600
Uniform annual benefit 59.7 77.1 165.2
Computed rate of return 15% 9% 11.7%

Construct a choice table for interest rates from 0% to
100%.

8-15 Consider four mutually exclusive alternatives, each
having an 8-year useful life:

A B C D

First cost $1000 $800 $600 $500
Uniform annual 122 120 97 122
benefit

Salvage value 750 500 500 0



Problems 289

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the minimum attractive rate of return is 8%,
which alternative should be selected?

8-16 Three mutually exclusive projects are being
considered:

A B C

First cost $1000 $2000 $3000
Uniform annual 150 150 0
benefit

Salvage value 1000 2700 5600
Useful life, 5 6 7
in years

When each project reached the end of its useful life,
it would be sold for its salvage value and there would
be no replacement.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If 8% is the desired rate of return, which project
should be selected?

8-17 Consider three mutually exclusive alternatives and
the do-nothing alternative.

A B C

Initial cost $770 $1406 $2563
Uniform annual 420 420 420
benefit

Useful life (years) 2 4 8
Rate of return 6.0% 7.5% 6.4%

The analysis period is 8 years. At the end of 2, 4, and
6 years, Alt. A will have an identical replacement.
Alternative B will have a single identical replacement
at the end of 4 years. Construct a choice table for
interest rates from 0% to 100%.

8-18 Consider the three alternatives:

A B C

Initial cost $1500 $1000 $2035
Annual benefit for 250 250 650
first 5 years

Annual benefit for 450 250 145
subsequent 5 years

Each alternative has a 10-year useful life and no
salvage value.

Construct a choice table for interest rates from 0%
to 100%.

8-19 Three mutually exclusive alternatives are being con-
sidered.

A B C

Initial investment $50,000 $22,000 $15,000
Annual net income 5,093 2,077 1,643
Rate of return 8% 7% 9%

Each alternative has a 20-year useful life with no
salvage value.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the minimum attractive rate of return is 7%,
which alternative should be selected?

8-20 A business magazine is available for $58 for 1 year,
$108 for 2 years, $153 for 3 years, or $230 for 5 years.
Assume you will read the magazine for at least the
next 5 years. For what interest rates do you prefer
each payment plan?

8-21 Three office furniture firms that offer different pay-
ment plans have responded to a request for bids from
a state agency.

Price Payment Schedule

OfficeLess $185,000 50% now,
25% in 6 months,
25% in 1 year

OfficeMore 182,000 50% now,
50% in 6 months

OfficeStation 198,000 100% in 1 year

(a) Develop a choice table for nominal interest rates
from 0% to 50%.

(b) If the agency’s MARR is 10%, which vendor’s
plan is preferred?
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8-22 Consider the following alternatives:

A B C

Initial cost $100.00 $150.00 $200.00
Uniform annual 10.00 17.62 55.48

benefit
Useful life (years) Infinite 20 5

Alternatives B and C are replaced at the end of
their useful lives with identical replacements. Use an
infinite analysis period.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) At an 8% interest rate,which alternative is better?

8-23 Three mutually exclusive alternatives are being
studied.

Year A B C

0 −$20,000 −$20,000 −$20,000
1 10,000 10,000 5,000
2 5,000 10,000 5,000
3 10,000 10,000 5,000
4 6,000 0 15,000

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the MARR is 12%, which alternative should be
selected?

8-24 A firm is considering three mutually exclusive alter-
natives as part of a production improvement program.
The alternatives are as follows:

A B C

Installed cost $10,000 $15,000 $20,000
Uniform annual benefit 1,625 1,625 1,890
Useful life, in years 10 20 20

For each alternative, the salvage value at the end of
useful life is zero. At the end of 10 years, Alt. A
could be replaced by another A with identical cost
and benefits.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) The MARR is 6%. If the analysis period is
20 years, which alternative should be selected?

8-25 A new 10,000-square-meter warehouse next door to
the Tyre Corporation is for sale for $450,000. The
terms offered are $100,000 down with the balance
being paid in 60 equal monthly payments based
on 15% interest. It is estimated that the warehouse

would have a resale value of $600,000 at the end of
5 years.

Tyre has the cash and could buy the warehouse
but does not need all thewarehouse space at this time.
The Johnson Company has offered to lease half the
new warehouse for $2500 a month.

Tyre presently rents and uses 7000 square
meters of warehouse space for $2700 a month.
It has the option of reducing the rented space to
2000 square meters, in which case the monthly rent
would be $1000 a month. Furthermore, Tyre could
cease renting warehouse space entirely. Tom Clay,
the Tyre Corp. plant engineer, is considering three
alternatives:

1. Buy the new warehouse and lease half the space
to the Johnson Company. In turn, the Tyre-rented
space would be reduced to 2000 square meters.

2. Buy the new warehouse and cease renting any
warehouse space.

3. Continue as is, with 7000 square meters of rented
warehouse space.

Construct a choice table for interest rates from 0% to
100%.

8-26 QZY, Inc. is evaluating newwidget machines offered
by three companies.Themachineshave the following
characteristics:

Company Company Company

A B C

First cost $15,000 $25,000 $20,000
Maintenance 1,600 400 900

and operating
Annual benefit 8,000 13,000 9,000
Salvage value 3,000 6,000 4,500
Useful life, in years 4 4 4

(a) Construct a choice table for interest rates from
0% to 100%.

(b) MARR = 15%. From which company, if any,
should you buy the widget machine? Use rate of
return analysis.

8-27 The Croc Co. is considering a new milling machine
from among three alternatives: each has life of 10
years:

Alternative

Deluxe Regular Economy

First cost $220,000 $125,000 $75,000
Annual benefit 79,000 43,000 28,000
Maintenance and 38,000 13,000 8,000
operating costs

Salvage value 16,000 6,900 3,000
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(a) Construct a choice table for interest rates from
0% to 100%.

(b) MARR = 15%. Using incremental rate of
return analysis,which alternative, if any, should
the company choose?

8-28 Wayward Airfreight, Inc. has asked you to rec-
ommend a new automatic parcel sorter. You have
obtained the following bids:

SHIP-R SORT-Of U-SORT-M

First cost $184,000 $235,000 $180,000
Salvage value 38,300 44,000 14,400
Annual benefit 75,300 89,000 68,000
Yearly maintenance 21,000 21,000 12,000
and operating cost

Useful life, in years 7 7 7

(a) Construct a choice table for interest rates from
0% to 100%.

(b) Using a MARR of 15% and a rate of return
analysis, which alternative, if any, should be
selected?

8-29 A firm is considering the following alternatives, as
well as a fifth choice: do nothing. Each alternative
has a 5-year useful life.

1 2 3 4

Initial cost $100,000 $130,000 $200,000 $330,000
Uniform annual 26.38 38.78 47.48 91.55

net income ($000s)
Rate of return 10% 15% 6% 12%

(a) Construct a choice table for interest rates from
0% to 100%.

(b) The firm’s minimum attractive rate of return is
8%. Which alternative should be selected?

8-30 Construct a choice table for interest rates from 0%
to 100%.

Alternatives

A B C D

Initial cost $2000 $5000 $4000 $3000
Annual benefit 800 500 400 1300
Salvage value 2000 1500 1400 3000
Life, in years 5 6 7 4

8-31 In a particular situation, four mutually exclusive
alternatives are being considered. Each of the
alternatives costs $1300 and has no salvage value
after a 10-year life.

Alter- Rate

native Annual Benefit of Return

A $100 at end of first year;
increasing $30 per year
thereafter

10.0%

B $10 at end of first year;
increasing $50 per year
thereafter

8.8%

C Annual end-of-year
benefit = $260

15.0%

D $450 at end of first year;
declining $50 per year
thereafter

18.1%

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the MARR is 8%, which alternative should be
selected? (Answer: Alt. C)

8-32 A more detailed examination of the situation in
Problem 8-31 reveals that there are two additional
mutually exclusive alternatives to be considered.
Both cost more than the $1300 for the four origi-
nal alternatives. Both have no salvage value after a
useful life of 10 years.

Annual

End-of-

Years Rate

Alternative Cost Benefit of Return

E $3000 $ 488 10.0%
F 5850 1000 11.2%

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the MARR remains at 8%, which one of the
six alternatives should be selected? (Answer:
Alt. F)
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8-33 The owner of a downtown parking lot has employed
a civil engineering consulting firm to advise him on
the economic feasibility of constructing an office
building on the site. Betty Samuels, a newly hired
civil engineer, has been assigned to make the anal-
ysis. She has assembled the following data:

Total

Total Net Annual

Alternative Investment∗ Revenue

Sell parking lot $ 0 $ 0
Keep parking lot 200,000 22,000
Build 1-story building 400,000 60,000
Build 2-story building 555,000 72,000
Build 3-story building 750,000 100,000
Build 4-story building 875,000 105,000
Build 5-story building 1,000,000 120,000

∗Includes the value of the land.

The analysis period is to be 15 years. For all
alternatives, the property has an estimated resale
(salvage) value at the end of 15 years equal to the
present total investment.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the MARR is 10%, what recommendation
should Betty make?

8-34 A firm is considering moving its manufacturing
plant from Chicago to a new location. The indus-
trial engineering department was asked to identify
the various alternatives together with the costs to
relocate the plant, and the benefits. The engineers
examined six likely sites, together with the do-
nothing alternative of keeping the plant at its present
location. Their findings are summarized as follows:

First UniformAnnual

Plant Location Cost ($000s) Benefit ($000s)

Denver $300 $ 52
Dallas 550 137
San Antonio 450 117
Los Angeles 750 167
Cleveland 150 18
Atlanta 200 49
Chicago 0 0

The annual benefits are expected to be constant over
the 8-year analysis period.

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the firm uses 10% annual interest in its eco-
nomic analysis, where should the manufactur-
ing plant be located? (Answer: Dallas)

8-35 An oil company plans to purchase a piece of vacant
land on the corner of two busy streets for $70,000.
On properties of this type, the company installs
businesses of four different types.

Plan Cost∗ Type of Business

A $ 75,000 Conventional gas station with
service facilities for lubrication,
oil changes, etc.

B 230,000 Automatic carwash facility with
gasoline pump island in front

C 30,000 Discount gas station (no service
bays)

D 130,000 Gas station with low-cost,
quick-carwash facility

∗Improvements cost does not include $70,000 for the land.

In each case, the estimated useful life of the
improvements is 15 years. The salvage value for
each is estimated to be the $70,000 cost of the land.
The net annual income, after paying all operating
expenses, is projected as follows:

Plan Net Annual Income

A $23,300
B 44,300
C 10,000
D 27,500

(a) Construct a choice table for interest rates from
0% to 100%.

(b) If the oil company expects a 10% rate of return
on its investments, which plan (if any) should
be selected?
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8-36 The Financial Advisor is a weekly column in the
local newspaper. Assume you must answer the fol-
lowing question. “I recently retired at age 65, and
I have a tax-free retirement annuity coming due
soon. I have three options. I can receive (A) $30,976
now, (B) $359.60 per month for the rest of my life
(assume20 years), or (C) $513.80permonth for the
next 10 years. What should I do?” Ignore the tim-
ing of the monthly cash flows and assume that the
payments are received at the end of year.
Contributed by D. P. Loucks, Cornell University

(a) Develop a choice table for interest rates from
0% to 50%. (You do not knowwhat the reader’s
interest rate is.)

(b) If i = 9%, use an incremental rate of return
analysis to recommend which option should be
chosen.

8-37 A firm must decide which of three alternatives to
adopt to expand its capacity. The firm wishes a min-
imum annual profit of 20% of the initial cost of
each separable increment of investment.Anymoney
not invested in capacity expansion can be invested
elsewhere for an annual yield of 20% of initial cost.

Alt. Initial Cost Annual Profit Profit Rate

A $100,000 $30,000 30%
B 300,000 66,000 22%
C 500,000 80,000 16%

Which alternative should be selected? Use a
challenger–defender rate of return analysis.

8-38 The New England Soap Company is considering
adding some processing equipment to the plant to
aid in the removal of impurities from some raw
materials. By adding the processing equipment,
the firm can purchase lower-grade raw material at
reduced cost and upgrade it for use in its products.

Four different pieces of processing equipment
are being considered:

A B C D

Initial investment $10,000 $18,000 25,000 $30,000
Annual saving in 4,000 6,000 7,500 9,000
materials costs

Annual operating 2,000 3,000 3,000 4,000
cost

The company can obtain a 15% annual return on its
investment in other projects and is willing to invest
money on the processing equipment only as long as
it can obtain 15% annual return on each increment
of money invested.Which one, if any, of the alterna-
tives should be selected?Use a challenger–defender
rate of return analysis.

Cash vs. Loan vs. Lease

8-39 Frequentlywe read in the newspaperthat one should
lease a car rather than buying it. For a typical 24-
month lease on a car costing $9400, the monthly
lease charge is about $267. At the end of the 24
months, the car is returned to the lease company
(which owns the car). As an alternative, the same
car could be bought with no down payment and
24 equal monthly payments, with interest at a 12%
nominal annual percentage rate. At the end of 24
months the car is fully paid for. The car would then
be worth about half its original cost.

(a) Over what range of nominal before-tax interest
rates is leasing the preferred alternative?

(b) What are some of the reasons that would make
leasing more desirable than is indicated in (a)?

8-40 The Financial Advisor is a weekly column in the
local newspaper. Assume you must answer the fol-
lowing question. “I need a new car that I will keep
for 5 years. I have three options. I can (A) pay
$19,999 now, (B)makemonthly payments for a 6%
5-year loan with 0% down, or (C) make lease pay-
ments of $299.00 per month for the next 5 years.
The lease option also requires an up-front payment
of $1000. What should I do?”

Assume that the number of miles driven
matches the assumptions for the lease, and the
vehicle’s value after 5 years is $6500. Remember
that lease payments are made at the beginning of
the month, and the salvage value is received only if
you own the vehicle.

(a) Develop a choice table for nominal interest rates
from 0% to 50%. (You do not know what the
reader’s interest rate is.)

(b) If i = 9%, use an incremental rate of return
analysis to recommend which option should be
chosen.
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(Answer: For nominal interest rates of 0 to 6% pay
cash, of 6 to 30.0% use the loan, and of over 30.0%
use the lease.)

8-41 The Financial Advisor is a weekly column in the local
newspaper. Assume you must answer the following
question. “I need a new car that I will keep for 5 years.
I have three options. I can (A) pay $15,999 now, (B)
make monthly payments for a 9% 5-year loan with
0% down, or (C) make lease payments of $269.00
per month for the next 5 years.

The lease option also requires an up-front payment of
$500. What should I do?”

Assume that the number of miles driven
matches the assumptions for the lease, and the
vehicle’s value after 5 years is $4500. Remember
that lease payments are made at the beginning of the
month, and the salvage value is received only if you
own the vehicle.

(a) Develop a choice table for nominal interest rates
from 0% to 50%. (You do not know what the
reader’s interest rate is.)

(b) If i = 9%, use an incremental rate of return
analysis to recommend which option should be
chosen.

8-42 Assume that the vehicle described in Problem 8-40
will be kept for 10 rather than 5 years. If leased, the
vehicle can be purchased for its value at the end of
5 years. At the end of 10 years, the vehicle will be
worth $2000.

(a) Develop a choice table for nominal interest rates
from 0% to 50%. (You do not know what the
reader’s interest rate is.)

(b) If i = 9%, use an incremental rate of return
analysis to recommend which option should be
chosen.

(c) Are your answers different than in Problem 8-40?
Why or why not?

8-43 Contact a car dealer and choose a car to evaluate
a buy-versus-lease decision (keep it reasonable—no
Lamborghinis). Tell the people at the dealership that

you are a studentworking on an assignment.Be truth-
ful and don’t argue; if they don’t want to help you,
leave and find a friendlier dealer. For both buying
and leasing, show all assumptions, costs, and cal-
culations. Do not include the cost of maintenance,
gasoline, oil, water, fluids, and other routine expenses
in your calculations.

Determine the car’s sales price (no need to nego-
tiate) and the costs for sales tax, license, and fees.
Estimate the “Blue Book value” in 5 years. Deter-
mine the monthly payment based on a 5-year loan
at 9% interest. Assume that your down payment is
large enough to cover only the sales tax, license, and
fees. Calculate the equivalent uniform monthly cost
of owning the car.

Identify the costs to lease the car (if available
assume a 5-year lease). This includes the monthly
lease payment, required down payments, and any
return fees that are required. Calculate the equivalent
uniform monthly cost of leasing the car.

The salesperson probably does not have the
answers to many of these questions. Write a one-
to two-page memo detailing the costs. Make a rec-
ommendation: Should you own or lease your car?
Include nonfinancial items and potential financial
items in your conclusions, such as driving habits and
whether you are likely to drive more than the allowed
number of miles dictated in the lease.
Contributed by Neal Lewis, University of Bridgeport

Minicases

8-44 Develop the costs and benefits to compare owning a
car versus dependingon public transit, friends, and/or
a bicycle. Place a monetary value on each advantage
or disadvantage. Develop a choice table for interest
rates between 0% and 25%.

8-45 Develop the costs and benefits to compare owning a
new car with one that is 2 years old. Place a monetary
value on each advantage or disadvantage. Develop
a choice table for interest rates between 0% and
25%.
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8-46 For a vehicle that you or a friend owns, determine the
number of miles driven per year. Find three alterna-
tive sets of 4 tires that differ in their tread warranty.
Assume that the life of the tires equals the tread war-
ranty divided by the number of miles driven per year.
Compare the EUACs of the tires.

(a) For what interest rates is each choice the best?

(b) Develop a graph equivalent to Figure 8-4 to illus-
trate the results.

(c) For the interest rate that is in the “middle” of your
range, how low and how high can the number
of miles each year be without changing the best
choice?

C A S E S
The following cases from Cases in EngineeringEconomy
2nnnddd are suggested as matched with this chapter.

CASE6 Lease a Lot
Compares leasing and ownership. Results show
importance of separating financing and investing
decisions.

CASE10 The Cutting Edge
Make vs. buy and machine selection.

CASE11 Harbor Delivery Service
Annual comparison of diesel versus gasoline
engines.
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OTHER ANALYSIS
TECHNIQUES

Clean and Green

T
he U.S. Green Building Council (USGBC)
reported in 2010 that in the U.S. buildings
account for 72% of electricity consumption, 39%
of energy use, 38% of CO2 emissions, 40% of

raw materials use, 30% of waste output, and 14% of
potable water consumption. To address this huge impact
on the environment, designers and engineers have made
great progress in developing environment-friendly con-
struction materials and building techniques. In addition,
“green” buildings offer numerous advantages. They can
improve worker productivity, reduce health and safety
costs, improve the indoor environmental quality, and
reduce energy and maintenance costs.

Some still believe that green structures cost more to build, especially with respect to first
costs. However, growing evidence is dispelling this myth, and what has been learned is that
location and final finishing play a bigger role in cost differentiation of buildings. In fact,
in many areas of the country the engineering, procurement, and construction groups have
embraced sustainable design and building practices and no longer see “green” as an added
cost to be priced in their bids. To many, “green design” is simply “good design.” What
remains a concern is the high cost of documentation, in particular in the pursuit of LEED
(Leadership in Energy and Environmental Design) certification. Although LEED is consid-
ered to be the nationally accepted benchmark for design, construction, and operations of
high-performance green buildings, many managers believe that the application process is
too complicated and requires too much paperwork. Although construction costs have risen
between 25% and 30% in the past three years, LEED certification is still being pursued,
and the USGBC reports that over 4.2 billion square feet of commercial building space is
involved with the LEED green building certification system.

McGraw-Hill Construction (2009) reports that the green market was 2% of nonresiden-
tial construction starts in 2005 and 10–12% in 2008 and is expected to reach 20–25%
in 2013. Expansion is seen in many sectors, including education, government, industrial,
office, health care, hospitality, and retail.



Despite this mounting evidence in the support of building green, some commercial devel-
opers believe that environment-friendly features add to the expense of construction. And
even with small additional costs in the range of 1–2% they can make it harder for the builder
to recoup its investment and break even on the project in the short term. Furthermore, there
is a general reluctance by many in this industry to be innovative and embrace new ideas or
new technologies.

Renters may like the idea of being cleaner and greener—but they may be unwilling to pay
extra for it unless they can see a tangible impact to their bottom line. � � �

Contributed by Kim LaScola Needy, University of Arkanas

1. Office leases frequently require building owners, rather than tenants, to pay heating
and cooling costs. What effect might this have on the decision making of potential
tenants who are considering renting space in green buildings?

2. The green building movement has had more success among developers who hold
onto their buildings for years and rent them out, rather than selling them as soon as
they are constructed. What factors might influence their views?

3. Many environment-friendly buildings are architecturally distinctive and feature
better-quality materials and workmanship than traditional commercial structures.
Advocates for the environment hope these characteristics will help green build-
ings attract a rent “premium.” How might these features make the buildings more
attractive to tenants? Is it the green features or the higher-quality materials and
workmanship that add significantly to the perceived higher first costs of green
buildings?

4. How can the costs and benefits of green buildings be economically validated by an
independent party so that designers and engineers can make a fair assessment?

5. Does the economic attractiveness of green buildings depend on which measure is
used for evaluation?

6. What ethical questions arise from state or municipal regulations intended to promote
or require green building practices?

After Completing This Chapter. . .

You should be able to:

• Use futureworth, benefit–cost ratio, payback period, and sensitivity analysis methods
to solve engineering economy problems.

297
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• Link the use of future worth analysis to the present worth and annual worth methods
developed earlier.

• Mathematically develop the benefit–cost ratio, and use this model to select alterna-
tives and make economic choices.

• Understand the concept of the payback period of an investment, and be able to
calculate this quantity for prospective projects.

• Demonstrate a basic understanding of sensitivity and breakeven analyses and the use
of these tools in an engineering economic analysis.

• Use a spreadsheet to perform sensitivity and breakeven analyses.
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Chapter 9 examines four topics:

• Future worth analysis
• Benefit–cost ratio or present worth index analysis
• Payback period
• Sensitivity, breakeven, and what-if analysis

Future worth analysis is very much like present worth analysis, dealing with then (future
worth) rather than with now (present worth) situations.

Previously, we have written economic analysis relationships based on either:

PW of cost = PW of benefit or EUAC = EUAB

Instead of writing it in this form, we could define these relationships as

PW of benefit

PW of cost
= 1 or

EUAB

EUAC
= 1

When economic analysis is based on these ratios, the calculations are called benefit–cost
ratio analysis. The PW ratio is also known as a present worth index.

Payback period is an approximate analysis technique, generally defined as the time
required for cumulative benefits to equal cumulative costs.

Sensitivity describes how much a problem element must change to reverse a particu-
lar decision. Closely related is breakeven analysis, which determines the conditions under
which two alternatives are equivalent. What-if analysis changes one or all variables to see
how the economic value and recommended decision change. Thus, breakeven and what-if
analysis are forms of sensitivity analysis.

FUTUREWORTH ANALYSIS

In present worth analysis, alternatives are compared in terms of their present consequences.
In annual cash flow analysis, the comparison was in terms of equivalent uniform annual
costs (or benefits). But the concept of resolving alternatives into comparable units is not
restricted to a present or annual comparison. The comparison may be made at any point in
time. In many situations we would like to know what the future situationwill be, if we take
some particular course of action now. This is called future worth analysis.

EXAMPLE 9–1

Ron Jamison, a 20-year-old college student, smokes about a carton of cigarettes a week. He won-
ders howmuch money he could accumulate by age 65 if he quit smoking now and put his cigarette
money into a savings account. Cigarettes cost $35 per carton. Ron expects that a savings account
would earn 5% interest, compounded semiannually. Compute the future worth of Ron’s savings
at age 65.
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SOLUTION

Semiannual saving = ($35/carton)(26 weeks) = $910
Future worth (FW) = A(F/A, 21/2%, 90) = 910(329.2) = $299,572

EXAMPLE 9–2

An East Coast firm has decided to establish a second plant in Kansas City. There is a factory for
sale for $850,000 that could be remodeled and used. As an alternative, the firm could buy vacant
land for $85,000 and have a new plant constructed there. Either way, it will be 3 years before the
firm will be able to get a plant into production. The timing of costs for the factory are:

Year Construct NewPlant RemodelAvailable Factory

0 Buy land $ 85,000 Purchase factory $ 850,000
1 Design 200,000 Design 250,000
2 Construction 1,200,000 Remodeling 250,000
3 Production equipment 200,000 Production equipment 250,000

If interest is 8%, which alternative has the lower equivalent cost when the firm begins production
at the end of Year 3?

SOLUTION

NewPlant

0 1 2 3

1,000,000

85,000
200,000

= 0 1 2 3

FW

FW of cost = 85,000(F/P, 8%, 3) + 200,000(F/A, 8%, 3)
+ 1,000,000(F/P, 8%, 1) = $1,836,000

Remodel Available Factory

0 1 2 3 0 3

FW

850,000

250,000

=
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FW of cost = 850,000(F/P, 8%, 3) + 250,000(F/A, 8%, 3)

= $1,882,000

The total cost of remodeling the available factory ($1,600,000) is smaller than the total cost of a
new plant ($1,685,000). However, the timing of the expenditures is better with the new plant. The
new plant is projected to have the smaller future worth of cost and thus is the preferred alternative.

BENEFIT–COST RATIO ANALYSIS

At a given minimum attractive rate of return (MARR), we would consider an alternative
acceptable, provided that

PW of benefits − PW of costs ≥ 0 or EUAB − EUAC ≥ 0

These could also be stated as a ratio of benefits to costs, or

Benefit–cost ratio
B

C
= PW of benefit

PW of costs
= EUAB

EUAC
≥ 1

Rather than using present worth or annual cash flow analysis to solve problems, we can base
the calculations on the benefit–cost ratio, B/C. The criteria are presented in Table 9-1. In
Table 9-1 the two special cases where maximizing the B/C ratio is correct are listed below
the more common situation where incremental analysis is required. In Chapter 16 we will
detail how this measure is applied in the public sector. Its use there is so pervasive, that the
term present worth index is sometimes used to distinguish private-sector applications.

TABLE 9–1 Benefit–Cost Ratio Analysis

Situation Criterion

Neither input Neither amount of money Two alternatives: Compute incremental benefit–
nor output or other inputs nor cost ratio (�B/�C) on the increment of invest-
fixed amount of benefits or ment between the alternatives.

other outputs are fixed If �B/�C ≥ 1, choose higher-cost
alternative; otherwise, choose lower-cost
alternative.
Three or more alternatives:
Solve by benefit–cost ratio
incremental analysis

Fixed input Amount of money or other Maximize B/C
input resources are fixed

Fixed output Fixed task, benefit, or Maximize B/C
other output to be
accomplished
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EXAMPLE 9–3

A firm is trying to decide which of two devices to install to reduce costs. Both devices have
useful lives of 5 years and no salvage value. Device A costs $1000 and can be expected to
result in $300 savings annually. Device B costs $1350 and will provide cost savings of $300
the first year, but savings will increase by $50 annually, making the second-year savings $350,
the third-year savings $400, and so forth. With interest at 7%, which device should the firm
purchase?

SOLUTION

We have used three types of analysis thus far to solve this problem: present worth in Example 5-1,
annual cash flow in Example 6-5, and rate of return in Example 7-14. First we correctly analyze
this incrementally, then we look at each device’s benefit–cost ratio.

IncrementalB–A
PW of cost = $350

PW of benefits = 50(P/G, 7%, 5)

= 50(7.647) = $382
B

C
= PW of benefit

PW of costs
= 382

350
= 1.09

The increment is justified at the MARR of 7%. Device B should be purchased.

Device A
PW of cost = $1000

PW of benefits = 300(P/A, 7%, 5)

= 300(4.100) = $1230

B

C
= PW of benefit

PW of costs
= 1230

1000
= 1.23

Device B
PW of cost = $1350

PW of benefit = 300(P/A, 7%, 5) + 50(P/G, 7%, 5)

= 300(4.100) + 50(7.647) = 1230 + 382 = 1612

B

C
= PW of benefit

PW of costs
= 1612

1350
= 1.19

Maximizing the benefit–cost ratio indicates the wrong choice, Device A. Incremental analysis
must be used.

EXAMPLE 9–4

In Example 7-15 we analyzed two machines that were being considered for purchase. Assuming
10% interest, which machine should be bought?
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Machine X Machine Y

Initial cost $200 $700
Uniform, annual benefit 95 120
End-of-useful-life salvage value 50 150
Useful life, in years 6 12

SOLUTION

Assuming a 12-year analysis period, the cash flow table is:

Year Machine X Machine Y

0 −$200 −$700
1–5 95 120

6

⎧⎨
⎩

95
−200

50
120

7–11 95 120

12
{ 95

50
120
150

We will solve the problem using

B

C
= EUAB

EUAC

and considering the salvage value of the machines to be reductions in cost, rather than increases
in benefits. This choice affects the ratio value, but not the decision.

Machine X

EUAC = 200(A/P, 10%, 6) − 50(A/F , 10%, 6)
= 200(0.2296) − 50(0.1296) = 46 − 6 = $40

EUAB = $95

Note that this assumes the replacement for the last 6 years has identical costs. Under these
circumstances, the EUAC for the first 6 years equals the EUAC for all 12 years.

Machine Y

EUAC = 700(A/P, 10%, 12) − 150(A/F , 10%, 12)
= 700(0.1468) − 150(0.0468) = 103− 7 = $96

EUAB = $120

Machine Y−Machine X
�B

�C
= 120 − 95

96 − 40
= 25

56
= 0.45

The incremental benefit–cost ratio of less than 1 represents an undesirable increment of
investment. We therefore choose the lower-cost alternative—Machine X . If we had computed
benefit–cost ratios for each machine, they would have been:
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Machine X Machine Y

B

C
= 95

40
= 2.38

B

C
= 120

96
= 1.25

Although B/C = 1.25 for Machine Y (the higher-cost alternative), we must not use this
fact as the basis for selecting the more expensive alternative. It only indicates that Y would be
acceptable if X were unavailable. The incremental benefit–cost ratio, �B/�C, clearly shows
that Y is a less desirable alternative than X . Also, we must not jump to the conclusion that the
best alternative is always the one with the largest B/C ratio. This, too, may lead to incorrect
decisions—as we saw in Example 9-3, and we shall see again when we examine problems with
three or more alternatives.

EXAMPLE 9–5

Consider the five mutually exclusive alternatives from Examples 8-6 and 8-7 plus an additional
alternative, F . They have 20-year useful lives and no salvage value. If the minimum attractive
rate of return is 6%, which alternative should be selected?

A B C D E F

Cost $4000 $2000 $6000 $1000 $9000 $10,000
PW of benefit 7330 4700 8730 1340 9000 9,500
B

C
= PW of benefits

PW of cost
1.83 2.35 1.46 1.34 1.00 0.95

SOLUTION

Incremental analysis is needed to solve the problem. The steps in the solution are the same as the
ones presented in Example 8-7 for incremental rate of return, except here the criterion is�B/�C,
and the cutoff is 1, rather than �IRR with a cutoff of MARR.

1. Be sure all the alternatives are identified.
2. (Optional) Compute the B/C ratio for each alternative. Since there are alternatives for

which B/C ≥ 1, we will discard any with B/C < 1. Discard Alt. F .

3. Arrange the remaining alternatives in ascending order of investment.
D B A C E

Cost (= PW of cost) $1000 $2000 $4000 $6000 $9000
PW of benefits 1340 4700 7330 8730 9000
B/C 1.34 2.35 1.83 1.46 1.00

B−D A− B C−A

Increment Increment Increment

�Cost $1000 $2000 $2000
� Benefits 3360 2630 1400
�B/C 3.36 1.32 0.70

4. For each increment of investment, if �B/�C ≥ 1 the increment is attractive. If
�B/�C < 1 the increment of investment is not desirable. The increment B – D is desir-
able, so B is preferred to D. The increment A – B is desirable. Thus, Alt. A is preferred.
Increment C – A is not attractive since �B/�C = 0.70. Now we compare A and E :
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E−A
Increment

�Cost $5000
�Benefit 1670
�B/�C 0.33

The increment is undesirable. We choose Alt. A as the best of the six alternatives. [Note:
The best alternative does not have the highest B/C ratio, nor is it the largest project with a B/C
ratio > 1. Alternative A does have the largest difference between the PW of its benefits and costs
(= $3330).]

Benefit–cost ratio analysis may be graphically represented. Figure 9-1 is a graph
of Example 9-5. We see that F has a B/C< 1 and can be discarded. Alternative D is
the starting point for examining the separable increments of investment. The slope of
line B–D indicates a �B/�C ratio of >1. This is also true for line A–B. Increment
C–A has a slope much flatter than B/C = 1, indicating an undesirable increment of
investment. AlternativeC is therefore discarded and A retained. Increment E–A is similarly
unattractive. Alternative A is therefore the best of the six alternatives.

Note two additional things about Figure 9-1: first, even if alternatives with B/C ratio
< 1 had not been initially excluded, they would have been systematically eliminated in
the incremental analysis. Second, Alt. B had the highest B/C ratio (B/C = 2.35), but it is
not the best of the six alternatives. We saw the same situation in rate of return analysis of
three or more alternatives. The reason is the same in both analysis situations. We seek to
maximize the total profit, not the profit rate.

FIGURE 9–1 Benefit–cost ratio
graph of Example 9-5.
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Variations on the Theme of the Benefit–Cost Ratio

Two of the most common applications of the benefit–cost ratio typically use modified
versions of the ratio. The basic ratio has been defined as placing all benefits in the numer-
ator of the ratio and all costs in the denominator. Example 9-4 modified this slightly by
considering the salvage values as reducing the costs rather than as increasing the benefits.
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In the public sector, it is common to define the benefit–cost ratio so that the numerator
includes all consequences to the users or the public and the denominator includes all con-
sequences to the sponsor or government. For example, the numerator might include the
positive benefits of improved highway traffic flow and the disbenefits of congestion dur-
ing construction, since both accrue to the public or users. The denominator in this case
includes consequences to the government, such as the costs of construction and the reduced
maintenance cost for the new highway.

Example 9-6 illustrates this for a public project. Then in Example 9-7 exactly the same
numbers are put in a private context. Here the benefit–cost ratio is typically called a present
worth index. The calculation is modified so that the denominator is the project’s first cost,
and all other consequences are placed in the numerator. This formulation of the benefit–
cost ratio emphasizes the “bang for buck” of how much return is gained for each dollar of
investment.

We will examine the public-sector application of the benefit–cost ratio in more detail
in Chapter 16, and the present worth index will be used in Chapter 15. Here and in those
chapters, the same standard applies for all versions of the ratio. Is the ratio≥1?More impor-
tantly, if one version of the ratio is ≥1, then all versions are ≥1. As shown in Examples 9-6
and 9-7, the values of the ratios may differ, but whether they are above or below 1 and the
recommended decisions do not change.

EXAMPLE 9–6

Traffic congestion on Riverview Boulevard has reached a point where something must be
done. Two suggested plans have a life of 15 years, because that is the scheduled time for
completion of the new Skyway Highway. After that time traffic will fall well below current
levels.

Adding right-turn lanes at key intersections will cost $8.9M (million) with annual
maintenance costs for signals and lane painting of $150,000. Added congestion during con-
struction is a disbenefit of $900,000, but the reduced congestion after construction is an annual
benefit of $1.6M. This benefit actually starts lower and increases over time, but for a simple
initial analysis we are assuming a uniform annual benefit.

Adding a second left-turn lane at a few key intersections will cost an additional $3M with
an added annual maintenance cost of $75,000. This construction is more disruptive, and the total
disbenefit for congestion during construction is $2.1M. Upon completion, the total benefit for
reduced congestion will be $2.2M annually.

Which alternatives is preferred if the interest rate is 10%? Analyze using a government B/C
ratio (public in numerator and government in denominator).

SOLUTION

Since something must be done and we have only two identified alternatives, we could simply
analyze the difference between the alternatives to see which is better. But we are going to start
by analyzing the less expensive “right-turns” alternative to check that this is a reasonable choice
for what must be done.

The user consequences include an annual benefit for reduced congestion and a first “cost”
that is the disbenefit of increased congestion during construction.
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PWright turns = −900,000+ 1,600,000(P/A, 10%, 15)

= −900,000+ 1,600,000(7.606) = $11.27M

The government costs include a first cost for construction and annual maintenance costs.
Note that these are calculated as present costs.

PCright turns = 8,900,000+ 150,000(P/A, 10%, 15)

= 8,900,000+ 150,000(7.606) = $10.04M

The benefit–cost ratio for public divided by government consequences is

B/C ratio = $11.27M/$10.04M = 1.122

Thus, the right-turns-only alternative is better than doing nothing.
Now we evaluate the incremental investment for also doing the left-turn improvements.

Because we are using a benefit–cost ratio, this evaluation must be done incrementally. The user
consequences include an incremental annual benefit for reduced congestion and an incremental
first “cost” that is the disbenefit of increased congestion during construction.

PWleft turns − right turns = −1,200,000+ 600,000(P/A, 10%, 15)

= −1,200,000+ 600,000(7.606) = $3.364M

The government costs include a first cost for construction and annual maintenance costs.

PCleft turns − right turns = 3,000, 000+ 75,000(P/A, 10%, 15)

= 3,000,000+ 75,000(7.606) = $3.570M

The benefit–cost ratio for public divided by government consequences is

B/C ratio = $3.364M/$3.570M = 0.942

Thus, the right-turns-only alternative is better than adding the left-turn increment.

EXAMPLE 9–7

The industrial engineering department of Amalgamated Widgets is considering two alternatives
for improving material flow in its factory. Both plans have a life of 15 years, because that is the
estimated remaining life for the factory.

A minimal reconfiguration will cost $8.9M (million) with annual maintenance costs of
$150,000. During construction there is a cost of $900,000 for extra material movements and
overtime, but more efficient movement of materials will save $1.6M annually. The cost savings
actually start lower and increase over time, but for a simple initial analysis we are assuming a
uniform annual cost savings.
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Reconfiguring a second part of the plant will cost an additional $3M with an added annual
maintenance cost of $75,000. This construction is more disruptive, and the total cost for material
movement and overtime congestion during construction is $2.1M. Once complete, the total cost
savings for more efficient movement of materials is $2.2M annually.

Which alternative is preferred if the interest rate is 10%? Analyze using a present worth
index (all consequences in Years 1 to n in numerator and all first costs in denominator).

SOLUTION

Since something must be done and we have only two identified alternatives, we could simply
analyze the difference between the alternatives to see which is better. But we are going to start by
analyzing the less expensive minimal reconfiguration alternative to check that this is a reasonable
choice for what must be done.

The consequences in Years 1 to n include an annual cost savings for more efficient flow and
annual maintenance costs.

PWYears 1 to n = (1,600,000− 150,000)(P/A, 10%, 15)

= (1,600,000− 150,000)(7.606) = $11.03M

The first costs include a first cost for construction and the cost for disruption during
construction.

PC = 8,900,000+ 900,000 = $9.8M

The present worth index is

PW index = $11.03M/$9.8M = 1.125

Thus, the minimal reconfiguration is better than doing nothing.
Now we evaluate the incremental investment for also reconfiguring the second part of the

plant.Because we are using a present worth index, this evaluationmust be done incrementally. The
annual consequences include an incremental annual cost savings and incremental maintenance
costs.

PWYears 1 to n = (600,000− 75,000)(P/A, 10%, 15)

= 525,000(7.606) = $3.993M

There is a first cost for construction and for the associated disruption.

PC = 3,000,000+ 1,200,000 = $4.2M

The present worth index is

PW index = $3.993M/$4.2M = 0.951

Thus, the minimal reconfiguration is better than reconfiguring the second part of the plant.

In Examples 9-6 and 9-7, the numbers that appeared in the numerator and denominator
were changed, and the exact values of the B/C ratio and present worth index also changed.
However, the conclusions did not. The ratios were above 1.0 for the minimal investment
choice. The ratios were below 1.0 for the incremental investment. It was always best to
make the minimal investment.
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These examples demonstrate that present worth analysis and incremental benefit–cost
ratio analysis lead to the same optimal decision. We saw in Chapter 8 that rate of return
and present worth analysis led to identical decisions. Any of the exact analysis methods—
present worth, annual cash flow, rate of return, or benefit–cost ratio—will lead to the same
decision. Benefit–cost ratio analysis is extensively used in economic analysis at all levels
of government.

PAYBACK PERIOD

Payback period is the period of time required for the profit or other benefits from an invest-
ment to equal the cost of the investment. This is the general definition for payback period.
Other definitions consider depreciation of the investment, interest, and income taxes; they,
too, are simply called “payback period.” We will limit our discussion to the simplest form.

Payback period is the period of time required for the project’s profit or other
benefits to equal the project’s cost.

The criterion in all situations is to minimize the payback period. The computation of
payback period is illustrated in Examples 9-8 and 9-9.

EXAMPLE 9–8

The cash flows for two alternatives are as follows:
Year A B

0 −$1000 −$2783
1 200 1200
2 200 1200
3 1200 1200
4 1200 1200
5 1200 1200

You may assume the benefits occur throughout the year rather than just at the end of the year.
Based on payback period, which alternative should be selected?

SOLUTION

Alternative A
Payback period is how long it takes for the profit or other benefits to equal the cost of the invest-
ment. In the first 2 years, only $400 of the $1000 cost is recovered. The remaining $600 cost is
recovered in the first half of Year 3. Thus the payback period for Alt. A is 2.5 years.

Alternative B
Since the annual benefits are uniform, the payback period is simply

$2783/$1200 per year = 2.3 years

To minimize the payback period, choose Alt. B.
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EXAMPLE 9–9 (Example 5-4 revisited)

A firm is trying to decide which of two weighing scales it should install to check a package-filling
operation in the plant. If both scales have a 6-year life, which one should be selected? Assume an
8% interest rate.

Uniform Annual End-of-Useful-Life

Alternative Cost Benefit Salvage Value

Atlas scale $2000 $450 $100
Tom Thumb scale 3000 600 700

SOLUTION

Atlas Scale

Payback period = Cost

Uniform annual benefit

= 2000

450
= 4.4 years

TomThumb Scale

Payback period = Cost

Uniform annual benefit

= 3000

600
= 5 years

FIGURE 9–2 Payback period
plots for Example 9-9.

Year

Tom Thumb scale

Year

Atlas scale

Cost � $3000

Cum
ul

ati
ve

Ben
ef

its
 �

 $
60

0/
ye

ar
$3000

$2000

$1000

0 1 2 3 4 5

Cost � $2000

Cum
ula

tiv
e

Ben
efi

ts 
�

 $4
50

/ye
ar

$3000

$2000

$1000

0 1 2 3 4
4.4

5

Figure 9-2 illustrates the situation. To minimize payback period, select the Atlas scale.
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There are four important points to be understood about payback period calculations:

1. This is an approximate, rather than an exact, economic analysis calculation.

2. All costs and all profits, or savings of the investment before payback are included
without considering differences in their timing.

3. All the economic consequences beyond the payback period are completely
ignored.

4. Being an approximate calculation, payback periodmay ormay not select the correct
alternative.

This last point—that payback period may select the wrong alternative—was illustrated by
Example 9-9. When payback period is used, the Atlas scale appears to be the more attrac-
tive alternative. Yet, when the same problemwas solved earlier by the present worthmethod
(Example 5-4), the Tom Thumb scale was the chosen alternative. The reason for the differ-
ent conclusions is the $700 salvage value at the end of 6 years. The salvage value occurs
after the payback period; so it was ignored in the payback calculation. It was considered in
the present worth analysis, which correctly showed that the Tom Thumb scale was in fact
more desirable.

But if payback period calculations are approximate andmay lead to selecting the wrong
alternative, why are they used? First, the calculations can be readily made by people unfa-
miliar with economic analysis. Second, payback period is easily understood. Earlier we
pointed out that this is also an advantage to rate of return.

Moreover, payback period doesmeasure how long it will take for the cost of the invest-
ment to be recovered from its benefits. Firms are often very interested in this time period:
a rapid return of invested capital means that the funds can be reused sooner for other pur-
poses. But one must not confuse the speed of the return of the investment, as measured by
the payback period, with economic efficiency. They are two distinctly separate concepts.
The former emphasizes the quickness with which invested funds return to a firm; the latter
considers the overall profitability of the investment.

Example 9-10 illustrates how using the payback period criterion may result in an
unwise decision.

EXAMPLE 9–10

A firm is buying production equipment for a new plant. Two alternative machines are being con-
sidered for a particular operation.

TempoMachine Dura Machine

Installed cost $30,000 $35,000
Net annual benefit after 12,000 the first year, 1000 the first year,

all annual expenses declining $3000 per year increasing $3000
have been deducted thereafter per year thereafter

Useful life, in years 4 8

Neither machine has any salvage value. Compute the payback period for each machine.
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SOLUTION BASED ONPAYBACK PERIOD

FIGURE 9–3 Payback
period plots for Example
9-10.
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The Tempo machine has a declining annual benefit, while the Dura has an increasing annual
benefit. Figure 9-3 shows the Tempo has a 4-year payback period and the Dura has a 5-year
payback period. To minimize the payback period, the Tempo is selected.

Now, as a check on the payback period analysis, compute the rate of return for each
alternative. Assume the minimum attractive rate of return is 10%.

SOLUTION BASED ONRATE OF RETURN

The cash flows for the two alternatives are as follows:

Year TempoMachine DuraMachine

0 −$30,000 −$35,000
1 12,000 1,000
2 9,000 4,000
3 6,000 7,000
4 3,000 10,000
5 0 13,000
6 0 16,000
7 0 19,000
8 0 22,000

0 57,000

Tempo Machine

Since the sum of the cash flows for the Tempo machine is zero, we see immediately that the
$30,000 investment just equals the subsequent benefits. The resulting rate of return is 0%.

DuraMachine

PW(i) = −35,000 + 1000(P/A, i, 8) + 3000(P/G, i, 8)

PW(20%) = −35,000 + 1000(3.837) + 3000(9.883) = −$1514
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The 20% interest rate has discounted future benefits too much; it is too high. Try i = 15%:

PW(15%) = −35,000+ 1000(4.487) + 3000(12.481) = $6930

This time, the interest rate is too low. Linear interpolation would show that the rate of return is
approximately 19%; and a spreadsheet gives the exact answer.

Using an exact calculation—rate of return—it is clear that the Dura machine is far superior to
the Tempo. On the other hand, the shorter payback period for the Tempo does measure the speed
of the return of the investment. The conclusion to be drawn is that liquidity and profitability
may be two quite different criteria.

From the discussion and the examples, we see that payback period can measure the speed
of the return of the investment. This might be quite important, for example, for a company
that is short of working capital or for a firm in an industry experiencing rapid changes
in technology. Calculation of payback period alone, however, must not be confused with
a careful economic analysis. Ignoring all cash flows after the payback period is seldom
wise. We have shown that a short payback period does not always mean that the associated
investment is desirable. Thus, payback period is not a suitable replacement for accurate
economic analysis calculations.

SENSITIVITY AND BREAKEVENANALYSIS

Since many data gathered in solving a problem represent projections of future conse-
quences, there may be considerable uncertainty regarding the data’s accuracy. Since the
goal is to make good decisions, an appropriate question is: To what extent do variations in
the data affect my decision? When small variations in a particular estimate would change
which alternative is selected, the decision is said to be sensitive to the estimate. To better
evaluate the impact of any particular estimate, we compute “howmuch a particular estimate
would need to change in order to change a particular decision.” This is called sensitivity
analysis.

An analysis of the sensitivity of a problem’s decision to its various parameters high-
lights the important aspects of that problem. For example, estimated annual maintenance
and salvage values may vary substantially. Sensitivity analysis might indicate that a certain
decision is insensitive to the salvage-value estimate over the full range of possible values.
But, at the same time, we might find that the decision is sensitive to changes in the annual
maintenance estimate. Under these circumstances, one should place greater emphasis on
improving the annual maintenance estimate and less on the salvage-value estimate.

As indicated at the beginning of this chapter, breakeven analysis is a form of sensi-
tivity analysis that is often presented as a breakeven chart. Another nomenclature that is
sometimes used for the breakeven point is point of indifference. One application of these
tools is staged construction. Should a facility be constructed now to meet its future full-
scale requirement? Or should it be constructed in stages as the need for the increased
capacity arises? What is the breakeven point on how soon the capacity is needed for this
decision? Three examples are:

• Should we install a cable with 400 circuits now or a 200-circuit cable now and
another 200-circuit cable later?
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• A 10-cm water main is needed to serve a new area of homes. Should it be installed
now, or should a 15-cm main be installed to ensure an adequate water supply to
adjoining areas later, when other homes have been built?

• An industrial firm needs a new warehouse now and estimates that it will need to
doubleitssizein4years.Thefirmcouldhaveawarehousebuiltnow and later enlarged,
or have the warehouse with capacity for expanded operations built right away.

Examples 9-11 through 9-13 illustrate sensitivity and breakeven analysis.

EXAMPLE 9–11

Consider a project that may be constructed to full capacity now or may be constructed in two
stages.

Construction Alternative Costs

Two-stage construction
Construct first stage now $100,000
Construct second stage 120,000
n years from now

Full-capacity construction
Construct full capacity now 140,000

Other Factors

1. All facilities will last for 40 years regardless of when they are installed; after 40 years,
they will have zero salvage value.

2. The annual cost of operation and maintenance is the same for both two-stage construction
and full-capacity construction.

3. Assume an 8% interest rate.

Plot “age when second stage is constructed” versus “costs for both alternatives.” Mark the
breakeven point on your graph. What is the sensitivity of the decision to second-stage construc-
tion 16 or more years in the future?

SOLUTION

Since we are dealing with a common analysis period, the calculations may be either annual cost
or present worth. Present worth calculations appear simpler and are used here.

Construct Full Capacity Now

PW of cost = $140,000

Two-Stage Construction

If the first stage is to be constructed now and the second stage n years hence, compute the PW of
cost for several values of n (years).
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PW of cost = 100,000 + 120,000(P/F, 8%, n)

n = 5 PW = 100,000+ 120,000(0.6806) = $181,700

n = 10 PW = 100,000+ 120,000(0.4632) = 155,600

n = 20 PW = 100,000+ 120,000(0.2145) = 125,700

n = 30 PW = 100,000+ 120,000(0.0994) = 111,900

These data are plotted in the form of a breakeven chart in Figure 9-4.

FIGURE 9–4 Breakeven chart for
Example 9-11.
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In Figure 9-4 we see that the PW of cost for two-stage construction naturally decreases as
the second stage is deferred. The one-stage construction (full capacity now) is unaffected by the
x-axis variable and, hence, is a horizontal line.

The breakeven point on the graph is where both alternatives have the same PW. We see that
if the second stage is deferred for 15 years, then the PW of cost of two-stage construction is equal
to one-stage construction;Year 15 is the breakeven point. The graph also shows that if the second
stage were to be needed prior to Year 15, then one-stage construction,with its smaller PW of cost,
would be preferred. On the other hand, if the second stage would not be required until after 15
years, two-stage construction is preferred.

This breakeven point can also be calculated by setting the two alternatives equal to each
other.

PW = 140,000 = 100,000+ 120,000(P/F, 8%, n)

(P/F, 8%, n) = 40,000

120,000
= 0.3333

From the tables

n = 14 + (15 − 14)(0.3405 − 0.3333)/(0.3405− 0.3152)

n = 14.3 years

From Excel’s NPER function or GOAL SEEK, or using a TVM calculator,

n = n(i, A, P, F) = n(8%, 0, −40000, 120000) = 14.27 years
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The decision on how to construct the project is sensitive to the age at which the second stage
is needed only if the range of estimates includes 15 years. For example, if one estimated that the
second-stage capacity would be needed between 5 and 10 years hence, the decision is insensitive
to that estimate. For any value within that range, the decision does not change. But, if the second-
stage capacity were to be needed sometime between, say, 12 and 18 years, the decision would be
sensitive to the estimate of when the full capacity would be needed.

One question posed by this example is how sensitive the decision is to the need for the
second stage at 16 years or beyond. The graph shows that the decision is insensitive. In all cases
for construction on or after 16 years, two-stage construction has a lower PW of cost.

EXAMPLE 9–12

Example 8-3 posed the following situation. Three mutually exclusive alternatives are given, each
with a 20-year life and no salvage value. The minimum attractive rate of return is 6%.

A B C

Initial cost $2000 $4000 $5000
Uniform annual benefit 410 639 700

In Example 8-3 we found that Alt. B was the preferred alternative at 6%. Here we would like to
know how sensitive the decision is to our estimate of the initial cost of B. If B is preferred at an
initial cost of $4000, it will continue to be preferred at any smaller initial cost. But how much
higher than $4000 can the initial cost be and still have B the preferred alternative? With neither
input nor output fixed, maximizing net present worth is a suitable criterion.

Alternative A

NPWA = 410(P/A, 6%, 20) − 2000

= 410(11.470) − 2000 = $2703
Alternative B
Let x = initial cost of B.

NPWB = 639(P/A, 6%, 20) − x

= 639(11.470) − x

= 7329− x

Alternative C
NPWC = 700(P/A, 6%, 20) − 5000

= 700(11.470) − 5000 = $3029

For the three alternatives, we see that B will only maximize NPW as long as its NPW is greater
than 3029.

3029 = 7329 − x

x = 7329 − 3029 = $4300

Therefore, B is the preferred alternative if its initial cost does not exceed $4300.
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Figure 9-5 is a breakeven chart for the three alternatives. Here the criterion is to maximize
NPW; as a result, the graph shows that B is preferred if its initial cost is less than $4300. At an
initial cost above $4300, C is preferred. We have a breakeven point at $4300. When B has an
initial cost of $4300, B and C are equally desirable.

FIGURE 9–5 Breakeven chart for
Example 9-12.
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EXAMPLE 9–13

In both Examples 9-6 (traffic congestion on Riverview Boulevard) and 9-7 (reconfiguring the
plant of Amalgamated Widgets), the life of 15 years is clearly subject to some uncertainty.While
holding the other data constant, analyze the sensitivity of the recommended decisions to the
project life. Use the present worth measure, since it is the same for both examples.

SOLUTION

The two alternatives have the following present worth values.

PWright turns or minimal = −900,000− 8,900,000+ (1,600,000− 150,000)(P/A, 10%, n)

= −9,800,000+ 1,450,000(P/A, 10%, n)

PWleft turns or 2nd part of plant = −2,100,000− 8,900, 000− 3,000,000

+ (2,200,000− 225,000)(P/A, 10%, n)

= −14,000,000+ 1,975,000(P/A, 10%, n)

These could be analyzed for breakeven values of n. However, it is easier to use the graphing
technique for multiple alternatives that was presented in Chapter 8. Instead of using the interest
rate for the x axis, use n.

As shown in Figure 9-6, the right-turn or minimal alternative is the best one for lives of 12 to
16 years. The left-turn increment or 2nd part of the plant, is the best choice for lives of 17 or more
years. If the life is 11 years or less, doing nothing is better. To keep the graph readable, Figure 9-6
includes only Years 10 through 20.
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FIGURE 9–6 Breakeven
chart for Example 9-13.
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Breakeven points can be estimated from graphs or calculated with formulas or
GOAL SEEK. Sensitivity analysis and breakeven point calculations can be very useful in
identifying how different estimates affect the calculations. It must be recognized that these
calculations assume that all parameters except one are held constant, and the sensitivity of
the decision to that one variable is evaluated. The next section presents ways tomodify your
Excel chart to make it more effective.

GRAPHINGWITH SPREADSHEETS FOR SENSITIVITYAND BREAKEVEN ANALYSIS

Chapter 4 introduced drawing x y plots with spreadsheets, and Chapter 7 reviewed this
procedure for plotting present worth versus i. The Chapter 7 plot (Figure 7-6) is an example
of breakeven analysis because it is used to determine at what interest rate does the project
break even or have a present worth of 0. This section will present some of the spreadsheet
tools and options that can make the x y plots more effective and attractive.

The spreadsheet tools and options can be used to:

• Modify the x or y axes

Specify the minimum or maximum value

Specify at what value the other axis intersects (default is 0)

• Match line types to data

Use line types to distinguish one curve from another

Use markers to show real data

Use lines without markers to plot curves (straight segments or smooth curves)
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• Match chart colors to how displayed

Color defaults are fine for color computer screen

Color defaults are OK for color printers

Black-and-white printing is better with editing (use line types not colors)

• Annotate the graph

Add text, arrows, and lines to graphs

Add data labels

In most cases the menus of Excel are self-explanatory, so the main step is deciding
what you want to achieve. Then you just look for the way to do it. Left clicks are used to
select the item to modify, and right clicks are used to bring up the options for that item.
Example 9-14 illustrates this process.

EXAMPLE 9–14

The staged construction choice described in Example 9-11 used a broad range of x values for the
x axis. Create a graph that focuses on the 10- to 20-year period and is designed for printing in a
report. The costs are:

Year Full Capacity Two Stages

0 $140,000 $100,000
n 0 120,000

SOLUTION

The first step is to create a table of values that shows the present worth of the costs for different
values of n ≡ the length of time until the second stage or full capacity is needed. Notice that
the full capacity is calculated at n = 0. The only reason to calculate the corresponding value
for staged construction is to see if the formula is properly entered, since building both stages at
the same time will not really cost $220,000. The values for staged construction at 5, 10, 20, and
30 years check with the values in Example 9-11.

The next step is to select cells A8:C13, which includes the x values and two series of y
values. Then the ChartWizard tool is selected. In the first step, the x y (scatter) plot is selected
with the option of smoothed lines without markers. In Step 2 no action is required, since the cells
A8:C13 were selected first. In Step 3 labels are added for the x and y axes. In Step 4 the chart
is moved around on the worksheet page, so that it does not overlap with the data. The result is
shown in Figure 9-7.

Our first step in cleaning up the graph is to delete the formula in cell C9, since two-stage
construction will not be done at Time 0. We also delete the label in the adjacent cell, which
explains the formula. Then we create a new label for cell C10. As shown in Appendix A, the easy
way to create that label is to insert an apostrophe, or space, as the first entry in cell C10. This
converts the formula to a label which we can copy to D10. Then we delete the apostrophe in cell
C10.
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FIGURE 9–7
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The axis scales must be modified to focus on the area of concern. Select the x axis and
change the minimum from automatic to 10 and the maximum to 20. Select the y axis and change
the minimum to 125,000 and the maximum to 160,000.

Left-click on the plot area to select it. Then right-click to bring up the options. Select Format
Plot Area and change the area pattern to “none.” This will eliminate the gray fill that made
Figure 9-7 difficult to read.

Left-click on the two-stage curve to select it. Then right-click for the options. Format the
data series using the Patterns tab. Change the line style from solid to dashed, the line color
from automatic to black, and increase the line weight. Similarly, increase the line weight for the
full-capacity line. Finally, select a grid line and change the line style to dotted. The result is far
easier to read in black and white.

To further improve the graph, we can replace the legend with annotations on the graph.
Left-click somewhere in the white area around the graph to select “chart area.” Right-click
and then choose the chart options on the menu. The legends tab will let us delete the legend
by turning “show legend” off. Similarly, we can turn the x-axis gridlines on. The line style for
these gridlines should be changed to match the y-axis gridlines. This allows us to see that the
breakeven time is between 14 and 15 years.

Tomake the graph less busy, change the scale on the x axis so that the interval is 5 years rather
than automatic. Also eliminate the gridlines for the y axis (by selecting the Chart Area, Chart



DoingWhat-If Analysis with Spreadsheets 321

FIGURE 9–8
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Options, and Gridlines tabs). The graph size can be increased for easier reading, as well. This
may require specifying an interval of 10,000 for the scale of the y axis.

Finally, to add the labels for the full-capacity curve and the two-stage curve, find the toolbar
for graphics, which is open when the chart is selected (probably along the bottom of the spread-
sheet). Select the text box icon, and click on a location close to the two-stage chart. Type in the
label for two-stage construction. Notice how including a return and a few spaces can shape the
label to fit the slanted line. Add the label for full construction. Figure 9-8 is the result.

DOINGWHAT- IF ANALYSISWITH SPREADSHEETS

Breakeven charts change one variable at a time, while what-if analysis may change many of
the variables in a problem. However, spreadsheets remain a very powerful tool for this form
of sensitivity analysis. In Example 9-15 a project appears to be very promising. However,
what-if analysis indicates that a believable scenario raises some questions about whether
the project should be done.
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EXAMPLE 9–15

You are an assistant to the vice president for manufacturing. The staff at one of the plants has
recommended approval for a new productwith a new assembly line to produce it. The VP believes
that the numbers presented are too optimistic, and she has added a set of adjustments to theoriginal
estimates. Analyze the project’s benefit–cost ratio or present worth index as originally submitted.
Reanalyze the project, asking “What if the VP’s adjustments are correct?”

Initial Estimate Adjustment

First cost $70,000 +10%
Units/year 1,200 −20%
Net unit revenue $ 25 −15%
Life, in years 8 −3
Interest rate 12% None

SOLUTION

Figure 9-9 shows that the project has a 2.13 benefit–cost ratio with the initial estimates, but only
a value of 0.96 with the what-if adjustments. Thus we need to determine which set of numbers
is more realistic. Real-world experience suggests that in many organizations the initial estimates
are too optimistic. Auditing of past projects is the best way to develop adjustments for future
projects.

FIGURE 9–9 Spreadsheet
for what-if analysis.
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SUMMARY

In this chapter, we have looked at four new analysis techniques.

Future worth: When the comparison between alternatives will be made in the future,
the calculation is called future worth. This is very similar to present worth, which
is based on the present, rather than a future point in time.
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Benefit–cost ratio analysis: This technique is based on the ratio of benefits to
costs using either present worth or annual cash flow calculations. The method is
graphically similar to present worth analysis. When neither input nor output is
fixed, incremental benefit–cost ratios (�B/�C) are required. The method is sim-
ilar in this respect to rate of return analysis. Benefit–cost ratio analysis is often
used at the various levels of government.

Payback period: Here we define payback as the period of time required for the
profit or other benefits of an investment to equal the cost of the investment.
Although simple to use and understand, payback is a poor analysis technique
for ranking alternatives. While it provides a measure of the speed of the return
of the investment, it is not an accurate measure of the profitability of an
investment.

Sensitivity, breakeven, and what-if analysis: These techniques are used to see how
sensitive a decision is to estimates for the various parameters. Breakeven analysis
is done to locate conditions under which the alternatives are equivalent. This is
often presented in the form of breakeven charts. Sensitivity analysis examines a
range of values of some parameters to determine the effect on a particular decision.
What-if analysis changes one or many estimates to see what results.

P R O B L E M S

FutureWorth

9-1 Compute the future worth for the following cash
flows.

i � 12%

0 1 2 3 4 5

250

300

200

150

100

(Answer: F = $1199)

9-2 For the following cash flows, compute the future
worth.

0 1 2 3 4

4x
3x

2x

i � 15%

x

9-3 For the following cash flows, compute the future
worth.

0 1 2 3 4 5 6 7 8 9 10 11

25

30 30

20
15

10
5

30 30 30 30

i � 10%

9-4 For a 12% interest rate, compute the value of F so
the following cash flows have a future worth of 0.

F

0 1 2 3 4 5

200

100

100
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9-5 Compute F so the following cash flows have a
future worth of 0.

F

i � 10%

0 1 2 3 4 5 6

100 100

100 100

100

9-6 Calculate the present worth and the future worth of
a series of 10 annual cash flows with the first cash
flow equal to $15,000 and each successive cashflow
increasing by $1200. The interest rate is 12%.

9-7 Sally deposited $100 amonth in her savings account
for 24 months. For the next 5 years she made no
deposits.What is the future worth in Sally’s savings
account at the end of the 7 years, if the account
earned 6% annual interest, compounded monthly?
(Answer: $3430.78)

9-8 A 20-year-old student decided to set aside $100 on
his 21st birthday for investment. Each subsequent
year through his 55th birthday, he plans to increase
the investment on a $100 arithmetic gradient. He
will not set aside additional money after his 55th

birthday. If the student can achieve a 12% rate of
return, what is the future worth of the investments
on his 65th birthday? (Answer: $1,160,700)

9-9 You can buy a piece of vacant land for $30,000 cash.
You plan to hold it for 15 years and then sell it at
a profit. During this period, you would pay annual
property taxes of $600. You would have no income
from the property. Assuming that you want a 10%
rate of return, at what net price would you have to
sell the land 15 years hence? (Answer: $144,373)

9-10 An individual who makes $32,000 per year
anticipates retiring in 30 years. If his salary is
increased by $600 each year and he deposits 10% of
his yearly salary into a fund that earns 7% interest,
what is the future worth at retirement?

9-11 Stamp collecting has become an increasingly
popular—and expensive—hobby. One favorite
method is to save plate blocks (usually four stamps
with the printing plate number in the margin) of
each new stamp as it is issued. With rising postage
rates and increased numbers of new stamps being
issued, this collecting plan costs more each year.

Stamps have been a good place to invest money
over the last 10 years, as the demand for stamps
previously issued has caused resale prices to incre-
ase 18% each year. Suppose a collector purchased

$100 worth of stamps 10 years ago, and increased
his purchases by $50 per year in each subsequent
year. After 10 years of stamp collecting, what is the
future worth of the stamp collection?

9-12 The interest rate is 16% per year and there are
48 compounding periods per year. The principal is
$50,000. What is the future worth in 5 years?

9-13 In the early 1980s, planners were examining alter-
nate sites for a new London airport. The economic
analysis included the value of structures that would
need to be removed from various airport sites.
At one potential site, the twelfth-century Norman
church of St. Michaels, in the village of Stewk-
ley, would have had to be demolished. The planners
used the value of the fire insurance policy on the
church—a few thousand pounds sterling—as the
church’s value.

An outraged antiquarian wrote to the London
Times that an equally plausible computation would
be to assume that the original cost of the church
(estimated at 100 pounds sterling) be increased at
the rate of 10% per year for 800 years. Based on
his proposal, what would be the future worth of
St. Michaels? (Note: There was great public objec-
tion to tearing down the church, and it was spared.)

9-14 Bill made a budget and planned to deposit $150
a month in a savings account, beginning Septem-
ber 1. He did this, but on the following January
1, he reduced the monthly deposits to $100. He
made 18 deposits, four at $150 and 14 at $100. If
the savings account paid 6% interest, compounded
monthly, what was the future worth of his sav-
ings immediately after the last deposit? (Answer:
$2094.42)

9-15 A company deposits $1000 in a bank at the
beginning of each year for 6 years. The account
earns 8% interest, compounded every 6 months.
What is in the account at the end of 6 years?

9-16 Don Ball is a 55-year-old engineer. According to
mortality tables, a male at age 55 has an average
life expectancy of 21 more years. Don has accu-
mulated $48,500 toward his retirement. He is now
adding $5000 per year to his retirement fund. The
fund earns 12% interest. Donwill retire whenhe can
obtain an annual income from his retirement fund of
$20,000, assuming he lives to age 76. He will make
no provision for a retirement income after age 76.
What is the youngest age at which Don can retire?

9-17 Jean invests $100 in Year 1 and doubles the amount
each year after that (so the investment is $100, 200,
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400, 800, . . . ). If she does this for 10 years, and
the investment pays 10% annual interest, what is the
future worth of her investment?

9-18 If you invested $2500 in a 24-month bank certifi-
cate of deposit (CD) paying 8.65%, compounded
monthly, what is the future worth of the CD when it
matures?

9-19 After receiving an inheritance of $25,000 on her
21st birthday, Ayn deposited the inheritance in a
savings account with an effective annual interest
rate of 6%. She decided to make regular deposits,
beginning with $1000 on her 22nd birthday and
increasing by $200 each year (i.e., $1200 on her
23rd birthday, $1400 on her 24th birthday, etc.).
What was the future worth of Ayn’s deposits on her
56th birthday?

9-20 The Association of General Contractors (AGC) is
endowing a fund of $1 million for the Construction
Engineering Technology Program at Grambling
State University. The AGC established an escrow
account in which 10 equal end-of-year deposits that
earn 7% compound interest were to be made. After
seven deposits, the Louisiana legislature revised
laws relating to the licensing fees AGC can charge
its members, and there was no deposit at the end
of Year 8. What must the amount of the remaining
equal end-of-year deposits be, to ensure that the $1
million is available on schedule for the Construction
Engineering Technology Program?

9-21 A new engineer is considering investing in an
individual retirement account (IRA) with a mutual
fund that has an average annual return of 10%.What
is the future worth of her IRA at age 65 if shemakes
annual investments of $2000 into the fund begin-
ning on her 25th birthday? Assume that the fund
continues to earn an annual return of 10%.

9-22 IPS Corp. will upgrade its package-labeling
machinery. It costs $150,000 to buy the machinery
and have it installed. Operation and maintenance
costs, which are $1500 per year for the first 3 years,
increase by 500 per year for the machine’s 10-year
life. The machinery has a salvage value of 5% of
its initial cost. Interest is 10%. What is the future
worth of cost of the machinery?

9-23 A company is considering buying a new
bottle-capping machine. The initial cost of the
machine is $325,000 and it has a 10-year life.
Monthly maintenance costs are expected to be
$1200 per month for the first 7 years and $2000
per month for the remaining years. The machine

requires a major overhaul costing $55,000 at the end
of the fifth year of service. Assume that all these
costs occur at the end of the appropriate period.
What is the future value of all the costs of owning
and operating this machine if the nominal interest
rate is 7.2%?

9-24 A family starts an education fund for their son
Patrick when he is 8 years old, investing $150 on
his eighth birthday, and increasing the yearly invest-
ment by $150 per year until Patrick is 18 years
old. The fund pays 9% annual interest. What is the
fund’s future worth when Patrick is 18?

9-25 A bank account pays 19.2% interest with monthly
compounding. A series of deposits started with a
deposit of $5000 on January 1, 2007. Deposits in
the series were to occur each6months. Each deposit
in the series is for $150 less than the one before it.
The last deposit in the series will be due on January
1, 2022. What is the future worth of the account on
July 1, 2024, if the balance was zero before the first
deposit and no withdrawals are made?

9-26 A recent college graduate got a good job and
began a savings account. He authorized the bank
to automatically transfer $75 each month from his
checking account to the savings account. The bank
made the first withdrawal on July 1, 2012 and is
instructed to make the last withdrawal on January
1, 2030. The bank pays a nominal interest rate of
4.5% and compounds twice a month. What is the
future worth of the account on January 1, 2030?

9-27 Bob, an engineer, decided to start a college fund for
his son. Bob will deposit a series of equal, semi-
annual cash flows with each deposit equal to $1500.
Bob made the first deposit on July 1, 2011 and
will make the last deposit on July 1, 2031. Joe, a
friend of Bob’s, received an inheritance on April
1, 2016, and has decided to begin a college fund
for his daughter. Joe wants to send his daughter
to the same college as Bob’s son. Therefore, Joe
needs to accumulate the same amount of money on
July 1, 2031, as Bob will have accumulated from
his semiannual deposits. Joe never took engineer-
ing economics and had no idea how to determine
the amount that should be deposited. He decided to
deposit $40,000 on July 1, 2016. Will Joe’s deposit
be sufficient? If not, how much should he have put
in? Use a nominal interest of 7% with semiannual
compounding on all accounts.

9-28 A business executive is offered a management job
at Generous Electric Company, which offers him



326 CHAPTER 9: OTHER ANALYSIS TECHNIQUES

a 5-year contract that calls for a salary of $62,000
per year, plus 600 shares of GE stock at the end of
the 5 years. This executive is currently employedby
Fearless Bus Company, which also has offered him
a 5-year contract. It calls for a salary of $65,000,
plus 100 shares of Fearless stock each year. The
Fearless stock is currently worth $60 per share and
pays an annual dividend of $2 per share. Assume
end-of-year payments of salary and stock. Stock
dividends begin one year after the stock is received.
The executive believes that the value of the stock
and the dividend will remain constant. If the exec-
utive considers 9% a suitable rate of return in this
situation, what must the Generous Electric stock
be worth per share to make the two offers equally
attractive? Use the future worth analysis method in
your comparison. (Answer: $83.76)

9-29 Pick a discretionary expense that you incur on a
regular basis, such as buying cigarettes weekly,
buying fashion items monthly, buying sports tick-
ets monthly, or going to movies weekly. Assume
that you instead place the money in an investment
account that earns 9% annually.After 40 years, how
much is in the account?

Benefit–Cost Ratio

9-30 Cornell has two options for upgrading their ath-
letic facilities. The off-campus option costs only
$20 million, but it will require frequent bus ser-
vice to those facilities at an annual cost that starts
at $300,000 and increases by 4% per year. (buses,
drivers and mechanics salaries, maintenance, road
wear, etc.). Improving the on-campus facilities will
cost $50 million, but no extra transportation costs
are required. Both options involve an estimated
annual maintenance cost of $1 million for about
40 years before new facilities will again be needed.
Using benefit–cost ratio analysis, determine which
option is more economically efficient. Use an inter-
est rate of 8% per year.
Contributed by D. P. Loucks, Cornell University

9-31 Each of the three alternatives shown has a 5-year
useful life. If the MARR is 10%, which alternative
should be selected? Solve the problem by benefit–
cost ratio analysis.

A B C

Cost $600.0 $500.0 $200.0
Uniform annual benefit 158.3 138.7 58.3

(Answer: B)

9-32 Consider three alternatives, each with a 10-year
useful life. If the MARR is 10%, which alternative
should be selected? Solve the problem by benefit–
cost ratio analysis.

A B C

Cost $800 $300 $150
Uniform annual benefit 142 60 33.5

9-33 An investor is considering buying some land for
$100,000 and constructing an office building on it.
Three different buildings are being analyzed.

Building Height

2 Stories 5 Stories 10 Stories

Cost of building (excluding
cost of land)

$400,000 $800,000 $2,100,000

Resale value∗ of land +
building after 20-year
horizon

200,000 300,000 400,000

Annual net rental income 70,000 105,000 256,000

∗Resale value considered a reduction in cost—not a benefit.

Using benefit–costratio analysis and an 8%MARR,
determine which alternative, if any, should be
selected.

9-34 Using benefit–cost ratio analysis, determine which
one of the three mutually exclusive alternatives
should be selected. Each alternative has a 6-year
useful life. Assume a 10%MARR.

A B C

First cost $560 $340 $120
Uniform annual benefit 140 100 40
Salvage value 40 0 0

9-35 Consider four alternatives, each of which has an
8-year useful life:

A B C D

Cost $100.0 $80.0 $60.0 $50.0
Uniform annual 12.2 12.0 9.7 12.2
benefit

Salvage value 75.0 50.0 50.0 0

If the MARR is 8%, which alternative should be
selected? Solve the problem by benefit–cost ratio
analysis.
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9-36 A government agency is planning a new office
building close to its current headquarters. Four pro-
posed sites are to be evaluated. Any of these sites
will save the agency $700,000 per year, since two
of its current satellite offices will no longer need to
be rented. The agency uses a 6% interest rate and
assumes that the building and its benefits will last
for 40 years. Based on a benefit–cost analysis what
should the agency do?

Site

A B C D

Initial $8.6M $8.1M $7.5M $6.8M
cost

Annual 0.12M 0.155M 0.2M 0.3M
operating cost

Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

9-37 Using benefit–cost ratio analysis, a 5-year useful
life, and a 15% MARR, determine which of the
following alternatives should be selected.

A B C D E

Cost $100 $200 $300 $400 $500
Uniform
annual benefit

37 69 83 126 150

9-38 Five mutually exclusive investment alternatives
have been proposed. Based on benefit–cost ratio
analysis, and a MARR of 15%, which alternative
should be selected?

Year A B C D E

0 −$200 −$100 −$125 −$150 −$225

1–5 68 25 42 52 68

9-39 A project will cost $50,000. The benefits at the end
of the first year are estimated to be $10,000, increas-
ing at a 10% uniform rate in subsequent years.
Using an 8-year analysis period and a 10% interest
rate, compute the benefit–cost ratio.

9-40 A do-nothing and two mutually exclusive alter-
natives are being considered for reducing traffic
congestion. User benefits come from reduced con-
gestion once the project is complete, while user
disbenefits are due to increased congestion during
construction. The interest rate is 9%, and the life
of each alternative is 15 years. Which alternative
should be chosen?

A B

User benefits ($M/yr) 2.1 2.6
User disbenefits ($M) 1.2 2.1
First cost ($M) 6.9 9.9
Operations and maintenance ($M/yr) 0.75 0.825

(a ) Use the benefit–cost ratio.

(b ) Use the modified benefit–cost ratio.

(c ) Use the public/government version of the B/C
ratio.

(d ) Assume these numbers apply to a private firm
and use a present worth index.

(e ) Are your recommendations for (a) through (d)
consistent? Which measure gives the largest
value? Why?

9-41 A school is overcrowded and there are three
options. The do-nothing alternative corresponds to
continuing to use modular classrooms. The school
can be expanded, or a new school can be built
to “split the load” between the schools. User ben-
efits come from improvements in school perfor-
mance for the expanded or new schools. If a new
school is built, there aremore benefits becausemore
students will be able to walk to school, the aver-
age distance for those who ride the school buses
will be shorter, and the schools will be smaller
and more “student friendly.” The disbenefits for
the expanded school are due to the impact of the
construction process during the school year. The
interest rate is 8%, and the life of each alterna-
tive is 20 years. Which alternative should be cho-
sen? What is the incremental ratio for the preferred
alternative?

A B

User benefits ($M/yr) 2.1 3.1

User disbenefits ($M) 0.8 0

First cost ($M) 8.8 10.4

Operations and maintenance ($M/yr) 0.95 1.7

(a) Use the benefit–cost ratio.

(b) Use the modified benefit–cost ratio.

(c) Use the public/government version of the B/C
ratio.

(d) Assume these numbers apply to a private firm
and use a present worth index.

(e) Are your recommendations for (a) through (d)
consistent? Which measure gives the largest
value? Why?
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Payback Period and Exact Methods

9-42 Able Plastics, an injection-molding firm, has
negotiated a contractwith a national chain of depart-
ment stores. Plastic pencil boxes are to be produced
for a 2-year period. Able Plastics has never pro-
duced the item before and requires all new dies. If
the firm invests $67,000 for special removal equip-
ment to unload the completed pencil boxes from
the molding machine, one machine operator can be
eliminated. This would save $26,000 per year. The
removal equipment has no salvage value and is not
expected to be used after the 2-year production con-
tract is completed. The equipment, although useless
to Able, would be serviceable for about 15 years.
What is the payback period? Should Able Plastics
buy the removal equipment?

9-43 A cannery is considering installing an automatic
case-sealing machine to replace current hand meth-
ods. If they purchase the machine for $3800 in June,
at the beginning of the canning season, they will
save $400 permonth for the 4 months each year that
the plant is in operation. Maintenance costs of the
case-sealing machine are expected to be negligible.
The case-sealing machine is expected to be useful
for five annual canning seasons and then will have
no salvage value.What is the paybackperiod?What
is the nominal annual rate of return?

9-44 A project has the following costs and benefits.What
is the payback period?

Year Costs Benefits

0 $1400
1 500
2 300 $400

3–10 $300 in each year

9-45 A car dealer leases a small computer with software
for $5000 per year. As an alternative he could buy
the computer for $7000 and lease the software for
$3500 per year. Any time he would decide to switch
to some other computer system he could cancel the
software lease and sell the computer for $500. If he
buys the computer and leases the software,

(a ) What is the payback period?

(b ) If he kept the computer and software for 6 years,
what would be the benefit–cost ratio, based on
a 10% interest rate?

9-46 A large project requires an investment of $200 mil-
lion. The construction will take 3 years: $30 million
will be spent during the first year, $100 million

during the second year, and $70 million during the
third year of construction. Two project operation
periods are being considered: 10 years with the
expected net profit of $40 million per year and 20
years with the expected net profit of $32.5 million
per year. For simplicity of calculations it is assumed
that all cash flows occur at end of year. The com-
pany minimum required return on investment is
10%.

Calculate for each alternative:

(a ) The payback period

(b ) The total equivalent investment cost at the end
of the construction period

(c ) The equivalent uniform annual worth of the
project (use the operation period of each
alternative)

Which operation period should be chosen?

9-47 Two alternatives with identical benefits are being
considered:

A B

Initial cost $500 $800
Uniform annual cost 200 150
Useful life, in years 8 8

(a ) Compute the payback period if Alt. B is pur-
chased rather than Alt. A.

(b ) Use a MARR of 12% and benefit–cost ratio
analysis to identify the alternative that should
be selected.

9-48 Tom Sewel has gathered data on the relative costs
of a solar water heater system and a conventional
electric water heater. The data are based on statis-
tics for a mid-American city and assume that during
cloudy days an electric heating element in the solar
heating system will provide the necessary heat.

The installed cost of a conventional electric
water tank and heater is $200. A family of four uses
an average of 300 liters of hot water a day, which
takes $230 of electricity per year. The glass-lined
tank has a 20-year guarantee. This is probably a
reasonable estimate of its actual useful life.

The installed cost of two solar panels, a small
electric pump, and a storage tank with auxiliary
electric heating element is $1400. It will cost $60
a year for electricity to run the pump and heat water
on cloudy days. The solar system will require $180
ofmaintenancework every 4 years.Neither the con-
ventional electric water heater nor the solar water
heater will have any salvage value at the end of its
useful life.
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Using Tom’s data, what is the payback period if
the solar water heater system is installed, rather than
the conventional electric water heater?

9-49 Consider four mutually exclusive alternatives:

A B C D

Cost $75.0 $50.0 $15.0 $90.0
Uniform annual 18.8 13.9 4.5 23.8
benefit

Each alternative has a 5-year useful life and no sal-
vage value. The MARR is 10%. Which alternative
should be selected, based on

(a ) Future worth analysis

(b ) Benefit–cost ratio analysis

(c ) The payback period

9-50 Consider three alternatives:

A B C

First cost $50 $150 $110
Uniform annual 28.8 39.6 39.6
benefit

Useful life, in years∗ 2 6 4
Rate of return 10% 15% 16.4%

∗At the end of its useful life, an identical alternative
(with the same cost, benefits, and useful life) may be
installed.

All the alternatives have no salvage value. If the
MARR is 12%, which alternative should be selected?

(a ) Solve the problem by future worth analysis.

(b ) Solve the problem by benefit–cost ratio analysis.

(c ) Solve the problem by payback period.

(d ) If the answers in parts (a ), (b ), and (c ) differ,
explain why this is the case.

9-51 Consider three mutually exclusive alternatives. The
MARR is 10%.

Year X Y Z

0 −$100 −$50 −$50
1 25 16 21
2 25 16 21
3 25 16 21
4 25 16 21

(a ) For Alt. X , compute the benefit–cost ratio.

(b ) Based on the payback period, which alternative
should be selected?

(c ) Determine the preferred alternative based on an
exact economic analysis method.

9-52 The cash flows for three alternatives are as follows:

Year A B C

0 −$500 −$600 −$900
1 −400 −300 0
2 200 350 200
3 250 300 200
4 300 250 200
5 350 200 200
6 400 150 200

(a ) Based on payback period, which alternative
should be selected?

(b ) Using future worth analysis, and a 12% inter-
est rate, determine which alternative should be
selected.

9-53 Three mutually exclusive alternatives are being
considered:

A B C

Initial cost $500 $400 $300
Benefit at end of the first

year
200 200 200

Uniform benefit at end of
subsequent years

100 125 100

Useful life, in years 6 5 4

At the end of its useful life, an alternative is not
replaced. If the MARR is 10%, which alternative
should be selected

(a ) Based on the payback period?

(b ) Based on benefit–cost ratio analysis?

9-54 Year E F G H

0 −$90 −$110 −$100 −$120
1 20 35 0 0
2 20 35 10 0
3 20 35 20 0
4 20 35 30 0
5 20 0 40 0
6 20 0 50 180

(a ) Based on future worth analysis, which of the four
alternatives is preferred at 6% interest?

(b ) Based on future worth analysis,which alternative
is preferred at 15% interest?

(c ) Based on the payback period, which alternative
is preferred?
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(d ) At 7% interest, what is the benefit–cost ratio for
Alt. G?

Sensitivity

9-55 Tom Jackson is buying a new car. Alternative A
is an American-built compact. It has an initial cost
of $8900 and operating costs of 9� c/km, excluding
depreciation. From resale statistics, Tom estimates
the American car can be resold at the end of 3 years
for $1700. Alternative B is a foreign-built Fiasco. Its
initial cost is $8000, the operating cost, also exclud-
ing depreciation, is 8� c/km. How low could the resale
value of the Fiasco be to provide equally econom-
ical transportation? Assume Tom will drive 12,000
km/year and considers 8% as an appropriate interest
rate. (Answer: $175)

9-56 Victoria is choosing between a standard Honda Civic
for $17,350 or a hybrid Civic for $20,875. She cal-
culates her annual cost of ownership including pay-
ments but not including gasoline to be $5000 for the
standard and $5800for the hybrid. The standardCivic
will cost Victoria 12� c/mile for gasoline, while the
hybrid will cost her only 7� c/mile. How many miles
must Victoria drive in a year before the hybrid vehicle
becomes more cost efficient to her?
Contributed by Paul R. McCright, University of
South Florida

9-57 A road can be paved with either asphalt or con-
crete. Concrete costs $15,000/km and lasts 20 years.
Assume the annual maintenance costs are $500 for
concrete and $800 for asphalt per kilometer per year.
Use an interest rate of 8% per year.
Contributed by D. P. Loucks, Cornell University

(a) What is the maximum that should be spent for
asphalt if it lasts only 10 years?

(b) Assume the asphalt road costs $7000 per kilo-
meter. How long must it last to be the preferred
alternative?

9-58 Ithaca is considering a new $50,000 snowplow that
will save the city $600 per day of use compared to the
existing one. It should last 10 years and have a resale
value of $2000. To obtain a 12% rate of return what
is the minimum number of days per year on average
it will have to be used.
Contributed by D. P. Loucks, Cornell University

9-59 A car company has decided to spend $150,000,000
on a museum for exhibiting its classic cars. Land
can be purchased for $500,000. The museum build-
ing will require 30,000 square feet of general space,
while each car displayed will require an additional

1000 square feet. The design and planning process
will cost $100,000, which should be paid immedi-
ately. The construction of the building will cost $600
per square foot, and the building will be completed
within the next 2 years, while the cost of construc-
tion will be distributed evenly between the 2 years
of construction. All cars will be purchased during
the second year of construction at an average cost
of $120,000 per car. The annual operation of the
museumwill cost $2,000,000 plus $30,000 per car. If
the funds are invested at 9% per year and the museum
is to exist forever, how many cars should the trustees
plan to purchase?

Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

9-60 Southwest Airlines flies nonstop between Tampa and
Albuquerque with 137-passenger planes. Consider-
ing all the costs of owning eachplane plus the salaries
for their crews and the fuel costs and landing fees,
SWA engineers have determined that the fixed cost
for a single flight is $10,400. If the costs associated
with each passenger (reservations cost, check-in cost,
baggage handling cost, snack cost, etc.) total $48 per
passengerand the average ticket price is $157 (before
the various taxes are added), what percentage of seats
must be filled for the flight to break even?

Contributed by Paul R. McCright, University of
South Florida

9-61 Southwest Airlines (SWA) is planning to expand its
fleet of jets to replace some old planes and to expand
its routes. It has received a proposal from Boeing
to purchase 112 737’s over the next 4 years. What
annual net revenue must each jet produce to break
even on its operating cost? The analysis should be
done by finding the EUAC for the 10-year planned
ownership period. SWA has a MARR of 12%, pur-
chases the jet for $22 million, has operating and
maintenance costs of $3.2 million the first year,
increasing 8% per year, and performs a major main-
tenance upgrade costing $4.5M at end of Year 5.
Assume the plane has a salvage value at end of Year
10 of $13 million.

Contributed by Paul R. McCright, University of
South Florida

9-62 A newspaper is considering buying locked vending
machines to replace open newspaper racks in the
downtownarea. The vendingmachinescost $45 each.
It is expected that the annual revenue from selling the
same quantity of newspapers will increase $12 per
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vending machine. The useful life of the vending
machine is unknown.

(a ) To determine the sensitivity of rate of return to
useful life, prepare a graph for rate of return
versus useful life for lives up to 8 years.

(b ) If the newspaper requires a 12% rate of return,
what minimum useful life must it obtain from
the vending machines?

(c ) What would be the rate of return if the vending
machines were to last indefinitely?

9-63 If the MARR is 12%, compute the value of X that
makes the two alternatives equally desirable.

A B

Cost $800 $1000
Uniform annual benefit 230 230
Useful life, in years 5 X

9-64 If the MARR is 12%, compute the value of X that
makes the two alternatives equally desirable.

A B

Cost $150 $ X
Uniform annual benefit 40 65
Salvage value 100 200
Useful life, in years 6 6

9-65 Consider two alternatives:

A B

Cost $500 $300
Uniform annual benefit 75 75
Useful life, in years Infinity X

Assume that Alt. B is not replaced at the end of
its useful life. If the MARR is 10%, what must be
the useful life of B to make Alternatives A and B
equally desirable?

9-66 Chris Cook studied the situation described in Prob-
lem 9-48 and decided that the solar system will
not require the $180 of maintenance every 4 years.
Chris believes future replacements of either the con-
ventional electric water heater, or the solar water
heater system can be made at the same costs and
useful lives as the initial installation. Based on a
10% interest rate, what must be the useful life of
the solar system to make it no more expensive than
the electric water heater system?

9-67 Jane Chang is making plans for a summer vacation.
Shewill take $1000with her in the form of traveler’s

checks. From the newspaper, she finds that if she
purchases the checks by May 31, she will not have
to pay a service charge. That is, she will obtain
$1000 worth of traveler’s checks for $1000. But
if she waits to buy the checks until just before
starting her summer trip, she must pay a 1% ser-
vice charge. (It will cost her $1010 for $1000 of
traveler’s checks.)

Jane can obtain a 13% interest rate, com-
pounded weekly, on her money. How many weeks
after May 31 can she begin her trip and still justify
buying the traveler’s checks on May 31?

9-68 Fence posts for a particular job cost $10.50 each
to install, including the labor cost. They will last
10 years. If the posts are treated with a wood
preservative, they can be expected to have a 15-
year life. Assuming a 10% interest rate, how much
could one afford to pay for the wood preservative
treatment?

9-69 A piece of property is purchased for $10,000 and
yields a $1000 yearly net profit. The property is
sold after 5 years. What is its minimum price to
breakeven with interest at 10%?

9-70 Rental equipment is for sale for $110,000. A
prospective buyer estimates he would keep the
equipment for 12 years and spend $6000 a year on
maintaining it. Estimated annual net receipts from
equipment rentals would be $14,400. It is estimated
the rental equipment could be sold for $80,000 at
the end of 12 years. If the buyer wants a 7% rate
of return on his investment, what is the maximum
price he should pay for the equipment?

9-71 The Financial Advisor is a weekly column in the
local newspaper. Assume you must answer the fol-
lowing question. “I recently retired at age 65, and I
have a tax-free retirement annuity coming due soon.
I have three options. I can receive (A) $30,976 now,
(B) $359.60 per month for the rest of my life, or
(C) $513.80 per month for the next 10 years. What
should I do?” Ignore the timing of the monthly cash
flows and assume that the payments are received at
the end of year. Assume the 10-year annuity will
continue to be paid to loved heirs if the person dies
before the 10-year period is over.
Contributed by D. P. Loucks, Cornell University

(a ) If i = 6%, develop a choice table for lives from
5 to 30 years. (You do not know how long this
person or other readers may live.)

(b ) If i = 10%, develop a choice table for lives
from 5 to 30 years. (You do not know how long
this person or other readers may live.)

(c ) How does increasing the interest rate change
your recommendations?
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9-72 A motor with a 200-horsepower output is needed
in the factory for intermittent use. A Graybar motor
costs $7000 and has an electrical efficiency of 89%.
A Blueball motor costs $6000 and has an 85%
efficiency. Neither motor would have any salvage
value, since the cost to remove it would equal
its scrap value. The annual maintenance cost for
either motor is estimated at $300 per year. Elec-
tric power costs $0.072/kWh (1 hp= 0.746kW). If
a 10% interest rate is used in the calculations, what
is the minimum number of hours the higher initial
costGraybarmotormust be used eachyear to justify
its purchase?

9-73 Plan A requires a $100,000 investment now. Plan B
requires an $80,000 investment now and an addi-
tional $40,000 investment at a later time. At 8%
interest, compute the breakevenpoint for the timing
of the $40,000 investment.

9-74 A low-carbon-steelmachine part, operating in a cor-
rosive atmosphere, lasts 6 years, and costs $350
installed. If the part is treated for corrosion resis-
tance, it will cost $500 installed. How long must
the treated part last to be the preferred alternative,
assuming 10% interest?

9-75 Neither of the following machines has any net sal-
vage value.

A B

Original cost $55,000 $75,000
Annual expenses

Operation 9,500 7,200
Maintenance 5,000 3,000
Taxes and insurance 1,700 2,250

At what useful life are the machines equivalent if

(a ) 10% interest is used in the computations?

(b ) 0% interest is used in the computations?

9-76 A machine costs $5240 and produces benefits of
$1000 at the end of each year for 8 years. Assume
an annual interest rate of 10%.

(a ) What is the payback period (in years)?

(b ) What is the breakeven point (in years)?

(c ) Since the answers in (a) and (b) are different,
which one is “correct”?

9-77 Analyze Problem 9-69 again with the following
changes:

(a ) What if the property is purchased for $12,000?

(b ) What if the yearly net profit is $925?

(c ) What if it is sold after 7 years?

(d ) What if (a), (b), and (c) happensimultaneously?

9-78 Analyze Problem 9-55 again with the following
changes:

(a ) What if the Fiasco is more reliable than
expected, so that its operating cost is
$0.075/km?

(b ) What if Tom drives only 9000 km/year?

(c ) What if Tom’s interest rate is 6% annually?

(d ) What if (a), (b), and (c) happen simultane-
ously?

9-79 Analyze Problem 9-63 again with the following
changes:

(a ) What if B’s first cost is $1200?

(b ) What if B’s annual benefit is $280?

(c ) What if the MARR is 10% annually?

(d ) What if (a), (b), and (c) happen simultane-
ously?

9-80 Analyze Problem 9-74 again with the following
changes:

(a ) What if the installed cost of the corrosion-
treated part is $600?

(b ) What if the untreated part will last only 4 years?

(c ) What if the MARR is 12% annually?

(d ) What if (a), (b), and (c) happen simultane-
ously?

Minicases

9-81 A proposed steel mill may include a co-generation
electrical plant. This plant will add $2.3M in first
cost with net annual savings of $0.27M considering
operating costs and electrical bills. The plant will
have a $0.4M salvage value after 25 years. The firm
uses an interest rate of 12% and presentworth index
(PWI) in its decision making.

The public utility offers a subsidy for co-
generation facilities because it will not have to
invest as much in new capacity. This subsidy is cal-
culated as 20% of the co-generation facility’s first
cost, but it is paid annually. The utility calculates
the subsidy using a benefit–cost ratio at 8% and a
life of 20 years.

(a) Is the plant economically justifiable to the firm
without the subsidy? What is the PWI?

(b) What is the annual subsidy?
(c) Is the plant economically justifiable to the firm

with the subsidy? Now what is the PWI?
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(d) How important is the difference in interest rates,
and how does it affect these results?

(e) How important is the difference in horizons, and
how does it affect these results?

9-82 Assume a cost improvement project has only a first
cost of $100,000 and a monthly net savings, M.
There is no salvage value. Graph the project’s IRR
for payback periods from 6 months to the project’s
life of N years. The firm accepts projects with a 2-
year payback period or a 20% IRR. When are these
standards consistent and when are they not?

(a) Assume that N = 3 years.

(b) Assume that N = 5 years.

(c) Assume that N = 10 years.

(d) What recommendation do you have for the firm
about its project acceptance criteria?

C A S E S
The following cases from Cases in Engineering Eco-
nomy 2nnnddd are suggested as matched with this chapter.

CASE 16 Great White Hall
Proposal comparison using B/C analysis for
RFP with unclear specifications.

CASE 17 A Free Lunch?
Is proposal too good to be true from two per-
spectives? Realistic (unordered) statement of
facts.
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UNCERTAINTY IN
FUTURE EVENTS

Video Game Development and
Uncertainty

T
oday, most computing devices, from
laptops to music players to cell
phones, are being equipped with tech-
nologies that allow users to run awide

range of products. Consumers can download
and install applications directly from the Inter-
net, and firms rely on this capability to reach as
wide an audience as possible. Unfortunately,
developing products that run on multiple
platforms adds a great deal of uncertainty to the
product-development process.

The army has licensed several virtual software
environment products to use for training, education, and outreach that are required to operate
on many product architectures. The product developers must build the software environ-
ments so clients can use them across a wide range of different PC configurations and Internet
speeds. In a closed environment, where every PC has the exact same configuration, testing
is easy. However, software that is intended to be distributed to the public must be able to
run on all common PC configurations.

One of the most successful projects has been America’s Army. The series of video games
was developed to help the U.S. Army with both public relations and with recruitment. Since
its first release in 2002, America’s Army has had over two dozen versions released. Like
most software development projects, each version of America’s Army has placed time and
budget constraints on the project manager. A typical software development cycle allows
for minor tweaks and bug fixes prior to product release. However, there are times when a
test reveals a critical issue that requires more resources to fix. Most of the time, the source
of the critical issues, like an operating system patch that creates a major change in how
applications access the system, lies outside the development team’s control.



When patches and upgrades are announced and released, it is uncertain whether there will
be problems and how significant they may be.

Complexity of the software can also affect uncertainty in the project. Some small projects,
such as improving how a vehicle performs in the game, may take only a few weeks to com-
plete. Other projects, such as adding a new training scenario, could take several months
and require a dozen or more programmers. A large new training scenario might also require
programmers to develop multiple terrains, different vehicles, and a range of new equipment
types for the soldiers; all of these programming efforts require extensive testing and add to
the uncertainty in budgeting and scheduling the project. � � �

Contributed by Paul Componation, University of Alabama in Huntsville, and Marsha
Berry, U.S. Army Research, Development & Engineering Command (AMRDEC), Software
Engineering Directorate.

1. As a software developer how would you quantify the uncertainty in a specific
software development effort?

2. Howwould you estimate the impact on your project’s schedule and costs when you
have to deal with uncertainty in your software testing program?

3. The number of new applications for software has increased dramatically over the
past decade. If you are developing a new software product, how will you prepare it
not only to meet all the applications today but also to deal with future unforeseen
applications?

4. How do you economically justify projects whose payoff is in improved recruiting
and training rather than revenue from product sales?

After Completing This Chapter. . .

You should be able to:
• Use a range of estimated variables to evaluate a project.
• Describe possible outcomes with probability distributions.
• Combine probability distributions for individual variables into joint probability
distributions.

• Use expected values for economic decision making.
• Use economic decision trees to describe and solve more complex problems.
• Measure and consider risk when making economic decisions.
• Understand how simulation can be used to evaluate economic decisions.

335
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An assembly line is built after the engineering economic analysis has shown that the antic-
ipated product demand will generate profits. A new motor, heat exchanger, or filtration unit
is installed after analysis has shown that future cost savings will economically justify cur-
rent costs. A new road, school, or other public facility is built after analysis has shown that
the future demand and benefits justify the present cost to build. However, future perfor-
mance of the assembly line, motor, and so on is uncertain, and demand for the product or
public facility is more uncertain.

Engineering economic analysis is used to evaluate projects with long-term
consequences when the time value ofmoneymatters. Thus, itmust concern itselfwith future
consequences; but describing the future accurately is not easy. In this chapter we consider
the problem of evaluating the future. The easiest way to begin is to make a careful esti-
mate. Then we examine the possibility of predicting a range of possible outcomes. Finally,
we consider what happens when the probabilities of the various outcomes are known or
may be estimated. We will show that the tools of probability are quite useful for economic
decision making.

ESTIMATES AND THEIR USE IN ECONOMIC ANALYSIS

Economic analysis requires evaluating the future consequences of an alternative. In
practically every chapter of this book, there are cash flow tables and diagrams that describe
precisely the costs and benefits for future years. We don’t really believe that we can exactly
foretell a future cost or benefit. Instead, our goal is to select a single value representing the
best estimate that can be made.

We recognize that estimated future consequences are not precise and that the actual
values will be somewhat different from our estimates. Even so, it is likely we have made
the tacit assumption that these estimates are correct. We know estimates will not always
turn out to be correct; yet we treat them like facts once they are in the economic analysis.
We do the analysis as though the values were exact. This can lead to trouble. If actual costs
and benefits are different from the estimates, an undesirable alternative may be selected.
This is because the variability of future consequences is concealed by assuming that the
estimates will actually occur. The problem is illustrated by Example 10-1.

EXAMPLE 10–1

Two alternatives are being considered. The best estimates for the various consequences are as
follows:

A B

Cost $1000 $2000
Net annual benefit 150 250
End-of-useful-life salvage value 100 400
Useful life, in years 10 10

If interest is 31/2%, which alternative has the better net present worth (NPW)?
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SOLUTION

Alternative A

NPW = −1000+ 150(P/A, 31/2%, 10) + 100(P/F,31/2%, 10) or = −1000− PV(i, n, A, F)∗

= −1000+ 150(8.317) + 100(0.7089) = −1000− PV (3.5%, 10, 150, 100)

= −1000+ 1248 + 71 = −1000− (−318.4)

= +$319 = $318.4

∗Multiply PV by −1 to change sign.

Alternative B

NPW = −2000 + 250(P/A,31/2%, 10) + 400(P/F,31/2%, 10) or = −2000− PV (i, n, A, F)

= −2000 + 250(8.317)+ 400(0.7089) = −2000− PV (3.5%, 10, 250, 400)

= −2000 + 2079+ 284 = 2000− (−2362.7)

= +$363 = $362.7

Alternative B, with its larger NPW, would be selected.

Alternate Formationof Example 10-1

Suppose that at the end of 10 years, the actual salvage value for B were $300 instead of
the $400, the best estimate. If all the other estimates are correct, is B still the preferred
alternative?

SOLUTION

Revised B
NPW = −2000 + 250(P/A,31/2%, 10) + 300(P/F,31/2%, 10) or = −2000− PV (i, n, A, F)

= −2000 + 250(8.317)+ 300(0.7089) = −2000− PV (3.5%, 250, 300)

= −2000 + 2079+ 213 = −2000− (−2291.8)

= +$292 = $291.8

→ A is now the preferred alternative.

Example 10-1 shows that the change in the salvage value of Alternative B actually results in
a change of preferred alternative. Thus, a more thorough analysis of Example 10-1 would
consider (1) which values are uncertain, (2) whether the uncertainty is ±5% or −50 to
+80%, and (3) which uncertain values lead to different decisions. A more thorough anal-
ysis, which is done with the tools of this chapter, determines which decision is better over
the range of possibilities. Explicitly considering uncertainty lets us make better decisions.
The tool of breakeven analysis is illustrated in Example 10-2.
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EXAMPLE 10–2

Use the data of Example 10-1 to compute the sensitivity of the decision to the Alt. B salvage
value by computing the breakeven value. For Alt. A,NPW = +319. For breakeven between the
alternatives,

NPWA = NPWB

+319 = −2000 + 250(P/A, 31/2%, 10) + Salvage valueB (P/F, 31/2%, 10)

= −2000 + 250(8.317) + Salvage valueB(0.7089) or = −2319 + 250 + Salvage value
PV PMT FV

= FV (i, n, A, P)

= FV (3.5%, 10, 250, −2319)

= $338.3

At the breakeven point

Salvage valueB = 319 + 2000− 2079

0.7089
= 240

0.7089
= $339

When Alt. B salvage value >$339, B is preferred; when <$339, A is preferred.

Breakeven analysis, as shown in Example 10-2, is one means of examining the impact
of the variability of some estimate on the outcome. It helps by answering the question,
How much variability can a parameter have before the decision will be affected? While the
preferred decision depends on whether the salvage value is above or below the breakeven
value, the economic difference between the alternatives is small when the salvage value is
“close” to breakeven. Breakeven analysis does not solve the basic problem of how to take
the inherent variability of parameters into account in an economic analysis. This will be
considered next.

A RANGE OF ESTIMATES

It is usuallymore realistic to describe parameters with a range of possiblevalues, rather than
a single value. A range could include an optimistic estimate, themost likely estimate, and
a pessimistic estimate. Then, the economic analysis can determine whether the decision is
sensitive to the range of projected values.

EXAMPLE 10–3

A firm is considering an investment. The most likely data values were found during the feasibility
study. Analyzing past data of similar projects shows that optimistic values for the first cost and
the annual benefit are 5% better than most likely values. Pessimistic values are 15% worse.

The firm’s most experienced project analyst has estimated the values for the useful life and
salvage value.
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Optimistic Most Likely Pessimistic

Cost $950 $1000 $1150
Net annual benefit 210 200 170
Salvage value 100 0 0
Useful life, in years 12 10 8

Compute the rate of return for each estimate. If a 10% before-tax minimum attractive rate of
return is required, is the investment justified under all three estimates? If it is justified only under
some estimates, how can these results be used?

SOLUTION

Optimistic Estimate

PW = 0 = −$950 + 210(P/A, IRRopt, 12) + 100(P/F, IRRopt, 12)

IRRopt = i(n, A, P, F) = i(12, 210, −950, 100)

= 19.8%

Most Likely Estimate

PW = 0 = −$1000+ 200(P/A, IRRmost likely, 10)

(P/A, IRRmost likely, 10) = 1000/200 = 5 → IRRmost likely = 15.1%

or

IRRmost likely = i(n. A, P, F) = i(10, 200, −1000, 0) = 15.1%

Pessimistic Estimate

PW = 0 = −$1150+ 170(P/A, IRRpess, 8)

(P/A, IRRpess, 8) = 1150/170 = 6.76 → IRRpess = 3.9%

or

IRRpess = i(n, A, P, F) = i(8, 170, −1150, 0) = 3.9%

From the calculations we conclude that the rate of return for this investment is most likely to
be 15.1%, but might range from 3.9% to 19.8%. The investment meets the 10%MARR criterion
for two of the estimates. These estimates can be considered to be scenarios of what may happen
with this project. Since one scenario indicates that the project is not attractive, we need to have a
method of weighting the scenarios or considering how likely each is.

Example 10-3 made separate calculations for the sets of optimistic, most likely, and
pessimistic values. The range of scenarios is useful. However, if there are more than a few
uncertain variables, it is unlikely that all will prove to be optimistic (best case) or most
likely or pessimistic (worst case). It is more likely that many parameters are the most likely
values, while some are optimistic and some are pessimistic.

This can be addressed by using Equation 10-1 to calculate average or mean values for
each parameter. Equation 10-1 puts four times the weight on the most likely value than on
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the other two. This equation has a long history of use in project management to estimate
activity completion times. It is an approximation with the beta distribution.

Mean value = Optimistic value+ 4(Most likely value) + Pessimistic value

6
(10-1)

This approach is illustrated in Example 10-4.

EXAMPLE 10–4

Solve Example 10-3 by using Equation 10-1. Compute the resulting mean rate of return.

SOLUTION

Compute the mean for each parameter:

Mean cost = [950 + 4(1000) + 1150]/6 = $1016.7

Mean net annual benefit = [210 + 4(200) + 170]/6 = $196.7

Mean useful life = [12 + 4(10) + 8]/6 = 10.0

Mean salvage life = 100/6 = $16.7

Compute the mean rate of return:

PW = 0 = −$1016.7 + 196.7(P/A, IRRbeta, 10) + 16.7(P/F, IRRbeta, 10)

IRRbeta = i(n, A, P, F) = i(10, 196.7, −1016.7, 16.7)

= 14.3%

Example 10-3 gave a most likely rate of return (15.1%) that differed from the mean
rate of return (14.3%) computed in Example 10-4. These values are different because the
former is based exclusively on the most likely values and the latter takes into account the
variability of the parameters.

In examining the data, we see that the pessimistic values are further away from themost
likely values than are the optimistic values. This is a common occurrence. For example, a
savings of 10–20% may be the maximum possible, but a cost overrun can be 50%, 100%,
or even more. This causes the resulting weighted mean values to be less favorable than the
most likely values. As a result, the mean rate of return, in this example, is less than the rate
of return based on the most likely values.

PROBABILITY

We all have used probabilities. For example, what is the probability of getting a “head”
when flipping a coin? Using a model that assumes that the coin is fair, both the head and
tail outcomes occur with a probability of 50%, or 1/2. This probability is the likelihood of
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an event in a single trial. It also describes the long-run relative frequency of getting heads
in many trials (out of 50 coin flips, we expect to average 25 heads).

Probabilities can also be based on data, expert judgment, or a combination of both.
Past data on weather and climate, on project completion times and costs, and on highway
traffic are combined with expert judgment to forecast future events. These examples can be
important in engineering economy.

Another example based on long-run relative frequency is the PW of a flood-protection
dam that depends on the probabilities of different-sized floods over many years. This
would be based on data from past floods and would include many years of observation.
An example of a single event that may be estimated by expert judgment is the probabil-
ity of a successful outcome for a research and development project, which will determine
its PW.

All the data in an engineering economy problem may have some level of uncertainty.
However, small uncertainties may be ignored, so that more analysis can be done with the
large uncertainties. For example, the price of an off-the-shelf piece of equipment may vary
by only ±5%. The price could be treated as a known or deterministic value. On the other
hand, demand over the next 20 years will have more uncertainty. Demand should be ana-
lyzed as a random or stochastic variable. We should establish probabilities for different
values of demand.

There are also logical or mathematical rules for probabilities. If an outcome can never
happen, then the probability is 0. If an outcome will certainly happen, then the probability
is 1, or 100%. This means that probabilities cannot be negative or greater than 1; in other
words, they must be within the interval [0, 1], as indicated shortly in Equation 10-2.

Probabilities are defined so that the sum of probabilities for all possible outcomes is
1 or 100% (Equation 10-3). Summing the probability of 0.5 for a head and 0.5 for a tail
leads to a total of 1 for the possible outcomes from the coin flip. An explorationwell drilled
in a potential oil field will have three outcomes (dry hole, noncommercial quantities, or
commercial quantities) whose probabilities will sum to one.

Equations 10-2 and 10-3 can be used to check that probabilities are valid. If the
probabilities for all but one outcome are known, the equations can be used to find the
unknown probability for that outcome (see Example 10-5).

0 ≤ Probability ≤ 1 (10-2)∑
j=1 to K

P(outcome j ) = 1, where there are Koutcomes (10-3)

In a probability course many probability distributions, such as the normal, uniform,
and beta are presented. These continuous distributions describe a large population of data.
However, for engineering economy it is more common to use 2 to 5 outcomes with discrete
probabilities—even though the 2 to 5 outcomes only represent or approximate the range of
possibilities.

This is done for two reasons. First, the data often are estimated by expert judgment,
so that using 7 to 10 outcomes would be false accuracy. Second, each outcome requires
more analysis. In most cases the 2 to 5 outcomes represents the best trade-off between
representing the range of possibilitiesand the amount of calculation required. Example 10-5
illustrates these calculations.
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EXAMPLE 10–5

What are the probability distributions for the annual benefit and life for the following project?
The annual benefit’s most likely value is $8000 with a probability of 60%. There is a 30%

probability that it will be $5000, and the highest value that is likely $10,000. A life of 6 years is
twice as likely as a life of 9 years.

SOLUTION

For the annual benefit, probabilities are given for only two of the possible outcomes. The
third value is found from the fact that the probabilities for the three outcomes must sum to 1
(Equation 10-3).

1 = P(Benefit is $5000) + P(Benefit is $8000) + P(Benefit is $10,000)

P(Benefit is $10,000) = 1 − 0.6 − 0.3 = 0.1

The probability distribution can then be summarized in a table. The histogram or relative fre-
quency diagram is Figure 10-1.

Annual benefit $5000 $8000 $10,000
Probability 0.3 0.6 0.1

FIGURE 10–1 Probability distribution
for annual benefit.
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For the life’s probability distribution, the problem statement tells us

P(life is 6 years) = 2P(life is 9 years)

Equation 10-3 can be applied to write a second equation for the two unknown probabilities:

P(6) + P(9) = 1

Combining these, we write
2P(9) + P(9) = 1

P(9) = 1/3

P(6) = 2/3

The probability distribution for the life is P(6) = 66.7% and P(9) = 33.3%.
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JOINT PROBABILITY DISTRIBUTIONS

Example 10-5 constructed the probability distributions for a project’s annual benefit and
life. These examples show how likely each value is for the input data. We would like to
construct a similar probability distribution for the project’s present worth. This is the dis-
tribution that we can use to evaluate the project. That present worth depends on both input
probability distributions, so we need to construct the joint probability distribution for the
different combinations of their values.

For this introductory text, we assume that two random variables such as the
annual benefit and life are unrelated or statistically independent. This means that the joint
probability of a combined event (Event A defined on the first variable and Event B on the
second variable) is the product of the probabilities for the two events. This is Equation
10-4:

If A and B are independent, then P(A and B) = P(A) × P(B) (10-4)

For example, flipping a coin and rolling a die are statistically independent. Thus, the
probability of {flipping a head and rolling a 4} equals the probability of a {heads} = 1/2
times the probability of a {4} = 1/6, for a joint probability= 1/12.

The number of outcomes in the joint distribution is the product of the number of out-
comes in each variable’s distribution. Thus, for the coin and the die, there are 2 times 6,
or 12 combinations. Each of the 2 outcomes for the coin is combined with each of the 6
outcomes for the die.

Some variables are not statistically independent, and the calculation of their joint
probability distribution is more complex. For example, a project with low revenues may
be terminated early and one with high revenues may be kept operating as long as possi-
ble. In these cases annual cash flow and project life are not independent. While this type
of relationship can sometimes be modeled with economic decision trees (covered later in
this chapter), we will limit our coverage in this text to the simpler case of independent
variables.

Example 10-6 uses the three values and probabilities for the annual benefit and the two
values and probabilities for the life to construct the six possible combinations. Then the
values and probabilities are constructed for the project’s PW.

EXAMPLE 10–6

The project described in Example 10-5 has a first cost of $25,000. The firm uses an interest rate
of 10%. Assume that the probability distributions for annual benefit and life are unrelated or
statistically independent. Calculate the probability distribution for the PW.

SOLUTION

Since there are three outcomes for the annual benefit and two outcomes for the life, there are
six combinations. The first four columns of the following table show the six combinations of
life and annual benefit. The probabilities in columns 2 and 4 are multiplied to calculate the joint
probabilities in column 5. For example, the probability of a low annual benefit and a short life is
0.3 × 2/3, which equals 0.2 or 20%.
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The PW values include the $25,000 first cost and the results of each pair of annual benefit and
life. For example, the PW for the combination of high benefit and long life is

PW$10,000,9 = −25,000+ 10,000(P/A, 10%, 9) = −25,000+ 10,000(5.759) = $32,590

Annual Joint

Benefit Probability Life (years) Probability Probability PW

$ 5,000 30% 6 66.7% 20.0% −$ 3,224
8,000 60 6 66.7 40.0 +9,842

10,000 10 6 66.7 6.7 18,553
5,000 30 9 33.3 10.0 3,795
8,000 60 9 33.3 20.0 21,072

10,000 10 9 33.3 3.3 32,590

100.0%

Figure 10-2 shows the probabilities for the PW in the form of a histogram for relative frequency
distribution, or probability distribution function.

FIGURE 10–2 Probability
distribution function for PW.
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This probability distribution function shows that there is a 20% chance of having a negative
PW. It also shows that there is a small (3.3%) chance of the PW being $32,590. The three values
used to describe possible annual benefits for the project and the two values for life have been
combined to describe the uncertainty in the project’s PW.

Creating a distribution, as in Example 10-6, gives us a much better understanding of
the possible PW values along with their probabilities. The three possibilities for the annual
benefit and the two for the life are representative of the much broader set of possibilities
that really exist. Optimistic, most likely, and pessimistic values are a good way to represent
the uncertainty about a variable.

Similarly the six values for the PW represent the much broader set of possibilities. The
20% probability of a negative PW is one measure of risk that we will talk about later in the
chapter.
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Some problems, such as Examples 10-3 and 10-4, have so many variables or different
outcomes that constructing the joint probability distribution is arithmetically burdensome.
If the values in Equation 10-1 are treated as a discrete probability distribution function, the
probabilities are 1/6, 2/3, 1/6. With an optimistic, most likely, and pessimistic outcome
for each of 4 variables, there are 34 = 81 combinations. In Examples 10-3 and 10-4, the
salvage value has only twodistinct values, so there are still 3×3×3×2 = 54 combinations.

When the problem is important enough, the effort to construct the joint probabilitydis-
tribution isworthwhile. It gives the analyst and the decision maker a better understanding of
what may happen. It is also needed to calculate measures of a project’s risk. While spread-
sheets can automate the arithmetic, simulation (described at the end of the chapter) can be
a better choice when there are a large number of variables and combinations.

EXPECTEDVALUE

For any probabilitydistributionwe can compute the expected value (EV)or weighted arith-
metic average (mean). To calculate the EV, each outcome is weighted by its probability, and
the results are summed. This is NOT the simple average or unweighted mean. When the
class average on a test is computed, this is an unweighted mean. Each student’s test has
the same weight. This simple “average” is the one that is shown by the button x̄ on many
calculators.

The expected value is a weighted average, like a student’s grade point average
(GPA). To calculate a GPA, the grade in each class is weighted by the number of
credits. For the expected value of a probabilitydistribution, theweights are the probabilities.

This is described inEquation 10-5.We saw in Example 10-4, that these expected values
can be used to compute a rate of return. They can also be used to calculate a present worth
as in Example 10-7.

Expected value = OutcomeA × P(A) + OutcomeB × P(B) + · · · (10-5)

EXAMPLE 10–7

The first cost of the project in Example 10-5 is $25,000. Use the expected values for annual
benefits and life to estimate the present worth. Use an interest rate of 10%.

SOLUTION

EVbenefit = 5000(0.3) + 8000(0.6) + 10,000(0.1) = $7300

EVlife = 6(2/3) + 9(1/3) = 7 years

The PW using these values is

PW(EV) = −25,000 + 7300(P/A, 10%, 7) = −25,000 + 6500(4.868) = $10,536

[Note: This is the present worth of the expected values, PW(EV), not the expected value of the
present worth, EV(PW). It is an easy value to calculate that approximates the EV(PW), which
will be computed from the joint probability distribution found in Example 10-6.]
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Example 10-7 is a simple way to approximate the project’s expected PW. But the true
expected value of the PW is somewhat different. To find it, we must use the joint probability
distribution for benefit and life, and the resulting probability distribution function for PW
that was derived in Example 10-6. Example 10-8 shows the expected value of the PW or
the EV(PW).

EXAMPLE 10–8

Use the probability distribution function of the PW that was derived in Example 10–6 to calculate
the EV(PW). Does this indicate an attractive project?

SOLUTION

The table from Example 10-6 can be reused with one additional column for the weighted values
of the PW (= PW × probability). Then, the expected value of the PW is calculated by summing
the column of present worth values that have been weighted by their probabilities.

Annual Life Joint PW×××Joint

Benefit Probability (years) Probability Probability PW Probability

$ 5,000 30% 6 66.7% 20.0% −$ 3,224 −$ 645
8,000 60 6 66.7 40.0 9,842 3,937

10,000 10 6 66.7 6.7 18,553 1,237
5,000 30 9 33.3 10.0 3,795 380
8,000 60 9 33.3 20.0 21,072 4,214

10,000 10 9 33.3 3.3 32,590 1,086

100.0% EV(PW) = $10,209

With an expected PW of $10,209, this is an attractive project. While there is a 20% chance
of a negative PW, the possible positive outcomes are larger and more likely. Having analyzed
the project under uncertainty, we are much more knowledgeable about the potential result of the
decision to proceed.

The $10,209 value is more accurate than the approximate value calculated in Example 10-7.
The values differ because PW is a nonlinear function of the life. The more accurate value of
$10,209 is lower because the annual benefit values for the longer life are discounted by 1/(1+ i)
for more years.

In Examples 10-7 and 10-8, the question was whether the project had a positive
PW.With twoormore alternatives, the criterionwould have been tomaximize the PW.With
equivalent uniform annual costs (EUACs) the goal is to minimize the EUAC. Example 10-9
uses the criterion of minimizing the EV of the EUAC to choose the best height for a dam.

EXAMPLE 10–9

A dam is being considered to reduce river flooding. But if a dam is built, what height should it
be? Increasing the dam’s height will (1) reduce a flood’s probability, (2) reduce the damage when
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floods occur, and (3) cost more. Which dam height minimizes the expected total annual cost?
The state uses an interest rate of 5% for flood protection projects, and all the dams should last
50 years.

Dam

Height (ft) First Cost

No dam $ 0

20 700,000

30 800,000

40 900,000

SOLUTION

The easiest way to solve this problem is to choose the dam height with the lowest equivalent
uniform annual cost (EUAC). Calculating the EUAC of the first cost requires multiplying the first
cost by (A/P, 5%, 50). For example, for the dam 20 ft high, this is 700,000(A/P, 5%, 50) =
$38,344.

Calculating the annual expected flood damage cost for each alternative is simplified because
the term for the P(no flood) is zero, because the damages for no flood are $0. Thus we need
to calculate only the term for flooding. This is done by multiplying the P(flood) times the dam-
ages if a flood happens. For example, the expected annual flood damage cost with no levee is
0.25 × $800,000, or $200,000.

Then the EUAC of the first cost and the expected annual flood damage are added together
to find the total EUAC for each height. The 30 ft dam is somewhat cheaper than the 40 ft
dam.

Dam EUAC of Annual Damages Expected Total

Height First P (flood)>>> if Flood Annual Flood Expected

(ft) Cost Height Occurs Damages EUAC

No dam $ 0 0.25 × $800,000 = $200,000 $200,000

20 38,344 0.05 × 500,000 = 25,000 63,344

30 43,821 0.01 × 300,000 = 3000 46,821

40 49,299 0.002 × 200,000 = 400 49,699

ECONOMIC DECISION TREES

Some engineering projects are more complex, and evaluating them properly is
correspondingly more complex. For example, consider a new product with potential sales
volumes ranging from low to high. If the sales volume is low, then the product may be dis-
continued early in its potential life. On the other hand, if sales volume is high, additional
capacity may be added to the assembly line and new product variations may be added. This
can be modeled with a decision tree.
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The following symbols are used to model decisions with decision trees:

Decision node D2

D1

DX

…

: Decision maker chooses 1 of the available paths.

Chance node C2

C1

CY

py

p1

p2

…
: Represents a probabilistic (chance) event. Each pos-

sible outcome (C1,C2, . . . ,CY ) has a probability (p1, p2, . . . , py) associated
with it.

Outcome node : Shows result for a particular path through the decision
tree.

Pruned branch : The double hash mark indicates that a branch has been pruned
because another branch has been chosen. This can happen only at decision
nodes, not at chance nodes. The term “pruned” is chosen to correspond to the
gardener’s practice of trimming or pruning off branches to make a tree or bush
healthier.

Figure 10-3 illustrates how decision nodes , chance nodes , and outcome
nodes can be used to describe a problem’s structure. Details such as the probabili-
ties and costs can be added on the branches that link the nodes. With the branches from
decision and chance nodes, the model becomes a decision tree.

Figure 10-3 illustrates that decision trees describe the problem by starting at the deci-
sion that must be made and then adding chance and decision nodes in the proper logical
sequence. Thus describing the problem starts at the first step and goes forward in time with
sequences of decision and chance nodes.

To make the decision, calculations begin with the final nodes in the tree. Since they
are the final nodes, enough information is available to evaluate them. At decision nodes the
criterion is either to maximize PW or to minimize EUAC. At chance nodes an expected
value for PW or EUAC is calculated.

Once all nodes that branch from a node have been evaluated, the originating node can
be evaluated. If the originating node is a decision node, choose the branch with the best PW
or EUAC and place that value in the node. If the originating node is a chance node, calcu-
late the expected value and place that value in the node. This process “rolls back” values
from the terminal nodes in the tree to the initial decision. Example 10-10 illustrates this
process.
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EXAMPLE 10–10

What decision should be made on the new product summarized in Figure 10-3? What is the
expected value of the product’s PW? The firm uses an interest rate of 10% to evaluate projects.
If the product is terminated after one year, the capital equipment has a salvage value of $550,000
for use with other new products. If the equipment is used for 8 years, the salvage value is $0.
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FIGURE 10–3 Economic decision tree for new product.

SOLUTION

Evaluating decision trees is done by starting with the end outcome nodes and the decisions that
lead to them. In this case the decisions are whether to terminate after 1 year if sales volume is low
and whether to expand after 1 year if sales volume is high.

The decision to terminate the product depends on which is more valuable, the equipment’s
salvage value of $550,000 or the revenue of $100,000 per year for 7 more years. The worth
(PW1) of the salvage value is $550,000. The worth (PW1) of the revenue stream at the end of
Year 1 shown in node 8 is
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PW1 for node 8 = 100,000(P/A, 10%, 7)

= 100,000(4.868) = $486,800

Thus, terminating the product and using the equipment for other products is better. We enter the
two “present worth” values at the end of Year 1 in nodes 7 and 8. We make the arc to node 7 bold
to indicate that it is our preferred choice at node 4. We use a double hash mark to show that we’re
pruning the arc to node 8 to indicate that it has been rejected as an inferior choice at node 4.

The decision to expand at node 6 could be based on whether the $800,000 first cost for expan-
sion can be justified based on increasing annual revenues for 7 years by $200,000 per year.
However, this is difficult to show on the tree. It is easier to calculate the “present worth” values
at the end of Year 1 for each of the two choices. The worth (PW1) of node 9 (expand) is

PW1 for node 9 = −800,000 + 600,000(P/A, 10%, 7)

= −800,000 + 600,000(4.868)

= $2,120,800
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FIGURE 10–4 Partially solved decision tree for new product.
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The value of node 10 (continue without expanding) is

PW1 for node 10 = 400,000(P/A, 10%, 7)

= 400,000(4.868)

= $1,947,200

This is $173,600 less than the expansion node, so the expansion should happen if volume is high.
Figure 10-4 summarizes what we know at this stage of the process.
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FIGURE 10–5 Solved decision tree for new product.

The next step is to calculate the PW (Time 0) at nodes 4, 5, and 6.

PW at node 4 = (100,000+ 550,000)(P/F, 10%, 1) = 650,000(0.9091) = $590,915

PW at node 5 = (200,000)(P/A, 10%, 8) = 200,000(5.335) = $1,067,000

PW at node 6 = [400,000− 800,000 + 600,000(P/A, 10%, 7)] (P/F, 10%, 1)

= [ − 400,000+ 600,000(4.868)](0.9091) = $2,291,660
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Now the expected value at node 2 can be calculated:

EV at node 2 = 0.3(590,915) + 0.6(1,067,000) + 0.1(2,291,660) = $1,046,640

The cost of selecting node 2 is $1,000,000, so proceeding with the product has an expected
PW of $46,640. This is greater than the $0 for not building the project. So the decision is to build.
Figure 10-5 is the decision tree at the final stage.

Example 10-10 is representative of many problems in engineering economy. The main
criterion is maximizing PW or minimizing EUAC. However, as shown in Example 10-11,
other criteria, such as risk, are used in addition to expected value.

EXAMPLE 10–11

Consider the economic evaluation of collision and comprehensive (fire, theft, etc.) insurance for
a car. This insurance is typically required by lenders, but once the car has been paid for, this
insurance is not required. (Liability insurance is a legal requirement.)

Buy In
suran

ce 
$800

Self-Insure

0.9 No Accident

0.07 Small Accident

$0

$0

$300 (�$500 deductible)

$500

$300

$13,000

0.03 Totaled

0.9 No Accident

0.07 Small Accident

0.03 Totaled

FIGURE 10–6 Decision tree for buying auto collision insurance.

Figure 10-6 begins with a decision node with two alternatives for the next year. Insurance will
cost $800 per year with a $500 deductible if a loss occurs. The other option is to self-insure,
which means to go without buying collision and comprehensive insurance. Then if a loss occurs,
the owner must replace the vehicle with money from savings or a loan, or do without a vehicle
until the owner can afford to replace it.
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Three accident severities are used to represent the range of possibilities: a 90% chance of no
accident, a 7% chance of a small accident (at a cost of $300, which is less than the deductible),
and a 3% chance of totaling the $13,000 vehicle. Since our driving habits are likely to be the
same with and without insurance, the accident probabilities are the same for both chance nodes.

Even though this is a text on engineering economy, we have simplified the problem and
ignored the difference in timing of the cash flows. Insurance payments are made at the beginning
of the covered period, and accident costs occur during the covered period. Since car insurance
is usually paid semiannually, the results of the economic analysis are not changed significantly
by the simplification. We focus on the new concepts of expected value, economic decision trees,
and risk.

What are the expected values for each alternative, and what decision is recommended?

SOLUTION

The expected values are computed by using Equation 10-5. If insured, the maximum cost equals
the deductible of $500. If self-insured, the cost is the cost of the accident.

EVaccident w/ins. = (0.9)(0) + (0.07)(300) + (0.03)(500) = $36

EVaccident w/o ins. = (0.9)(0) + (0.07)(300) + (0.03)(13,000) = $411

Thus, buying insurance lowers the expected cost of an accident by $375. To evaluate whether
we should buy insurance, wemust also account for the cost of the insurance. Thus, these expected
costs are combinedwith the $0 for self-insuring (total $411) and the $800 for insuring (total $836).
Thus self-insuring has an expected value cost that is $425 less per year (= $836− $411). This is
not surprising, since the premiums collected must cover both the costs of operating the insurance
company and the expected value of the payouts.

This is also an example of expected values alone not determining the decision. Buying insur-
ance has an expected cost that is $425 per year higher, but that insurance limits the maximum loss
to $500 rather than $13,000. The $425 may be worth spending to avoid that risk.

RISK

Risk can be thought of as the chance of getting an outcome other than the expected value—
with an emphasis on something negative. One common measure of risk is the probability
of a loss (see Example 10-6). The other common measure is the standard deviation (σ),
which measures the dispersion of outcomes about the expected value. For example, many
students have used the normal distribution in other classes. The normal distribution has
68% of its probable outcomes within ±1 standard deviation of the mean and 95% within
±2 standard deviations of the mean.

Mathematically, the standard deviation is defined as the square root of the variance.
This term is defined as theweighted average of the squared difference between theoutcomes
of the random variable X and its mean. Thus the larger the difference between the mean
and the values, the larger are the standard deviation and the variance. This is Equation 10-6:

Standard deviation (σ) =
√
[EV(X − mean)2] (10-6)
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Squaring the differences between individual outcomes and the EV ensures that positive
and negative deviations receive positiveweights.Consequently, negative values for the stan-
dard deviation are impossible, and they instantly indicate arithmetic mistakes. The standard
deviation equals 0 if only one outcome is possible. Otherwise, the standard deviation is
positive.

This is not the standard deviation formula built into most calculators, just as the
weighted average is not the simple average built into most calculators. The calculator for-
mulas are for N equally likely data points from a randomly drawn sample, so that each
probability is 1/N . In economic analysis we will use a weighted average for the squared
deviations since the outcomes may not be equally likely.

The second difference is that for calculations (by hand or the calculator), it is easier
to use Equation 10-7, which is shown to be equivalent to Equation 10-6 in introductory
probability and statistics texts.

Standard deviation (σ) =
√

{EV(X2) − [EV(X)]2} (10-7)

=
√{

Outcome2A × P(A) + Outcome2B × P(B) + · · · − expected value2
}

(10-7′)

This equation is the square root of the difference between the average of the squares
and the square of the average. The standard deviation is used instead of the variance because
the standard deviation is measured in the same units as the expected value. The variance is
measured in “squared dollars”—whatever they are.

The calculation of a standard deviation by itself is only a descriptive statistic of limited
value. However, as shown in the next section on risk/return trade-offs, it is useful when the
standard deviation of each alternative is calculated and these results are compared. But first,
some examples of calculating the standard deviation.

EXAMPLE 10–12 (Example 10-11 continued)

Consider the economic evaluation of collision and comprehensive (fire, theft, etc.) insurance
for an auto. One example was described in Figure 10-6. The probabilities and outcomes are
summarized in the calculation of the expected values, which was done using Equation 10–5.

EVaccident w/ins. = (0.9)(0) + (0.07)(300) + (0.03)(500) = $36

EVaccident w/o ins. = (0.9)(0) + (0.07)(300) + (0.03)(13,000) = $411

Calculate the standard deviations for insuring and not insuring.

SOLUTION

The first step is to calculate the EV(outcome2) for each.

EV2
accident w/ins. = (0.9)(02) + (0.07)(3002) + (0.03)(5002) = 13,800

EV2
accident w/o ins. = (0.9)(02) + (0.07)(3002) + (0.03)(13,0002) = 5,076,300

Then the standard deviations can be calculated.
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σw/ins. =
√
EV2

w/ins. − (EVw/ins.)2

=
√

(13,800− 362) =
√
12,504 = $112

σw/o ins. =
√
EV2

w/o ins. − (EVw/o ins.)2

=
√

(5,076,300− 4112) = √
4,907,379 = $2215

As described in Example 10-11, the expected value cost of insuring is $836 (= $36 + $800)
and the expected value cost of self-insuring is $411. Thus the expected cost of not insuring is
about half the cost of insuring. But the standard deviation of self-insuring is 20 times larger. It
is clearly riskier.

Which choice is preferred depends on how much risk one is comfortable with.
As stated before, this is an example of expected values alone not determining the decision.

Buying insurance has an expected cost that is $425 per year higher, but that insurance limits the
maximum loss to $500 rather than $13,000. The $425 may be worth spending to avoid that risk.

EXAMPLE 10–13 (Example 10-6 continued)

Using the probability distribution for the PW from Example 10–6, calculate the PW’s standard
deviation.

SOLUTION

The following table adds a column for (PW2) (probability) to calculate the EV(PW2).

Annual Life Joint PW××× PW222×××
Benefit Probability (years) Probability Probability PW Probability Probability

$ 5,000 30% 6 66.7% 20.0% −$ 3,224 −$ 645 2,079,480
8,000 60 6 66.7 40.0 9,842 3937 38,747,954
10,000 10 6 66.7 6.7 18,553 1237 22,950,061
5,000 30 9 33.3 10.0 3,795 380 1,442,100
8,000 60 9 33.3 20.0 21,072 4214 88,797,408
10,000 10 9 33.3 3.3 32,590 1086 35,392,740

EV = $10,209 189,409,745

Standard deviation =
√

{EV(X2) − [EV(X)]2}

σ =
√

{189,405,745− [10,209]2} = √
85,182,064 = $9229

For those with stronger backgrounds in probability than this chapter assumes, let us
consider how the standard deviation in Example 10-13 depends on the assumption of
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independence between the variables. While exceptions exist, a positive statistical depen-
dence between variables often increases the PW’s standard deviation. Similarly, a negative
statistical dependence between variables often decreases the PW’s standard deviation.

RISK VERSUS RETURN

A graph of risk versus return is one way to consider these items together. Figure 10-7 in
Example 10-14 illustrates the most common format. Risk measured by standard deviation
is placed on the x axis, and return measured by expected value is placed on the y axis. This
is usually done with internal rates of return of alternatives or projects.

EXAMPLE 10–14

A large firm is discontinuing an older product; thus some facilities are becoming available for
other uses. The following table summarizes eight new projects that would use the facilities. Con-
sidering expected return and risk, which projects are good candidates? The firm believes it can
earn 4% on a risk-free investment in government securities (labeled as Project F).

Project IRR StandardDeviation

1 13.1% 6.5%
2 12.0 3.9
3 7.5 1.5
4 6.5 3.5
5 9.4 8.0
6 16.3 10.0
7 15.1 7.0
8 15.3 9.4
F 4.0 0.0

SOLUTION

Answering the question is far easier if we use Figure 10-7. Since a larger expected return is better,
we want to select projects that are as “high up” as possible. Since a lower risk is better, we want
to select projects that are as “far left” as possible. The graph lets us examine the trade-off of
accepting more risk for a higher return.

FIGURE 10–7 Risk-versus-return graph.
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First, we can eliminate Projects 4 and 5. They are dominated projects. Dominated alterna-
tives are no better than another alternative on all measures and inferior on at least one measure.
Project 4 is dominated by Project 3, which has a higher expected return and a lower risk. Project
5 is dominated by Projects 1, 2, and 7. All three have a higher expected return and a lower risk.

Second, we look at the efficient frontier. This is the blue line in Figure 10-7 that connects
Projects F , 3, 2, 7, and 6. Depending on the trade-off that we want to make between risk and
return, any of these could be the best choice.

Project 1 appears to be inferior to Projects 2 and 7. Project 8 appears to be inferior to Projects
7 and 6. Projects 1 and 8 are inside and not on the efficient frontier.

There are models of risk and return that can allow us to choose between Projects F , 3, 2, 7,
and 6; but those models are beyond what is covered here.

There is a simple rule of thumb for comparing a project’s risk and return for which we
would like to thank JoeHartman. If the expected present worth is at least double the standard
deviation of the present worth, then the project is relatively safe. For comparison, remember
that a normal distribution has about 2.5% of its values less than 2 standard deviations below
the mean.

SIMULATION

Simulation is a more advanced approach to considering risk in engineering economy
problems. As such, the following discussion focuses on what it is. As the examples show,
spreadsheet functions and add-in packages make simulation easier to use for economic
analysis.

Economic simulation uses random sampling from the probability distributions of one
or more variables to analyze an economic model for many iterations. For each iteration, all
variables with a probability distribution are randomly sampled. These values are used to
calculate the PW, IRR, or EUAC. Then the results of all iterations are combined to create a
probability distribution for the PW, IRR, or EUAC.

Simulation can be done by hand, using a table of random numbers—if there are only
a few random variables and iterations. However, results are more reliable as the number of
iterations increases, so in practice this is usually computerized. This can be done in Excel
using the RAND() function to generate random numbers, as shown in Example 10-15.

Because wewere analyzing each possible outcome, the probability distributions earlier
in this chapter (and in the end-of-chapter problems) used two or three discrete outcomes.
This limited the number of combinations that we needed to consider. Simulation makes it
easy to use continuous probability distributions like the uniform, normal, exponential, log
normal, binomial, and triangular.Examples 10-15 and 10-16 use the normal and the discrete
uniform distributions.

EXAMPLE 10–15

ShipM4U is considering installing a new, more accurate scale, which will reduce the error in
computing postage charges and save $250 a year. The scale’s useful life is believed to be uniformly
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distributed over 12, 13, 14, 15, and 16 years. The initial cost of the scale is estimated to be
normally distributed with a mean of $1500 and a standard deviation of $150.

Use Excel to simulate 25 random samples of the problem and compute the rate of return for
each sample. Construct a graph of rate of return versus frequency of occurrence.

SOLUTION

FIGURE 10–8 Excel spreadsheet for simulation
(N = 25). 1
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This problem is simple enough to allow us to construct a table with each iteration’s values of the
life and the first cost. From these values and the annual savings of $250, the IRR for each iteration
can be calculated using the RATE function. These are shown in Figure 10-8. The IRR values are
summarized in a relative frequency diagram in Figure 10-9.
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Note:Each timeExcel recalculates the spreadsheet, different values for all the randomnumbers
are generated. Thus the results depend on the set of random numbers, and your results will be
different if you create this spreadsheet.
Note for students who have had a course in probability and statistics: Creating the random

values for life and first cost is done as follows. Select a random number in [0, 1] using Excel’s
RAND function. This is the value of the cumulative distribution function for the variable. Convert
this to the variable’s value by using an inverse function from Excel, or build the inverse function.
For the discrete uniform life, the function is=min life+ INT(range∗RAND()). For the normally
distributed first cost, the functions is = NORMINV(RAND(), mean, standard deviation).

FIGURE 10–9 Graph of
IRR values.
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Stand-alone simulation programs and commercial spreadsheet add-in packages such as
@Risk and Crystal Ball provide probabilitydistribution functions to use for each input vari-
able. In Example 10-16 the functions RiskUniformand RiskNormal are used. The packages
also collect values for the output variables, such as the IRR for Example 10-16. In other
problems the PW or EUAC could be collected. These values form a probability distribution
for the PW, IRR, or EUAC. From this distribution the simulation package can calculate the
expected return, P(loss), and the standard deviation of the return.

Example 10-16 uses @Risk to simulate 1000 iterations of PW for the data in
Example 10-15. A simulation package makes it easy to do more iterations. More impor-
tant still, since it is much easier to use different probability distributions and parameters,
more accurate models can be built. Because the models are easier to build, they are less
likely to contain errors.

EXAMPLE 10–16

Consider the scale described in Example 10-15. Generate 1000 iterations and construct a
frequency distribution for the scale’s rate of return.

SOLUTION

The first IRR (cell A8) of 14.01% that is computed in Figure 10-10 is based on the average life
and the average first cost. The second IRR (cell A11) of 14.01% is computed by @Risk using the
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average of each distribution. The cell content is the RATE formula with its RiskUniform and
RiskNormal function, however spreadsheets with @Risk functions display by default the results
of using average values.

The RATE function contains two @Risk functions: RiskUniform and RiskNormal. The uni-
form distribution has the minimum and maximum values as parameters. The normal distribution
has the average and standard deviation as parameters.

The third IRR (cell A13) is the average for 1000 iterations. It will change each time the sim-
ulation is done. The graph in Figure 10-10 with 1000 iterations is much smoother than Figure
10-9, the graph from Example 10-15, where 25 iterations were done.

FIGURE 10–10 Simulation
spreadsheet for
Examples 10-15 and 10-16.

A B C D E F

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28
7 20.51917.51614.51311.5108.5

16

14

12

10

8

6

4

2

0

IRR (%)

Pr
ob

ab
ili

ty
 (

%
)

Distribution for IRR (cell A11)

IRR computed using averages

IRR for each simulation iteration

14.15%

250

16

12

150

�1500

14.01%

14.01%

2.17%

annual benefit

maximum value of life

minimum value of life

standard deviation of first cost

average first cost

� RATE ((A3�A4)�2,A5,A1)

�  RATE(RiskUniform(A3,A4),A5,RiskNormal(A1,A2))

� average value of A11 (IRR) from 1000 iterations

� standard deviation of A11 (IRR) from 1000 iterations

REAL OPTIONS

Real-options analysis is another approach for evaluating projects with significant future
uncertainties. It is derived from the theory underlying financial options in the stock market.
Rather than buying or selling a share of stock, the option gives you the right to buy or sell
the stock at a given price for a given period. Since the option costs less than the stock, a
$1000 investment in options has more potential gain than the same investment in the stock.
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It also has more risk. For engineering projects, a real option is an alternative that keeps open
the opportunity by delaying the decision.

For an intuitive understanding of why real options make sense, consider the exam-
ple of a lease for gas and oil development rights. Many such projects are never developed
because they are not “economic.” Nevertheless, it may make sense to renew the lease for a
noneconomic project because of the possibility that the project will become economically
profitable. For example, prices may rise, or pipelines and facilities may be built to support
a nearby tract.

Themodels and assumptions of real options are beyond the scope of this text. Interested
readers are referred to the third edition of the advanced text Economic Analysis of Industrial
Projects by Eschenbach, Lewis, Hartman, and Bussey.

These optionsmay include delaying, abandoning, expanding, shrinking, changing, and
replicating a project—withdifferent models for different actions. However, some suggested
guidelines may help you decide when you should consider applying real options to your
project analysis.

• The value of exercising an option cannot be negative, since you can choose not to
exercise it.

• An option to delay a project is valuable when the project is not currently economic
but may become economic. Thus, if a project’s present worth is positive or very
negative, a delay option is unlikely to be worthwhile.

• Unlike projects, options become more valuable as risk (described as volatility)
increases. For projects, we want more return but less risk. However, options are more
likely to be worthwhile and to result in action if the risk increases.

• Volatility is the key parameter in real-option valuation, but it is difficult to calcu-
late. In addition, much of the risk associated with a project may not be actionable
volatility, and only actionable volatility can create value for a real option [Lewis,
Eschenbach, and Hartman, 2008].

• Many published examples of real-option analysis ignore the cost of waiting, but
this is rarely appropriate for engineering projects [Eschenbach, Lewis, and Hartman,
2009]. For example, if an R&D project, a new product, or a new building is delayed,
then it will later face more competition and during the period of delay there are no
revenues or cost savings since the project is not yet operating.

• In many cases decision trees and simulation are required to properly develop and
describe the real option, and by then the real-option analysis may add little value to
the decision-making process.

SUMMARY

Estimating the future is required for economic analysis, and there are several ways to do
this. Precise estimates will not ordinarily be exactly correct, but they are considered to be
the best single values to represent what we think will happen.

A simple way to represent uncertainty is through a range of estimates for each variable,
such as optimistic,most likely, and pessimistic. The full range of prospective results may be
examined by using the optimistic values to solve the problem and then using the pessimistic
values. Solving the problem with the most likely values is a good single value estimate.
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However, the extremes with all optimistic values or all pessimistic values are less likely—it
is more likely that a mix of optimistic, most likely, and pessimistic values will occur.

One approach taken from project management uses the following weighted values
instead of a range of estimates.

Estimate Optimistic Most Likely Pessimistic
Relative weight 1 4 1

The most commonly used approach for decision making relies on expected val-
ues. Here, known or estimated probabilities for future events are used as weights for the
corresponding outcomes.

Expected value = OutcomeA × ProbabilityA + OutcomeB × ProbabilityB + · · ·
Expected value is the most useful and the most frequently used technique for estimating a
project’s attractiveness.

However, risk as measured by standard deviation and the probability of a loss is also
important in evaluating projects. Since projects with higher expected returns also frequently
have higher risk, evaluating the trade-offs between risk and return is useful in decision
making.

More complicated problems can be summarized and analyzed by using decision trees,
which allow logical evaluation of problems with sequential chance, decision, and outcome
nodes.

Where the elements of an economic analysis are stated in terms of probability dis-
tributions, a repetitive analysis of a random sample is often done. This simulation-based
approach relies on the premise that a random sampling of increasing size becomes a better
and better estimate of the possible outcomes. The large number of computationsmeans that
simulation is usually computerized.

P R O B L E M S

Range of Estimates

10-1 Telephone poles exemplify items that have vary-
ing useful lives. Telephone poles, once installed in
a location, remain in useful service until one of a
variety of events occur.

(a) Name three reasons why a telephone pole might
be removed from useful service at a particular
location.

(b) You are to estimate the total useful life of
telephone poles. If the pole is removed from an
original location while it is still serviceable, it
will be installed elsewhere. Estimate the opti-
mistic life, most likely life, and pessimistic life
for telephone poles. What percentage of all tele-
phone poles would you expect to have a total
useful life greater than your estimated optimistic
life?

10-2 The purchase of a used pickup for $9000 is being
considered. Records for other vehicles show that

costs for oil, tires, and repairs about equal the cost
for fuel.

Fuel costs are $990 per year if the truck is driven
10,000 miles. The salvage value after 5 years of use
drops about 8%permile. Find the equivalent uniform
annual cost if the interest rate is 8%. How much does
this change if the annual mileage is 15,000? 5000?

10-3 A heat exchanger is being installed as part of a plant
modernization program. It costs $80,000, including
installation, and is expected to reduce the overall
plant fuel cost by $20,000 per year. Estimates of
the useful life of the heat exchanger range from
an optimistic 12 years to a pessimistic 4 years.
The most likely value is 5 years. Assume the heat
exchanger has no salvage value at the end of its
useful life.

(a ) Determine the pessimistic, most likely, and opti-
mistic rates of return.

(b ) Use the range of estimates to compute the mean
life and determine the estimated before-tax rate
of return.
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10-4 For the data in Problem 10-2 assume that the 5000,
10,000, and 15,000mileage values are, respectively,
pessimistic, most likely, and optimistic estimates.
Use a weighted estimate to calculate the equivalent
annual cost.

10-5 A new engineer is evaluating whether to use
a higher-voltage transmission line. It will cost
$250,000more initially, but it will reduce transmis-
sion losses. The optimistic, most likely, and pes-
simistic projections for annual savings are $20,000,
$15,000, and $8,000. The interest rate is 6%,
and the transmission line should have a life of
30 years.

(a ) What is the present worth for each estimated
value?

(b ) Use the range of estimates to compute the mean
annual savings, and then determine the present
worth.

(c ) Does the answer to (b) match the present worth
for the most likely value? Why or why not?

10-6 A new 2-lane road is needed in a part of town that is
growing. At some point the road will need 4-lanes
to handle the anticipated traffic. If the city’s opti-
mistic estimate of growth is used, the expansionwill
be needed in 4 years. For the most likely and pes-
simistic estimates, the expansionwill be needed in 8
and 15 years, respectively. The expansion will cost
$4.2 million. Use an interest rate of 8%.

(a ) What is the PW for each scenario, and what is
the range of values?

(b ) Use Equation 10-1 to find the mean value of the
expansion’s PW.

Probabilities

10-7 When a pair of dice are tossed, the results may be
any whole number from 2 through 12. In the game
of craps one canwin by tossing either a 7 or an 11 on
the first roll. What is the probability of doing this?
(Hint: There are 36ways that a pair of six-sided dice
can be tossed. What portion of them result in either
a 7 or an 11?) (Answer: 8/36)

10-8 Over the last 10 years, the hurdle or discount rate
for projects from the firm’s research and develop-
ment division has been 10% twice, 15% three times,
and 20% the rest of the time. There is no recogniz-
able pattern. Calculate the probability distribution
for next year’s discount rate.

10-9 The construction time for a bridge depends on the
weather. The project is expected to take 250 days if

the weather is dry and hot. If the weather is damp
and cool, the project is expected to take 350 days.
Otherwise, it is expected to take 300 days. Histori-
cal data suggest that the probability of cool, damp
weather is 30% and that of dry, hot weather is 20%.
Find the project’s probability distribution.

10-10 A new product’s sales and profits are uncertain.
The marketing department has predicted that sales
might be as high as 10,000 units per year with a
probability of 10%. The most likely value is 7000
units annually. The pessimistic value is estimated to
be 5000 units annually with a probability of 20%.
Manufacturing and marketing together have esti-
mated the most likely unit profit to be $32. The
pessimistic value of $24 has a probability of 0.3, and
the optimistic value of $38 has a probability of 0.2.
Construct the probability distributions for sales and
unit profits.

10-11 A road between Fairbanks and Nome, Alaska, will
have a most likely construction cost of $4 million
per mile. Doubling this cost is considered to have a
probability of 30%, and cutting it by 25% is con-
sidered to have a probability of 10%. The state’s
interest rate is 8%, and the road should last 40 years.
What is the probability distribution of the equivalent
annual construction cost per mile?

10-12 You recently had an auto accident that was your
fault. If you have another accident or receive a
another moving violation within the next 3 years,
you will become part of the “assigned risk” pool,
and you will pay an extra $600 per year for insur-
ance. If the probability of an accident or moving
violation is 20% per year, what is the probabil-
ity distribution of your “extra” insurance payments
over the next 4 years? Assume that insurance is pur-
chased annually and that violations register at the
end of the year—just in time to affect next year’s
insurance premium.

10-13 Al took a midterm examination in physics and
received a score of 65. The mean was 60 and the
standard deviation was 20. Bill received a score of
14 in mathematics, where the exam mean was 12
and the standard deviation was 4. Which student
ranked higher in his class? Explain.

Joint Probabilities

10-14 For the data in Problem 10-10, construct the proba-
bility distribution for the annual profit. Assume that
the sales and unit profits are statistically indepen-
dent.
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10-15 A project has a life of 10 years, andno salvagevalue.
The firm uses an interest rate of 12% to evaluate
engineering projects. The project has an uncertain
first cost and net revenue.

First Cost P Net Revenue P

$300,000 0.2 $ 70,000 0.3
400,000 0.5 90,000 0.5
600,000 0.3 100,000 0.2

(a ) What is the joint probability distribution for first
cost and net revenue?

(b ) Define optimistic, most likely, and pessimistic
scenarios by using both optimistic, both most
likely, and both pessimistic estimates. What is
the present worth for each scenario?

10-16 A robot has just been installed at a cost of $81,000.
It will have no salvage value at the end of its useful
life.

Savings Useful

per Year Probability Life (years) Probability

$18,000 0.2 12 1/6
20,000 0.7 5 2/3
22,000 0.1 4 1/6

(a ) What is the joint probability distribution for
savings per year and useful life?

(b ) Define optimistic, most likely, and pessimistic
scenarios by using both optimistic, both most
likely, and both pessimistic estimates. What is
the rate of return for each scenario?

10-17 Modifying an assembly line has a first cost of
$80,000, and its salvage value is $0. The firm’s
interest rate is 9%. The savings shown in the table
depend on whether the assembly line runs one, two,
or three shifts, and on whether the product is made
for 3 or 5 years.

Shifts/ Savings/ Useful Life

day year Probability (years) Probability

1 $15,000 0.3 3 0.6
2 30,000 0.5 5 0.4
3 45,000 0.2

(a ) Give the joint probability distribution for sav-
ings per year and the useful life.

(b ) Define optimistic, most likely, and pessimistic
scenarios by using both optimistic, both most
likely, and both pessimistic estimates. Use a life
of 4 years as the most likely value. What is the
present worth for each scenario?

Expected Value

10-18 Annual savings due to an energy efficiency project
have a most likely value of $30,000. The high
estimate of $40,000 has a probability of 0.2, and the
low estimate of $20,000 has a probability of 0.30.
What is the expected value for the annual savings?
(Answer: $29,000)

10-19 Two instructors announced that they “grade on the
curve,” that is, give a fixed percentage of each of the
various letter grades to each of their classes. Their
curves are as follows:

Grade Instructor A Instructor B

A 10% 15%
B 15 15
C 45 30
D 15 20
F 15 20

If a random student came to you and said that
his object was to enroll in the class in which
he could expect the higher grade point aver-
age, which instructor would you recommend?
(Answer:GPAB = 1.95, Instructor A)

10-20 For the data in Problem 10-8, compute the expected
value for the next year’s discount rate.

10-21 For the data in Problem 10-9, compute the project’s
expected completion time.

10-22 For the data in Problem10-11 calculate the expected
value of the equivalent annual construction cost per
mile.

10-23 A man wants to decide whether to invest $1000 in
a friend’s speculative venture. He will do so if he
thinks he can get his money back in one year. He
believes the probabilities of the various outcomes at
the end of one year are as follows:
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Result Probability

$2000 (double his money) 0.3
1500 0.1
1000 0.2
500 0.3
0 (lose everything) 0.1

What would be his expected outcome if he invests
the $1000?

10-24 TheMSU football team has 10 games scheduled for
next season. The business manager wishes to esti-
mate how much money the team can be expected to
have left over after paying the season’s expenses,
including any postseason “bowl game” expenses.
From records for the past season and estimates by
informed people, the business manager has assem-
bled the following data:

Prob-

Situation ability Situation Net Income

Regular season Regular season
Win 3 games 0.10 Win 5 or $250,000
Win 4 games 0.15 fewer
Win 5 games 0.20 games
Win 6 games 0.15 Win 6 to 8 400,000
Win 7 games 0.15 games
Win 8 games 0.10
Win 9 games 0.07 Win 9 or 10 600,000
Win 10 games 0.03 games

Postseason Postseason Additional
Bowl game 0.10 Bowl game income of

$100,000

What is the expected net income for the team next
season? (Answer: $355,000)

10-25 In the New Jersey and Nevada gaming casinos,
craps is a popular gambling game. One of the many
bets available is the “Hard-way 8.” A $1 bet in this
fashion will win the player $4 if in the game the
pair of dice come up 4 and 4 before one of the other
ways of totaling 8. For a $1 bet, what is the expected
result? (Answer: 80� c)

10-26 A man went to Atlantic City with $500 and placed
100 bets of $5 each, one after another, on the same
number on the roulette wheel. There are 38 numbers
on the wheel, and the gaming casino pays 35 times
the amount bet if the ball drops into the bettor’s
numbered slot in the roulette wheel. In addition, the
bettor receives back the original $5 bet. Estimate

howmuchmoney the man is expected to win or lose
in Atlantic City.

10-27 For the data in Problems 10-2 and 10-4, assume that
the optimistic probability is 20%, the most likely is
50%, and the pessimistic is 30%.

(a ) What is the expected value of the equivalent
uniform annual cost?

(b ) Compute the expected value for the number of
miles, and the corresponding equivalent uni-
form annual cost.

(c ) Do the answers to (a) and (b) match? Why or
why not?

10-28 For the data in Problem 10-3, assume that the opti-
mistic probability is 15%, the most likely is 80%,
and the pessimistic is 5%.

(a ) What is the expected value of the rate of return?

(b ) Compute the expected value for the life, and the
corresponding rate of return.

(c ) Do the answers to (a) and (b) match? Why or
why not?

10-29 For the data in Problem 10-5, assume that the opti-
mistic probability is 20%, the most likely is 50%,
and the pessimistic is 30%.

(a ) What is the expectedvalue of the presentworth?

(b ) Compute the expected value for annual savings,
and the corresponding present worth.

(c ) Do the answers to (a) and (b) match? Why or
why not?

10-30 For the data in Problem 10-10, calculate the
expected value of sales and unit profits. For the data
in Problem 10-14, calculate the expected value of
annual profit. Are these results consistent?

10-31 Assume that the pessimistic and optimistic esti-
mates in Problem 10-6 have 40% and 20% proba-
bilities, respectively.

(a ) What is the expected PW the expansion costs?

(b ) What is the expected number of years until the
expansion?

(c ) What is PW of the expansion cost using the
expected number of years until the expansion?

(d ) Do your answers to (a) and (c) match? If not,
why not?

10-32 The energy efficiency project described in Problem
10-18 has a first cost of $150,000, a life of 10 years,
and no salvage value. Assume that the interest rate
is 8%.



366 CHAPTER 10: UNCERTAINTY IN FUTURE EVENTS

(a ) What is the equivalent uniform annual worth for
the expected annual savings?

(b ) Compute the equivalent uniform annual worth
for the pessimistic, most likely, and optimistic
estimates of the annual savings. What is the
expected value of the equivalent uniform annual
worth?

(c ) Do the answers to (a) and (b) match? Why or
why not?

10-33 An industrial park is beingplanned for a tract of land
near the river. To prevent flood damage to the indus-
trial buildings that will be built on this low-lying
land, an earthen embankment can be constructed.
The height of the embankment will be determined
by an economic analysis of the costs and benefits.
The following data have been gathered.

EmbankmentHeight

AboveRoadway (m) Initial Cost

2.0 $100,000
2.5 165,000
3.0 300,000
3.5 400,000
4.0 550,000

AverageFrequency

Flood That Flood Level

LevelAbove Will Exceed

Roadway (m) Height in Col. 1

2.0 Once in 3 years
2.5 Once in 8 years
3.0 Once in 25 years
3.5 Once in 50 years
4.0 Once in 100 years

The embankment can be expected to last 50 years
and will require no maintenance. Whenever the
flood water flows over the embankment, $300,000
of damageoccurs.Should the embankmentbe built?
If so, to which of the five heights above the road-
way? A 12% rate of return is required.

10-34 If your interest rate is 8%, what is the expected
value of the present worth of the “extra” insurance
payments in Problem 10-12? (Answer: $528.70)

10-35 Should the project in Problem 10-15 be undertaken
if the firm uses an expected value of present worth
to evaluate engineering projects?

(a ) Compute the PW for each combination of
first cost and revenue and the corresponding
expected worth.

(b ) What are the expected first cost, expected net
revenue, and correspondingpresentworth of the
expected values?

(c ) Do the answers for (a) and (b) match? Why or
why not?

(Answer: (b) $45,900, do project)
10-36 A new engineer is evaluating whether to use a

larger-diameter pipe for a water line. It will cost
$350,000 more initially, but it will reduce pump-
ing costs. The optimistic, most likely, and pes-
simistic projections for annual savings are $30,000,
$20,000, and $5000, with respective probabilities
of 20%, 50%, and 30%. The interest rate is 6–
8%, and the water line should have a life of
40 years.

(a ) What is the PW for each estimated value?What
is the expected PW?

(b ) Compute the expected annual savings and
expected PW.

(c ) Do the answers for the expected PW match?
Why or why not?

10-37 An energy efficiency project has a first cost of
$300,000, a life of 10 years, and no salvage value.
Assume that the interest rate is 9%. The most likely
value for annual savings is $60,000. The optimistic
value for annual savings is $80,000with a probabil-
ity of 0.2. The pessimistic value is $40,000 with a
probability of 0.3.

(a ) What is the expected annual savings and the
expected PW?

(b ) Compute the PW for the pessimistic, most
likely, and optimistic estimates of the annual
savings. What is the expected PW?

(c ) Do the answers for the expected PW match?
Why or why not?

10-38 For the data in Problem 10-16:

(a ) What are the expected savings per year, life,
and corresponding rate of return for the expected
values?

(b ) Compute the rate of return for each combination
of savings per year and life. What is the expected
rate of return?

(c ) Do the answers for (a) and (b) match? Why or
why not?

10-39 For the data in Problem 10-17:

(a ) What are the expected savings per year, life, and
corresponding present worth for the expected
values?

(b ) Compute the presentworth for each combination
of savings per year and life. What is the expected
present worth?

(c ) Do the answers for (a) and (b) match? Why or
why not?
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Decision Trees

10-40 The tree in Figure P10-40 has probabilities after
each chance node and PW values for each terminal

node. What decision should be made? What is the
expected value?
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10-41 The tree in Figure P10-41 has probabilities after each
chance node and PW values for each terminal node.

What decision should be made?What is the expected
value?
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10-42 A decision has been made to perform certain repairs
on the outlet works of a small dam. For a partic-
ular 36-inch gate valve, there are three available
alternatives:

A . Leave the valve as it is.

B . Repair the valve.

C . Replace the valve.

If the valve is left as it is, the probability of a
failure of the valve seats, over the life of the project,
is 60%; the probability of failure of the valve stem is
50%; and of failure of the valve body is 40%.

If the valve is repaired, the probability of a
failure of the seats, over the life of the project, is 40%;
of failure of the stem is 30%; and of failure of the
body is 20%. If the valve is replaced, the probability
of a failure of the seats, over the life of the project, is
30%; of failure of the stem is 20%; and of failure of
the body is 10%.

The present worth of cost of future repairs and
service disruption of a failure of the seats is $10,000;
the present worth of cost of a failure of the stem is
$20,000; the present worth of cost of a failure of the
body is $30,000. The cost of repairing the valve now
is $10,000; and of replacing it is $20,000. If the crite-
rion is to minimize expected costs, which alternative
is best?

10-43 A factory building is located in an area subject to
occasional flooding by a nearby river. You have been
brought in as a consultant to determinewhether flood-
proofingof the building is economically justified. The
alternatives are as follows:

A . Do nothing. Damage in a moderate flood is
$10,000 and in a severe flood, $25,000.

B . Alter the factory building at a cost of $15,000
to withstand moderate flooding without damage
and to withstand severe flooding with $10,000
damages.

C . Alter the factory building at a cost of $20,000 to
withstand a severe flood without damage.

In any year the probability of flooding is as follows:
0.70, no flooding of the river; 0.20, moderate flood-
ing; and 0.10, severe flooding. If interest is 15%
and a 15-year analysis period is used, what do you
recommend?

10-44 Five years ago a dam was constructed to impound
irrigation water and to provide flood protection for
the area below the dam. Last winter a 100-year flood
caused extensive damage both to the dam and to the
surrounding area. This was not surprising, since the
dam was designed for a 50-year flood.

The cost to repair the dam now will be $250,000.
Damage in the valley below amounts to $750,000.
If the spillway is redesigned at a cost of $250,000
and the dam is repaired for another $250,000, the
dam may be expected to withstand a 100-year flood
without sustaining damage. However, the storage
capacity of the dam will not be increased and
the probability of damage to the surrounding area
below the dam will be unchanged. A second dam
can be constructed up the river from the exist-
ing dam for $1 million. The capacity of the sec-
ond dam would be more than adequate to provide
the desired flood protection. If the second dam is
built, redesign of the existing dam spillway will not
be necessary, but the $250,000 of repairs must be
done.

The development in the area below the dam is
expected to be complete in 10 years. A new 100-
year flood in the meantime would cause a $1 million
loss. After 10 years the loss would be $2 million. In
addition, there would be $250,000 of spillway dam-
age if the spillway is not redesigned. A 50-year flood
is also likely to cause about $200,000 of damage,
but the spillway would be adequate. Similarly, a
25-year flood would cause about $50,000 of damage.
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There are three alternatives: (1) repair the exist-
ing dam for $250,000 but make no other alterations,
(2) repair the existing dam ($250,000) and redesign
the spillway to take a 100-year flood ($250,000),
and (3) repair the existing dam ($250,000) and
build the second dam ($1 million). Based on an
expected annual cash flow analysis, and a 7% inter-
est rate, which alternative should be selected?Draw
a decision tree to clearly describe the problem.

10-45 In Problems 10-17 and 10-39, how much is it worth
to the firm to be able to extend the product’s life
by 3 years, at a cost of $50,000, at the end of the
product’s initial useful life?

Risk

10-46 An engineer decided to make a careful analysis of
the cost of fire insurance for his $200,000 home.

From a fire rating bureau he found the follow-
ing risk of fire loss in any year.

Outcome Probability

No fire loss 0.986
$ 10,000 fire loss 0.010
40,000 fire loss 0.003
200,000 fire loss 0.001

(a ) Compute his expected fire loss in any year.

(b ) He finds that the expectedfire loss in any year is
less than the $550 annual cost of fire insurance.
In fact, an insurance agent explains that this
is always true. Nevertheless, the engineer buys
fire insurance. Explain why this is or is not a
logical decision.

10-47 For the data in Problems 10-8 and 10-20, compute
the standard deviation of the interest rate.

10-48 For the data in Problems 10-11 and 10-22, compute
the standard deviation of the equivalent annual cost
per mile.

10-49 For the data in Problem10-36, compute the standard
deviation of the present worth.

10-50 For the data in Problem10-37, compute the standard
deviation of the present worth.

10-51 TheGrahamTelephoneCompanymay invest in new
switching equipment. There are three possible out-
comes, having net present worth of $6570, $8590,
and $9730. The outcomes have probabilities of 0.3,
0.5, and 0.2, respectively. Calculate the expected
return and risk measured by the standard deviation
associated with this proposal. (Answer: EPW =
$8212,σPW = $1158)

10-52 A new machine will cost $25,000. The machine is
expected to last 4 years and have no salvage value.
If the interest rate is 12%, determine the return and
the risk associated with the purchase.

P 0.3 0.4 0.3

Annual savings $7000 $8500 $9500

10-53 A new product’s chief uncertainty is its annual
net revenue. So far, $35,000 has been spent on
development, but an additional $30,000 is required
to finish development. The firm’s interest rate is
10%.

(a ) What is the expected PW for deciding whether
to proceed?

(b ) Find the P (loss) and the standard deviation for
proceeding.

State

Bad OK Great

Probability 0.3 0.5 0.2
Net revenue −$15,000 $15,000 $20,000
Life, in years 5 5 10

10-54 (a ) In Problem 10-53, how much is it worth to the
firm to terminate the product after 1 year if the
net revenues are negative?

(b ) How much does the ability to terminate
early change the P (loss) and the standard
deviation?

10-55 What is your risk associated with Problem
10-34?
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10-56 Measure the risk for Problems 10-15 and 10-35
using the P (loss), range of PW values, and stan-
dard deviation of the PWs. (Answer: σPW =
$127,900)

10-57 (a ) In Problems 10-17 and 10-39, describe the risk
using the P (loss) and standard deviation of the
PWs.

(b ) How much do the answers change if the
possible life extension in Problem 10-44 is
allowed?

Risk Versus Return

10-58 A firm wants to select one new research and
development project. The following table summa-
rizes six possibilities. Considering expected return
and risk, which projects are good candidates?
The firm believes it can earn 5% on a risk-free
investment in government securities (labeled as
Project F).

Project IRR StandardDeviation

1 15.8% 6.5%
2 12.0 4.1
3 10.4 6.3
4 12.1 5.1
5 14.2 8.0
6 18.5 10.0
F 5.0 0.0

10-59 A firm is choosing a new product. The follow-
ing table summarizes six new potential products.
Considering expected return and risk, which prod-
ucts are good candidates? The firm believes it can
earn 4% on a risk-free investment in government
securities (labeled as Product F).

Product IRR StandardDeviation

1 10.4% 3.2%
2 9.8 2.3
3 6.0 1.6
4 12.1 3.6
5 12.2 8.0
6 13.8 6.5
F 4.0 0.0

Simulation

10-60 A project’s first cost is $25,000, and it has no
salvage value. The interest rate for evaluation is
7%. The project’s life is from a discrete uni-
form distribution that takes on the values 7,
8, 9, and 10. The annual benefit is normally
distributed with a mean of $4400 and a stan-
dard deviation of $1000. Using Excel’s RAND
function, simulate 25 iterations. What are the
expectedvalue and standarddeviation of the present
worth?

10-61 A factory’s power bill is $55,000 a year. The first
cost of a small geothermal power plant is normally
distributed with a mean of $150,000 and a stan-
dard deviation of $50,000. The power plant has no
salvage value. The interest rate for evaluation is
8%. The project’s life is from a discrete uni-
form distribution that takes on the values 3, 4, 5,
6, and 7. (The life is relatively short due to cor-
rosion.) The annual operating cost is expected to
be about $10,000 per year. Using Excel’s RAND
function, simulate 25 iterations. What are the
expectedvalue and standarddeviation of the present
worth?

C A S E S
The following cases from Cases in Engineering Economy
2nnnddd are suggested as matched with this chapter.

CASE 13 Guaranteed Return
Risk versus expected return and choice of interest
rate.

CASE 18 Gravity-Free High
New product with development stages and proba-
bility of failure.

CASE 19 Crummy Castings
Decision tree problem with modest ambiguity.
Options create more challenging problems.

CASE 21 Glowing in the Dark
Expected return and variance for facility of mini-
mal size, of minimal size plus preparation for later
expansion, and of the full size now.
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CASE 22 City Car
Decision tree analysis. Includes discussionof strat-
egy and risk. Some assumptions must be made.

CASE 23 Washing Away
Levee height and probability of flood damage.

CASE 24 Sinkemfast
Decision tree with assumptions required for real-
istic comparisons. Info supports creation of new,
better alternatives.

CASE39 Uncertain Demand at WM3

Includes inflation, taxes, and uncertainty.
CASE44 Sunnyside—Up or Not?

Uncertain growth rates over 30 years and setting
utility rates.

CASE50 Capital Planning Consultants
Capital budgeting including mutually exclusive
alternatives. Includes uncertainties in first cost,
annual benefit, and lives.



C H A P T E R 11

DEPRECIATION

Depreciation and Competitiveness

D
epreciation sounds like a boring accounting
term, but it is part of determining how much
every firm pays in taxes. Reducing taxes is a
common goal. Depreciation apportions an

asset’s capital cost into annual deductions from taxable
income. Thus, factories, bulldozers, computers, sports
stadiums, and even professional baseball players are
depreciated. In each case what can be depreciated, and
how fast, is linked to a firm’s after-tax profits and com-
petitiveness.More and faster depreciation improves com-
petitiveness.

Why is depreciation important to governments? The answer is that depreciation rules and
regulations can be crafted to promote specific outcomes such as total revenue received,
increased capital investment, and improved employment rates. In 1981 and 1986, the federal
government responded to concerns about U.S. firms building plants overseas by changing
the tax code to allow depreciation over shorter recovery periods. The tax code was also
changed to give capital investments full depreciation, using a salvage value of $0. In 2002
the tax code was again changed by the Job Creation and Worker Assistance Act to allow an
additional first year’s depreciation of 30% for a 3-year period. This was later amended to
increase the added depreciation in the first year to 50% for tax year 2003. More recently the
2009 American Recovery and Reinvestment Act provided incentives to stimulate the econ-
omy. These acts are intended to increase the level of investment by firms in capital assets,
and thus to create new jobs in the U.S. � � �

Courtesy of the Internal Revenue Service.



1. How can the importance of depreciation be measured?

2. What are some of the similarities and differences between depreciating a bulldozer
and a ballplayer?

3. Is the added first-year depreciation still part of the tax code? How has it changed
since it was legislated in 2002? What details can you find on the current version of
the Section 179 deduction for small businesses (see p. 412)?

4. At times legislative bodies have been criticized for using potential changes in the
depreciation and tax codes to stimulate lobbying and campaign donations. Is this
truly a practical or ethical concern?

After Completing This Chapter. . .

The student should be able to:

• Describe depreciation, deterioration, and obsolescence.
• Distinguish various types of depreciable property and differentiate between depreci-
ation expenses and other business expenses.

• Use historical depreciation methods to calculate the annual depreciation charge and
book value over the asset’s life.

• Explain the differences between the historical depreciationmethods and themodified
accelerated cost recovery system (MACRS).

• Use MACRS to calculate allowable annual depreciation charge and book value over
the asset’s life for various cost bases, property classes, and recovery periods.

• Fully account for capital gains/losses, ordinary losses, and depreciation recapture
due to the disposal of a depreciated business asset.

• Use the units of production and depletion depreciation methods as needed in
engineering economic analysis problems.

• Use spreadsheets to calculate depreciation.

373
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We have so far dealt with a variety of economic analysis problems and many techniques
for their solution. In the process we have avoided income taxes, which are an important
element in many private sector economic analyses. Now, we move to more realistic—and
more complex—situations.

Our government taxes individualsand businesses to support its processes—lawmaking,
domestic and foreign economic policy making, even the making and issuing of money
itself. The omnipresence of taxes requires that they be included in economic analyses,
which means that we must understand the way taxes are imposed. For capital equipment,
knowledge about depreciation is required to compute income taxes. Chapter 11 examines
depreciation, and Chapter 12 illustrates how depreciation and other effects are incorpo-
rated in income tax computations. The goal is to support decision making on engineering
projects, not to support final tax calculations.

BASIC ASPECTS OF DEPRECIATION

The word depreciation is defined as a “decrease in value.” This is somewhat ambiguous
because value has several meanings. In economic analysis, valuemay refer to eithermarket
value or value to the owner. For example, an assembly line is far more valuable to the
manufacturing firm that it was designed for, than it is to a used equipment market. Thus,
we now have two definitions of depreciation: a decrease in value to the market or a decrease
to the owner.

Deterioration andObsolescence

A machine may depreciate because it is deteriorating, or wearing out and no longer
performing its function as well as when it was new. Many kinds of machinery require
increased maintenance as they age, reflecting a slow but continuing failure of individ-
ual parts. In other types of equipment, the quality of output may decline due to wear on
components and resulting poorer mating of parts. Anyone who has worked to maintain a
car has observed deterioration due to failure of individual parts (such as fan belts, mufflers,
and batteries) and the wear on components (such as bearings, piston rings, and alternator
brushes).

Depreciation is also caused by obsolescence. A machine that is in excellent working
condition, and serving a needed purpose, may still be obsolete. In the 1970s, mechanical
business calculators with hundreds of gears and levers became obsolete. The advance of
integrated circuits resulted in a completely different and far superior approach to calculator
design. Thus, mechanical calculators rapidly declined or depreciated in value. Generations
of computers have followed this pattern. The continuing stream of newer models makes
older ones obsolete.

The accounting profession defines depreciation in yet another way, as allocating an
asset’s cost over its useful or depreciable life. Thus, we now have three distinct definitions
of depreciation:

1. Decline in market value of an asset.

2. Decline in value of an asset to its owner.

3. Systematic allocation of an asset’s cost over its depreciable life.
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Depreciation and Expenses

It is the third (accountant’s) definition that is used to compute depreciation for business
assets. Business costs are generally either expensed or depreciated. Expensed items, such
as labor, utilities, materials, and insurance, are part of regular business operations and are
“consumed” over short periods of time (sometimes recurring). These costs do not lose value
gradually over time. For tax purposes they are subtracted from business revenues when they
occur. Expensed costs reduce income taxes because businesses are able to write off their
full amount when they occur. Section 179 of tax code allows profitable small businesses to
expense some capital asset purchases.

In contrast, business costs due to capital assets (buildings, forklifts, chemical plants,
etc.) are not fully written off when they occur. Capital assets lose value gradually and
must be written off or depreciated over an extended period. For instance, consider an
injection-molding machine used to produce the plastic beverage cups found at sporting
events. The plastic pellets melted into the cup shape lose their value as raw material
directly after manufacturing. The raw material cost for production material (plastic pellets)
is expensed immediately. On the other hand, the injection-moldingmachine itself will lose
value over time, and thus its costs (purchase price and installation expenses) are written off
(or depreciated) over its depreciable life or recovery period. This is often different from
the asset’s useful or most economic life. Depreciable life is determined by the depreciation
method used to spread out the cost—depreciated assets of many types operate well beyond
their depreciable life.

Depreciation is a noncash cost that requires no exchange of dollars. Companies do
not write a check to someone to pay their depreciation expenses. Rather, these are business
expenses that are allowed by the government to offset the loss in value of business assets.
Remember, the company has paid for assets up front; depreciation is simply a way to claim
these “business expenses” over time. Depreciation deductions reduce the taxable income of
businesses and thus reduce the amount of taxes paid. Since taxes are cash flows, depreciation
must be considered in after-tax economic analyses.

In general, business assets can be depreciated only if they meet the following basic
requirements:

1. The property must be used for business purposes to produce income.

2. The property must have a useful life that can be determined, and this life must be
longer than one year.

3. The property must be an asset that decays, gets used up, wears out, becomes
obsolete, or loses value to the owner from natural causes.

EXAMPLE 11–1

Consider the costs that are incurred by a local pizza business. Identify each cost as either expensed
or depreciated and describe why that term applies.

• Cost for pizza dough and toppings
• Cost to pay wages for janitor
• Cost of a new baking oven
• Cost of new delivery van
• Cost of furnishings in dining room
• Utility costs for soda refrigerator
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SOLUTION

Cost Item Type of Cost Why

Pizza dough and toppings Expensed Life < 1 year; lose value immediately
New delivery van Depreciated Meets 3 requirements for depreciation
Wages for janitor Expensed Life < 1 year; lose value immediately
Furnishings in dining room Depreciated Meet 3 requirements for depreciation
New baking oven Depreciated Meets 3 requirements for depreciation
Utilities for soda refrigerator Expensed Life < 1 year; lose value immediately

Types of Property

The rules for depreciation are linked to the classification of business property as either
tangible or intangible. Tangible property is further classified as either real or personal.

Tangible property can be seen, touched, and felt.

Real property includes land, buildings, and all things growing on, built upon,
constructed on, or attached to the land.

Personal property includes equipment, furnishings, vehicles, office machinery,
and anything that is tangible excluding assets defined as real property.

Intangible property is all property that has value to the owner but cannot be directly
seen or touched. Examples include patents, copyrights, trademarks, trade names, and
franchises.

Many different types of property that wear out, decay, or lose value can be depreciated
as business assets. This wide range includes copy machines, helicopters, buildings, interior
furnishings, production equipment, and computer networks. Almost all tangible property
can be depreciated.

One important and notable exception is land, which is never depreciated. Land does not
wear out, lose value, or have a determinable useful life and thus does not qualify as a depre-
ciable property. Rather than decreasing in value, most land becomes more valuable as time
passes. In addition to the land itself, expenses for clearing, grading, preparing, planting,
and landscaping are not generally depreciated because they have no fixed useful life. Other
tangible property that cannot be depreciated includes factory inventory, containers consid-
ered as inventory, and leased property. The leased property exception highlights the fact
that only the owner of property may claim depreciation expenses.

Tangible properties used in both business and personal activities, such as a vehicle
used in a consulting engineering firm that is also used to take one’s kids to school, can be
depreciated, but only in proportion to the use for business purposes.

Depreciation Calculation Fundamentals

To understand the complexities of depreciation, the first step is to examine the fundamentals
of depreciation calculations. Figure 11-1 illustrates the general depreciation problem of
allocating the total depreciation charges over the asset’s depreciable life. The vertical axis
is labeled book value. At time zero the curve of book value starts at the cost basis (= the
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first cost plus installation cost). Over time, the book value declines to the salvage value.
Thus, at any point in time:

Book value=Asset cost−Depreciation charges made to date

Looked at another way, book value is the asset’s remaining unallocated cost.
In Figure 11-1, book value goes from a value of B at time zero in the recovery period

to a value of S at the end of Year 5. Thus, book value is a dynamic variable that changes
over an asset’s recovery period. The equation used to calculate an asset’s book value over
time is

BV t = Cost basis −
t∑
j=1

d j (11-1)

where BVt = book value of the depreciated asset at the end of time t
Cost basis = B = dollar amount that is being depreciated; this includes the asset’s

purchase price as well as any other costs necessary to make the asset

“ready for use”
t∑
j=1

d j = sum of depreciation deductions taken from time 0 to time t , where d j is

the depreciation deduction in Year j
Equation 11-1 shows that year-to-year depreciation charges reduce an asset’s book

value over its life. The following section describes methods that are or have been allowed
under federal tax law for quantifying these yearly depreciation deductions.

HISTORICAL DEPRECIATIONMETHODS

Allowingbusinesses to depreciate capital assets has long been part of the tax code.However,
over time various depreciation methods have been used to calculate these deductions. In
general, accounting depreciation methods can be categorized as follows.

Pre-1981 historical methods: These methods include the straight-line, sum-of-the-
years’-digits, and declining balance methods. Each method required estimates of
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an asset’s useful life and salvage value. Firms could elect to use any of these meth-
ods for assets, and thus there was little uniformity in how depreciation expenses
were reported.

1981–1986method: With the Economic Recovery Tax Act (ERTA) of 1981, Congress
created the accelerated cost recovery system (ACRS). The ACRS method had three
key features: (1) property class lives were created, and all depreciated assets were
assigned to one particular category; (2) the need to estimate salvage values was elim-
inated because all assets were fully depreciated over their recovery period; and (3)
shorter recovery periods were used to calculate annual depreciation, which acceler-
ated thewrite-off of capital costsmore quickly than did the historicalmethods—thus
the name.

1986 to present: The modified accelerated cost recovery system (MACRS) has been in
effect since the Tax Reform Act of 1986 (TRA-86). The MACRS method is similar
to the ACRS system except that (1) the number of property classes was expanded
and (2) the annual depreciation percentages were modified to include a half-year
convention for the first and final years.

In this chapter, our primary focus is to describe the MACRS depreciation method.
However, it is useful to first describe three historical depreciation methods. These methods
are used in some countries, and MACRS is based on two of them.

Straight-LineDepreciation

The simplest and best known depreciation method is straight-line depreciation. To
calculate the constant annual depreciation charge, the total amount to be depreciated,
B − S, is divided by the depreciable life, in years, N :1

Annual depreciation charge = dt = B − S

N
(11-2)

EXAMPLE 11–2

Consider the following (in $1000):

Cost of the asset, B $900
Depreciable life, in years, N 5
Salvage value, S $70

Compute the straight-line depreciation schedule.

SOLUTION

Annual depreciation charge = dt = B − S

N
= 900− 70

5
= $166

1N is used for the depreciation period because it may be shorter than n, the horizon (or project life).
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FIGURE 11–2 Straight-line
depreciation. $900
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Depreciation Sum of Depreciation Book Value at

for Year t Charges Up to Year t the End of Year t

Year ($1000) ($1000) ($1000)

t dt

t∑
j=1

d j BV t = B−
t∑
j=1

d j

1 $166 $166 900 − 166 = 734
2 166 332 900 − 332 = 568
3 166 498 900 − 498 = 402
4 166 664 900 − 664 = 236
5 166 830 900 − 830 = 70 = S

This situation is illustrated in Figure 11-2. Notice the constant $166,000 dt each year for 5
years, and that the asset has been depreciated down to a book value of $70,000, which was the
estimated salvage value.

The straight-line (SL) method is often used for intangible property. For example,
Veronica’s firm bought a patent in April that was not acquired as part of acquiring a busi-
ness. She paid $6800 for this patent and must use the straight-line method to depreciate it
over 17 years with no salvage value. The annual depreciation is $400 (= $6800/17). Since
the patent was purchased in April, the first year’s deduction must be prorated over the 9
months of ownership. This year the deduction is $300 (= $400× 9/12), and then next year
she can begin taking the full $400 per year.

Sum-of-Years’-DigitsDepreciation

Another method for allocating an asset’s cost minus salvage value over its depreciable
life is called sum-of-years’-digits (SOYD) depreciation. This method results in larger-
than-straight-line depreciation charges during an asset’s early years and smaller charges as
the asset nears the end of its depreciable life. Each year, the depreciation charge equals a
fraction of the total amount to be depreciated (B−S). The denominator of the fraction is the
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sum of the years’ digits. For example, if the depreciable life is 5 years, 1+2+3+4+ 5 =
15 = SOYD. Then 5/15, 4/15, 3/15, 2/15, and 1/15 are the fractions from Year 1 to Year
5. Each year the depreciation charge shrinks by 1/15 of B − S. Because this change is
the same every year, SOYD depreciation can be modeled as an arithmetic gradient, G. The
equations can also be written as

⎛
⎝ Sum-of-years’-digits

depreciation charge for
any year

⎞
⎠ =

(
Remaining depreciable life
at beginning of year

)
(
Sum of years’ digits
for total depreciable life

) (Total amount depreciated)

dt = N − t + 1

SOYD
(B − S) (11-3)

where dt = depreciation charge in any year t
N = number of years in depreciable life

SOYD = sum of years’ digits, calculated as N(N + 1)/2 = SOYD
B = cost of the asset made ready for use
S = estimated salvage value after depreciable life

EXAMPLE 11–3

Compute the SOYD depreciation schedule for the situation in Example 11.2 (in $1000):

Cost of the asset, B $900
Depreciable life, in years, N 5
Salvage value, S $70

SOLUTION

SOYD = 5 × 6

2
= 15

Thus,

d1 = 5 − 1 + 1

15
(900 − 70) = 277

d2 = 5 − 2 + 1

15
(900 − 70) = 221

d3 = 5 − 3 + 1

15
(900 − 70) = 166

d4 = 5 − 4 + 1

15
(900 − 70) = 111

d5 = 5 − 5 + 1

15
(900 − 70) = 55
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FIGURE 11–3 Sum-of-years’-digits
depreciation. $900
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t dt
t∑
j=1

d j BVt = B−
t∑
j=1

d j

1 $277 $277 900− 277 = 623
2 221 498 900− 498 = 402
3 166 664 900− 664 = 236
4 111 775 900− 775 = 125
5 55 830 900− 830 = 70 = S

These data are plotted in Figure 11-3.

DecliningBalance Depreciation

Declining balance depreciation applies a constant depreciation rate to the property’s
declining book value. Two rates were commonly used before the 1981 and 1986 tax
revisions, and they are used to compute MACRS depreciation percentages. These are 150
and 200% of the straight-line rate. Since 200% is twice the straight-line rate, it is called
double declining balance, or DDB; the general equation is

Double declining balance dt = 2

N
(Book valuet−1) (11-4a)

Since book value equals cost minus depreciation charges to date,

DDB dt = 2

N
(Cost− Depreciation charges to date)

or

dt = 2

N

⎛
⎝B −

t−1∑
j=1

d j

⎞
⎠ (11-4b)
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EXAMPLE 11–4

Compute the DDB depreciation schedule for the situations in Examples 11-2 and 11-3 ($1000):

Cost of the asset, B $900
Depreciable life, in years, N 5
Salvage value, S $70

SOLUTION

Depreciation for Year t Sum of Depreciation Book Value

Using Equation 11-4a ChargesUp to Year t at End of Year t

Year ($1000) ($1000) ($1000)

t dt
t∑
j=1

d j BVt = B−
t∑
j=1

d j

1 (2/5)900 = 360 $360 900 − 360 = 540
2 (2/5)540 = 216 576 900 − 576 = 324
3 (2/5)324 = 130 706 900 − 706 = 194
4 (2/5)194 = 78 784 900 − 784 = 116
5 (2/5)116 = 46 830 900 − 830 = 70 = S

Figure 11-4 illustrates the situation.

FIGURE 11–4 Declining balance
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The final salvage value of $70,000 for Examples 11-2, 11-3, and 11-4 was chosen
to match the ending value for the double declining balance method. This does not nor-
mally happen. If the final salvage value of Example 11-4 had not been $70,000, the double
declining balance method would have had to be modified. One modification stops further
depreciation once the book value has come to equal the salvage value—this prevents tak-
ing too much depreciation. The other modification would switch from declining balance
depreciation to straight line—this ensures taking enough depreciation.
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These modifications are not detailed here because (1) MACRS has been the legally
appropriate system since 1986 and (2) MACRS incorporates the shift from declining
balance to straight-line depreciation.

MODIFIEDACCELERATED COST RECOVERY SYSTEM (MACRS)

The modified accelerated cost recovery system (MACRS) depreciation method, introduced
by the Tax ReformAct of 1986, was continuedwith the Taxpayer Relief Act of 1997. Three
major advantages of MACRS are that (1) the “property class lives” are less than the “actual
useful lives,” (2) salvage values are assumed to be zero, and (3) tables of annual percentages
simplify computations.

The definition of the MACRS classes of depreciable property is based on work by the
U.S. Treasury Department. In 1971 the Treasury published guidelines for about 100 broad
asset classes. For each class there was a lower limit, a midpoint, and an upper limit of useful
life, called the asset depreciation range (ADR). The ADR midpoint lives were somewhat
shorter than the actual average useful lives. These guidelines have been incorporated into
MACRS so that the property class lives are again shorter than the ADR midpoint lives.

Use of MACRS focuses on the general depreciation system (GDS), which is based
on declining balance with switch to straight-line depreciation. The alternative depre-
ciation system (ADS) provides for a longer period of recovery and uses straight-line
depreciation. Thus it is much less economically attractive. Under law, ADS must be used
for (1) any tangible property used primarily outside the U.S., (2) any property that is tax
exempt or financed by tax-exempt bonds, and (3) farming property placed in service when
uniform capitalization rules are not applied. The ADS may also be elected for property
that can be depreciated using the GDS system. However, once ADS has been elected for
an asset, it is not possible to switch back to the GDS system. Because the ADS makes the
depreciation deductions less valuable, unless ADS is specifically mentioned, subsequent
discussion assumes the GDS system when reference is made to MACRS.

Once a property has been determined to be eligible for depreciation, the next step is to
calculate its depreciation deductions over its life. The following information is required to
calculate these deductions:

• The asset’s cost basis.
• The asset’s property class and recovery period.
• The asset’s placed-in-service date.

Cost Basis and Placed-in-ServiceDate

The cost basis, B, is the cost to obtain and place the asset in service fit for use. However,
for real property the basis may also include certain fees and charges that the buyer pays as
part of the purchase. Examples of such fees include legal and recording fees, abstract fees,
survey charges, transfer taxes, title insurance, and amounts that the seller owes that you pay
(back taxes, interest, sales commissions, etc.).

Depreciation for a business asset begins when the asset is placed in service for a busi-
ness purpose. If an asset is purchased and used in a personal context, depreciation may not
be taken. If that asset is later used in business for income-producing activity, depreciation
may begin with the change in usage.
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Property Class and Recovery Period

Each depreciated asset is placed in a MACRS property class, which defines the recovery
period and the depreciation percentage for each year. Historically the IRS assigned each
type of depreciable asset a class life or an asset depreciation range. With MACRS, asset
class lives have been pooled together in the property classes. Table 11-1 lists the class lives
and GDS and ADS property classes for several example depreciable assets. Table 11-2 lists
the MACRS GDS property classes.

The MACRS GDS property classes are described in more detail in Table 11-2. The
proper MACRS property class can be found several different ways. Of the five approaches
listed, the first one that works should be used.

1. Property class given in problem.

2. Asset is named in Table 11-2.

3. IRS tables or Table 11-1.

4. Class life.
5. Seven-year property for “all other property not assigned to another class.”

TABLE 11–1 Example Class Lives andMACRS Property Classes∗

MACRS Property

Class (years)
IRS Asset Class Life (years)

Class Asset Description ADR GDS ADS

00.11 Office furniture, fixtures, and equipment 10 7 10
00.12 Information systems: computers/peripheral 6 5 6
00.22 Automobiles, taxis 3 5 5
00.241 Light general-purpose trucks 4 5 5
00.25 Railroad cars and locomotives 15 7 15
00.40 Industrial steam and electric distribution 22 15 22
01.11 Cotton gin assets 12 7 12
01.21 Cattle, breeding or dairy 7 5 7
13.00 Offshore drilling assets 7.5 5 7.5
13.30 Petroleum refining assets 16 10 16
15.00 Construction assets 6 5 6
20.10 Manufacture of grain and grain mill products 17 10 17
22.2 Manufacture of yarn, thread, and woven fabric 11 7 11
24.10 Cutting of timber 6 5 6
32.20 Manufacture of cement 20 15 20
37.11 Manufacture of motor vehicles 12 7 12
48.11 Telephone communications assets and buildings 24 15 24
48.2 Radio and television broadcasting equipment 6 5 6
49.12 Electric utility nuclear production plant 20 15 20
49.13 Electric utility steam production plant 28 20 28
49.23 Natural gas production plant 14 7 14
50.00 Municipal wastewater treatment plant 24 15 24
80.00 Theme and amusement park assets 12.5 7 12.5

*See Table B.1, Table of Class Lives and Recovery Periods in IRS Publication 946, How to Depreciate Property
(www.irs.gov) for a complete list of depreciable properties under MACRS.
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TABLE 11–2 MACRS GDS Property Classes

PropertyClass Personal Property (all property except real estate)

3-year property Special handling devices for food and beverage manufacture
Special tools for the manufacture of finished plastic products, fabricated metal
products, and motor vehicles
Property with ADR class life of 4 years or less

5-year property Automobiles∗ and trucks
Aircraft (of non-air-transport companies)
Equipment used in research and experimentation
Computers
Petroleum drilling equipment
Property with ADR class life of more than 4 years and less than 10 years

7-year property All other property not assigned to another class
Office furniture, fixtures, and equipment
Property with ADR class life of 10 years or more and less than 16 years

10-year property Assets used in petroleum refining and certain food products
Vessels and water transportation equipment
Property with ADR class life of 16 years or more and less than 20 years

15-year property Telephone distribution plants
Municipal sewage treatment plants
Property with ADR class life of 20 years or more and less than 25 years

20-year property Municipal sewers
Property with ADR class life of 25 years or more

PropertyClass RealProperty (real estate)

27.5 years Residential rental property (does not include hotels and motels)

39 years Nonresidential real property

*The depreciationdeduction for passengerautomobiles, trucks, and vans is limited and determined by year placed
in service. For 2009, limits on passenger automobiles were $2960 for the first tax year (if special depreciation
allowance is not elected), $4800 for Year 2, $2851 for Year 3, and $1775 in later years. For more detail, see details
in IRS Publication 946,How to Depreciate Property (www.irs.gov).

Once the MACRS property class is known, as well as the placed-in-service date
and the cost basis, the year-to-year depreciation deductions can be calculated for GDS assets
over their depreciable life using

dt = B × rt (11-5)

where dt = depreciation deduction in year t
B = cost basis being depreciated
rt = appropriate MACRS percentage rate

Percentage Tables

The IRS has prepared tables to assist in calculating depreciation charges when MACRS
GDS depreciation is used. Table 11-3 gives the yearly depreciation percentages (rt ) that are
used for the six personal property classes (3-, 5-, 7-, 10-, 15-, and 20-year property classes),
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TABLE 11–3 MACRSDepreciation for Personal Property: Half-YearConvention

Applicable Percentage for Property Class

Recovery 3-Year 5-Year 7-Year 10-Year 15-Year 20-Year

Year Property Property Property Property Property Property

1 33.33 20.00 14.29 10.00 5.00 3.750
2 44.45 32.00 24.49 18.00 9.50 7.219
3 14.81* 19.20 17.49 14.40 8.55 6.677

4 7.41 11.52* 12.49 11.52 7.70 6.177
5 11.52 8.93* 9.22 6.93 5.713
6 5.76 8.92 7.37 6.23 5.285

7 8.93 6.55* 5.90* 4.888
8 4.46 6.55 5.90 4.522
9 6.56 5.91 4.462*

10 6.55 5.90 4.461
11 3.28 5.91 4.462
12 5.90 4.461

13 5.91 4.462
14 5.90 4.461
15 5.91 4.462

16 2.95 4.461
17 4.462
18 4.461

19 4.462
20 4.461
21 2.231

Computation method

• The 3-, 5-, 7-, and 10-year classes use 200% and the 15- and 20-year classes use 150% declining balance
depreciation.

• All classes convert to straight-line depreciation in the optimal year, shown with asterisk (*).

• A half-year of depreciation is allowed in the first and last recovery years.

• If more than 40% of the year’s MACRS property is placed in service in the last 3 months, then a midquarter
conventionmust be used with depreciation tables that are not shown here.

and Table 11-4 gives the percentages for nonresidential real property. Notice that the values
are given in percentages—thus, for example, the value of 33.33% (given in Table 11-3 for
Year 1 for a 3-year MACRS GDS property) is 0.3333.

Notice in Table 11-3 that the depreciation percentages continue for one year beyond
the property class life. For example, a MACRS 10-year property has an rt value of 3.28% in
Year 11. This is due to the half-year convention that also halves the percentage for the first
year. The half-year convention assumes that all assets are placed in service at the midpoint
of the first year.
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TABLE 11–4 MACRSDepreciation for Real Property (real estate)∗

RecoveryPercentages for Nonresidential

Real Property (month placed in service)
Recovery

Year 1 2 3 4 5 6 7 8 9 10 11 12

1 2.461 2.247 2.033 1.819 1.605 1.391 1.177 0.963 0.749 0.535 0.321 0.107
2–39 2.564 2.564 2.564 2.564 2.564 2.564 2.564 2.564 2.564 2.564 2.564 2.564
40 0.107 0.321 0.535 0.749 0.963 1.177 1.391 1.605 1.819 2.033 2.247 2.461

*The useful life is 39 years for nonresidential real property. Depreciation is straight line using the midmonth
convention.Thus a property placed in service in Januarywould be allowed 111/2 months depreciation for recovery
Year 1.

Another characteristic of the MACRS percentage tables is that the rt values in any col-
umn sum to 100%. This means that assets depreciated using MACRS are fully depreciated
at the end of the recovery period. This assumes a salvage value of zero. This is a departure
from the pre-1981 historical methods, where an estimated salvage value was considered.

WhereMACRS Percentage Rates (rt) Come From

This section describes the connection between historical depreciation methods and the
MACRS percentages that are shown in Table 11-3. Before ACRS and MACRS, the most
common depreciation method was declining balance with a switch to straight line. That
combined method is used for MACRS with three further assumptions.

1. Salvage values are assumed to be zero for all assets.

2. The first and last years of the recovery period are each assumed to be half-year.

3. The declining balance rate is 200% for 3-, 5-, 7-, and 10-year property and 150%
for 15- and 20-year property.

As shown in Example 11-5, the MACRS percentage rates can be derived from these
rules and the declining balance and straight-line methods. However, it is obviously much
easier to simply use the rt values from Tables 11-3 and 11-4.

EXAMPLE 11–5

Consider a 5-year MACRS property asset with an installed and “made ready for use” cost basis
of $100. (Note: The $100 value used here is for illustration purposes in developing the rates. One
would not normally depreciate an asset with a cost basis of only $100.) Develop the MACRS
percentage rates (rt ) for the asset based on the underlying depreciation methods.

SOLUTION

To develop the 5-year MACRS property percentage rates, we use the 200% declining balance
method, switching over to straight line at the optimal point. Since the assumed salvage value is
zero, the entire cost basis of $100 is depreciated. Also the $100 basis mimics the 100% that is
used in Table 11-3.
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Let’s explain the accompanying table year by year. In Year 1 the basis is $100 − 0, and the
dt values are halved for the initial half-year assumption. Double declining balance has a rate of
40% for 5 years (= 2/5). This is larger than straight line for Year 1. So one-half of the 40% is
used for Year 1. The rest of the declining balance computations are simply 40%×(basis minus
the cumulative depreciation).

In Year 2 there are 4.5 years remaining for straight line, so 4.5 is the denominator for dividing
the remaining $80 in book value. Similarly in Year 3 there are 3.5 years remaining. In Year 4 the
DDB and SL calculations happen to be identical, so the switch from DDB to SL can be done in
either Year 4 or Year 5. Once we know that the SL depreciation is 11.52 at the switch point, then
the only further calculation is to halve that for the last year.

Notice that the DDB calculations get smaller every year, so that at some point the straight-line
calculations lead to faster depreciation. This point is the optimal switch point, and it is built into
Table 11-3 for MACRs.

MACRS rt Cumulative

Year DDB Calculation SL Calculation (%) Rates Depreciation (%)

1 1/(2/5)(100− 0) = 20.00 1/2(100 − 0)/5 = 10.00 20.00 (DDB) 20.00
2 (2/5)(100 − 20.00) = 32.00 (100 − 20)/4.5 = 17.78 32.00 (DDB) 52.00
3 (2/5)(100 − 52.00) = 19.20 (100 − 52)/3.5 = 13.71 19.20 (DDB) 71.20
4 (2/5)(100 − 71.20) = 11.52 (100 − 71.20)/2.5 = 11.52 11.52 (either) 82.72
5 11.52 11.52 (SL) 94.24
6 (1/2)(11.52) = 5.76 5.76 (SL) 100.00

The values given in this example match the rt percentage rates given in Table 11-3 for a 5-year
MACRS property.

MACRSMethod Examples

Remember the key points in usingMACRS: (1) what type of asset you have, and whether it
qualifies as depreciable property, (2) the amount you are depreciating [cost basis], and (3)
when you are placing the asset in service. Let’s look at several examples of using MACRS
to calculate both depreciation deductions and book values.

EXAMPLE 11–6

Use the MACRS GDS method to calculate the yearly depreciation allowances and book values
for a firm that has purchased $150,000 worth of office equipment that qualifies as depreciable
property. The equipment is estimated to have a salvage (market) value of $30,000 (20% of the
original cost) after the end of its depreciable life.

SOLUTION

1. The assets qualify as depreciable property.
2. The cost basis is given as $150,000.
3. The assets are being placed in service in Year 1 of our analysis.

4. MACRS GDS applies.

5. The salvage value is not used with MACRS to calculate depreciation or book value.
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Office equipment is listed in Table 11-2 as a 7-year property. We now use the MACRS GDS
7-year property percentages from Table 11-3 and Equation 11-5 to calculate the year-to-year
depreciation allowances. We use Equation 11-1 to calculate the book value of the asset.

Year, t MACRS, rt Cost Basis dt Cumulative dt BVt = B – Cum.dt

1 14.29% × $150,000 $ 21,435 $ 21,435 $128,565
2 24.49 150,000 36,735 58,170 91,830
3 17.49 150,000 26,235 84,405 65,595
4 12.49 150,000 18,735 103,140 46,860
5 8.93 150,000 13,395 116,535 33,465
6 8.92 150,000 13,380 129,915 20,085
7 8.93 150,000 13,395 143,310 6,690
8 4.46 150,000 6,690 150,000 0

100.00% $150,000

Notice in this example several aspects of the MACRS depreciation method: (1) the sum of the rt
values is 100.00%, (2) this 7-year MACRS GDS property is depreciated over 8 years (=property
class life + 1), and (3) the book value after 8 years is $0.

EXAMPLE 11–7

Investors in the JMJ Group purchased a hotel resort in April. The group paid $20 million for
the hotel resort and $5 million for the grounds surrounding the resort. The group sold the resort
5 years later in August. Calculate the depreciation deductions for Years 1 through 6. What was
the book value at the time the resort was sold?

SOLUTION

Hotels are nonresidential real property and are depreciated over a 39-year life. Table 11-4 lists
the percentages for each year. In this case the cost basis is $20 million, and the $5 million paid
for the land is not depreciated. JMJ’s depreciation is calculated as follows:

Year 1 (obtained in April) d1 = 20,000,000(1.819%) = $363,800
Year 2 d2 = 20,000,000(2.564%) = 512,800
Year 3 d3 = 20,000,000(2.564%) = 512,800
Year 4 d4 = 20,000,000(2.564%) = 512,800
Year 5 d5 = 20,000,000(2.564%) = 512,800
Year 6 (disposed of in August) d6 = 20,000,000(1.605%) = 320,100

Thus the hotel’s book value when it was sold was

BV6 = B − (d1 + d2 + d3 + d4 + d5 + d6)

= 20,000,000− (2,736,000) = $17,264,000

The value of the land has not changed in terms of book value.
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Comparing MACRS and Historical Methods

In Examples 11-2 through 11-4 we used the straight-line, sum-of-the-years’-digits, and
declining balance depreciation methods to illustrate how the book value of an asset that
cost $900,000 and had a salvage value of $70,000 changed over its 5-year depreciation life.
Figures 11-2 through 11-4 provided a graphical view of book value over the 5-year depreci-
ation period using these methods. Example 11-8 compares the MACRS GDS depreciation
method directly against the historical methods.

EXAMPLE 11–8

Consider the equipment that was purchased in Example 11-6. Calculate the asset’s depreciation
deductions and book values over its depreciable life for MACRS and the historical methods.

SOLUTION

Table 11-5 and Figure 11-5 compare MACRS and historical depreciation methods. MACRS
depreciation is the most accelerated or fastest depreciation method—remember its name is
the modified accelerated cost recovery system. The book value drops fastest and furthest with
MACRS, thus the present worth is the largest for the MACRS depreciation deductions.

Depreciation deductions benefit a firm after taxes because they reduce taxable income and
taxes. The time value of money ensures that it is better to take these deductions as soon as
possible. In general, MACRS, which allocates larger deductions earlier in the depreciable life,
provides more economic benefits than historical methods.

TABLE 11–5 Comparison of MACRS and HistoricalMethods for Asset in Example 11-6

Double Sum-of-Years’

MACRS Straight Line Declining Digits
Year,

t dt BVt dt BVt dt BVt dt BVt

1 21,435 128,565 12,000 138,000 30,000 120,000 21,818 128,182
2 36,735 91,830 12,000 126,000 24,000 96,000 19,636 108,545
3 26,235 65,595 12,000 114,000 19,200 76,800 17,455 91,091
4 18,735 46,860 12,000 102,000 15,360 61,440 15,273 75,818
5 13,395 33,465 12,000 90,000 12,288 49,152 13,091 62,727
6 13,380 20,085 12,000 78,000 9,830 39,322 10,909 51,818
7 13,395 6,690 12,000 66,000 7,864 31,457 8,727 43,091
8 6,690 0 12,000 54,000 1,457 30,000 6,545 36,545
9 0 0 12,000 42,000 0 30,000 4,364 32,182
10 0 0 12,000 30,000 0 30,000 2,182 30,000

PW $108,217 $73,734 $89,918 $84,118
(10%)

DEPRECIATION AND ASSETDISPOSAL

When a depreciated asset is disposed of, the key question is, Which is larger, the asset’s
book value, BV, or the asset’smarket value, MV? If the book value is lower than the market
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FIGURE 11–5 ComparingMACRS ( ) and historical depreciationmethods: double declining
balance ( ), sum of the years’ digits ( ), and straight line ( ).

value, then excess depreciation will be recaptured and taxed. On the other hand, if the book
value is higher than the market value, there is a loss on the disposal. In either case, the level
of taxes owed changes.

Depreciation recapture (ordinary gains): Depreciation recapture, also called ordinary
gains, is necessary when an asset is sold for more than an asset’s current book value.
If more than the original cost basis is received, only the amount up to the original
cost basis is recaptured depreciation. Since MACRS assumes S = 0 for its annual
calculations, MACRS often has recaptured depreciation at disposal.

Losses: A loss occurs when less than book value is received for a depreciated asset.
In the accounting records we’ve disposed of an asset for a dollar amount less than
its book value, which is a loss.

Capital gains: Capital gains occur when more than the asset’s original cost basis
is received for it. The excess over the original cost basis is the capital gain. As
described in Chapter 12, the tax rate on such gains is sometimes lower than the
rate on ordinary income, but this depends on how long the investment has been
held (“short,” ≤ 1 year; “long,” ≥ 1 year). In most engineering economic analyses
capital gains are very uncommon because business and production equipment and
facilities almost always lose value over time. Capital gains are much more likely
to occur for nondepreciated assets like stocks, bonds, real estate, jewelry, art, and
collectibles.

The relationship between depreciation recapture, loss, and capital gain is illustrated
in Figure 11-6. Each case given is at a point in time in the life of the depreciated asset,
where the original cost basis is $10,000 and the book value is $5000. Case (a) represents
depreciation recapture (ordinary gain), Case (b) represents a loss, and in Case (c) both
recaptured depreciation and a capital gain are present.
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(a) Depreciation Recapture (ordinary gain)
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(c) Capital Gain and Depreciation Recapture
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FIGURE 11–6 Recaptured depreciation, loss on sale, and capital gain.

EXAMPLE 11–9

Consider an asset with a cost basis of $10,000 that has been depreciated using the MACRS
method. This asset is a 3-year MACRS property. What is the gain or loss if the asset is disposed
of after 5 years of operation for (a) $7000, (b) $0, and (c) a cost of $2000?

SOLUTION

To find gain or loss at disposal we compare market and book value. Since MACRS depreciates to
a salvage value of 0, and 5 years is greater than the recovery period, the book value equals $0.

(a) Recaptured depreciation = $7000, since the book value is $7000 higher.

(b) Since market value equals salvage value, there is no recaptured depreciation or loss.

(c) Since the money is paid for disposal, this is less than the book value, and there is a loss.

This general method for calculating recaptured depreciation or loss applies to all of the depreci-
ation methods described in this chapter.

If the asset is in the middle of its depreciable life, then recaptured depreciation and
losses are calculated in a similar manner—compare the market and book values at the time
of disposal. However, in computing the book value with MACRS depreciation, a special
rule must be applied for assets disposed of before the end of the recovery period. The rule
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is to take one half of the allowable depreciation deduction for that year. This rule assumes
that disposals take place on average halfway through the year. Thus for a 5-year asset dis-
posed of in themiddle of Year 4, the rate allowed forMACRS depreciation is half of 11.52%
or 5.76%. If the asset is disposed of in Year 6, it is already past the recovery period, and
a half-year assumption has already been built into the MACRS schedule. Thus, the full
r6 is taken. Example 11-10 illustrates several cases of disposal before the asset is fully
depreciated.

EXAMPLE 11–10

Consider the $10,000 asset in Example 11-9. Do the following:

1. Calculate the effect of disposal if this asset is sold during Year 2 for $2500.
2. Calculate the effect of disposal if the asset is sold during Year 3 for $2500.
3. Calculate the effect of disposal if the asset is sold after Year 3 for $4000 if straight-line

depreciation is used over the asset’s 5-year life, and a salvage value of $5000 is assumed.

SOLUTION

1. Market value2 = $2500

Book value2 = 10,000 − 10,000[r1 + r2/2] = 10,000 − 10,000[0.3333+ 0.4445/2]

= $4444.5

Loss = $1944.5 (= 4444.5 − 2500) (Loss, since BV greater than MV)

Note: If the full rather than half-deductionwere taken in Year 2, then the book value would
be $2222.50 less and the loss would become a gain of $278. Since depreciation would
increase by that $2222.50, the total of (depreciation) + (loss or gain) would be $4167 in
either calculation.

2. Market value3 = $2500

Book value3 = 10,000− 10,000[r1 + r2 + r3/2]

= 10,000− 10,000[0.3333 + 0.4445 + 0.1481/2] = $1481.50

Recaptured depreciation = 2500− 1481.50 = $1018.50 (Recaptured, since MV>BV)

3. Straight-line rate = (B − S)/N = (10,000 − 5000)/5 = $1000

Market value4 = $4000

Book value4 = 10,000− (4)(1000) = $6000

Loss = 6000− 4000 = $2000

If the asset were disposed of during the year rather than at year’s end, then the straight-line
depreciation deductionwould have to be prorated for the number of months during the year
that the asset was in service. There is no half-year convention with the historical methods.
For example, if disposal occurred on September 30 of Year 4, d4 = (9/12)(1000) = $750.
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Note: In Case 1 it was shown that the required half-year convention did not affect the total deduc-
tions from taxable income. This is true for the other cases as well, since both recaptured
depreciation and losses are treated as ordinary income.

UNIT-OF-PRODUCTION DEPRECIATION

At times the recovery of depreciation on a particular asset is more closely related to use
than to time. In these few situations (and they are rare), the unit-of-production (UOP)
depreciation in any year is

UOP depreciation in any year = Production for year

Total lifetime production for asset
(B − S) (11-6)

This method might be useful for machinery that processes natural resources if the
resources will be exhausted before the machinery wears out. Historically, this method was
sometimes used for construction equipment that had very heavy use in some years and very
light use in others. It is not considered an acceptable method for general use in depreciating
industrial equipment.

EXAMPLE 11–11

For numerical similarity with previous examples, assume that equipment costing $900,000 has
been purchased for use in a sand and gravel pit. The pit will operate for 5 years, while a nearby
airport is being reconstructed and paved. Then the pit will be shut down, and the equipment
removed and sold for $70,000. Compute the unit-of-production (UOP) depreciation schedule if
the airport reconstruction schedule calls for 40,000 m3 of sand and gravel as follows:

Year RequiredSand andGravel (m
3
)

1 4,000
2 8,000
3 16,000
4 8,000
5 4,000

SOLUTION

The cost basis, B, is $900,000. The salvage value, S, is $70,000. The total lifetime production for
the asset is 40,000 m3 of sand and gravel. From the airport reconstruction schedule, the first-year
UOP depreciation would be

First-year UOP depreciation = 4000 m3

40,000 m3
(900,000− 70,000) = $83,000
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Similar calculations for the subsequent 4 years give the complete depreciation schedule:

Year UOP Depreciation (in $1000)

1 $ 83
2 166
3 332
4 166
5 83

$830

It should be noted that the actual unit-of-production depreciation charge in any year is based
on the actual production for the year rather than the scheduled production.

DEPLETION

Depletion is the exhaustion of natural resources as a result of their removal. Since depletion
covers such things as mineral properties, oil and gas wells, and standing timber, removal
may take the form of digging up metallic or nonmetallic minerals, producing petroleum or
natural gas from wells, or cutting down trees.

Depletion is recognized for income tax purposes for the same reason depreciation is—
capital investment is being consumed or used up. Thus a portion of the gross income should
be considered to be a return of the capital investment. The calculation of the depletion
allowance is different from depreciation because there are two distinct methods of calcu-
lating depletion: cost depletion and percentage depletion. Except for standing timber and
most oil and gas wells, depletion is calculated by bothmethods and the larger value is taken
as depletion for the year. For standing timber and most oil and gas wells, only cost depletion
is permissible.

Cost Depletion

Depreciation relied on an asset’s cost, depreciable life, and salvage value to apportion the
cost minus salvage value over the depreciable life. In some cases, where the asset is used at
fluctuating rates, we might use the unit-of-production (UOP) method of depreciation. For
mines, oil wells, and standing timber, fluctuating production rates are the usual situation.
Thus, cost depletion is computed like unit-of-production depreciation using:

1. Property cost, less cost for land.
2. Estimated number of recoverable units (tons of ore, cubic meters of gravel, barrels

of oil, million cubic feet of natural gas, thousand board-feet of timber, etc.).

3. Salvage value, if any, of the property.

EXAMPLE 11–12

A small lumber company bought a tract of timber for $35,000, of which $5000 was the land’s
value and $30,000 was the value of the estimated 1.5 million board-feet of standing timber. The
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first year, the company cut 100,000 board-feet of standing timber. What was the year’s depletion
allowance?

SOLUTION

Depletion allowance per 1000 board-ft = $35,000− $5000

1500 × 1000 board-ft

= $20 per 1000 board-ft

The depletion allowance for the year would be

100,000 board-ft× $20 per 1000 board-ft = $2000

PercentageDepletion

Percentage depletion is an alternate method for mineral property. The allowance is a certain
percentage of the property’s gross income during the year. This is an entirely different
concept from depreciation. Unlike depreciation, which allocates cost over useful life, the
percentage depletion allowance (see Table 11-6) is based on the property’s gross income.

Since percentage depletion is computed on the income rather than the property’s cost,
the total depletion may exceed the cost of the property. In computing the allowable per-
centage depletion on a property in any year, the percentage depletion allowance cannot
exceed 50% of the property’s taxable income computed without the depletion deduction.
The percentage depletion calculations are illustrated by Example 11-13.

TABLE 11–6 PercentageDepletion Allowances for SelectedDeposits

Deposits Rate

Sulfur, uranium, and, if from deposits in the U.S., asbestos, lead ore, zinc ore,
nickel ore, and mica

22%

Gold, silver, copper, iron ore, and certain oil shale, if from deposits in the U.S. 15%

Borax, granite, limestone, marble, mollusk shells, potash, slate, soapstone, and
carbon dioxide produced from a well

14%

Coal, lignite, and sodium chloride 10%

Clay and shale used or sold for use in making sewer pipe or bricks or used or
sold for use as sintered or burned lightweight aggregates

7 1/2%

Clay used or sold for use in making drainage and roofing tile, flower pots, and
kindred products, and gravel, sand, and stone (other than stone used or sold for
use by a mine owner or operator as dimension or ornamental stone)

5%

Source: Internal Revenue Service, Publication 535, Chapter 9. Section 613(b) of the Internal Revenue Code gives
a complete list of minerals and their percentage depletion rates.

EXAMPLE 11–13

A coal mine has a gross income of $250,000. Mining expenses equal $210,000. Compute the
allowable percentage depletion deduction.
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SOLUTION

From Table 11-6, coal has a 10% depletion allowance based on gross mining income. The allow-
able percentage depletion deduction is also limited to a maximum of 50% of taxable income.

Computed Percentage Depletion
Gross income from mine $250,000
Depletion percentage × 10%

Computed percentage depletion $ 25,000

Taxable Income Limitation
Gross income from mine $250,000
Less: Expenses other than depletion −210,000

Taxable income from mine 40,000
Deduction limitation × 50%

Taxable income limitation $20,000

Since the taxable income limitation ($20,000) is less than the computed percentage depletion
($25,000), the allowable percentage depletion deduction is $20,000.

As previously stated, on mineral property the depletion deduction can be based on either
cost or percentage depletion. Each year, depletion is computed by both methods, and the
allowable depletion deduction is the larger of the two amounts.

SPREADSHEETSANDDEPRECIATION

The spreadsheet functions for straight-line, double declining balance, and sum-of-years’-
digits depreciation are listed in Table 11-7. Because these techniques are simple and were
replaced byMACRS in 1986, they are not covered in detail here. All three functions include
parameters for cost (initial book value), salvage (final salvage value), and life (depreciation
period). Both DDB and SYD change depreciation amounts every year, so they include a
parameter to pick the period (year). Finally, DDB includes a factor. The default value is 2
for 200% or double declining balance, but another commonly used value is 1.5 for 150%.

TABLE 11–7 Spreadsheet Functions forDepreciation

DepreciationTechnique Excel

Straight line SLN(cost, salvage, life)
Double declining balance DDB(cost, salvage, life, period, factor)
Sum of years’ digits SYD(cost, salvage, life, period)
MACRS VDB(cost, salvage, life, start_period, end_period, factor, no_switch)

Using VDB forMACRS

The Excel function VDB is a flexible or variable declining balance method. It includes the
ability to specify the starting and ending periods, rather than simply a year. It also includes
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an optional no_switch for problems where a switch from declining balance to straight-line
depreciation is not desired.

To use VDB to calculate MACRS depreciation, the following are true.

1. Salvage = 0, since MACRS assumes no salvage value.

2. Life = recovery period of 3, 5, 7, 10, 15, or 20 years.

3. First period runs from 0 to 0.5, 2nd period from 0.5 to 1.5, 3rd from 1.5 to 2.5, t th

from t − 1.5 to t − 0.5, and last period from life − 0.5 to life.

4. Factor= 2 for recovery periods of 3, 5, 7, or 10 years and= 1.5 for recovery periods
of 15 or 20 years.

5. Since MACRS includes a switch to straight line, no_switch can be omitted.

The start_period and end_period arguments are from t − 1.5 to t − 0.5, because
MACRS uses a half-year convention for the first year. Thus the first year has 0 to 0.5 year of
depreciation, and the second year starts where the first year stops. When one is writing the
Excel function, either the first and last periods must be edited individually, or start_period
must be defined with aminimumof 0 and end_periodwith a maximum of life. This prevents
the calculation of depreciation from −0.5 to 0 and from life to life+ 0.5.

The results of using the VDB functionmatch Table 11-4, except that the VDB function
has more significant digits rather than being rounded to 2 decimals. Example 11-14
illustrates the use of the VDB function.

EXAMPLE 11–14

Return to the data of Example 11-5 which had $150,000 of office equipment, which is 7-year
MACRS property. Use VDB to compute the depreciation amounts.

SOLUTION

A B C D E F G

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

150,000

Period

1

2

3

4

5

6

7

8

Depreciation

$21,428.57

$36,734.69

$26,239.07

$18,742.19

$13,387.28

$13,387.28

$13,387.28

  $6,693.64

    $150,000 � Sum

�VDB($A$1,0,$A$3,MAX(0,A7�1.5),MIN($A$3,A7�0.5),$A$4)

     or (cost, salvage, life, max(0, t�1.5), min (life, t�.5), factor)

Factor200%
7

Salvage0

First Cost

Life = recovery period

FIGURE 11–7 Using VDB to calculate MACRS depreciation.

The spreadsheet in Figure 11-7 defines the start_period with a minimum of 0 and the end_period
with a maximum of life. Remember that this is the depreciable life or recovery period. Thus this
formula could be used for any year of any recovery schedule. Notice that the VDB formula
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uses the value 0 for the salvage value, rather than referring to the data cell for the salvage value.
MACRS assumes a salvage value of zero—no matter what the value truly is.

SUMMARY

Depreciation is part of computing income taxes in economic analysis. There are three
distinct definitions of depreciation:

1. Decline in asset’s market value.

2. Decline in asset’s value to its owner.
3. Allocating the asset’s cost less its salvage value over its recovery period or

depreciable life.

While the first twodefinitions are used in everyday discussions, it is the third,or accoun-
tant’s, definition that is used in tax computations and in this chapter. Book value is the
remaining unallocated cost of an asset, or

Book value = Asset cost − Depreciation charges made to date

This chapter describes how depreciable assets are written off (or claimed as a business
expense) over a period of years instead of expensed in a single period (like wages, material
costs, etc.). The depreciation methods described include the historical pre-1981 methods:
straight line, sum of the years’ digits, and declining balance. These methods required
estimating the asset’s salvage value and depreciable life.

The current tax law specifies use of the modified accelerated capital recovery system
(MACRS). This chapter has focused on the general depreciation system (GDS) with limited
discussion of the less attractive alternative depreciation system (ADS). MACRS (GDS)
specifies faster recovery periods and a salvage value of zero, so it is generally economically
more attractive than the historical methods.

The MACRS system is the current tax law, and it assumes a salvage value of zero. This
is in contrast with historical methods, which ensured the final book value would equal the
predicted salvage value. Thus, when one is using MACRS it is often necessary to consider
recaptured depreciation. This is the excess of salvage value over book value, and it is taxed
as ordinary income. Similarly, losses on sale or disposal are taxed as ordinary income.

Unit-of-production (UOP) depreciation relies on usage to quantify the loss in value.
UOP is appropriate for assets that lose value based on the number of units produced, the
tons of gravel moved, and so on (vs. number of years in service). However, this method is
not considered to be acceptable for most business assets.

Depletion is the exhaustion of natural resources likeminerals, oil and gas, and standing
timber. The owners of the natural resources are consuming their investments as the natural
resources are removed and sold. Cost depletion is computed based on the fraction of the
resource that is removed or sold. For minerals and some oil and gas wells, an alternate
calculation called percentage depletion is allowed. Percentage depletion is based on income,
so the total allowable depletion deductions may exceed the invested cost.

Integrating depreciation schedules with cash flows often involves a lot of arithmetic.
Thus, the tool of spreadsheets can be quite helpful. The functions for the historical methods,
straight line, sum of the years’ digits, and declining balance, are straightforward. Rather
than individually entering MACRS percentages into the spreadsheet, the function VDB
can be used to calculate MACRS depreciation percentages.
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P R O B L E M S

Depreciation Schedules

11-1 A depreciable asset costs $10,000 and has an
estimated salvage value of $1600 at the end of its
6-year depreciable life. Compute the depreciation
schedule for this asset by both SOYD depreciation
and DDB depreciation.

11-2 A million-dollar oil drilling rig has a 6-year
depreciable life and a $75,000 salvage value at the
end of that time. Determine which one of the fol-
lowing methods provides the preferred depreciation
schedule: DDB or SOYD. Show the depreciation
schedule for the preferred method.

11-3 A newmachine tool is being purchased for $16,000
and is expected to have a zero salvage value at
the end of its 5-year useful life. Compute its
DDBdepreciation schedule.Assumeany remaining
depreciation is claimed in the last year.

11-4 Some special handling devices can be obtained for
$12,000. At the end of 4 years, they can be sold
for $600.Compute the depreciation schedule for the
devices using the following methods:

(a) Straight-line depreciation

(b) Sum-of-years’-digits depreciation

(c) Double declining balance depreciation

(d) MACRS depreciation

11-5 The company treasurer must determine the best
depreciation method for office furniture that costs
$50,000 and has a zero salvage value at the end of a
10-year depreciable life. Compute the depreciation
schedule using:

(a) Straight line

(b) Double declining balance

(c) Sum-of-years’-digits

(d) Modified accelerated cost recovery system

11-6 The RX Drug Company has just purchased a
capsulating machine for $76,000. The plant engi-
neer estimates the machine has a useful life of 5
years and no salvage value. Compute the depreci-
ation schedule using:

(a) Straight-line depreciation

(b) Sum-of-years’-digits depreciation

(c) Double declining balance depreciation (assume
any remaining depreciation is claimed in the
last year)

11-7 The Acme Chemical Company paid $45,000 for
research equipment,which it believeswill have zero
salvage value at the end of its 5-year life. Compute
the depreciation schedule using:

(a) Straight line

(b) Sum-of-years’-digits

(c) Double declining balance

(d) Modified accelerated cost recovery system

11-8 Consider a $6500 piece of machinery, with a 5-year
depreciable life and an estimated $1200 salvage
value. The projected utilization of the machinery
when it was purchased, and its actual production to
date, are as follows:

Projected Actual

Year Production (tons) Production (tons)

1 3500 3000
2 4000 5000
3 4500 [Not
4 5000 yet
5 5500 known]

Compute the depreciation schedule using:

(a) Straight line

(b) Sum-of-years’-digits

(c) Double declining balance

(d) Unit of production (for first 2 years only)

(e) Modified accelerated cost recovery system

11-9 A large profitable corporation bought a small jet
plane for use by the firm’s executives in January.
The plane cost $1.5 million and, for depreciation
purposes, is assumed to have a zero salvage value
at the end of 5 years. Compute the MACRS depre-
ciation schedule.

11-10 For an asset that fits into the MACRS “all property
not assigned to another class” designation, show in
a table the depreciation and book value over the
asset’s 10-year life of use. The cost basis of the asset
is $10,000.

11-11 A company that manufactures food and beverages
in the vending industry has purchased some han-
dling equipment that cost $75,000 and will be
depreciated using MACRS GDS; the class life of
the asset is 4 years. Show in a table the yearly depre-
ciation amount and book value of the asset over its
depreciation life.
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11-12 Consider five depreciation schedules:

Year A B C D E

1 $45.00 $35.00 $29.00 $58.00 $43.50
2 36.00 20.00 46.40 34.80 30.45
3 27.00 30.00 27.84 20.88 21.32
4 18.00 30.00 16.70 12.53 14.92
5 9.00 20.00 16.70 7.52 10.44
6 8.36

They are based on the same initial cost, useful life,
and salvage value. Identify each schedule as one of
the following:

• Straight-line depreciation
• Sum-of-years’-digits depreciation
• 150% declining balance depreciation
• Double declining balance depreciation
• Unit-of-production depreciation
• Modified accelerated cost recovery system

11-13 The depreciation schedule for an asset, with a
salvage value of $90 at the end of the recovery
period, has been computed by several methods.
Identify the depreciation method used for each
schedule.
Year A B C D E

1 $323.3 $212.0 $424.0 $194.0 $107.0
2 258.7 339.2 254.4 194.0 216.0
3 194.0 203.5 152.6 194.0 324.0
4 129.3 122.1 91.6 194.0 216.0
5 64.7 122.1 47.4 194.0 107.0
6 61.1

970.0 1060.0 970.0 970.0 970.0

11-14 The depreciation schedule for a machine has been
arrived at by several methods. The estimated sal-
vage value of the equipment at the end of its 6-year
useful life is $600. Identify the resulting deprecia-
tion schedules.

Year A B C D

1 $2114 $2000 $1600 $1233
2 1762 1500 2560 1233
3 1410 1125 1536 1233
4 1057 844 922 1233
5 705 633 922 1233
6 352 475 460 1233

11-15 A heavy construction firm has been awarded a
contract to build a large concrete dam. It is expected
that a total of 8 years will be required to complete
the work. The firm will buy $600,000 worth of
special equipment for the job. During the prepara-

tion of the job cost estimate, the following uti-
lization schedule was computed for the special
equipment:

Utilization Utilization

Year (hr/yr) Year (hr/yr)

1 6000 5 800
2 4000 6 800
3 4000 7 2200
4 1600 8 2200

At the end of the job, it is estimated that the equip-
ment can be sold at auction for $60,000.

(a) Compute the sum-of-years-digits’ depreciation
schedule.

(b) Compute the unit-of-production depreciation
schedule.

11-16 Hillsborough Architecture and Engineering, Inc.
has purchased a blueprint printing machine for
$18,800. This printer falls under the MACRS cat-
egory “Office Equipment” and thus has a 7-year
MACRS class life. Prepare a depreciation table for
this printer.
Contributed by Paul R. McCright, University of
South Florida

11-17 If Hillsborough Architecture and Engineering (in
Problem 11-16) purchases a new office building
in May for $5.7M, determine the allowable depre-
ciation for each year. (Note: This asset is non-
residential real property.)
Contributed by Paul R. McCright, University of
South Florida

11-18 Al Jafar Jewel Co. purchased a crystal extraction
machine for $50,000 that has an estimated salvage
value of $10,000 at the end of its 8-year useful life.
Compute the depreciation schedule using:

(a) MACRS depreciation

(b) Straight-line depreciation

(c) Sum-of-the-years’ digits (SOYD) depreciation

(d) Double declining balance depreciation

11-19 Gamma Cruise, Inc. purchased a new tender (a
small motorboat) for $35,000. Its salvage value is
$7500 after its useful life of 5 years. Calculate the
depreciation schedule using (a) MACRS and (b)
SOYD methods.

11-20 A profitable company making earthmoving equip-
ment is considering an investment of $100,000 on
equipment that will have a 5-year useful life and
a $20,000 salvage value. Use a spreadsheet func-
tion to compute theMACRS depreciation schedule.
Show the total depreciation taken (=sum( )) as well
as the PW of the depreciation charges discounted at
the MARR%.
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11-21 Office equipmentwhose initial cost is $100,000 has
an estimated actual life of 6 years,with an estimated
salvage value of $10,000. Prepare tables listing the
annual costs of depreciation and the book value
at the end of each 6 years, based on straight-line,
sum-of-years’-digits, and MACRS depreciation.
Use spreadsheet functions for the depreciation
methods.

11-22 You are equipping an office. The total office
equipment will have a first cost of $1,750,000
and a salvage value of $200,000. You expect
the equipment will last 10 years. Use a spread-
sheet function to compute theMACRSdepreciation
schedule.

11-23 Units-of-production depreciation is being used for
a machine that, based on usage, has an allow-
able depreciation charge of $6500 the first year
and increasing by $1000 each year until com-
plete depreciation. If the machine’s cost basis
is $110,000, set up a depreciation schedule that
shows depreciation charge and book value over the
machine’s 10-year useful life.

11-24 A custom-built production machine is being
depreciated using the units-of-production method.
The machine costs $65,000 and is expected to pro-
duce 1.5 million units, after which it will have a
$5000 salvage value. In the first 2 years of oper-
ation the machine was used to produce 140,000
units each year. In the 3rd and 4th years, production
went up to 400,000 units. After that time annual
production returned to 135,000 units. Use a spread-
sheet to develop a depreciation schedule showing
the machine’s depreciation allowance and book
value over its depreciable life.

Comparing DepreciationMethods

11-25 TELCO Corp. has leased some industrial land near
its plant. It is building a small warehouse on the site
at a cost of $250,000. The building will be ready
for use January 1. The lease will expire 15 years
after the building is occupied. The warehouse will
belong at that time to the landowner, with the result
that there will be no salvage value to TELCO.
The warehouse is to be depreciated either by
MACRS or SOYD depreciation. If 10% interest is
appropriate, which depreciation method should be
selected?

11-26 For the data in Problem 11-20, if money is worth
10%, which one of the following three methods of
depreciation would be preferable?

(a) Straight-line method

(b) Double declining balance method

(c) MACRS method

11-27 The White Swan Talc Company paid $120,000 for
mining equipment for a small talc mine. The min-
ing engineer’s report indicates the mine contains
40,000 cubic meters of commercial-quality talc.
The company plans to mine all the talc in the next
5 years as follows:

Talc
Year Production (m3)

1 15,000
2 11,000
3 4,000
4 6,000
5 4,000

At the end of 5 years, the mine will be
exhausted and the mining equipmentwill be worth-
less. The company accountant must now decide
whether to use sum-of-years’-digits depreciation
or unit-of-production depreciation. The company
considers 8% to be an appropriate time value of
money.Compute the depreciation schedule for each
method. Which would you recommend? Show the
computations to justify your decision.

11-28 A small used delivery van can be purchased for
$18,000. At the end of its useful life (8 years), the
van can be sold for $2500. Determine the PW of
the depreciation schedule based on 10% interest
using:

(a) Straight-line depreciation

(b) Sum-of-the-years’-digits depreciation

(c) MACRS depreciation

(d) Double declining balance depreciation

11-29 The XYZ Block Company purchased a new office
computer and other depreciable computer hard-
ware for $4800. During the third year, the com-
puter is declared obsolete and is donated to the
local community college. Using an interest rate of
15%, calculate the PW of the depreciation deduc-
tions. Assume that no salvage value was initially
declared and that the machine was expected to last
5 years.

(a) Straight-line depreciation

(b) Sum-of-the-years’-digits depreciation

(c) MACRS depreciation

(d) Double declining balance depreciation
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11-30 Loretta Livermore Labs purchasedR&Dequipment
costing $200,000. The interest rate is 5%, salvage
value is $20,000, and expected life is 10 years.
Compute the PW of the depreciation deductions
assuming:

(a) Straight-line depreciation

(b) Sum-of-the-years’-digits depreciation

(c) MACRS depreciation

(d) Double declining balance depreciation

11-31 Some equipment that costs $1000 has a 5-year
depreciable life and an estimated $50 salvage value
at the end of that time. You have been assigned
to determine whether to use straight-line or SOYD
depreciation. If a 10% interest rate is appropriate,
which is the preferred depreciation method for
this profitable corporation? Use a spreadsheet to
showyour computations of the difference in present
worths.

11-32 The FOURX Corp. has purchased $12,000 of
experimental equipment. The anticipated salvage
value is $400 at the end of its 5-year depreciable
life. This profitable corporation is considering two
methods of depreciation: sum of years’ digits and
double declining balance. If it uses 7% interest in
its comparison, which method do you recommend?
Show computations to support your recommenda-
tion. Use a spreadsheet to develop your solution.

Depreciation and BookValue

11-33 For its fabricated metal products, the Able Corp.
is paying $10,000 for special tools that have a
4-year useful life and no salvage value. Compute
the depreciation charge for the second year by each
of the following methods:

(a) DDB

(b) Sum-of-years’-digits

(c) Modified accelerated cost recovery system

11-34 The MACRS depreciation percentages for 7-year
personal property are given in Table 11-3.Make the
necessary computations to determine if the percent-
ages shown are correct.

11-35 The MACRS depreciation percentages for 10-year
personal property are given in Table 11-3.Make the
necessary computations to determine if the percent-
ages shown are correct.

11-36 Use MACRS GDS depreciation for each of the
assets, 1–3, to calculate the following items,
(a)–(c).

1. A light general-purpose truck used by a delivery
business, cost= $17,000

2. Production equipment used by a Detroit
automaker to produce vehicles, cost = $30,000

3. Cement production facilities used by a construc-
tion firm, cost= $130,000

(a) The MACRS GDS property class

(b) The depreciation deduction for Year 3

(c) The book value of the asset after 6 years

11-37 On July 1, Nancy paid $600,000 for a commercial
building and an additional $150,000 for the land on
which it stands. Four years later, also on July 1,
she sold the property for $850,000. Compute the
modified accelerated cost recovery system depre-
ciation for each of the five calendar years during
which she had the property.

11-38 Agroupof investors has formed TrumpCorporation
to purchase a small hotel. The asking price is
$150,000 for the land and $850,000 for the hotel
building. If the purchase takes place in June, com-
pute the MACRS depreciation for the first three
calendar years. Then assume the hotel is sold in
June of the fourth year, and compute the MACRS
depreciation in that year also.

11-39 Mr. Donald Spade bought a computer in January
to keep records on all the property he owns. The
computer cost $70,000 and is to be depreciated
using MACRS. Donald’s accountant pointed out
that under a special tax rule (the rule applies when
the value of property placed in service in the last 3
months of the tax year exceeds 40% of all the prop-
erty placed in service during the tax year), the com-
puter and all property that year would be subject
to the midquarter convention. The midquarter con-
vention assumes that all property placed in service
in any quarter-year is placed in service at the mid-
point of the quarter. Use the midquarter convention
to compute Donald’s MACRS depreciation for the
first year.

11-40 A company is considering buying a new piece of
machinery. A 10% interest rate will be used in
the computations. Two models of the machine are
available.

Machine I Machine II

Initial cost $80,000 $100,000
End-of-useful-life 20,000 25,000
salvage value, S

Annual operating 18,000 15,000
cost first 10 years

20,000
thereafter

Useful life, in years 20 25
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(a) Determine which machine should be purchased,
based on equivalent uniform annual cost.

(b) What is the capitalized cost of Machine I?

(c) Machine I is purchased and a fund is set up
to replace Machine I at the end of 20 years.
Compute the required uniform annual deposit.

(d) Machine I will produce an annual savingofmate-
rial of $28,000. What is the rate of return if
Machine I is installed?

(e) What will be the book value of Machine I
after 2 years, based on sum-of-years’-digits
depreciation?

( f ) What will be the book value of Machine II
after 3 years, based on double declining balance
depreciation?

(g) Assuming that Machine II is in the 7-year prop-
erty class, what would be the MACRS deprecia-
tion in the third year?

11-41 Explain in your own words the difference between
capital gains and ordinary gains. In addition, explain
why it is important to our analysis as engineering
economists. Do we see capital gains much in
industry-based economic analyses or in our personal
lives?

11-42 Sarah Jarala recently purchased an asset that she
intends to use for business purposes in her small Ice-
land Tourism business. The asset has MACRS class
life of 5 years. Sarah purchased the asset for $85,000
and uses a salvage value for tax purposes of $15,000
(when applicable). Also, the ADR life of the asset
is 8 years. Please answer the following questions for
Sarah.

(a) Using MACRS depreciation, what is the book
value after 4 years ?

(b) UsingMACRS depreciation, what is the depreci-
ation for the 6th year ?

(c) Using MACRS depreciation, what is the book
value after 8 years ?

(d) Using MACRS depreciation, what is the book
value after 2 years ?

(e) Using MACRS depreciation, what is the sum of
the depreciation charges through the 5th year ?

( f ) Using straight-line depreciation (with no half-
year convention), what is the book value after the
3rd year?

(g) Using straight-line depreciation (with no half-
year convention), what is the book value after the
8th year?

11-43 Mary, Medhi, Marcos, and Marguerite have pur-
chased a small warehouse in St. Pete Beach. If they
paid $745,000 for the unit in September, how much
will their depreciationbe in the 15th year? (Note: This
asset is nonresidential real property.)
Contributedby PaulR.McCright,University of South
Florida

11-44 Metal Stampings, Inc., can purchase a new forging
machine for $100,000. After 20 years of use the
forge should have a salvage value of $15,000. What
depreciation is allowed for this asset in Year 3 for

(a) MACRS depreciation?

(b) straight-line depreciation?

(c) double declining balance depreciation?

11-45 Muddy Meadows Earthmoving can purchase a bull-
dozer for $80,000. After 7 years of use, the bull-
dozer should have a salvage value of $15000. What
depreciation is allowed for this asset in Year 5 for

(a) MACRS depreciation?

(b) straight-line depreciation?

(c) sum-of-the-years’-digits (SOYD) depreciation?

(d) 150% declining balance depreciation?

11-46 An asset costs $150,000 and has a salvage value
of $15,000 after 10 years. What is the depreciation
charge for the 4th year, and what is the book value at
the end of the 8th year with

(a) MACRS depreciation?

(b) straight-line depreciation?

(c) sum-of-the-year’ digits (SOYD) depreciation?

(d) double declining balance depreciation?

11-47 A five-axis milling machine costs $180,000, and it
will be scrapped after 10 years. Compute the book
value and depreciation for the first 2 years using

(a) MACRS depreciation

(b) straight-line depreciation

(c) sum-of-the-years’-digits (SOYD) depreciation

(d) double declining balance depreciation

(e) 150% declining balance depreciation

11-48 To meet increased delivery demands, Mary Moo
Dairy just purchased 15 new delivery trucks. Each
truck cost $30,000 andhas an expected life of 4 years.
The trucks can each be sold for $8000 after 4 years.
UsingMACRS depreciation (a) determine the depre-
ciation allowance for Year 2 for the fleet, and (b)
determine the book value of the fleet at the end of
Year 3.
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11-49 Aminicomputer purchased in 2010 costing $12,000
has no salvage value after 4 years.What is the depre-
ciation allowance for Year 2 and book value at the
end of that year?

11-50 Blank Lobes, Inc. just purchased a new psycho-
graph machine for $100,000. The expected resale
value after 4 years is $15,000. Determine the book
value after 2 years using

(a) MACRS depreciation.

(b) Straight-line depreciation.

(c) Sum-of-the-years’ digits (SOYD) depreciation.

(d) 150% declining balance depreciation.

11-51 A used drill press costs $55,000, and delivery and
installation charges add $5000. The salvage value
after 8 years is $15,000. Compute the accumulated
depreciation through Year 4 using

(a) 7-year MACRS depreciation

(b) Straight-line depreciation

(c) Sum-of-the-years’ digits (SOYD) depreciation

(d) Double declining balance depreciation

11-52 A pump in an ethylene production plant costs
$15,000. After 9 years, the salvage value is declared
at $0.

(a) Determine depreciation charge and book value
for Year 9 using straight-line, sum-of-the-
years’-digits, and 7-year MACRS depreciation.

(b) Find the PWof eachdepreciation schedule if the
interest rate is 5%.

Gain/Loss on Disposal

11-53 Equipment costing $20,000 that is a MACRS 3-
year property is disposed of during the second year
for $14,000. Calculate any depreciation recapture,
ordinary losses, or capital gains associated with
disposal of the equipment.

11-54 An asset with an 8-year ADR class life costs
$50,000 andwas purchasedon January1, 2001.Cal-
culate any depreciation recapture, ordinary losses,
or capital gains associated with selling the equip-
ment on December 31, 2003, for $15,000, $25,000,
and $60,000. Consider two cases of depreciation
for the problem: if MACRS GDS is used, and if
straight-line depreciation over the ADR class life is
used with a $10,000 salvage value.

11-55 A $150,000 asset has been depreciated with the
straight-line method over an 8-year life. The
estimated salvage value was $30,000. At the end of
the 5th year the asset was sold for $90,000. From

a tax perspective, what is happening at the time of
disposal, and what is the dollar amount?

11-56 O’Leary Engineering Corp. has been depreciating a
$50,000 machine for the last 3 years. The asset was
just sold for 60% of its first cost. What is the size of
the recaptured depreciation or loss at disposal using
the following depreciation methods?

(a) Sum-of-years’-digits with N = 8 and S = 2000

(b) Straight-line depreciation with N = 8 and
S = 2000

(c) MACRS GDS depreciation, classified as a
7-year property

11-57 A purchased machine cost $245,000, with delivery
and installation charges amounting to $15,000. The
declared salvage value was $20,000. Early in Year
4, the company changed its product mix and found
that it no longer needed themachine.One of its com-
petitors agreed to buy the machine for $110,000.
Determine the loss, gain, or recapture of MACRS
depreciation on the sale. The ADR is 12 years for
this machine.

11-58 A numerically controlled milling machine was pur-
chased for $95,000 four years ago. The estimated
salvage value was $15,000 after 15 years. What is
the machine’s book value after 5 years of deprecia-
tion? If the machine is sold for $20,000 early in Year
7, howmuch gain on sale or recaptured depreciation
is there? Assume

(a) 7-year MACRS depreciation

(b) Straight-line depreciation

(c) Sum-of-the-years’-digits (SOYD) depreciation

(d) 150% declining balance depreciation

11-59 A computer costs $9500 and its salvage value in 5
years is negligible. What is the book value after 3
years? If the machine is sold for $1500 in Year 5,
how much gain or recaptured depreciation is there?
Assume

(a) MACRS depreciation

(b) Straight-line depreciation

(c) Sum-of-the-years’-digits (SOYD) depreciation

(d) Double declining balance depreciation

11-60 A belt-conveyor purchased for $140,000 has ship-
ping and installation costs of $20,000. It was
expected to last 6 years, when it would be sold
for $25,000 after paying $5000 for dismantling.
Instead, it lasted 4 years, and several workers were
permitted to take it apart on their own time for
reassembly at a private technical school. How much
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gain, loss, or recaptured depreciation is there?
Assume

(a) 7-year MACRS depreciation

(b) Straight-line depreciation

(c) Sum-of-the-years’-digits (SOYD) depreciation

(d) 150% declining balance depreciation

Depletion

11-61 When a major highwaywas to be constructed nearby,
a farmer realized that a dry streambed running
through his property might be a valuable source of
sand and gravel. He shipped samples to a testing lab-
oratory and learned that the material met the require-
ments for certain low-grade fill material. The farmer
contacted the highway construction contractor, who
offered 65� c per cubic meter for 45,000 cubic meters
of sand and gravel. The contractor would build a haul
road and would use his own equipment. All activity
would take place during a single summer.

The farmer hired an engineering student for
$2500 to count the truckloads of material hauled
away. The farmer estimated that 2 acres of streambed
had been stripped of the sand and gravel. The 640-
acre farm had cost him $300 per acre, and the farmer
felt the property had not changed in value. He knew
that there had been no use for the sand and gravel
prior to the construction of the highway, and he could
foresee no future use for any of the remaining 50,000
cubic meters of sand and gravel.

Determine the farmer’s depletion allowance.
(Answer: $1462.50)

11-62 Mr. H. Salt purchased an 1/8 interest in a producing
oil well for $45,000. Recoverable oil reserves for
the well were estimated at that time at 15,000 bar-
rels, 1/8 of which represented Mr. Salt’s share of
the reserves. During the subsequent year, Mr. Salt
received $12,000 as his 1/8 share of the gross income
from the sale of 1000barrels of oil. From this amount,
he had to pay $3000 as his share of the expense
of producing the oil. Compute Mr. Salt’s depletion
allowance for the year. (Answer: $3000)

11-63 American Pulp Corp. (APC) has entered into
a contract to harvest timber for $450,000. The
total estimated available harvest is 150 million
board-feet.

(a) What is the depletion allowance for Years 1 to 3,
if 42, 45, and 35 million board-feet are harvested
by APC in those years?

(b) After 3 years, the total available harvest for the
original tract was reestimated at 180 million
board-feet. Compute the depletion allowances
for Years 4 and beyond.

11-64 A piece of machinery has a cost basis of $45,000.
Its salvage value will be $5000 after 10,000 hours
of operation. With units-of-production deprecia-
tion, what is the allowable depreciation rate per
hour? What is the book value after 4000 hours of
operation?

11-65 Mining recently began on a new deposit of 10 million
metric tons of ore (2% nickel and 4%copper).Annual
production of 350,000 metric tons begins this year.
The market price of nickel is $3.75 per pound and
$0.65 for copper.Mining operation costs are expected
to be $0.50 per pound. XYZ Mining Company paid
$600 million for the deposits. What is the maximum
depletion allowance each year for the mine?

11-66 During the construction of a highway bypass, earth-
moving equipment costing $40,000 was purchased
for use in transporting fill from the borrow pit. At
the end of the 4-year project, the equipment will be
sold for $20,000. The schedule for moving fill calls
for a total of 100,000 cubic feet during the project.
In the first year, 40% of the total fill is required;
in the second year, 30%; in the third year, 25%;
and in the final year, the remaining 5%. Determine
the units-of-production depreciation schedule for the
equipment.

11-67 Western Carolina Coal Co. expects to produce
125,000 tons of coal annually for 15 years. The
deposit cost $3M to acquire; the annual gross rev-
enues are expected to be $9.50 per ton, and the net
revenues are expected to be $4.25 per ton.

(a) Compute the annual depletion on a cost basis.

(a) Compute the annual depletion on a percentage
basis.

11-68 Eastern Gravel expects to produce 60,000 tons of
gravel annually for 5 years. The deposit cost $150K
to acquire; the annual gross revenues are expected to
be $9 per ton, and the net revenues are expected to be
$4 per ton.

(a) Compute the annual depletion on a cost basis.

(a) Compute the annual depletion on a percentage
basis.

11-69 A 2500-acre tract of timber is purchased by the
Houser Paper Company for $1,200,000. The acqui-
sitions department at Houser estimates-the land will
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be worth $275 per acre once the timber is cleared.
The materials department estimates that a total of
5 million board-feet of timber is available from the
tract. The harvest schedule calls for equal amounts
of the timber to be harvested each year for 5 years.
Determine the depletion allowance for each year.

11-70 The Piney Copper Company purchased an ore-
bearing tract of land for $7,500,000. The geologist
for Piney estimated the recoverable copper reserves
to be 450,000 tons. During the first year, 50,000 tons
was mined and 40,000 tons was sold for $4,000,000.
Expenses (not including depletion allowances) were
$2,500,000. What are the percentage depletion and
the cost depletion allowances?

11-71 The Red River oil field will become less produc-
tive each year. Rojas Brothers is a small company
that owns Red River, which is eligible for percent-
age depletion. Red River costs $2.5M to acquire,
and it will be produced over 15 years. Initial pro-
duction costs are $4 per barrel, and the wellhead
value is $10 per barrel. The first year’s production is
90,000 barrels, which will decrease by 6000 barrels
per year.

(a) Compute the annual depletion (each year may be
cost-based or percentage-based).

(b) What is the PW at i = 12% of the depletion
schedule?

11-72 An automated assembly line is purchased for
$1,250,000. The company has decided to use units-
of-production depreciation. At the end of 8 years,
the line will be scrapped for an estimated $250,000.
Using the following information, determine the
depreciation schedule for the assembly line.

Year Production Level

1 5,000 units
2 10,000 units
3 15,000 units
4 15,000 units
5 20,000 units
6 20,000 units
7 10,000 units
8 5,000 units

C A S E
The following case fromCasesCasesCasesinininEngineeringEngineeringEngineering EconomyEconomyEconomy
2ndndnd is suggested as matched with this chapter.

CASE 26Molehill & Mountain Movers
Compare depreciation methods with option for
inflation.
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INCOME TAXES

On with the Wind

For over three decades, environmental
activists and community leaders have be-
moaned American dependence on foreign
oil. The war in Iraq again highlighted the
precariousness of relying on an unstable
region of the world for a major part of our
energy requirements.

One solution to this dilemma is to rely more
on renewable sources of energy, such as
solar power and wind. The technology for

such alternative energy sources has been around for many years, and most voters seem to
favor more reliance on renewables. If good intentionswere all it took, we’d be gettingmuch
of our electricity from windmills.

But, of course, making the transition to greater use of wind power requires a significant
investment in infrastructure, especially costly wind turbines. And few investors are willing
to plunk down their money unless they have a solid expectation of earning a competitive
return.

As recently as the late 1980s, wind-generated power cost roughly twice as much to pro-
duce as energy from conventional sources. But by 2009, Texas had 9405 megawatts (MW)
of capacity and Iowa’s 3670 MW of capacity produced 14.2% of its power. The Amer-
ican Wind Energy Association (AWEA) reports that many modern, state-of-the-art wind
plants can now produce power for less than 5� c per kilowatt-hour,making them competitive
with conventional sources. Unsurprisingly, investment in wind power production has also
increased substantially.

How did this happen? In part, the trend was driven by advances in wind turbine technology.
But it was helped significantly by a provision of the federal tax law contained in the Energy
Policy Act of 1992. This statute allowed utilities and other electricity suppliers a “produc-
tion tax credit” of 1.5� c per kilowatt-hour (by 2009 adjusted to 2.1� c to account for the effects
of inflation).



This was a key incentive to the wind power industry which, like all energy producers, must
expend large sums on capital assets. The tax credit had a dramatic effect on the wind energy
market. During 2009, for instance, energy producers added almost 10,000 megawatts of
wind-generating capacity—enough to power nearly 2.4 million homes.

But what the government giveth, the government can take away. When the production tax
credit (PTC) briefly expired at the end of 2001, an estimated $3 billion worth of wind
projects were suspended, and hundreds of workers were laid off. Fortunately for the indus-
try, the credit, was subsequently extended, most recently through 2011, as part of the 2009
American Recovery and Reinvestment Act. � � �

1. The wind energy tax credit has both advocates and opponents. One camp argues
that the government should not support wind energy through tax credits—instead,
let the market determine the future of alternative energy sources. Others argue that
government has historically supported the oil and coal industries through subsidies,
and in addition we as a society “pay” for the negative effects that these forms of
energy have on health and the environment. Which side has the stronger argument
in your view? Why?

2. Clearly wind energy has both costs and benefits as an alternate energy technology,
and government may have some role in enabling its development and promoting
investments in it. Develop a table of the costs and benefits of wind energy technol-
ogy. In doing so, think about the producers and consumers of the technology as well
as society in general. Think about who the winners and losers would be if we as a
nation could dramatically increase the fraction of our energy from wind sources.
Add a column that identifies the ethical issues that arise? Can we solve any of the
ethical issues that you’ve identified?

3. Developing a wind power project takes many years and requires the commitment of
large sums of investment capital before the project begins to return a profit. What
is the effect on investment when the wind power production tax credit is allowed to
expire, or is extended for periods of only a few years?

4. The federal income tax was introduced in the U.S. in 1913. Can you determine how
tax rates changed from 1900 to 2010? How has this affected the value of tax credits
to industry?

409
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After Completing This Chapter. . .

The student should be able to:

• Calculate taxes due or taxes owed for both individuals and corporations.
• Understand the incremental nature of the individual and corporate tax rates used for
calculating taxes on income.

• Calculate a combined income tax rate for state and federal income taxes and select
an appropriate tax rate for engineering economic analyses.

• Utilize an after-tax tax table to find the after-tax cash flows for a prospective
investment project.

• Calculate after-tax measures of merit, such as present worth, annual worth, payback
period, internal rate of return, and benefit–cost ratio, from developed after-tax cash
flows.

• Evaluate investment alternatives on an after-tax basis including asset disposal.
• Use spreadsheets for solving after-tax economic analysis problems.
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As Benjamin Franklin said, two things are inevitable: death and taxes. In this chapter we
will examine the structure of taxes in the U.S. These include sales taxes, gasoline taxes,
property taxes, and state and federal income taxes. Here we will concentrate our attention
on federal income taxes. Income taxes are part of most real problems and often have a
substantial impact that must be considered.

First, we must understand the way in which taxes are imposed. Chapter 11 concerning
depreciation is an integral part of this analysis, so the principles covered there must be well
understood. Then, having understood themechanism, we will see how federal income taxes
affect our economic analysis.

A PARTNER IN THE BUSINESS

Probably the most straightforward way to understand the role of federal income taxes is
to consider the U.S. government as a partner in every business activity. As a partner, the
government shares in the profits from every successful venture. In a somewhat more com-
plex way, the government shares in the losses of unprofitable ventures too. The tax laws
are complex, and it is not our purpose to fully explain them.1 Instead, we will examine the
fundamental concepts of the federal income tax laws—and we emphasize at the start that
there are exceptions and variations to almost every statement we shall make!

CALCULATION OF TAXABLE INCOME

At the mention of income taxes, one can visualize dozens of elaborate and complex
calculations. There is some truth to that vision, for there can be complexities in comput-
ing income taxes. Yet incomes taxes are just another type of disbursement. Our economic
analysis calculations in prior chapters have dealt with all sorts of disbursements: operat-
ing costs, maintenance, labor and materials, and so forth. Now we simply add one more
prospective disbursement to the list—income taxes.

Taxable Income of Individuals

The amount of federal income taxes to be paid depends on taxable income and the income
tax rates. Therefore, our first concern is the definition of taxable income. To begin, one
must compute his or her gross income:

Gross income = Wages, salary, etc. + Interest income + Dividends+ Capital gains

+ Unemployment compensation + Other income

From gross income, we subtract any allowable retirement plan contributions and other
adjustments. The result is adjusted gross income (AGI). From adjusted gross income,
individualsmay deduct the following items:2

1Many government and private sources exist that describe detailed taxation information. These
include the Internal Revenue Service (www.irs.gov), U.S. Treasury (www.treasury.gov), Commerce
Clearing House (www.cch.com), and Thomson Reuters (ria.thomsonreuters.com).
2The 2009 returns itemized deductions are limited if adjusted gross income is more than $166,800
($83,400 if married filing separately).
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1. Personal Exemptions. One exemption ($3650 for 2009 returns) is provided for
each person who depends on the gross income for his or her living.3

2. Itemized Deductions. Some of these are:

(a) Excessive medical and dental expenses (exceeding 71/2% of AGI)

(b) State and local income, real estate and personal property tax

(c) Home mortgage interest

(d) Charitable contributions (limited to 50, 30, or 20% of AGI based on assets
contributed.)

(e) Casualty and theft losses (exceeding $500+ 10% of AGI)

(f) Job expenses and certain miscellaneous deductions (some categories must
exceed 2% of AGI)

3. Standard Deduction. Each taxpayer may either itemize his or her deductions, or
instead take a standard deduction as follows:

(a) Single taxpayers, $5700 (for 2009 returns)

(b) Married taxpayers filing a joint return, $11,400 (for 2009 returns)

The result is taxable income.
For individuals, taxable income is computed as follows:

Adjusted gross income = Gross income− Adjustments

Taxable income = Adjusted gross income

− Personal exemption(s)

− Itemized deductions or standard deduction (12-1)

Classificationof Business Expenditures

When an individual or a firm operates a business, there are three distinct types of business
expenditure:

1. For depreciable assets.
2. For nondepreciable assets.
3. All other business expenditures.

Expenditures for Depreciable Assets: When facilities or productive equipment with
useful lives in excess of one year are acquired, the taxpayer will recover the invest-
ment through depreciation charges.4 Chapter 11 detailed how to allocate an asset’s
cost over its useful life.

3For 2009 returns if adjusted gross income is over $125,100 and depending upon filing status,
the personal exemption deduction may be reduced by a maximum of 1/3 of the allowed
amount.
4There is an exception. Businesses may immediately deduct (expense ) $250,000 of equipment costs
(via the Section 179 deduction) in the year of purchase. In addition, 50% of purchases up to a max-
imum of $800,000 may be expensed. Above $800,000 the deduction is reduced dollar for dollar. In
2009 there is no Section 179 deduction for assets costing more than $1,050,000. Unless otherwise
corrected, for the 2010 tax year the maximum amount of equipment placed in service that businesses
can expense was scheduled to drop to $135,000.
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Expenditures for Nondepreciable Assets: Land is considered to be a nondepreciable
asset, for there is no finite life associated with it. Other nondepreciable assets are
properties not used either in a trade, in a business, or for the production of income.
An individual’shome and car are generally nondepreciable assets. The final category
of nondepreciable assets comprises those subject to depletion, rather than deprecia-
tion. Since business firms generally acquire assets for use in the business, their only
nondepreciable assets normally are land and assets subject to depletion.

All Other Business Expenditures: This category is probably the largest of all, for it
includes all the ordinary and necessary expenditures of operating a business. Labor
costs, materials, all direct and indirect costs, and facilities and productive equipment
with a useful life of one year or less are part of routine expenditures. They are charged
as a business expense—expensed—when they occur.

Business expenditures in the first two categories—that is, for either depreciable or
nondepreciable assets—are called capital expenditures. In the accounting records of the
firm, they are capitalized; all ordinary and necessary expenditures in the third category are
expensed.

Taxable Income of Business Firms

The starting point in computing a firm’s taxable income is gross income. All ordinary and
necessary expenses to conduct the business—except capital expenditures—are deducted
from gross income. Capital expenditures may not be deducted from gross income. Except
for land, business capital expenditures are allowed on a period-by-period basis through
depreciation or depletion charges.

For business firms, taxable income is computed as follows:

Taxable income = Gross income

−All expenditures except capital expenditures

−Depreciation and depletion charges (12-2)

Because of the treatment of capital expenditures for tax purposes, the taxable income of a
firm may be quite different from the actual cash flows.

EXAMPLE 12–1

During a 3-year period, a firm had the following cash flows (in millions of dollars):

Year 1 Year 2 Year 3

Gross income from sales $200 $200 $200
Purchase of special tooling −60 0 0

(useful life: 3 years)
All other expenditures −140 −140 −140
Cash flows for the year $ 0 $ 60 $ 60

Compute the taxable income for each of the 3 years.
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SOLUTION

The cash flows for each year would suggest that Year 1 was a poor one, while Years 2 and 3 were
very profitable. A closer look reveals that the firm’s cash flows were adversely affected in Year 1
by the purchase of special tooling. Since the special tooling has a 3-year useful life, it is a capital
expenditurewith its cost allocated over the useful life. If we assume that straight-linedepreciation
applies with no salvage value, we use Equation 11-2 to find the annual charge:

Annual depreciation charge = B − S

N
= 60− 0

3
= $20 million

Applying Equation 12-2, we write

Taxable income = 200 − 140− 20 = $40 million

In each of the 3 years, the taxable income is $40 million.

An examination of the cash flows and the taxable income in Example 12-1 indicates that
taxable income is a better indicator of the firm’s annual performance.

INCOME TAX RATES

Income tax rates for individuals changed many times between 1960 and 1995, as illus-
trated in Figure 12-1. Recent movements have been less dramatic. From 1995 to 2000 the
maximum ratewas 39.6%; it fell to 39.1% in 2001 and to 38.6% in 2002. From2003 through
2010 it was 35%.

Individual Tax Rates

There are four schedules of federal income tax rates for individuals.Single taxpayers use the
Table 12-1a schedule. Married taxpayers filing a joint return use the Table 12-1b schedule.
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TABLE 12–1a 2009 Tax Rate Schedules Schedule X–a If Filing Status Is Single

If your taxable income is The tax is:

Over– But not over– Of the amount over–

$ 0 $ 8,350 10% $ 0
8,350 33,950 $ 835.00 + 15% 8,350

33,950 82,250 4,675.00 + 25% 33,950
82,250 171,550 16,750.00+ 28% 82,250
171,550 372,950 41,754.00+ 33% 171,550
372,950 108,216.00+ 35% 372,950

TABLE 12–1b 2009 Tax Rates Schedule Y-1—IfYour Filing Status IsMarried Filing Jointly or

QualifyingWindow(er)

If your taxable income is The tax is:

Over– But not over– Of the amount over–

$ 0 $ 16,700 10% $ 0
16,700 67,900 $ 1,670.00 + 15% 16,700
67,900 137,050 9,350.00 + 25% 67,900

137,050 208,850 26,637.50 + 28% 137,050
208,850 372,950 46,741.50 + 33% 208,850
372,950 100,894.50 + 35% 372,950

Two other schedules (not shown here) are applicable to unmarried individuals with
dependent relatives (“head of household”), and married taxpayers filing separately.

EXAMPLE 12–2

An unmarried student earned $10,000 in the summer plus another $6000 during the rest of the
year. When he files an income tax return, he will be allowed one exemption (for himself). He
estimates that he spent $1000 on allowable itemized deductions. How much income tax will he
pay?

Adjusted gross income = $10,000+ $6000 = $16,000

Taxable income = Adjusted gross income

− Deduction for one exemption ($3400)

− Standard deduction ($5350)

= 16,000 − 3400 − 5350 = $7250

Federal income tax = 10% (7250) = $725
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Corporate Tax Rates

Income tax for corporations is computed in a manner similar to that for individuals. The
data in Figure 12-2 can be presented in schedule form (Table 12-2).
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FIGURE 12–2 Corporation federal income tax rates (2009). Federal corporate tax rates have been
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TABLE 12–2 Corporate Income Tax Rates

Taxable Income Tax Rate Corporate Income Tax

Not over $50,000 15% 15% over $0
$50,000–75,000 25% $7,500+ 25% over $50,000
$75,000–100,000 34% $13,750+ 34% over $75,000
$100,000–335,000 39%∗ $22,250+ 39% over $100,000
$335,000–10 million 34% $113,900 + 34% over $335,000
$10 million–15 million 35% $3,400,000+ 35% over $10 million
$15 million–18,333,333 38% $5,150,000+ 38% over $15 million

≥$18,333,333 35% Flat rate at 35%

∗The extra 5% from $100,000 to $335,000 was chosen so that firms in the $335,000 to $10 million bracket pay a
flat 34% tax rate. [(0.39−0.34)](335,000−100,000) = (0.34−0.15)(50,000)+(0.34−0.25)(75,000−50,000)]
so tax = 0.34 (tax income) in $335,000 to $10 million bracket.

EXAMPLE 12–3

The French Chemical Corporationwas formed to produce household bleach. The firmbought land
for $220,000, had a $900,000 factory building erected, and installed $650,000 worth of chemical
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and packaging equipment. The plant was completed and operations begun on April 1. The gross
income for the calendar year was $450,000. Supplies and all operating expenses, excluding the
capital expenditures, were $100,000. The firm will use modified accelerated cost recovery system
(MACRS) depreciation.

(a) What is the first-year depreciation charge?

(b) What is the first-year taxable income?

(c) How much will the corporation pay in federal income taxes for the year?

SOLUTION TO PART a

MACRS depreciation : Chemical equipment is personal property. From Table 11-2, it is probably
in the “7-year, all other property” class.

First-year depreciation(equipment) = $650,000× 14.29% = $92,885

The building is in the 39-year real property class. Since it was placed in service on April 1, the
first-year depreciation is

First-year depreciation(building)= $900,000× 1.819% = $16,371 (see Table 11-4)

The land is a nondepreciable asset. Thus we have

Total first-year MACRS depreciation = $92,885+ $16,371 = $109,256

SOLUTION TO PARTb

Taxable income=Gross income

−All expenditures except capital expenditures

−Depreciation and depletion charges

= $450,000 − 100,000− 109,256 = $240,744

SOLUTION TO PART c

Federal income tax= $22,250+ 39%(240,744− 100,000)

= $77,140

Combined Federal and State Income Taxes

In addition to federal income taxes, most individuals and corporations pay state income
taxes. It would be convenient if we could derive a single tax rate to represent both the state
and federal incremental tax rates. In the computation of taxable income for federal taxes,
the amount of state taxes paid is one of the allowable itemized deductions. Federal income
taxes are not, however, generally deductible in the computation of state taxable income.
Therefore, the state income tax is applied to a larger taxable income than is the federal
income tax rate. As a result, the combined incremental tax rate will not be the sum of two
tax rates.
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For an increment of income (�Income) and tax rate on incremental income (�Tax
rate):

State income taxes = (�State tax rate)(�Income)
Federal taxable income = (�Income)(1 − �State tax rate)
Federal income taxes = (�Federal tax rate)(�Income) × (1 − �State tax rate)

The total of state and federal income taxes is

[�State tax rate + (�Federal tax rate)(1 − �State tax rate)](�Income)

The term in the brackets gives the combined incremental tax rate.

Combined incremental tax rate

= �State tax rate + (�Federal tax rate)(1 − �State tax rate) (12-3)

EXAMPLE 12–4

An engineer has an income that puts her in the 25% federal income tax bracket and at the 10%
state incremental tax rate. She has an opportunity to earn an extra $500 by doing a small con-
sulting job.What will be her combined state and federal income tax rate on the additional income?

SOLUTION

Use Equation 12-3 to find the combined incremental tax rate: 0.10 + 0.25(1 − 0.10) = 32.5%.

Selecting an Income Tax Rate for Economy Studies

Since income tax rates vary with the level of taxable income for both individuals and corpo-
rations, one must decide which tax rate to use in a particular situation. The simple answer is
that the tax rate to use is the incremental tax rate that applies to the change in taxable income
projected in the economic analysis. If a married couple filing jointly has a taxable income
of $40,000 and can increase their income by $2000, what tax rate should be used for the
$2000 of incremental income? From Table 12-1b, we see the $2000 falls within the 10%
tax bracket.

Now suppose this couple could increase their $40,000 income by $20,000. In this sit-
uation, Table 12-1b shows that the 10% incremental tax rate should be applied to the first
$16,700 and a 15% incremental tax rate to the last $3300 of extra income. The appropriate
incremental tax rate for corporations is equally easy to determine. For larger corporations,
the federal incremental tax rate is 35%. In addition, there may be up to a 12 to 15% state tax.

ECONOMIC ANALYSIS TAKING INCOME TAXES INTOACCOUNT

An important step in economic analysis has been to resolve the consequences of alternatives
into a cash flow. Because income taxes have been ignored, the result has been a before-tax
cash flow. This before-tax cash flow is an essential component in economic analysis that also
considers the consequences of income tax. The principal elements in an after-tax analysis
are as follows:
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• Before-tax cash flow
• Depreciation
• Taxable income (Before-tax cash flow − Depreciation)
• Income taxes (Taxable income × Incremental tax rate)
• After-tax cash flow (Before-tax cash flow − Income taxes)

These elements are usually arranged to form an after-tax cash flow table. This is illustrated
by Example 12–5.

EXAMPLE 12–5

A medium-sized profitable corporation may buy a $15,000 used pickup truck for use by the
shipping and receiving department. During the truck’s 5-year useful life, it is estimated the firm
will save $4000 per year after all the costs of owning and operating the truck have been paid.
Truck salvage value is estimated at $4500.

(a) What is the before-tax rate of return?

(b) What is the after-tax rate of return on this capital expenditure? Assume straight-line
depreciation.

SOLUTION TO PART a

For a before-tax rate of return, we must first compute the before-tax cash flow.

Year Before-TaxCash Flow

0 −$15,000
1 4000
2 4000
3 4000
4 4000

5

{
4000
4500

Solve for the before-tax rate of return, IRRBT:

15,000 = 4000(P/A, i, 5) + 4500(P/F, i, 5)

Try i = 15%:

15,000 =? 4000(3.352) + 4500(0.4972) =? 13,408 + 2237 = 15,645

Since i is slightly low, try i = 18%:

15,000 =? 4000(3.127) + 4500(0.4371) =? 12,508 + 1967 = 14,475

IRRBT = 15% + 3%

(
15,645− 15,000

15,645− 14,475

)
= 15%+ 3%(0.55) = 16.7%
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SOLUTION TOPART b

For an after-tax rate of return,wemust set up an after-tax cash flow table (Table 12-3). The starting
point is the before-tax cash flow. Thenwewill need the depreciation schedule for the truck:

Straight-line depreciation = B − S

N
= 15, 000− 4500

5
= $2100 per year

TABLE 12–3 After-TaxCash Flow Table for Example 12–5∗

(c) (d) (e)

(a) (b) �(Taxable 34% Income After-Tax

Before-Tax Straight-Line Income) Taxes Cash Flow

Year Cash Flow Depreciation (a)−(b) −0.34 (c) (a)+ (d)†

0 −$15,000 −$15,000

1 4000 $2100 $1900 −$646 3354

2 4000 2100 1900 −646 3354

3 4000 2100 1900 −646 3354

4 4000 2100 1900 −646 3354

5

{
4000
4500

2100 1900 −646

{
3354
4500

∗Sign convention for income taxes: a minus (−) represents a disbursement of money to pay income taxes;
a plus (+) represents the receipt of money by a decrease in the tax liability.
†The after-tax cash flow is the before-tax cash flow minus income taxes. Based on the income tax sign
convention, this is accomplished by adding columns (a) and (d).

Taxable income is the before-tax cash flow minus depreciation. For this medium-sized
profitable corporation, let’s assume an incremental federal income tax rate of 34%. Therefore
income taxes are 34% of taxable income. Finally, the after-tax cash flow equals the before-tax
cash flow minus income taxes. These data are used to compute Table 12-3.

The after-tax cash flow may be solved to find the after-tax rate of return, IRRAT. Try i = 10%:

15,000 =? 3354(P/A, 10%, 5) + 4500(P/F, 10%, 5)

=? 3354(3.791) + 4500(0.6209) = 15,509

Since i is slightly low, try i = 12%:

15,000 =? 3354(3.605) + 4500(0.5674) = 14,644

IRRAT = 10%+ 2%

(
15,509− 1500

15,509 − 14,644

)
= 11.2%

Using a TVM calculator

IRRAT = i(n, P, P, F) = i(5, 3354, −15000, 4500) = 11.15%

The calculations required to compute the after-tax rate of return in Example 12-5 were
certainly more elaborate than those for the before-tax rate of return. It must be emphasized,
however, that often the after-tax rate of return is the key value, since income taxes are a
major disbursement that cannot be ignored.
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EXAMPLE 12–6

An analysis of a firm’s sales activities indicates that a number of profitable sales are lost each year
because the firm cannot deliver some of its products quickly enough. By investing an additional
$20,000 in inventory, it is believed that the firm will realize $1000 more in before-tax profits in
the first year. In the second year, before-tax extra profit will be $1500. Profits for subsequent
years are expected to continue to increase on a $500-per-year gradient. The investment in the
additional inventory may be recovered at the end of a 4-year analysis period simply by selling
and not replenishing the inventory. Compute:

(a) The before-tax rate of return.

(b) The after-tax rate of return assuming an incremental tax rate of 39%.

SOLUTION

Inventory is not considered to be a depreciable asset. Therefore, the investment in additional
inventory is not depreciated. The after-tax cash flow table for the problem is presented in
Table 12-4. The sign convention described in the first footnote to Table 12-3 applies.

TABLE 12–4 After-TaxCash Flow Table for Example 12–6

(c) (d) (e)

(a) �(Taxable 39% Income After-Tax

Before-Tax (b) Income) Taxes Cash Flow

Year Cash Flow Depreciation (a)−(b) (c) x−0.39 (a)+ (d)

0 −$20,000 −$20,000
1 1000 — $1000 −$390 610
2 1500 — 1500 −585 915
3 2000 — 2000 −780 1220

4

{
2500

20,000
— 2500 −975

{
1525

20,000

SOLUTION TO PART a

Use the following equation to calculate the before-tax rate of return:

20,000 = 1000(P/A, i, 4) + 500(P/G, i, 4) + 20,000(P/F, i, 4)

Try i = 8%:

20,000 =? 1000(3.312) + 500(4.650) + 20,000(0.7350)

=? 3312+ 2325+ 14,700 = 20,337
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Since i is too low, try i = 10%:

20,000 =? 1000(3.170) + 500(4.378) + 20,000(0.6830)

=? 3170+ 2189+ 13,660 = 19,019

Before-tax rate of return = 8% + 2%

(
20,337 − 20,000

20,337 − 19,019

)
= 8.5%

SOLUTION TOPART b

For a before-tax cash flow gradient of $500, the resulting after-tax cash flow gradient is
(1 − 0.39)(500) = $305.

20,000 = 610(P/A, i, 4) + 305(P/G, i, 4) + 20,000(P/F, i, 4)

Try i = 5%:

20,000 =? 610(3.546) + 305(5.103) + 20,000(0.8227) =? 20,173

Since i is too low, try i = 6%:

20,000 =? 610(3.465) + 300(4.4945) + 20,000(0.7921) =? 19,304

After-tax rate of return = 5% + 1%

(
20,173− 20,000

20,173− 19,304

)
= 5.2%

CAPITAL GAINS AND LOSSES FOR NONDEPRECIATED ASSETS

When a nondepreciated capital asset is sold or exchanged, appropriate entries are made in
the firm’s accounting records. If the selling price of the capital asset exceeds the original cost
basis, the excess is called a capital gain. If the selling price is less than the original cost
basis, the difference is a capital loss. Examples of nondepreciated assets include stocks,
land, art, and collectibles.

Capital

{
Gain
Loss

}
= Selling price− Original cost basis

Current tax law sets the highest net capital gains tax at 15% for most assets held by
individuals for more than one year. This is in contrast to recaptured depreciation, which is
taxed at the same rate as other (ordinary) income. The tax treatment of capital gains and
losses for nondepreciated assets is shown in Table 12-5.

Investment Tax Credit

When the economy slows down and unemployment rises, the U.S. government frequently
alters its tax laws to promote greater industrial activity. One technique used to stimulate
capital investments has been the investment tax credit (ITC). Businesses were able to
deduct a percentage of their new business equipment purchases as a tax credit. This meant
that the firm’s net cost of the equipment was reduced by the amount of the investment
tax credit. Depending on the specific investment tax credit provisions, the credit might be
subtracted from the basis for depreciation, or the basis for computing depreciation might
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TABLE 12–5 Tax Treatment of Capital Gains and Losses

For Individuals

Capital gain For most assets held for less than 1 year, taxed as ordinary income.
For most assets held for more than 1 year, taxed at 15% tax rate.∗

Capital loss Subtract capital losses from any capital gains; balance may be deducted from
ordinary income, but not more than $3000 per year ($1500 if married filing
separately). Excess capital losses may be carried into future taxable years
indefinitely.

For Corporations

Capital gain Taxed as ordinary income.

Capital loss Corporations may deduct capital losses only to the extent of capital gains.
Any capital loss in the current year that exceeds capital gains can be carried
back 2 years, and, if not completely absorbed, is then carried forward for up
to 20 years.

∗Depending on tax bracket, type of asset, and duration of ownership, the capital gain tax rate can range from
0% to 28%. In addition, a special 0% capital gain tax rate applies to homeowners who treat their home as a
primary residence for at least 2 years within a 5-year period before selling. In such cases, single taxpayers are
allowed a maximum $250,000 in tax-free gain ($500,000 for married couples). Exclusions for nonqualified
use apply.

remain the full cost of the equipment. The Tax Reform Act of 1986 eliminated the invest-
ment tax credit for most assets, although credits are allowed in some specialized cases such
as historic building preservation and in the development of alternate energy sources. It is
likely, however, that the general ITC will reappear at some future time.

ESTIMATING THE AFTER-TAX RATE OF RETURN

There is no shortcut method for computing the after-tax rate of return from the before-tax
rate of return. One possible exception to this statement is in the situation of nondepreciable
assets. In this special case, we have

After-tax rate of return = (1− Incremental tax rate)× (Before-tax rate of return)

For Example 12-6, we could estimate the after-tax rate of return from the before-tax rate of
return as follows:

After-tax rate of return = (1 − 0.39)(8.5%) = 5.2%

This value agrees with the value computed in Example 12-6(b).
This relationship may be helpful for selecting a trial after-tax rate of return when the

before-tax rate of return is known. It must be emphasized, however, this relationship is only
a rough approximation in almost all situations.

AFTER-TAX CASH FLOWS AND SPREADSHEETS

Realistic after-tax analysis requires spreadsheets. Even if costs and revenues are the same
every year, MACRS depreciation percentages are not. The steps for calculating an after-
tax internal rate of return are illustrated in Example 12-7. Because some cash flows are
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taxed and some are not, the spreadsheet is easier to build if these two types are separated.
Spreadsheet construction is easier, as well, if recaptured depreciation or other gain/loss on
disposal or sale are tabulated separately.

Taxes are considered even if only the costs of a project are known. The firm that does
an engineering project must generate profits—or go out of business. Even if a firm has an
unprofitable year, the tax law includes carry-forward and -backward provisions to transfer
deductions to profitable years. The depreciation and revenues in Example 12-7 result in a
negative taxable income for Year 2. Thus the positive cash flow due to taxes that is shown
in Year 2 of Example 12-7 really represents tax savings for the firm.

EXAMPLE 12–7

Return to the data of Example 12-5, where the used truck had a first cost of $15,000, a salvage
value after 5 years of $4500, and savings of $4000 per year. Use MACRS depreciation and
calculate the after-tax rate of return.

SOLUTION

Under MACRS, vehicles have a 5-year recovery period. Thus the MACRS depreciation can
be calculated by using a VDB function (see “Spreadsheets and Depreciation” at the end of
Chapter 11) or by lookup in Table 11-3. The depreciation in Year 5 has been halved, since it is
the year of disposal.

A B C D E F HG

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

 15,000            First Cost

 4000            Annual Benefit

 5            Recovery Period

 4500            Salvage Value

 0.34            Tax Rate

  

Year

0

1

2

3

4

5

16

17

Untaxed
BTCF

�15,000

4500

Taxed
BTCF

4000

4000

4000

4000

4000

MACRS

3000

4800

2880

1728

864

13,272

2772

Cum. Depr.�

�Salvage � BookValue

�Taxed BTCF � MACRS � Recapt.

Recaptured
Depreciation

1000

�800

1120

2272

5908

340.0

�272.0

380.8

772.5

2008.7

IRR�

�15,000.0

3660.0

4272.0

3619.2

3227.5

6491.3

11.96%

Tax
Income ATCFTax

FIGURE 12–3 Spreadsheet for after-tax IRR calculation.

Note from Figure 12-3 that usingMACRS rather than straight-linedepreciation increases the
after-tax IRR from 11.15% to 11.96%. This is due solely to the faster write-off that is allowed
under MACRS.
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SUMMARY

Since income taxes are part of most problems, no realistic economic analysis can ignore
their consequences. Income taxes make the U.S. government a partner in every business
venture. Thus the government benefits from all profitable ventures and shares in the losses
of unprofitable ventures.

The first step in computing individual income taxes is to tabulate gross income. Any
adjustments—for example, allowable taxpayer contributions to a retirement fund—are sub-
tracted to yield adjusted gross income. Personal exemptions and either itemized deductions
or the standard deduction are subtracted to find taxable income. This is used, together with
a tax rate table, to compute the income tax liability for the year.

For corporations, taxable income equals gross income minus all ordinary and neces-
sary expenditures (except capital expenditures) and depreciation and depletion charges. The
income tax computation (whether for an individual or a corporation) is relatively simple,
with rates ranging from 10 to 39%. The proper rate to use in an economic analysis is the
incremental tax rate applicable to the increment of taxable income being considered.

Most individuals and corporations pay state income taxes in addition to federal
income taxes. Since state income taxes are an allowable deduction in computing federal
taxable income, it follows that the taxable income for the federal computation is lower than
the state taxable income.

Combined state and federal incremental tax rate

= �State tax rate + (�Federal tax rate)(1 − �State tax rate)

To introduce the effect of income taxes into an economic analysis, the starting point is
a before-tax cash flow. Then the depreciation schedule is deducted from appropriate parts of
the before-tax cash flow to obtain taxable income. Income taxes are obtained bymultiplying
taxable income by the proper tax rate. Before-tax cash flow less income taxes equals the
after-tax cash flow. This data is all captured in an after-tax cash flow table.

Current tax law has decreased long-term capital gains on most nondepreciated assets
for individuals to 15% when held for more than 1 year and provided an exclusion on the
gain of the principal residence held for more than 2 years.

When dealing with nondepreciable assets, there is a nominal relationship between
before-tax and after-tax rate of return. It is

After-tax rate of return = (1 − �Tax rate)(Before-tax rate of return)

There is no simple relationship between before-tax and after-tax rate of return in the more
usual case of investments involving depreciable assets.

P R O B L E M S

These problems can be solved by hand, but
most will be solved much more easily with a
spreadsheet.

Individual/Joint Taxes

12-1 An unmarried taxpayer with no dependents expects
an adjusted gross income of $70,000 in a given
year. His nonbusiness deductions are expected to be
$6000.
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(a) What will his federal income tax be?

(b) He is considering an additional activity
expected to increase his adjusted gross income.
If this increase should be $16,000 and there
should be no change in nonbusiness deductions
or exemptions, what will be the increase in his
federal income tax?

12-2 John Adams has a $65,000 adjusted gross income
from Apple Corp. and allowable itemized deduc-
tions of $7200. Mary Eve has a $75,000 adjusted
gross income and $2000 of allowable itemized
deductions. Compute the total tax they would pay
as unmarried individuals. Then compute their tax as
a married couple filing a joint return. (Answers:
9725+ 12,687.50 = 22,412.50; 22,700)

12-3 Bill Jackson had a total taxable income of $1800.
Bill’s employer wants him to work another month
during the summer, but Bill had planned to spend
the month hiking. If an additional month’s work
would increaseBill’s taxable income by $1600,how
much more money would he have after paying the
income tax? (Answer: $1440)

12-4 A married couple filing jointly have a combined
total adjusted gross income of $75,000. They have
computed that their allowable itemized deductions
are $4000. Compute their federal income tax.
(Answer: $7610)

12-5 Jane Shay operates a management consulting
business. The business has been successful and now
produces a taxable income of $100,000 per year
after all “ordinary and necessary” expenses and
depreciation have been deducted. At present the
business is operated as a proprietorship; that is,
Jane pays personal federal income tax on the entire
$100,000. For tax purposes, it is as if she had a job
that pays her a $100,000 salary per year.

As an alternative, Jane is considering
incorporating the business. If she does, she will
pay herself a salary of $40,000 a year from the cor-
poration. The corporation will then pay taxes on
the remaining $60,000 and retain the balance of the
money as a corporate asset. Thus Jane’s two alterna-
tives are to operate the business as a proprietorship
or as a corporation. Jane is single and has $3500
of itemized personal deductions. Which alternative
will result in a smaller total payment of taxes to
the government? (Answer: Incorporation, $14,180
versus $19,102)

12-6 Bill Alexander and his wife, Valerie, are both
employed. Bill will have an adjusted gross income
this year of $70,000. Valerie has an adjusted gross

income of $2000 a month. Bill and Valerie have
agreed that Valerie should continue working only
until the federal income tax on their joint income
tax return becomes $11,500. On what date should
Valerie quit her job?

12-7 An unmarried individual in California with a taxable
income of about $80,000 has a federal incremental
tax rate of 28% and a state incremental tax rate of
9.3%.What is his combined incremental tax rate?

12-8 A$10,000 commercialbond thathasa10%bondrate
and matures in 5 years can be purchased for $8000.
Interest is paid at the end of each year for the next 5
years. Find the annual after-tax rate of return of this
investment. Assume a 35% tax rate applies.
Contributed by D. P. Loucks, Cornell University

12-9 Given the following data, compute your combined
income tax rate (CTR) assuming you deduct allow-
able expensesonyour incometax forms:a before-tax
MARRof5%,aninflationrateof3%,afederalincome
tax rate of 28%, a state income tax rate of 6%, a local
city income tax of 3%, and a capital gains tax rate of
15%, as applicable.
Contributed by D. P. Loucks, Cornell University

12-10 Using the answer from Problem 12-9, set up the
equation to compute the after-tax rate of return for
each scenario:

(a) A $5000 corporate bond costs $4600, paying
$500 interest at the end of each year for the next
5 years. At the end of 5 years you get $5000.

(b) A federal-income-tax-free (on interest only)
municipal bond costing $3000, paying $250 at
the end of each year for 5 years, and $2500 at the
end of the 5 years. State and local income taxes
must be paid.

(c) A tax-deferred savings plan in which you invest
$4000 for 5 years. The plan earns 8% annual
interest and you get back your $4000 plus inter-
est at the end of 5 years.
ContributedbyD. P. Loucks,CornellUniversity

Corporate Taxes

12-11 A companywants to set up a new office in a country
where the corporate tax rate is as follows: 15% of
first $50,000 profits, 25% of next $25,000, 34% of
next $25,000, and 39%of everything over $100,000.
Executives estimate that they will have gross rev-
enues of $500,000, total costs of $300,000, $30,000
in allowable tax deductions, and a one-time business
start-up credit of $8000.What is taxable income for
the first year, and how much should the company
expect to pay in taxes?
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12-12 ARKO oil company purchased two large
compressors for $125,000 each. One compres-
sor was installed in the firm’s Texas refinery and
is being depreciated by MACRS depreciation.
The other compressor was placed in the Okla-
homa refinery, where it is being depreciated by
sum-of-years’-digits depreciation with zero salvage
value. Assume the company pays federal income
taxes each year and the tax rate is constant. The
corporate accounting department noted that the two
compressors are being depreciated differently and
wonders whether the corporation will wind up pay-
ingmore income taxes over the life of the equipment
as a result of this. What do you tell them?

12-13 Sole Brother Inc. is a shoe outlet to a major shoe
manufacturing industry located in Chicago. Sole
Brother uses accounts payable as one of its financ-
ing sources. Shoes are delivered to Sole Brother
with a 3% discount if payment on the invoice is
received within 10 days of delivery. By paying after
the 10-day period, Sole is borrowing money and
paying (giving up) the 3% discount. Although Sole
Brother is not required to pay interest on delayed
payments, the shoe manufacturers require that pay-
ments not be delayed beyond 45 days after the
invoice date. To be sure of paying within 10 days,
Sole Brothers decides to pay on the fifth day. Sole
has a marginal corporate income tax of 40% (com-
bined state and federal). By paying within the 10-
day period, Sole is avoiding paying a fairly high
price to retain the money owed shoemanufacturers.
What would have been the effective annual after-tax
interest rate?

12-14 A major industrialized state has a state corporate
tax rate of 9.6% of taxable income. If a corporation
has a state taxable income of $150,000, what is the
total state and federal income tax it must pay?Also,
compute its combined incremental state and federal
income tax rate. (Answers: $50,534; 44.86%)

12-15 To increase its market share, Sole Brother Inc.
decided to borrow $50,000 from its banker for the
purchase of newspaperadvertising for its shoe retail
line. The loan is to be paid in four equal annual
payments with 15% interest. The loan is discounted
12 points. The first 6 “points” are an additional
interest charge of 6% of the loan, deducted immedi-
ately. This additional interest 6%(50, 000) = $3000
means the actual amount received from the $50,000
loan is $47,000. Another 6 points or $3000 of addi-
tional interest is deducted as four $750 additional
annual interest payments.What is the after-tax inter-
est rate on this loan?

12-16 The Lynch Bull investment company suggests
that Steven Comstock, a wealthy New York City
investor (his incremental income tax rate is 35%),
consider the following investment.

Buy corporate bonds on the New York Stock
Exchangewith a face value (par value) of $100,000
and a 5% interest rate paid annually. These bonds
can be purchased at their present market value of
$75,000. Each year Steve will receive the $5000
interest, and after 5 years, when the bonds mature,
he will receive $100,000 plus the last $5000 of
interest.

Steve will pay for the bonds by borrowing
$50,000 at 10% interest for 5 years. The $5000
interest paid on the loan each year will equal the
$5000of interest income from the bonds.As a result
Steve will have no net taxable income during the
five years due to this bond purchase and borrowing
money scheme.

At the end of 5 years, Steve will receive
$100,000 plus $5000 interest from the bonds and
will repay the $50,000 loan and pay the last $5000
interest. The net result is that he will have a $25,000
capital gain; that is, he will receive $100,000
from a $75,000 investment. (Note: This situation
represents an actual recommendationof a brokerage
firm.)

(a) Compute Steve’s after-tax rate of return
on this dual bond-plus-loan investment
package.

(b) What would be Steve’s after-tax rate of return
if he purchased the bonds for $75,000 cash and
did not borrow the $50,000?

Historical Depreciation

12-17 Albert Chan decided to buy an old duplex as an
investment. After looking for several months, he
found a desirable duplex that could be bought for
$300,000 cash. He decided that he would rent both
sides of the duplex, and determined that the total
expected income would be $1500 per month. The
total annual expenses for property taxes, repairs,
gardening, and so forth are estimated at $750 per
year. For tax purposes, Al plans to depreciate
the building by the sum-of-years’-digits method,
assuming that the building has a 20-year remaining
life and no salvage value. Of the total $300,000 cost
of the property, $250,000 represents the value of the
building and $50,000 is the value of the lot. Assume
that Al is in the 38% incremental income tax bracket
(combined state and federal taxes) throughout the
20 years.
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In this analysisAl estimates that the income and
expenses will remain constant at their present levels.
If he buys and holds the property for 20 years, what
after-tax rate of return can he expect to receive on his
investment, using the following assumptions?

A. Al believes the building and the lot can be sold
at the end of 20 years for the $50,000 estimated
value of the lot.

B. A more optimistic estimate of the future value
of the building and the lot is that the prop-
erty can be sold for $380,000 at the end of
20 years.

12-18 Zeon, a large, profitable corporation, is considering
adding some automatic equipment to its production
facilities. An investment of $120,000will produce an
initial annual benefit of $29,000, but the benefits are
expected to decline $3000 per year, making second-
year benefits $26,000, third-year benefits $23,000,
and so forth. If the firm uses sum-of-years’-digits
depreciation, an 8-year useful life, and $12,000 sal-
vage value,will it obtain the desired 6% after-tax rate
of return? Assume that the equipment can be sold for
its $12,000 salvage value at the end of the 8 years.
Also assume a 46% income tax rate for state and
federal taxes combined.

12-19 A group of businessmen formed a corporation to
lease for 5 years a piece of land at the intersection
of two busy streets. The corporation has invested
$50,000 in car-washing equipment. They will depre-
ciate the equipment by sum-of-years’-digits depre-
ciation, assuming a $5000 salvage value at the
end of the 5-year useful life. The corporation is
expected to have a before-tax cash flow, after meet-
ing all expenses of operation (except depreciation),
of $20,000 the first year, declining $3000 per year
in future years (second year = $17,000, third year
= $14,000, etc.). The corporation has other income,
so it is taxed at a combined corporate tax rate of 20%.
If the projected income is correct, and the equipment
can be sold for $5000at the endof 5 years,what after-
tax rate of return would the corporation receive from
this venture? (Answer: 14%)

12-20 The effective combined tax rate in an owner-
managed corporation is 40%. An outlay of $2
million for certain new assets is under consider-
ation. It is estimated that for the next 8 years,
these assets will be responsible for annual receipts
of $600,000 and annual disbursements (other than
for income taxes) of $250,000. After this time,
they will be used only for stand-by purposes, and
no future excess of receipts over disbursements is
estimated.

(a) What is the prospective rate of return before
income taxes?

(b) What is the prospective rate of return after taxes
if straight-line depreciation can be used to write
off these assets for tax purposes in 8 years?

(c) What is the prospective rate of return after taxes
if it is assumed that these assets must be written
off for tax purposes over the next 20 years, using
straight-line depreciation?

12-21 A firm is considering the following investment
project:

Before-Tax

Cash Flow

Year (thousands)

0 −$1000
1 500
2 340
3 244
4 100

5

{
100
125 Salvage value

}

The project has a 5-year useful life with a $125,000
salvage value, as shown. Double declining balance
depreciation will be used, assuming the $125,000
salvage value. The combined income tax rate is 34%.
If the firm requires a 10% after-tax rate of return,
should the project be undertaken?

12-22 The Shellout Corp. owns a piece of petroleum
drilling equipment that costs $100,000 and will be
depreciated in 10 years by double declining balance
depreciation, with conversion to straight-line depre-
ciation at the optimal point. Assume no salvage value
in the depreciation computation and a combined34%
tax rate. Shellout will lease the equipment to others
and each year receive $30,000 in rent. At the end of
5 years, the firm will sell the equipment for $35,000.
(Note that this is different from the zero-salvage-
value assumption used in computing the deprecia-
tion.) What is the after-tax rate of return Shellout will
receive from this equipment investment?

12-23 A mining corporation purchased $120,000 of
production machinery and depreciated it using
SOYD depreciation, a 5-year depreciable life, and
zero salvage value. The corporation is a profitable
one that has a 34% combined incremental tax rate.

At the end of 5 years the mining company
changed its method of operation and sold the
production machinery for $40,000. During the 5
years the machinery was used, it reduced mine oper-
ating costs by $32,000 a year, before taxes. If the
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companyMARR is 12% after taxes, was the invest-
ment in the machinery a satisfactory one?

12-24 An automaker is buying some special tools for
$100,000. The tools are being depreciated by dou-
ble declining balance depreciation using a 4-year
depreciable life and a $6250 salvage value. It is
expected the tools will actually be kept in service
for 6 years and then sold for $6250. The before-tax
benefit of owning the tools is as follows:

Before-Tax

Year Cash Flow

1 $30,000
2 30,000
3 35,000
4 40,000
5 10,000
6 10,000

6,250 Selling price

Compute the after-tax rate of return for this
investment situation, assuming a 46% incremental
tax rate. (Answer: 11.6%)

12-25 This is the continuation of Problem 12-24.
Instead of paying $100,000 cash for the tools, the
corporation will pay $20,000 now and borrow the
remaining $80,000. The depreciation schedule will
remain unchanged. The loan will be repaid by 4
equal end-of-year payments of $25,240.

Prepare an expanded cash flow table that takes
into account both the special tools and the loan.

(a) Compute the after-tax rate of return for
the tools, taking into account the $80,000
loan.

(b) Explain why the rate of return obtained in part
(a) is different from the rate of return obtained
in Problem 12-24.

Hints: 1. Interest on the loan is 10%, $25,240 =
80,000 (A/P , 10%, 4). Each payment
is made up of part interest and part
principal. Interest portion for any year is
10% of balance due at the beginning of
the year.

2. Interest payments are tax deductible (i.e.,
they reduce taxable income and thus taxes
paid). Principal payments are not. Separate
each$25,240payment into interest and prin-
cipal portions.

3. The Year-0 cash flow is −$20,000.

4. After-tax cash flow will be before-tax
cash flow – interest payment – principal
payment – taxes.

12-26 A project will require the investment of $108,000 in
equipment (sum-of-years’-digits depreciation with
a depreciable life of 8 years and zero salvage value)
and $25,000 in raw materials (not depreciable).
The annual project income after all expenses except
depreciation have been paid is projected to be
$24,000. At the end of 8 years the project will be
discontinued and the $25,000 investment in raw
materials will be recovered.

Assume a 34% combined income tax rate for
this corporation. The corporation wants a 15%
after-tax rate of return on its investments. Deter-
mine by present worth analysis whether this project
should be undertaken.

12-27 A profitable incorporated business is considering
an investment in equipment having the follow-
ing before-tax cash flow. The equipment will be
depreciated by double declining balance deprecia-
tion with conversion, if appropriate, to straight-line
depreciation at the preferred time. For depreciation
purposes a $700,000 salvage value at the end of 6
years is assumed. But the actual value is thought to
be $1,000,000, and it is this sum that is shown in the
before-tax cash flow.

Before-Tax

Cash Flow

Year (in $1000)

0 $12,000
1 1,727
2 2,414
3 2,872
4 3,177
5 3,358
6 1,997

1,000 Salvage value

If the firm wants a 9% after-tax rate of return and
its combined incremental income tax rate is 34%,
determine by annual cash flow analysis whether the
investment is desirable.

12-28 A salad oil bottling plant can either buy caps for
the glass bottles at 5� c each or install $500,000
worth of plastic molding equipment and manufac-
ture the caps at the plant. The manufacturing engi-
neer estimates the material, labor, and other costs
would be 3� c per cap.
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(a) If 12 million caps per year are needed and
the molding equipment is installed, what is the
payback period?

(b) The plastic molding equipment would be
depreciated by straight-line depreciation using
a 5-year useful life and no salvage value.
Assuming a combined 40% income tax rate,
what is the after-tax payback period, and what
is the after-tax rate of return?

12-29 A firm has invested $14,000 in machinery with
a 7-year useful life. The machinery will have no
salvage value, as the cost to remove it will equal
its scrap value. The uniform annual benefits from
the machinery are $3600. For a combined 47%
income tax rate, and sum-of-years’-digits depreci-
ation, compute the after-tax rate of return.

12-30 A firm manufactures padded shipping bags. A
cardboard carton should contain 100 bags, but
machine operators fill the cardboard cartons by eye,
so a carton may contain anywhere from 98 to 123
bags (average = 105.5 bags).

Management realizes that they are giving away
51/2% of their output by overfilling the cartons.
The solution would be to weigh each filled ship-
ping carton. Underweight cartons would have addi-
tional shipping bags added, and overweight cartons
would have some shipping bags removed. If the
weighing is done, it is believed that the average
quantity of bags per carton could be reduced to
102, with almost no cartons containing fewer than
100 bags.

The weighing equipment would cost $18,600.
The equipment would be depreciated by
straight-line depreciation using a 10-year depre-
ciable life and a $3600 salvage value at the end of
10 years. Assume the $18,600 worth of equipment
qualifies for a 10% investment tax credit. One per-
son, hired at a cost of $16,000 per year, would be
required to operate the weighing equipment and
to add or remove padded bags from the cardboard
cartons. 200,000 cartons will be checked on the
weighing equipment each year, with an average
removal of 3.5 padded bags per carton with a man-
ufacturing cost of 3� c per bag. This large profitable
corporation has a 50% combined federal-plus-state
incremental tax rate. Assumea 10-year study period
for the analysis and an after-tax MARR of 20%.

Compute:

(a) The after-tax present worth

(b) The after-tax internal rate of return

(c) The after-tax simple payback period

12-31 ACDCCompany is considering the installation of a
new machine that costs $150,000. The machine is
expected to lead to net income of $44,000 per year
for the next 5 years. Using straight-line deprecia-
tion, $0 salvage value, and an effective income tax
rate of 50%, determine the after-tax rate of return for
this investment. If the company’s after-tax MARR
rate is 12%, would this be a good investment or not?
(Answer: 7.42%, no)
Contributed by Mukasa Ssemakula, Wayne State
University

12-32 Florida Construction Equipment Rentals (FCER)
purchases a new 10,000-pound-rated crane for
rental to its customers. This crane costs $1,125,000
and is expected to last for 25 years, at which time it
will have an expected salvage value of $147,000.
FCER earns $195,000 before-tax cash flow each
year in rental income from this crane, and its total
taxable income each year is between $10M and
$15M. If FCER uses straight-line depreciation and
a MARR of 15%, what is the present worth of
the after-tax cash flow for this equipment? Should
the company invest in this crane? (Answers:
$212,700, no)
Contributed by Paul R. McCright, University of
South Florida

12-33 A computer-controlled milling machine will cost
Ajax Manufacturing $65,000 to purchase plus
$4700 to install.

(a) If the machine would have a salvage value of
$6600 at EOY 20, howmuch could Ajax charge
annually to depreciation of this equipment?
Ajax uses straight-line depreciation.

(b) What is the book value of the machine at
EOY 3?

(c) AjaxManufacturing earns a net profit before tax
(also called a taxable income) of $28,800,000.
How much tax would Ajax owe for this year?
Contributed by Paul R. McCright, University of
South Florida

12-34 A farmer bought a new harvester for $120,000. The
harvester’s operating expenses averaged $10,000
per year but the harvester saved $40,000 per year
in labor costs. It was depreciated over a life of 5
years using the SOYD method, assuming a salvage
value of $30,000. The farmer sold the harvester for
only $10,000 at the end of the fifth year. Given an
income tax rate of 30% and a MARR rate of 5%
per year, determine the after-tax net present worth
of this investment. (Answer: $5244)
Contributed by Mukasa Ssemakula, Wayne State
University
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MACRSDepreciation

12-35 Mr. Sam K. Jones, a successful businessman, is
considering erecting a small building on a com-
mercial lot. A local furniture company is willing to
lease the building for $9000 per year, paid at the
end of each year. It is a net lease, which means
the furniture company must also pay the property
taxes, fire insurance, and all other annual costs.
The furniture company will require a 5-year lease
with an option to buy the building and land on
which it stands for $125,000 after 5 years.Mr. Jones
could have the building constructed for $82,000.
He could sell the commercial lot now for $30,000,
the same price he paid for it. Mr. Jones files a
joint return and has an annual taxable income from
other sources of $63,900. He would depreciate the
commercial building by modified accelerated cost
recovery system (MACRS) depreciation. Mr. Jones
believes that at the end of the 5-year lease he could
easily sell the property for $125,000. What is the
after-tax present worth of this 5-year venture if Mr.
Jones uses a 10% after-tax MARR?

12-36 One January Gerald Adair bought a small house
and lot for $99,700. He estimated that $9700 of
this amount represented the land’s value. He rented
the house for $6500 a year during the 4 years
he owned the house. Expenses for property taxes,
maintenance, and so forth were $500 per year. For
tax purposes the housewas depreciated by MACRS
depreciation (27.5-year straight-line depreciation
with a midmonth convention is used for rental
property). At the end of 4 years the property was
sold for $105,000. Gerald is married and works
as an engineer. He estimates that his incremental
state and federal combined tax rate is 24%. What
after-tax rate of return did Gerald obtain on his
investment?

12-37 A corporation with a 34% combined income tax
rate is considering the following investment in
research equipmentand has projected the benefits as
follows:

Before-Tax

Year Cash Flow

0 −$5,000,000
1 200,000
2 800,000
3 1,760,000
4 1,376,000
5 576,000
6 288,000

Prepare an after-tax cash flow table assuming
MACRS depreciation.

(a) What is the after-tax rate of return?

(b) What is the before-tax rate of return?

12-38 An engineer is working on the layout of a new
research and experimentation facility. Two plant
operators will be required. If, however, an additional
$100,000 of instrumentation and remote controls
were added, the plant could be run by a single
operator. The total before-tax cost of each plant
operator is projected to be $35,000 per year. The
instrumentation and controls will be depreciated by
means of the modified accelerated cost recovery
system (MACRS).

If this corporation (34% combined corporate
tax rate) invests in the additional instrumentation
and controls, how long will it take for the after-tax
benefits to equal the $100,000 cost? In other words,
what is the after-tax payback period? (Answer:
3.24 years).

12-39 A special power tool for plastic products costs
$400,000 has a 4-year useful life, no salvage value,
and a 2-year before-tax payback period. Assume
uniform annual end-of-year benefits.

(a) Compute the before-tax rate of return.

(b) Compute the after-tax rate of return, based on
MACRS depreciation and a 34% combined cor-
porate income tax rate.

12-40 The Ogi Corporation, a construction company, pur-
chased used a pickup truck for $14,000 and used
MACRS depreciation in the income tax return. Dur-
ing the time the company had the truck, they esti-
mated that it saved $5000 a year. At the end of 4
years, Ogi sold the truck for $3000. The combined
federal and state income tax rate for Ogi is 45%.
Compute the after-tax rate of return for the truck.
(Answer: 12.5%)

12-41 A profitable wood products corporation is
considering buying a parcel of land for $50,000,
building a small factory building at a cost of
$200,000, and equipping it with $150,000 of
MACRS 5-year-class machinery.

If the project is undertaken,MACRS deprecia-
tion will be used. Assume the plant is put in service
October 1. The before-tax net annual benefit from
the project is estimated at $70,000 per year. The
analysis period is to be 5 years, and planners assume
the sale of the total property (land, building, and
machinery) at the end of 5 years, also on October
1, for $328,000. Compute the after-tax cash flow
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based on a 34% combined income tax rate. If the
corporation’s criterion is a 15% after-tax rate of
return, should it proceed with the project?

12-42 A chemical company bought a small vessel for
$55,000; it is to be depreciated by MACRS
depreciation. When requirements changed sud-
denly, the chemical company leased the vessel to
an oil company for 6 years at $10,000 per year.
The lease also provided that the oil company could
buy the vessel at the end of 6 years for $35,000.
At the end of the 6 years, the oil company exer-
cised its option and bought the vessel. The chemical
company has a 34% combined incremental tax rate.
Compute its after-tax rate of return on the vessel.
(Answer: 9.86%)

12-43 Xon, a small oil company, purchased a new
petroleum drilling rig for $1,800,000. Xon will
depreciate the drilling rig using MACRS deprecia-
tion. The drilling rig has been leased to a drilling
company, which will pay Xon $450,000 per year
for 8 years. At the end of 8 years the drilling rig
will belong to the drilling company. If Xon has
a 34% combined incremental tax rate and a 10%
after-tax MARR, does the investment appear to be
satisfactory?

12-44 The profitable Palmer Golf Cart Corp. is
considering investing $300,000 in special tools for
some of the plastic golf cart components. Execu-
tives of the company believe the present golf cart
model will continue to be manufactured and sold
for 5 years, after which a new cart design will be
needed, togetherwith a different set of special tools.

The saving in manufacturing costs, owing to
the special tools, is estimated to be $150,000 per
year for 5 years. Assume MACRS depreciation for
the special tools and a 39% combined income tax
rate.

(a) What is the after-tax payback period for this
investment?

(b) If the company wants a 12% after-tax rate of
return, is this a desirable investment?

12-45 Uncle Elmo is contemplating a $10,000 investment
in a methane gas generator. He estimates his gross
income would be $2000 the first year and increase
by $200 each year over the next 10 years. His
expenses of $200 the first year would increase by
$200 each year over the next 10 years. He would
depreciate the generator by MACRS depreciation,
assuming a 7-year property class. A 10-year-old
methane generator has nomarket value. The income

tax rate is 40%. (Remember that recaptured depre-
ciation is taxed at the same 40% rate.)

(a) Construct the after-tax cash flow for the 10-year
project life.

(b) Determine the after-tax rate of return on this
investment. Uncle Elmo thinks it should be at
least 8%.

(c) If Uncle Elmo could sell the generator for $7000
at the end of the fifth year, would his rate of
return be better than if he kept the generator for
10 years? You don’t have to actually find the
rate of return, just do enough calculations to see
whether it is higher than that of part (b).

12-46 Granny’s Butter and Egg Business is such that
she pays an effective tax rate of 40%. Granny is
considering the purchase of a new Turbo Churn for
$25,000. This churn is a special handling device
for food manufacture and has an estimated life of 4
years and a salvage value of $5000. The new churn
is expected to increase net income by $8000 per
year for each of the 4 years of use. If Granny works
with an after-tax MARR of 10% and uses MACRS
depreciation, should she buy the churn?

12-47 Eric has a house and lot for sale for $210,000. It is
estimated that $40,000 is the value of the land and
$170,000 is the value of the house. On January 1
Bonnie is purchasing the house to rent and plans
to own it for 5 years. After 5 years, it is expected
that the house and land can be sold on December 31
for $225,000. Total annual expenses (maintenance,
property taxes, insurance, etc.) are expected to be
$5000 per year. The house would be depreciated
byMACRS depreciation using a 27.5-year straight-
line rate with midmonth convention for rental prop-
erty. For depreciation, a salvage value of zero was
used.Bonnie wants a 15% after-tax rate of return on
her investment. You may assume that Bonnie has an
incremental income tax rate of 28% in each of the
5 years. Capital gains are taxed at 15%. Determine
the following:
(a) The annual depreciation

(b) The capital gain (loss) resulting from the sale of
the house

(c) The annual rent Bonnie must charge to produce
an after-tax rate of return of 15%. (Hint: Write
an algebraic equation to solve for rent.)

12-48 Bill owns a data processing company. He plans to
buy an additional computer for $20,000, use the
computer for 3 years, and sell it for $10,000. He
expects that use of the computer will produce a net
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TABLE P12-48 Worksheet for Problem12-48

Before-Tax MACRS Taxable Income After-Tax Present
Year Cash Flow Depreciation Income Tax (45%) Cash Flow Worth (12%)

0 −$20,000

1 8,000

2 8,000

3 8,000

10,000

Net Present Worth =

income of $8000 per year. The combined fed-
eral and state incremental tax rate is 45%. Using
MACRS depreciation, complete Table P12-48 to
determine the net presentworth of the after-tax cash
flow using an interest rate of 12%.

12-49 Refer to Problem 12-40. To help pay for the pickup
truck, the Ogi Corp. obtained a $10,000 loan from
the truck dealer, payable in four end-of-year pay-
ments of $2500 plus 10% interest on the loan bal-
ance each year.

(a) Compute the after-tax rate of return for the truck
together with the loan. Note that the interest
on the loan is tax deductible, but the $2500
principal payments are not.

(b) Why is the after-tax rate of return computed
in part (a) so much different from the 12.5%
obtained in Problem 12-40?

12-50 Specialty Machining, Inc. bought a newmulti turret
turning center for $250,000.Themachine generated
new revenue of $80,000 per year. Operating costs
for the machine averaged $10,000 per year. Follow-
ing IRS regulations, the machine was depreciated
using the MACRS method, with a recovery period
of 7 years. The center was sold for $75,000 after
5 years of service. The company uses an after-tax
MARR rate of 12% and is in the 35% tax bracket.

Determine the after-tax net present worth of this
asset over the 5-year service period. (Answer:
$3275)
Contributed by Mukasa Ssemakula, Wayne State
University

12-51 Fleet Fleet rental car company purchased 10 new
cars for a total cost of $180,000. The cars generated
income of $150,000 per year and incurred operating
expenses of $60,000 per year. The company uses
MACRS depreciation and its marginal tax rate is
40% (Note: Per IRS regulations, cars have a class
life of 5 years). The 10 cars were sold at the end
of the third year for a total of $75,000. Assum-
ing a MARR of 10% and using NPW, determine
if this was a good investment on an after-tax basis.
(Answer: NPW= $46,197)
Contributed by Mukasa Ssemakula, Wayne State
University

12-52 An investor bought a racehorse for $1 million.
The horse’s average winnings were $700,000 per
year and expenses averaged $200,000 per year. The
horse was retired after 3 years, at which time it was
sold to a breeder for $175,000. Assuming MACRS
depreciation and an income tax rate of 50%, deter-
mine the investor’s after-tax rate of return on this
investment.
Contributed by Mukasa Ssemakula, Wayne State
University
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12-53 Vanguard Solar Systems is building a new manu-
facturing facility to be used for the production of
solar panels. Vanguard uses a MARR of 15%, and
MACRS depreciation on its assets and is in the 35%
tax bracket. The building will cost $2.75 million,
and the equipment (3-year property) will cost $1.55
million plus installation costs of $135,000. O&M
costs are expected to be $1.3 million the first year,
increasing 6% annually. If the facility opens in the
month of March and sales are as shown, determine
the present worth of the after-tax cash flows for the
first 5 years of operation.
Contributed by Paul R. McCright, University of
South Florida

Year Sales

1 $2,100,000
2 3,200,000
3 3,800,000
4 4,500,000
5 5,300,000

12-54 Tampa Electric Company (TECO) is planning a
major upgrade in its computerized demand man-
agement system. In order to accommodate this
upgrade, a building will be constructed on land
already owned by the company. The building is esti-
mated to cost $1.8M and will be opened in August
2010. The computer equipment for the building
will cost $2.75M, and all office equipment will
cost $225,000. Annual expenses for operating this
facility (labor, materials, insurance, energy, etc.)
are expected to be $325,000 during 2010. Use of
the new demand management system is expected
to decrease fuel and other costs for the company
by $1.8M in the first year (2010). If the company
expects to earn 9% on its investments, is in the 35%
tax bracket, and uses a 20-year planning horizon,
determine the estimated after-tax cash flow from
this project in 2010. (Answer: $569,083)
Contributed by Paul R. McCright, University of
South Florida

12-55 Christopher wants to add a solar photovoltaic sys-
tem to his home. He plans to install a 2-kW system
and has received a quote from an installer who
will install this unit for $19,750. The federal gov-
ernment will give him a tax credit of 30% of the

cost, and the state will give a 10% tax credit. State
law requires the utility company to buy back all
excess power generated by the system. Christo-
pher’s annual power bill is estimated to be $2000,
and this will be eliminated by the solar system.
Christopher expects to receive a check from the
power company for $600 each year for his excess
production. If the tax credits are received at EOY
1 and Christopher receives a $2000 savings plus a
$600 income at the end of each year, use present
worth to determine if the system pays for itself in
8 years? Assume that Christopher earns 3% on all
investments.
Contributed by Paul R. McCright, University of
South Florida

12-56 Mid-America Shipping is considering purchasing a
new barge for use on its Ohio River routes. The
new barge will cost $13.2 million and is expected
to generate an income of $7.5 million the first year
(growing $1M each year), with additional expenses
of $2.6 million the first year (growing $400,000 per
year). If Mid-America uses MACRS, is in the 38%
tax bracket, and has a MARR of 12%, what is the
present worth of the first 4 years of after-tax cash
flows from this barge? Would you recommend that
Mid-America purchase this barge? (Hints : Remem-
ber that all expensesare deducted from income prior
to determining the taxes. Round to the nearest tenth
of a million dollars.)
Contributed by Paul R. McCright, University of
South Florida

Solving forUnknowns
12-57 A store owner, Joe Lang, believes his business has

suffered from the lack of adequate customer park-
ing space. Thus, when he was offered an oppor-
tunity to buy an old building and lot next to his
store, he was interested. He would demolish the old
building and make off-street parking for 20 cus-
tomers’ cars. Joe estimates that the new parking
would increase his business and produce an addi-
tional before-income-tax profit of $7000 per year. It
would cost $2500 to demolish the old building.

Mr. Lang’s accountant advised that both costs
(the property and demolishing the old building)
would be considered to comprise the total value
of the land for tax purposes, and it would not be
depreciable.
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Mr. Lang would spend an additional $3000 right
away to put a light gravel surface on the lot. This
expenditure, he believes, may be charged as an
operating expense immediately andneednot be cap-
italized. To compute the tax consequencesof adding
the parking lot, Joe estimates that his combined state
and federal incremental income tax rate will average
40%. If Joewants a 15%after-tax rate of return from
this project, howmuch could he pay to purchase the
adjoining land with the old building?

Assume that the analysis period is 10 years and
that the parking lot could always be sold to recover
the costs of buying the property anddemolishing the
old building. (Answer: $23,100)

12-58 Themanagementof a private hospital is considering
the installation of an automatic telephone switch-
board, which would replace a manual switchboard
and eliminate the attendant operator’s position. The
class of service provided by the new equipment
is estimated to be at least equal to the present
method of operation. To provide telephone service,
five operators currently work three shifts per day,
365 days per year. Each operator earns $25,000
per year. Company-paid benefits and overhead are
25% of wages.Money costs 8% after income taxes.
Combined federal and state income taxes are 40%.
Annual property taxes and maintenance are 21/2
and 4% of investment, respectively. Depreciation
is 15-year straight line. Disregarding inflation,
how large an investment in the new equipment
can be economically justified by savings obtained
by eliminating the present equipment and labor
costs? The existing equipment has zero salvage
value.

12-59 A contractor has to choose one of the following
alternatives in performing earthmoving contracts:

A. Buy a heavy-duty truck for $35,000. Salvage
value is expected to be $8000 at the end of the
vehicle’s 7-year depreciable life. Maintenance
is $2500 per year. Daily operating expenses are
$200.

B. Hire a similar unit for $550 per day.

Based on a 10% after-tax rate of return, how many
days per year must the truck be used to justify its
purchase? Base your calculations on straight-line
depreciation and a 50% income tax rate.

12-60 The Able Corporation is considering the installa-
tion of a small electronic testing device for use in
conjunction with a government contract the firm
has just won. The testing device will cost $20,000
and will have an estimated salvage value of $5000
in 5 years when the government contract is fin-
ished. The firm will depreciate the instrument by
the sum-of-years’-digits method, using 5 years as
the useful life and a $5000 salvage value. Assume
that Able pays 50% federal and state corporate
income taxes and uses 8% after-tax in economic
analysis. What minimum equal annual benefit must
Able obtain before taxes in each of the 5 years
to justify purchasing the electronic testing device?
(Answer: $5150)

12-61 A house and lot are for sale for $155,000. It is
estimated that $45,000 is the land’s value and
$110,000 is the value of the house. The net rental
income would be $12,000 per year after taking all
expenses, except depreciation, into account. The
house would be depreciated by straight-line depre-
ciation using a 27.5-year depreciable life and zero
salvage value.

Mary Silva, the prospective purchaser, wants
a 10% after-tax rate of return on her investment
after considering both annual income taxes and a
capital gain when she sells the house and lot. At
what price would she have to sell the house at the
end of 10 years to achieve her objective? You may
assume that Mary has an incremental income tax
rate of 28% in each of the 10 years.

12-62 A corporation is considering buying a medium-
sized computer that will eliminate a task that must
be performed three shifts per day, 7 days per
week, except for one 8-hour shift per week when
the operation is shut down for maintenance. At
present four people are needed to perform the day
and night tasks. Thus the computer will replace
four employees. Each employee costs the company
$32,000 per year ($24,000 in direct wages plus
$8000 per year in other company employee costs).
It will cost $18,000 per year to maintain and operate
the computer.

The computer will be depreciated by
sum-of-years’-digits depreciation using a 6-year
depreciable life, at which time it will be assumed to
have zero salvage value.
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The corporation has a combined federal and
state incremental tax rate of 50%. If the firmwants a
15% rate of return, after considering both state and
federal income taxes, howmuch can it afford to pay
for the computer?

12-63 A sales engineer has the following alternatives to
consider in touring his sales territory.

A. Buy a 2-year old used car for $14,500. Sal-
vage value is expected to be about $5000 after
3 more years.Maintenance and insurance cost is
$1000 in the first year and increases at the rate of
$500/year in subsequent years. Daily operating
expenses are $50/day.

B. Rent a similar car for $80/day.

Based on a 12% after-tax rate of return, how many
days per year must he use the car to justify its
purchase? You may assume that this sales engineer
is in the 28% incremental tax bracket. UseMACRS
depreciation. (Answer: 218 days)

12-64 A large profitable company, in the 40% combined
federal/state tax bracket, is considering the purchase
of a new piece of equipment that will yield benefits
of $10,000 in Year 1, $15,000 in Year 2, $20,000 in
Year 3, and $20,000 in Year 4. The equipment is to
be depreciated using 5-year MACRS depreciation
starting in the year of purchase (Year 0). It is
expected that the equipment will be sold at the end
of Year 4 at 20% of its purchase price. What is the
maximum equipment purchase price the company
can pay if its after-tax MARR is 10%?

12-65 A prosperous businessman is considering two
alternative investments in bonds. In both cases the
first interest paymentwould be received at the end of
the first year. If his personal taxable income is fixed
at $40,000 and he is single, which investment pro-
duces the greater after-tax rate of return? Compute
the after-tax rate of return for each bond to within
1/4 of 1 percent.

AnnArborMunicipal Bonds:A bondwith a face
value of $1000 pays $60 per annum. At the end
of 15 years, the bond becomes due (“matures”),
at which time the owner of the bond will receive
$1000 plus the final $60 annual payment. The
bond may be purchased for $800. Since it is

a municipal bond, the annual interest is not
subject to federal income tax. The difference
between what the businessman would pay for
the bond ($800) and the $1000 face value he
would receive at the end of 15 years must be
included in taxable income when the $1000 is
received.

Southern Coal Corporation Bonds: A
thousand-dollar bond yields $100 per year in
annual interest payments. When the bonds
mature at the end of 20 years, the bond-
holder will receive $1000 plus the final $100
interest. The bonds may be purchased now
for $1000. The income from corporation
bonds must be included in federal taxable
income.

12-66 You recently bought a mini-supercomputer for
$10,000 to allow for tracking and analysis of real-
time changes in stock and bond prices. Assume you
plan on spendinghalf your time tending to the stock
market with this computer and the other half as per-
sonal use. Also assume you can depreciate your
computer by 20% per year over 5 years (straight
line rate). How much tax savings will you have in
each of those 5 years, if any? Use a tax rate of 28%.
(Answer: $280)
Contributed by D. P. Loucks, Cornell University

Multiple Alternatives

12-67 Use the after-tax IRR method to evaluate the fol-
lowing three alternatives for MACRS 3-year prop-
erty, and offer a recommendation. The after-tax
MARR is 25%, the project life is 5 years, and
the firm has a combined incremental tax rate
of 45%.

First Annual Salvage

Alt. Cost Costs Value

A $14,000 $2500 $ 5,000
B 18,000 1000 10,000
C 10,000 5000 0
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12-68 A small-business corporation is considering
whether to replace some equipment in the plant.
An analysis indicates there are five alternatives
in addition to the do-nothing option, Alt. A. The
alternatives have a 5-year useful life with no
salvage value. Straight-line depreciation would
be used.

Before-TaxUniform

Cost Annual Benefits

Alternatives (thousands) (thousands)

A $ 0 $ 0
B 25 7.5
C 10 3
D 5 1.7
E 15 5
F 30 8.7

The corporation has a combined federal and state
income tax rate of 20%. If the corporation expects
a 10% after-tax rate of return for any new invest-
ments, which alternative should be selected?

12-69 A corporation with $7 million in annual taxable
income is considering two alternatives:

Before-Tax Cash Flow ($1000)

Year Alt. 1 Alt. 2

0 −$10,000 −$20,000
1–10 4,500 4,500
11–20 0 4,500

Both alternatives will be depreciated by
straight-line depreciation assuminga 10-year depre-
ciable life and no salvage value. Neither alternative
is to be replaced at the end of its useful life. If
the corporation has a minimum attractive rate of
return of 10% after taxes, which alternative should
it choose? Solve the problem by:

(a) Present worth analysis

(b) Annual cash flow analysis

(c) Rate of return analysis

(d) Future worth analysis

(e) Benefit–cost ratio analysis

12-70 Two mutually exclusive alternatives are being
considered by a profitable corporation with an
annual taxable income between $5 million and $10
million.

Before-Tax Cash Flow ($1,000)

Year Alt. A Alt. B

0 −$3000 −$5000
1 1000 1000
2 1000 1200
3 1000 1400
4 1000 2600
5 1000 2800

Both alternatives have a 5-year useful and
depreciable life and no salvage value. Alternative
A would be depreciated by sum-of-years’-digits
depreciation, and Alt. B by straight-line depre-
ciation. If the MARR is 10% after taxes, which
alternative should be selected?
(Answer: Alt. B)

12-71 A large profitable corporation is considering two
mutually exclusive capital investments:

Alt. A Alt. B

Initial cost $11,000 $33,000
Uniform annual benefit 3,000 9,000
End-of-depreciable-life 2,000 3,000

salvage value
Depreciation method SL SOYD
End-of-useful-life 2,000 5,000

salvage value obtained
Depreciable life, in years 3 4
Useful life, in years 5 5

If the firm’s after-tax minimum attractive rate
of return is 12% and its combined incremental
income tax rate is 34%, which project should be
selected?
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12-72 A plant can be purchased for $1,000,000 or it can
be leased for $200,000 per year. The annual income
is expected to be $800,000 with the annual operat-
ing cost of $200,000. The resale value of the plant
is estimated to be $400,000 at the end of its 10-
year life. The company’s combined federal and state
income tax rate is 40%. A straight-line depreciation
can be used over the 10 years with the full first-year
depreciation rate.

(a) If the company uses the after-tax minimum
attractive rate of return of 10%, should it lease
or purchase the plant?

(b) What is the breakeven rate of return of purchase
versus lease?

12-73 VML Industries has need of specialized yarn
manufacturing equipment for operations over the
next 3 years. The firm could buy the machinery for
$95,000 and depreciate it using MACRS. Annual
maintenance would be $7500, and it would have
a salvage value of $25,000 after 3 years. Another
alternative would be to lease the same machine
for $45,000 per year on an “all costs” inclusive
lease (maintenance costs included in lease pay-
ment). These lease payments are due at the begin-
ning of each year. VML Industries uses an after-tax
MARR of 18% and a combined tax rate of 40%.
Do an after-tax present worth analysis to determine
which option is preferred.

12-74 Padre Pio owns a small business and has taxable
income of $150,000. He is considering four mutu-
ally exclusive alternative models of machinery.
Which machine should be selected on an after-tax
basis? The after-tax MARR is 15%. Assume that
eachmachine is MACRS5-year property and can be
sold for a market value that is 25% of the purchase
cost, and the project life is 10 years.

Model I II III IV
First cost $9000 $8000 $7500 $6200

Annual costs 25 200 300 600
(Answer:Alt. III)

12-75 LoTech Welding can purchase a machine for
$175,000 and depreciate it as 5-yearMACRS prop-
erty. Annual maintenance would be $9800, and its
salvage value after 8 years is $15,000. The machine
can also be leased for $35,000 per year on an “all
costs” inclusive lease (maintenance costs included).
Lease payments are due at the beginning of each
year, and they are tax-deductible. The firm’s com-
bined tax rate for state and federal income taxes is
40%. If the firm’s after-tax interest rate is 9%, which
alternative has the lower EAC and by how much?

12-76 For Problem 12-75, assume that Section 179 depre-
ciation must be considered as this is LoTech’s only
major equipment investment this year. Also assume
that the firm is profitable. How much lower is the
annual cost of purchasing the machine?

12-77 For Problem 12-75, assume that the machine will
be financedwith a 4-year loan whose interest rate is
12%.

(a) Graph the EAC for the purchase for financing
fractions ranging from 0% to 100%.

(b) Assume that 50% bonus depreciation is also
available. Graph the EAC for the purchase for
financing fractions ranging from 0% to 100%.

(c) Assume that Section 179 depreciation must
be considered, as this is LoTech’s only major
equipment investment this year. Also assume
that the firm is profitable.Graph the EACfor the
purchase for financing fractions ranging from
0% to 100%.
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C A S E S
The following cases from Cases in Engineering
Economy 2nd are suggested as matched with this
chapter.

CASE 26 Molehill & Mountain Movers
Compare depreciation methods with option
for inflation.

CASE 28 Olives in Your Backyard
Emphasizes taxes and sensitivity analysis.

CASE 29 New Fangled Manufacturing
Emphasizes taxes and sensitivity analysis.

CASE36 Brown’s Nursery (Part A)
After-tax analysis of expansion opportunity.

CASE38 West MuskegonMachining andManufacturing
More complex inflation and tax problem with sunk
cost and leverage.

CASE53 Problems in Pasta Land
Long case statement. Includes taxes and limited
uncertainty.
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REPLACEMENT
ANALYSIS

The $7 Billion Upgrade

I
n 2009 Intel Corporation announced it was
spending $7 billion in 2009 and 2010 to
modernize and update its siliconwafer man-
ufacturing plants in the U.S. The upgrade

will allow Intel to manufacture 32-nm chips
in fabs originally built for 45-nm and 65-nm
chips. Upgrade work will include remodeling
the plant’s interior and purchasing new wafer
fabrication tools.

Despite the price tag for the project, Intel
planned on saving money overall by upgrad-
ing the existing plants instead of designing and
building a new one. The upgraded plants use

newer processes that allow chips to hold smaller and faster transistors, and the new larger
wafer accommodates more chips. All these changes lead to lower production costs.

The company also noted that by deciding to remain in its current locations, it was able to
retain its highly skilled workforce. � � �



1. Intel made the decision to upgrade existing plant facilities versus building new ones.
In their analysis they claimed to have saved money by doing so. Use the Internet and
search for articles that discuss what new manufacturing plants cost in industries of
different types. Does Intel’s $7 billion upgrade decision seem in line? What issues
are you not considering if you think the cost seems very high?

2. Companies that upgrade existing productionassets may ormay not scrap their current
assets. Give a realistic scenario for each case.

3. The upgrade vs. replace decision often includes economic as well as noneconomic
factors. List three economic and three noneconomic factors that may have been at
the top of Intel’s list in making the decision.

4. Companies that build new manufacturing plants often site them outside the U.S.
Discuss the ethical impacts that are or should be part of a firm’s decision process.

After Completing This Chapter. . .

The student should be able to:

• Recast an equipment reinvestment decision as a challenger vs. defender analysis.
• Use the replacement analysis decision map to select the correct economic analysis
technique to apply.

• Calculate the minimum cost life of economic challengers.
• Incorporate concepts such as repeatability assumption for replacement analysis and
marginal cost data for the defender to select the correct economic analysis techniques.

• Perform replacement problems on an after-tax basis, utilizing the defender sign
change procedure when appropriate.

• Use spreadsheets for solving before-tax and after-tax replacement analysis problems.

441
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Up to this point in our economic analysis we have considered the evaluation and selection of
new alternatives. Which new car or productionmachine should we buy?What new material
handling system or ceramic grinder shouldwe install?More frequently, however, economic
analysis weighs existing versus new facilities. For most engineers, the problem is less likely
to be one of building a new plant; rather, the goal is more often keeping a present plant
operating economically.We are not choosing between newways to perform the desired task.
Instead, we have equipment performing the task, and the question is: Should the existing
equipment be retained or replaced? This adversarial situation has given rise to the terms
defender and challenger. The defender is the existing equipment; the challenger is the
best available replacement equipment. Economically evaluating the existing defender and
its challengers is the domain of replacement analysis.

THE REPLACEMENT PROBLEM

Replacement of an existing asset may be appropriate due to obsolescence, depletion,
and deterioration due to aging. In each of these cases, the ability of a previously imple-
mented business asset to produce a desired output is challenged. For cases of obsolescence,
depletion, and aging, it may be economical to replace the existing asset. We define each of
these situations.

Obsolescence: occurs when an asset’s technology is surpassed by newer and/or
different technologies. As an example, today’s personal computers (PCs) with
more RAM, faster clock speeds, larger hard drives, and more powerful central
processors have made older, less powerful PCs obsolete. Thus, obsolete assets
may need to be replaced with newer, more technologically advanced ones.

Depletion: the gradual loss of market value of an asset as it is being consumed or
exhausted. Oil wells and timber stands are examples of such assets. In most cases
the asset will be used until it is depleted, at which time a replacement asset will
be obtained. Depletion was treated in Chapter 11.

Deterioration due to aging: the general condition of loss in value of some asset
due to the aging process. Productionmachinery and other business assets that were
once new eventually become aged. To compensate for a loss in functionality due
to the aging process, additional operating and maintenance expenses are usually
incurred to maintain the asset at its operating efficiency.

Aging equipment often has a greater risk of breakdowns. Planned replacements can be
scheduled to minimize the time and cost of disruptions. Unplanned replacements can be
very costly or even, as with an airplane engine, potentially catastrophic.

There are variations of the replacement problem: An existing asset may be aban-
doned or retired, augmented by a new asset but kept in service, or overhauled to reduce its
operating and maintenance costs. These variations are most easily considered as potential
new challengers.

Replacement problems are normally analyzed by looking only at the costs of the exist-
ing and replacement assets. Since the assets typically perform the same function, the value
of using the vehicle, machine, or other equipment can be ignored. If the new asset has new
features or better performance, these can be included as a cost savings.

Alternatives in a replacement problem almost always have different lives, and the prob-
lem includes picking the best one. This is because an existing asset will often be kept for
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at most a few years longer, while the potential replacements may have lives of any length.
Thus replacement problems are focused on annual marginal costs and on EUAC values. We
can calculate present costs, but only as a step in calculating EUAC values.

In industry, as in government, expenditures are normally monitored by means of
annual budgets. One important facet of a budget is the allocation of money for new
capital expenditures, either new facilities or replacement and upgrading of existing
facilities.

Replacement analysis may recommend that certain equipment be replaced, with the
cost included in the capital expenditures budget. Even if no recommendation to replace is
made, such a recommendation may be made the following year or subsequently. At some
point, existing equipment will be replaced, either when it is no longer necessary or when
better equipment is available. Thus, the question is not if the defender will be replaced,
but when it will be replaced. This leads us to the first question in the defender–challenger
comparison:

Shall we replace the defender now, or shall we keep it for one or more additional years?

If we do decide to keep the asset for another year, we will often reanalyze the problem
next year. The operating environment and costs may change, or new challengers with lower
costs or better performance may emerge.

REPLACEMENT ANALYSIS DECISIONMAP

Figure 13-1 is a basic decision map for conducting a replacement analysis.

Identify
Alternatives

Find Lowest
EUAC for
Defender

Analysis Technique 1
Compare the defender's
next-year marginal cost 
with the challenger's EUAC.

Analysis Technique 2
Compare the defender's
lowest EUAC with the
challenger's EUAC at
its minimum cost life.

Analysis Technique 3
Lacking defender marginal cost data,
compare the defender's EUAC over its
remaining useful life with the challenger’s
EUAC at its minimum cost life.

Find 
EUAC Over
Given Life

Defender

Available

No

Yes

Not Available

Best Challenger

Defender
Marginal
Cost Data

Defender
Marginal

Cost Increasing

FIGURE 13–1 Replacement analysis decision map.
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Defender Challenger

Mutually Exclusive Set of Challengers

“Winner” of Challengers Comparison
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(previously implemented)

Challenger-1 Challenger-2

Challenger-3 Challenger-k

…

vs

FIGURE 13–2 Defender–challenger comparison.

Looking at the map, we can see there are three replacement analysis techniques that can
be used under different circumstances. The correct replacement analysis technique depends
on the data available for the alternatives and how the data behave over time.

By looking at the replacement analysis map, we see that the first step is to identify the
alternatives. Again, in replacement analysis we are interested in comparing the previously
implemented asset (the defender) against the best current available challenger.

If the defender proves more economical, it will be retained. If the challenger proves more
economical, it will be installed.

In this comparison the defender is being evaluated against a challenger that has been
selected from a set of mutually exclusive competing challengers. Figure 13-2 illustrates
this concept as a drag race between the defender and a challenger. The challenger that is
competing against the defender has emerged from an earlier competition among a set of
potential challengers. Any of the methods previously discussed in this text for evaluating
sets ofmutually exclusive alternatives could be used to identify the “best” challenger to race
against the defender. However, it is important to note that the comparison of these potential
challenger alternatives should be made at each alternative’s respective minimum cost life.
This concept is discussed next.

MINIMUMCOST LIFE OF ANEWASSET—THE CHALLENGER

The minimum cost life of any new asset is the number of years at which the equivalent
uniform annual cost (EUAC) of ownership is minimized. This minimum cost life is often
shorter than either the asset’s physical or useful life, because of increasing operating and
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maintenance costs in the later years of asset ownership. The challenger asset selected to
“race” against the defender (in Figure 13-2) is the one having the lowest minimum cost of
all the competing mutually exclusive challengers.

To calculate the minimum cost life of an asset, we determine the EUAC for each pos-
sible life less than or equal to the useful life. As illustrated in Example 13-1, the EUAC
tends to be high if the asset is kept only a few years; then it decreases to some minimum
value, and then increases again as the asset ages. By identifying the number of years at
which the EUAC is a minimum and then keeping the asset for that number of years, we are
minimizing the yearly cost of ownership.

EXAMPLE 13–1

A piece ofmachinery costs $7500 and has no salvage value after it is installed.Themanufacturer’s
warranty will pay the first year’s maintenance and repair costs. In the second year, maintenance
costs will be $900, and they will increase on a $900 arithmetic gradient in subsequent years.
Also, operating expenses for the machinery will be $500 the first year and will increase on a $400
arithmetic gradient in the following years. If interest is 8%, compute the machinery’s economic
life that minimizes the EUAC. That is, find its minimum cost life.

SOLUTION

If Retiredat the End of Year n

EUAC of Capital EUAC of Maintenance EUAC of

RecoveryCosts: and Repair Costs: OperatingCosts: EUAC

Year,n $7500(A/P, 8%, n) $900(A/G, 8%, n) $500 + $400(A/G, 8%, n) Total

1 $8100 $ 0 $ 500 $8600
2 4206 433 692 5331
3 2910 854 880 4644
4 2264 1264 1062 4589←
5 1878 1661 1238 4779
6 1622 2048 1410 5081
7 1440 2425 1578 5443
8 1305 2789 1740 5834
9 1200 3142 1896 6239

10 1117 3484 2048 6650
11 1050 3816 2196 7063
12 995 4136 2338 7470
13 948 4446 2476 7871
14 909 4746 2609 8265
15 876 5035 2738 8648

The total EUAC data are plotted in Figure 13-3. From either the tabulation or the figure, we see
that the machinery’s minimum cost life is 4 years, with a minimum EUAC of $4589 for each of
those 4 years.
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FIGURE 13–3 Plot of costs for Example 13-1.

Looking at Figure 13-3 a bit more closely, we see the effects of each of the individ-
ual cost components on total EUAC (capital recovery, maintenance/repair, and operating
expense EUACs) and how they behave over time. The total EUAC curve of most assets
tends to follow this concave shape—high at the beginning due to capital recovery costs and
high at the end due to increased maintenance/repair and operating expenses. The minimum
EUAC occurs somewhere between these high points.

Like many pieces of installed equipment, the item considered in Example 13-1 had
no salvage value. However, some assets, like your car, can easily be sold for a value that
depends on the car’s age and condition. Another possible complication is that repair costs
may be reduced in early years by a warranty. The resulting cost curves will look like Figure
13-3, but the calculations are more work and a spreadsheet is very helpful. Example 13-11
in the last section of this chapter illustrates finding the minimum cost life for a new vehicle
using spreadsheets.

DEFENDER’S MARGINAL COST DATA

Once the basic participants in the defender–challenger comparison have been identified
(see Figure 13-1), two specific questions regardingmarginal costs must be answered:Dowe
have marginal cost data for the defender? and Are the defender’s marginal costs increasing
on a year-to-year basis?Let us first definemarginal cost and then discusswhy it is important
to answer these two questions.

Marginal costs, as opposed to an EUAC, are the year-by-year costs of keeping an
asset. Therefore, the “period” of any yearly marginal cost of ownership is always 1 year.
In our analysis, marginal cost is compared with EUAC, which is an end-of-year cash flow.
Therefore, the marginal cost is also calculated as end-of-year cash flow.

On the other hand, an EUAC can apply to any number of consecutive years. Thus, the
marginal cost of ownership for any year in an asset’s life is the cost for that year only. In
replacement problems, the total marginal cost for any year can include the capital recovery



Defender’sMarginal Cost Data 447

cost (loss in market value and lost interest for the year), yearly operating and maintenance
costs, yearly taxes and insurance, and any other expense that occurs during that year. To
calculate an asset’s yearly marginal cost of ownership, it is necessary to have estimates of
an asset’s market value on a year-to-year basis over its useful life, as well as ordinary yearly
expenses. Example 13-2 illustrates how total marginal cost can be calculated for an asset.

EXAMPLE 13–2

A new piece of production machinery has the following costs.
Investment cost = $25, 000

Annual operating and maintenance cost = $2000 in Year 1 and then increasing by
$500 per year

Annual cost for risk of breakdown = $5000 per year for 3 years, then
increasing by $1500 per year

Useful life = 7 years
MARR = 15%

Calculate the marginal cost of keeping this asset over its useful life.

SOLUTION

From the problem data we can easily find the marginal costs for O&M and risk of breakdowns.
However, to calculate the marginal capital recovery cost, we need estimates of each year’s market
value.

Year Market Value

1 $18,000
2 13,000
3 9,000
4 6,000
5 4,000
6 3,000
7 2,500

We can now calculate the machinery’s marginal cost (year-to-year cost of ownership) over its
7-year useful life.

Cost of Total

O&M Breakdown Marginal

Loss in Market Interest Cost in Risk Cost

Year, n Value in Year n in Year n Year n in Year n in Year n

1 $25,000− 18,000 = $7000 $25,000(0.15) = $3750 $2000 $ 5,000 $17,750
2 18,000− 13,000 = 5000 18,000(0.15) = 2700 2500 5,000 15,200
3 13,000− 9,000 = 4000 13,000(0.15) = 1950 3000 5,000 13,950
4 9,000− 6,000 = 3000 9,000(0.15) = 1350 3500 6,500 14,350
5 6,000− 4,000 = 2000 6,000(0.15) = 900 4000 8,000 14,900
6 4,000− 3,000 = 1000 4,000(0.15) = 600 4500 9,500 15,600
7 3,000− 2,500 = 500 3,000(0.15) = 450 5000 11,000 16,950

Notice that each year’s total marginal cost includes loss in market value, interest, O&M cost,
and cost for risk of breakdowns. For example, the Year-5 marginal cost of $14,900 is calculated
as 2000+ 900 + 4000+ 8000.
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DoWeHave Marginal Cost Data for the Defender?

Our decision map indicates that it is necessary to know whether marginal cost data are
available for the defender asset to determine the appropriate replacement technique to use.
Usually in engineering economic problems, annual savings and expenses are given for all
alternatives. However, as in Example 13-2, it is also necessary to have year-to-year salvage
value estimates to calculate total marginal costs. If the total marginal costs for the defender
can be calculated, and if the data are increasing from year to year, then replacement analysis
technique 1 should be used to compare the defender to the challenger.

Are These Marginal Costs Increasing?

We have seen that it is important to know whether the marginal cost for the defender is
increasing from year to year. This is determined by inspecting the total marginal cost of
ownership of the defender over its remaining life. Inmost replacement analyses the defender
is nearing the end of its economic life. The question usually is, Should we replace it now,
next year, or perhaps the year after? In the early years of an asset’s life we rarely ana-
lyze whether it is time for replacement. Thus, the defender’s marginal costs are usually
increasing, as shown in Example 13-3.

EXAMPLE 13–3

An asset purchased 5 years ago for $75,000 can be sold today for $15,000. Operating expenses
will be $10,000 this year, but these will increase by $1500 per year. It is estimated that the asset’s
market value will decrease by $1000 per year over the next 5 years. If the MARR used by the
company is 15%, calculate the total marginal cost of ownership of this old asset (that is, the
defender) for each of the next 5 years.

SOLUTION

We calculate the total marginal cost of maintaining the old asset for the next 5-year period as
follows:

Operating Marginal

Loss inMarket Interest Cost Cost in

Year, n Value in Year n in Year n in Year n Year n

1 $15,000 − 14,000 = $1000 $15,000(0.15) = $2250 $10,000 $13,250
2 14,000 − 13,000 = 1000 14,000(0.15) = 2100 11,500 14,600
3 13,000 − 12,000 = 1000 13,000(0.15) = 1950 13,000 15,950
4 12,000 − 11,000 = 1000 12,000(0.15) = 1800 14,500 17,300
5 11,000 − 10,000 = 1000 11,000(0.15) = 1650 16,000 18,650

We can see that marginal costs increase in each subsequent year of ownership.
When the condition of increasing marginal costs for the defender has been met,
then the defender–challenger comparison should be made with replacement analysis
technique 1.
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REPLACEMENT ANALYSIS TECHNIQUE 1: DEFENDERMARGINAL COSTS CAN BE
COMPUTED AND ARE INCREASING

When our first method of analyzing the defender asset against the best available chal-
lenger is used, the basic comparison involves the defender’s marginal cost data and the
challenger’s minimum cost life data.

When the defender’s marginal cost is increasing from year to year, we will maintain
that defender as long as the marginal cost of keeping it one more year is less than the
challenger’s minimum EUAC. Thus our decision rule is as follows:

Maintain the defender as long as the marginal cost of ownership for one more year is less
than the challenger’sminimum EUAC. When the defender’s marginal cost becomesgreater
than the challenger’s minimum EUAC, then replace the defender with the challenger.

One can see that this technique assumes that the current best challenger, with its
minimum EUAC, will be available and unchanged in the future. However, it is easy to
update a replacement analysis when marginal costs for the defender change or when there
is a change in the cost and/or performance of available challengers. Example 13-4 illustrates
the use of this technique for comparing defender and challenger assets.

EXAMPLE 13–4

Taking the machinery in Example 13-2 as the challenger and the machinery in Example 13-3 as
the defender, use replacement analysis technique 1 to determine when, if at all, a replacement
decision should be made.

SOLUTION

Replacement analysis technique 1 should be used only in the condition of increasing marginal
costs for the defender. Since these marginal costs are increasing for the defender (from Example
13-3), we can proceed by comparing defender marginal costs against the minimum EUAC of the
challenger asset. In Example 13-2 we calculated only the marginal costs of the challenger; thus
it is necessary to calculate the challenger’s minimum EUAC. The EUAC of keeping this asset
for each year of its useful life is worked out as follows.

Challenger

Total Marginal Present Cost if Kept EUAC if Kept

Year, n Cost in Year n Through Year n (PCn) Through Year n

1 $17,750 [17,750(P/F ,15%, 1)] × (A/P ,15%, 1) = $17,750
2 15,200 PC1 + 15,200(P/F ,15%, 2) × (A/P ,15%, 2) = 16,560
3 13,950 PC2 + 13,950(P/F ,15%, 3) × (A/P ,15%, 3) = 15,810
4 14,350 PC3 + 14,350(P/F ,15%, 4) × (A/P ,15%, 4) = 15,520
5 14,900 PC4 + 14,900(P/F ,15%, 5) × (A/P ,15%, 5) = 15,430
6 15,600 PC5 + 15,600(P/F ,15%, 6) × (A/P ,15%, 6) = 15,450
7 16,950 PC6 + 16,950(P/F ,15%, 7) × (A/P ,15%, 7) = 15,580
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A minimum EUAC of $15,430 is attained for the challenger at Year 5, which is the challenger’s
minimum cost life.We proceed by comparing this value against themarginal costs of the defender
from Example 13-3:

Defender Total

Marginal Cost Challenger Comparison

Year, n in Yearn Minimum EUAC Result and Recommendation

1 $13,250 $15,430 Since $13,250 is less than $15,430,
keep defender.

2 14,600 15,430 Since $14,600 is less than $15,430,
keep defender.

3 15,950 15,430 Since $15,950 is greater than $15,430,
replace defender.

4 17,300
5 18,650

Based on the data given for the challenger and for the defender, we would keep the defender for
2 more years and then replace it with the challenger because at that point the defender’s marginal
cost of another year of ownership would be greater than the challenger’s minimum EUAC.

REPLACEMENT REPEATABILITY ASSUMPTIONS

The decision to use the challenger’s minimum EUAC reflects two assumptions: the best
challenger will be available “with the same minimum EUAC” in the future; and the period
of needed service is indefinitely long. In other words, we assume that once the decision
has been made to replace, there will be an indefinite cycle of replacement with the current
best challenger asset.These assumptions must be satisfied for our calculations to be correct
into an indefinite future. However, because the near future is economically more important
than the distant future, and because our analysis is done with the best data currently avail-
able, our results and recommendations are robust or stable for reasonable changes in the
estimated data.

The repeatability assumptions together are much like the repeatability assumptions that
allowed us to use the annual cost method to compare competing alternatives with different
useful lives. Taken together, we call these the replacement repeatability assumptions.
They allow us to greatly simplify comparing the defender and the challenger.

Stated formally, these two assumptions are:

1. The currently available best challenger will continue to be available in subsequent
years and will be unchanged in its economic costs. When the defender is ultimately
replaced, it will be replaced with this challenger. Any challengers put into service
will also be replaced with the same currently available challenger.

2. The period of needed service of the asset is indefinitely long. Thus the challenger
asset, once put into service, will continuously replace itself in repeating cycles.

If these two assumptions are satisfied completely, then our calculations are exact.
Often, however, future challengers represent further improvements so that Assumption 1
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is not satisfied. While the calculations are no longer exact, the repeatability assumptions
allow us to make the best decision we can with the data we have.

If the defender’s marginal cost is increasing, once it rises above the challenger’s
minimum EUAC, it will continue to be greater. Under the repeatability assumptions, we
would never want to incur a defender’s marginal cost that was greater than the challenger’s
minimum EUAC. Thus, we use replacement analysis technique 1 when the defender’s
marginal costs are increasing.

REPLACEMENT ANALYSIS TECHNIQUE 2: DEFENDERMARGINAL COSTS CAN BE
COMPUTED AND ARE NOT INCREASING

If the defender’s marginal costs do not increase, we have no guarantee that replacement
analysis technique 1 will produce the alternative that is of the greatest economic advan-
tage. Consider the new asset in Example 13-2, which has marginal costs that begin at a
high of $17,750, then decrease over the next years to a low of $13,950, and then increase
thereafter to $16,950 in Year 7. If evaluated one year after implementation, the asset would
not have increasing marginal costs. Defenders in their early stages typically do not fit
the requirements of replacement analysis technique 1. In the situation graphed in Figure
13-3, such defender assets would be in the downward slope of a concave marginal cost
curve.

Example 13-5 details why replacement analysis technique 1 cannot be applied when
defenders do not have consistently increasing marginal cost curves. Instead we apply
replacement analysis technique 2. That is, we calculate the defender’s minimum EUAC
to see whether the replacement should occur immediately. If not, as shown in Example 13-
5, the replacement occurs after the defender’s minimum cost life when the marginal costs
are increasing. Then replacement analysis technique 1 applies again.

EXAMPLE 13–5

Let us look again at the defender and challenger assets in Example 13-4.This time let us arbitrarily
change the defender’s marginal costs for its 5-year useful life. Now when, if at all, should the
defender be replaced with the challenger?

Defender Total Marginal

Year,n Cost in Yearn

1 $16,000
2 14,000
3 13,500
4 15,300
5 17,500

SOLUTION

In this case the defender’s total marginal costs are not consistently increasing from year to year.
However, if we ignore this fact and apply replacement analysis technique 1, the recommendation
would be to replace the defender now, because the defender’s marginal cost for the first year
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($16,000) is greater than the minimum EUAC of the challenger ($15,430). This would be the
wrong choice.

Since the defender’s marginal costs are below the challenger’s minimumEUAC in the second
through fourth years, we must calculate the EUAC of keeping the defender asset in each of its
remaining 5 years, at i = 15%.

Present Cost if Kept EUAC if

Year, n n Years (PCn) Kept n Years

1 16,000(P/F, 15%, 1) × (A/P, 15%, 1) = $16,000
2 PC1 + 14,000(P/F, 15%, 2) × (A/P, 15%, 2) = 15,070
3 PC2 + 13,500(P/F, 15%, 3) × (A/P, 15%, 3) = 14,618
4 PC3 + 15,300(P/F, 15%, 4) × (A/P, 15%, 4) = 14,754
5 PC4 + 17,500(P/F, 15%, 5) × (A/P, 15%, 5) = 15,162

The minimum EUAC of the defender for 3 years is $14,618, which is less than that
of the challenger’s minimum EUAC of $15,430. Thus, under the replacement repeatability
assumptions, we will keep the defender for at least 3 years. We must still decide how much
longer.

The defender’s EUAC begins to rise in Year 4, because the marginal costs are increas-
ing, and because they are above the defender’s minimum EUAC. Thus, we can use
replacement analysis technique 1 for Year 4 and later. The defender’s marginal cost in Year
4 is $15,300, which is $130 below the challenger’s minimum EUAC of $15,430. Since the
defender’s marginal cost of $17,500 is higher in Year 5, we replace it with the new chal-
lenger at the end of Year 4. Notice that we did not keep the defender for its minimum cost
life of 3 years, we kept it for 4 years.

If the challenger’s minimum EUAC were less than the defender’s minimum EUAC of
$14,618, then the defender would be immediately replaced.

Example 13-5 illustrates several potentially confusing points about replacement
analysis.

• If the defender’s marginal cost data is not increasing, the defender’sminimumEUAC
must be calculated.

• If the defender’s minimum EUAC exceeds the challenger’s minimum EUAC, then
replace immediately. If the defender’s minimumEUAC is lower than the challenger’s
minimumEUAC, then under the replacement repeatability assumptions the defender
will be kept at least the number of years for its minimum EUAC.

• After this number of years, then replace when the defender’s increasing marginal
cost exceeds the challenger’s minimum EUAC.

The problem statement for Example 13-6 illustrates a second approach to calculating
the defender’s marginal costs for its capital costs. The value at the year’s beginning is mul-
tiplied by (1 + i) and the salvage value at the year’s end is subtracted. Each year’s total
marginal cost also includes the operations and maintenance costs.

Then the solution to Example 13-6 details the calculation of the minimumEUAC when
the defender’s data is presented as costs and salvage values in each year rather than as
marginal costs. Notice that this is calculated the same way as the minimum cost life was
calculated for new assets—the challengers.
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EXAMPLE 13–6

A 5-year-old machine, whose current market value is $5000, is being analyzed to determine
its minimum EUAC at a 10% interest rate. Salvage value and maintenance estimates and the
corresponding marginal costs are given in the following table.

Data CalculatingMarginal Costs

Salvage O&M Marginal

Year Value Cost St-1(1 + i ) –St Cost

0 $5000
1 4000 $ 0 $5500 $–4000 $1500
2 3500 100 4400 –3500 1000
3 3000 200 3850 –3000 1050
4 2500 300 3300 –2500 1100
5 2000 400 2750 –2000 1150
6 2000 500 2200 –2000 700
7 2000 600 2200 –2000 800
8 2000 700 2200 –2000 900
9 2000 800 2200 –2000 1000

10 2000 900 2200 –2000 1100
11 2000 1000 2200 –2000 1200

SOLUTION

Because the marginal costs have a complex, nonincreasing pattern, we must calculate the
defender’s minimum EUAC.

If Retiredat End of Year n

Salvage EUAC of

Value (S) Capital EUAC of

Years at End of Maintenance Recovery (P−−−S)××× Maintenance Total

Kept, n Yearn Cost for Year (A/P, 10%, n) + Si 100( A/G, 10%,n) EUAC

0 P = $5000
1 4000 $ 0 $1100 + 400 $ 0 $1500
2 3500 100 864 + 350 48 1262
3 3000 200 804 + 300 94 1198
4 2500 300 789 + 250 138 1177
5 2000 400 791 + 200 181 1172
6 2000 500 689 + 200 222 1111
7 2000 600 616 + 200 262 1078
8 2000 700 562 + 200 300 1062
9 2000 800 521 + 200 337 1058←

10 2000 900 488 + 200 372 1060
11 2000 1000 462 + 200 406 1068

AminimumEUAC of $1058 is computed at Year 9 for the existingmachine. Notice that the EUAC
begins to increase with n when the marginal cost in Year 10 exceeds the EUAC for 9 years.
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Now to apply replacement analysis technique 2 to Example 13-6, we ask: Is the chal-
lenger’s minimum EUAC higher or lower than the defender’s minimum EUAC of $1058?
If the challenger’s minimum EUAC is lower, then we replace the defender now.

Under the repeatability assumptions, if the challenger’s minimum EUAC is higher, we
would keep the defender at least 9 years. Replacement would occur in Year 10 or later
when the defender’s marginal costs exceed the challenger’s minimum EUAC. Relaxing
the repeatability assumptions to allow for better challengers, we may replace the defender
whenever a new challenger has an EUAC that is lower than $1058.

Example 13-7 illustrates the common situation of a current defender that may be kept
if overhauled. This can also be analyzed as a potential new challenger.

EXAMPLE 13–7

We must decide whether existing (defender) equipment in an industrial plant should be
replaced. A $4000 overhaul must be done now if the equipment is to be retained in service.
Maintenance is $1800 in each of the next 2 years, after which it increases by $1000 each year.
The defender has no present or future salvage value. The equipment described in Example 13-1 is
the challenger (EUAC= $4589). Should the defender be kept or replaced if the interest rate is 8%?

FIGURE 13–4 Overhaul and maintenance costs for the
defender in Example 13-7. 0 1 2 3 4 5
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SOLUTION

The first step is to determine the defender’s lowest EUAC. The pattern of overhaul and mainte-
nance costs (Figure 13-4) suggests that if the overhaul is done, the equipment should be kept for
several years. The computation is as follows:

If Retiredat End of Year n

EUAC of Overhaul EUAC of Maintenance $1800 + $1000

Year,n $4000(A/P, 8%, n) Gradient from Year 3 on Total EUAC

1 $4320 $1800 $6120
2 2243 1800 4043
3 1552 1800+ 308* 3660←
4 1208 1800+ 683† 3691
5 1002 1800+ 1079 3881

∗For the first 3 years, the maintenance is $1800, $1800, and $2800. Thus,
EUAC = 1800+ 1000(A/F, 8%, 3) = 1800+ 308.
†EUAC = 1800+1000(P/G, 8%, 3)(P/F, 8%, 1)(A/P, 8%, 4) = 1800+683.
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The lowest EUAC of the overhauled defender is $3660. In Example 13-1, the challenger’s
minimum cost life was 4 years with an EUAC of $4589. If we assume the equipment is needed
for at least 4 years, the overhauled defender’s EUAC ($3660) is less than the challenger’s EUAC
($4589). Overhaul the defender.

If the defender’s and challenger’s cost data do not change, we can use replacement analysis
technique 1 to determine when the overhauled defender should be replaced. We know from the
minimum EUAC calculation that the defender should be kept at least 3 years. Is this the best
life? The following table computes the marginal cost to answer this question.

Year, n OverhaulCost Maintenance Cost Marginal Cost to Extend Service

0 $4000 $ 0
1 0 1800 $6120 = 4000(1.08) + 1800
2 0 1800 1800
3 0 2800 2800
4 0 3800 3800
5 0 4800 4800

Year 5 is the first year after Year 3, which has the overhauled defender’s lowest EUAC
(in which the $4800 marginal cost exceeds the challenger’s $4589 minimum EUAC). Thus,
the overhauled defender should be kept 4 more years if costs do not change. (Note that if the
defender can be overhauled again after 3 or 4 years, that might be an even better choice.)

REPLACEMENT ANALYSIS TECHNIQUE 3: WHENDEFENDERMARGINAL COST
DATA ARE NOTAVAILABLE

In our third case, we simply compare the defender’s EUAC over its stated useful life, and
the challenger’s minimum EUAC. Pick the EUAC that is lower.

If the defender’s marginal cost data is not known and cannot be estimated, it is
impossible to apply replacement analysis techniques 1 or 2 to decide when the defender
should be replaced. Instead we must assume that the defender’s stated useful life is the only
one to consider. From a student problem-solving perspective, the defender in Example 13-7
might be described as follows.

The defender can be overhauled for $4800 to extend its life for 5 years. Maintenance
costs will average $3000 per year, and there will be no salvage value. In this case the only
possibility is to compare the defender’s EUAC for a 5-year life with the best challenger.

In the real world, the most likely scenario for this approach involves a facility-wide
overhaul every 3, 5, 10, etc. years. Pipelines and many process plants, such as refineries,
chemical plants, and steel mills, must shut down to do major maintenance. All equipment
is overhauled or replaced with a new challenger as needed, and the facility is expected to
operate until the next maintenance shutdown.

The defender’s EUAC over its remaining useful life is compared with the challenger’s
EUAC at its minimum cost life, and the lower cost is chosen. However, in making this
basic comparison an often complicating factor is deciding what first cost to assign to the
challenger and the defender.
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COMPLICATIONS IN REPLACEMENT ANALYSIS

DefiningDefender and Challenger First Costs

Because the defender is already in service, analysts often misunderstand what first cost to
assign it. Example 13-8 demonstrates this problem.

EXAMPLE 13–8

A model SK-30 was purchased 2 years ago for $1600; it has been depreciated by straight-line
depreciation using a 4-year life and zero salvage value. Because of recent innovations, the
current price of the SK-30 is $995. An equipment firm has offered a trade-in allowance of
$350 for the SK-30 on a new $1200 model EL-40. Some discussion revealed that without a
trade-in, the EL-40 can be purchased for $1050. Thus, the originally quoted price of the EL-40
was overstated to allow a larger trade-in allowance. The true current market value of the SK-
30 is probably only $200. In a replacement analysis, what value should be assigned to the SK-30?

SOLUTION

In the example, five different dollar amounts relating to the SK-30 have been outlined:

1. Original cost: It cost $1600 2 years ago.

2. Present cost: It now sells for $995.

3. Book value: The original cost less 2 years of depreciation is 1600−2/4(1600−0) = $800.

4. Trade-in value: The offer was $350.

5. Market value: The estimate was $200.

We know that an economic analysis is based on the current situation, not on the past. We refer to
past costs as sunk costs to emphasize this. These costs cannot be altered, and they are not relevant.
(There is one exception: past costs may affect present or future income taxes.)

We want to use actual cash flows for each alternative. Here the question is,What value should
be used in an economic analysis for the SK-30? The relevant cost is the equipment’s present
market value of $200. Neither the original cost, the present cost, the book value, nor the trade-in
value is relevant.

At first glance, an asset’s trade-in value would appear to be a suitable present value
for the equipment. Often the trade-in price is inflated along with the price for the new
item. (This practice is so common in new-car showrooms that the term overtrade is used to
describe the excessive portion of the trade-in allowance. The buyer is also quoted a higher
price for the new car.) Distorting the defender’s present value, or the challenger’s price can
be serious because these distortions do not cancel out in an economic analysis.

Example 13-8 illustrated that of the several different values that can be assigned to the
defender, the correct one is the present market value. If a trade-in value is obtained, care
should be taken to ensure that it actually represents a fair market value.

Determining the value for the challenger’s installed cost should be less difficult. In
such cases the first cost is usually made up of purchase price, sales tax, installation costs,
and other items that occur initially on a one-time basis if the challenger is selected. These
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values are usually rather straightforward to obtain. One aspect to consider in assigning a
first cost to the challenger is the defender’s potential market or salvage value. One must not
arbitrarily subtract the defender’s disposition value from the challenger’s first cost, for this
practice can lead to an incorrect analysis.

As described in Example 13-8, the correct first cost to assign to the defender SK-30
is its $200 current market value. This value represents the present economic benefit that
we would be forgoing to keep the defender. This can be called our opportunity first cost.
If, instead of assuming that this is the defender’s opportunity cost, we assume it is a cash
benefit to the challenger, a potential error arises.

The error lies in incorrect use of a cash flow perspectivewhen the lives of the challenger
and the defender are not equal, which is usually the case. The approach of subtracting the
defender’s salvage value from the challenger’s first cost is called the cash flow perspective.
From this perspective, keeping the defender in place causes $0 in cash to flow, but select-
ing the challenger causes the cash flow now to equal the challenger’s first cost minus the
defender’s salvage value.

If the lives of the defender and the challenger are the same, then the cash flow
perspectivewill lead to the correct answer. However, it is normally the case that the defender
is an aging asset with a relatively short horizon of possible lives and the challenger is a new
asset with a longer life. The opportunity cost perspective will always lead to the correct
answer, so it is the one that should be used.

For example, consider the SK-30 and EL-40 from Example 13-8. It is reasonable to
assume that the 2-year-old SK-30 has 3 years of life left and that the new EL-40 would have
a 5-year life. Assume that neither will have any salvage value at the end of its life. Compare
the difference in their annual capital costs with the correct opportunity cost perspective and
the incorrect cash flow perspective.

SK-30 EL-40

Market value $200 First cost $1050
Remaining life 3 years Useful life 5 years

Looking at this from an opportunity cost perspective, the annual cost comparison of
the first costs is

Annualized first costSK-30 = $200(A/P, 10%, 3) = $80

Annualized first costEL-40 = $1050(A/P, 10%, 5) = $277

The difference in annualized first cost between the SK-30 and EL-40 is

AFCEL-40 − AFCSK-30 = $277− $80 = $197

Now using an incorrect cash flow perspective to look at the first costs, we can calculate
the difference due to first cost between the SK-30 and EL-40.

Annualized first costSK-30 = $0(A/P, 10%, 3) = $0

Annualized first costEL-40 = ($1050 − 200)(A/P, 10%, 5) = $224

AFCEL-40 − AFCSK-30 = $224− $0 = $224

When the defender’s remaining life (3 years) differs from the challenger’s useful life
(5 years), the two perspectives yield different results. The correct difference of $197 is
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shown by using the opportunity cost approach, and an inaccurate difference of $224 is
obtained if the cash flow perspective is used. From the opportunity cost perspective, the
$200 is spread out over 3 years as a cost to the defender, and in the cash flow perspective,
the opportunity cost is spread out over 5 years as a benefit to the challenger. Spreading
the $200 over 3 years in one case and 5 years in the other case does not produce equivalent
annualized amounts. Because of the difference in the lives of the assets, the annualized $200
opportunity cost for the defender cannot be called an equivalent benefit to the challenger.

In the case of unequal lives, the correct method is to assign the defender’s current
market value as its Time-0 opportunity costs, rather than subtracting this amount from the
challenger’s first cost. Because the cash flow approach yields an incorrect value when chal-
lenger and defender have unequal lives, the opportunity cost approach for assigning a first
cost to the challenger and defender assets should always be used.

REPEATABILITY ASSUMPTIONS NOT ACCEPTABLE

Under certain circumstances, the repeatability assumptions described earlier may not apply.
Then replacement analysis techniques 1, 2, and 3 may not be valid. For instance, there may
be a specific study period instead of an indefinite need for the asset. For example, consider
the case of phasing out production after a certain number of years—perhaps a person who
is about to retire is closing down a business and selling all the assets. Another example is
production equipment such as molds and dies that are no longer needed when a new model
with new shapes is introduced. Yet another is a construction camp that may be needed for
only a year or two or three.

This specific study period could potentially be any number of years relative to the lives
of the defender and the challenger, such as equal to the defender’s life, equal to the chal-
lenger’s life, less than the defender’s life, greater than the challenger’s life, or somewhere
between the lives of thedefender and challenger. The analyst must be explicit about the chal-
lenger’s and defender’s economic costs and benefits, as well as residual or salvage values at
the end of the specific study period. In this case the repeatability replacement assumptions
do not apply; costs must be analyzed over the study period. The analysis techniques in the
decision map also may not apply when future challengers are not assumed to be identical
to the current best challenger. This concept is discussed in the next section.

A Closer Look at Future Challengers

We defined the challenger as the best available alternative to replace the defender. But over
time, the best available alternative can indeed change. And given the trend in our technolog-
ical society, it seems likely that future challengers will be better than the present challenger.
If so, the prospect of improved future challengers may affect the present decision between
the defender and the challenger.

Figure 13-5 illustrates two possible estimates of future challengers. In many
technological areas it seems likely that the equivalent uniform annual costs associated with
future challengers will decrease by a constant amount each year. In other fields, how-
ever, a rapidly changing technology will produce a sudden and substantially improved
challenger—with decreased costs or increased benefits. The uniformdecline curve of Figure
13-5 reflects the assumption that each future challenger has a minimumEUAC that is a fixed
amount less than the previous year’s challenger. This assumption, of course, is only one of
many possible assumptions that could be made regarding future challengers.
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FIGURE 13–5 Two possible ways the
EUAC of future challengers may decline.
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If future challengers will be better than the present challenger, what impact will this
have on an analysis now? The prospect of better future challengers may make it more desir-
able to retain the defender and to reject the present challenger. By keeping the defender for
now, we may be able to replace it later by a better future challenger. Or, to state it another
way, the present challenger may be made less desirable by the prospect of improved future
challengers.

As engineering economic analysts, we must familiarize ourselves with potential
technological advances in assets targeted for replacement. This part of the decision pro-
cess is much like the search for all available alternatives, from which we select the best.
Upon finding out more about what alternatives and technologies are emerging, we will be
better able to understand the repercussions of investing in the current best available chal-
lenger. Selecting the current best challenger asset can be particularly risky when (1) the
costs are very high and/or (2) the challenger’s useful minimum cost life is relatively long
(5–10 years or more). When one or both of these conditions exist, it may be better to keep
or even augment the defender asset until better future challengers emerge.

There are, of course, many assumptions that could be made regarding future
challengers. However, if the replacement repeatability assumptions do not hold, the analysis
needed becomes more complicated.

AFTER-TAX REPLACEMENT ANALYSIS

As described in Chapter 12, an after-tax analysis provides greater realism and insight. Tax
effects can alter before-tax recommendations. After-tax effects may influence calculations
in the defender–challenger comparisons discussed earlier. Consequently, one should always
perform or check these analyses on an after-tax basis.

Marginal Costs on an After-Tax Basis

Marginal costs on an after-tax basis represent the cost that would be incurred through
ownership of the defender in each year. On an after-tax basis we must consider the
effects of ordinary taxes as well as gains and losses due to asset disposal. Consider
Example 13-9.
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EXAMPLE 13–9

Refer to Example 13-2, where we calculated the before-tax marginal costs for a new piece of
production machinery. Calculate the asset’s after-tax marginal costs considering this additional
information.

• Depreciation is by the straight-line method, with S = $0 and n = 5 years, so dt =
($25,000− $0)/5= $5000.

• Ordinary income, recaptured depreciation, and losses on sales are taxed at a rate of 40%.
• The after-tax MARR is 10%.

Some classes skip or have not yet covered Chapter 10’s explanation of expected value. Thus, the
expected cost for risk of breakdowns is described here as an insurance cost.

SOLUTION

The after-tax marginal cost of ownership will involve the following elements: incurred or forgone
loss or recaptured depreciation, interest on invested capital, tax savings due to depreciation, and
annual after-tax operating/maintenance and insurance. Figure 13-6 shows example cash flows for
the marginal cost detailed in Table 13-1.

As a refresher of the recaptured depreciation calculations in Chapter 12:

The market value in Year 0 = 25,000.

The market value decreases to $18,000 at Year 1.

The book value at Year 1 = 25,000 − 5000 = $20,000.

So loss on depreciation = 20,000 − 18,000 = $2000.

This results in a tax savings of (2000)(0.4) = $800.

$     800 tax savings from loss on sale

  18,000 salvage value

2,000 tax savings on depreciation
          � ($5000) (0.4)

25,000

4,200 after-tax O&M and insurance
          � ($2000 � $5000)(1 � 0.4)

Marginal cost � Fend-of-year
                       � 25,000 (1 � 0.1) � 4200 � 800 � 18,000 � 2000
                       � $10,900

Marginal cost � Fend-of-year
                       � 18,800 (1.1) � 4500 � 800 � 13,000 � 2000 � $9380

Keep for first year

$     800 tax savings from loss on sale
  13,000 salvage value

2,000 tax savings on depreciation

4,500 after-tax O&M and insurance18,000
salvage value

800
tax savings from loss on sale

Keep for second year

0

1

21

0

FIGURE 13–6 Cash flow diagrams and calculations for marginal cost.
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TABLE 13–1 Marginal Costs ofOwnership

Market Book Recaptured Taxes or After-Tax

Year Value Value Depr. or Loss Tax Savings Market Value

0 $25,000 $25,000 $25,000
1 18,000 20,000 –$2000 –$800 18,800
2 13,000 15,000 –2000 –800 13,800
3 9,000 10,000 –1000 –400 9,400
4 6,000 5,000 1000 400 5,600
5 4,000 0 4000 1600 2,400
6 3,000 3000 1200 1,800
7 2,500 2500 1000 1,500

Col. B Col. C Col. D Col. F = C +D + F – B

After-Tax Beg. Yr Tax Savings O&M and After-Tax Marginal

Year MarketValue Value× (1 + i ) fromDepr. Deduct. Insurance Cost Annual Expense Cost

0 $25,000
1 18,800 $27,500 –$2000 $ 7,000 $4200 $10,900
2 13,800 20,680 –2000 7,500 4500 9,380
3 9,400 15,180 –2000 8,000 4800 8,580
4 5,600 10,340 –2000 10,000 6000 8,740
5 2,400 6,160 –2000 12,000 7200 8,960
6 1,800 2,640 0 14,000 8400 9,240
7 1,500 1,980 0 16,000 9600 10,080

The marginal cost in each year is much lower after taxes than the pretax numbers shown in Exam-
ple 13-2. This is true because depreciation and expenses can be subtracted from taxable income.
However, the pattern of declining and then increasing marginal costs is the same, and Year 3 is
still the year of lowest marginal costs.

MinimumCost Life Problems

Here we illustrate the effect of taxes on the calculation of the minimum cost life of the
defender and the challenger. The after-tax minimum EUAC depends on both the deprecia-
tion method used and changes in the asset’s market value over time. Using an accelerated
depreciation method (like MACRS) tends to reduce the after-tax costs early in the asset’s
life. This alters the shape of the total EUAC curve—the concave shape can be shifted and
the minimum EUAC changed. Example 13-10 illustrates the effect that taxes can have.

EXAMPLE 13–10

Some new production machinery has a first cost of $100,000 and a useful life of 10 years. Its
estimated operating and maintenance (O&M) costs are $10,000 the first year, which will increase
annually by $4000. The asset’s before-tax market value will be $50,000 at the end of the first
year and then will decrease by $5000 annually. This property is a 7-year MACRS property. The
company uses a 6% after-tax MARR and is subject to a combined federal/state tax rate of 40%.

Calculate the after-tax cash flows.
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SOLUTION

To find this new production machinery’s minimum cost life, we first find the after-tax cash flow
(ATCF) effect of the O&M costs and depreciation (Table 13-2). Then, we find the ATCFs of
disposal if the equipment is sold in each of the 10 years (Table 13-3). Finally in the closing section
on spreadsheets,wecombine these twoATCFs (in Figure13-7) and choose theminimumcost life.

In Table 13-2, the O&M expense starts at $10,000 and increases at $4000 per year.
The depreciation entries equal the 7-year rt MACRS depreciation values given in Table 11-3
multiplied by the $100,000 first cost. The taxable income, which is simply the O&M costs minus
the depreciation values, is then multiplied by minus the tax rate to determine the tax savings.
The O&M expense plus the tax savings is the Table 13-2 portion of the total ATCF.

Regarding the market value data in this problem, it should be pointed out that the initial
decrease of $50,000 in Year 1 is not uncommon. This is especially true for custom-built
equipment for a particular and unique application at a specific plant. Such equipment would
not be valuable to others in the marketplace. Also, the $100,000 first cost (cost basis) could
have included costs due to installation, facility modifications, or removal of old equipment. The
$50,000 is realistic for the market value of one-year-old equipment.

The next step is to determine the ATCFs that would occur in each possible year of disposal.
(The ATCF for Year 0 is easy; it is −$100,000.) For example, as shown in Table 13-3, in Year 1
there is a $35,710 loss as the book value exceeds the market value. The tax savings from this loss
are added to the salvage (market) value to determine the ATCF (if the asset is disposed of during
Year1).

TABLE 13–2 ATCF for O&M and Depreciation for Example 13-10

Year, O&M MACRS Taxable Tax Savings O&M

t Expense Depreciation,dt Income (at 40%) DepreciationATCF

1 −$10,000 $14,290 −$24,290 $ 9,716 −$284
2 −14,000 24,490 −38,490 15,396 1,396
3 −18,000 17,490 −35,490 14,196 −3,804
4 −22,000 12,490 −34,490 13,796 −8,204
5 −26,000 8,930 −34,930 13,972 −12,028
6 −30,000 8,920 −38,920 15,568 −14,432
7 −34,000 8,930 −42,930 17,172 −16,828
8 −38,000 4,460 −42,460 16,984 −21,016
9 −42,000 0 −42,000 16,800 −25,200

10 −46,000 0 −46,000 18,400 −27,600

TABLE 13–3 ATCF in Year of Disposal for Example 13-10

Year, Gain/Loss Tax ATCF if

t Market Value Book Value Gain or Loss (at 40%) Disposed of

1 $50,000 $85,710 −$35,710 $14,284 $64,284
2 45,000 61,220 −16,220 6,488 51,488
3 40,000 43,730 −3,730 1,492 41,492
4 35,000 31,240 3,760 −1,504 33,496
5 30,000 22,310 7,690 −3,076 26,924
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TABLE 13–3 Continued

Year, Gain/Loss Tax ATCF if

t Market Value Book Value Gain or Loss (at 40%) Disposed of

6 25,000 13,390 11,610 −4644 20,356
7 20,000 4,460 15,540 −6216 13,784
8 15,000 0 15,000 −6000 9,000
9 10,000 0 10,000 −4000 6,000
10 5,000 0 5,000 −2000 3,000

These tables assume that depreciation is taken during the year of disposal and then calculates the
recaptured depreciation (gain) or loss on the year-end book value.

SPREADSHEETSAND REPLACEMENT ANALYSIS

Spreadsheets are very useful in nearly all after-tax calculations. However, they are abso-
lutely required for optimal life calculations in after-tax situations. Because MACRS is the
tax law, the after-tax cash flows are different in every year. Thus, the NPV function and
the PMT function are both needed to find the minimum EUAC after taxes. Figure 13-7
illustrates the calculation of the minimum cost life for Example 13-10.

In Figure 13-7, the NPV finds the present worth of the irregular cash flows from Period
1 through Period t for t = 1 to life. The PV function is used to find the PW of the salvage
value. Then PMT can be used to find the EUAC over each potential life. Before-tax replace-
ment analysis can also be done this way. The spreadsheet block function NPV is used to
find the PW of cash flows from Period 1 to Period t . Note that the cell for Period 1 is an
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FIGURE 13–7 Spreadsheet for life with minimum after-tax cost.
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absolute address and the cell for period t is a relative address. This allows the formula to
be copied.

Example 13-11 illustrates the before-tax optimal economic life of a new car.

EXAMPLE 13–11

A new vehicle costs $19,999 plus $400 in fees. Its value drops 30% the first year, 20% per
year for Years 2 through 4, and 15% each additional year. When the car is sold, detailing and
advertising will cost $250. Repairs on similar vehicles have averaged $50 annually in lost time
(driving to/from the dealer’s shop) during the 3-year warranty period. After the warranty period,
the cost of repairs and the associated inconvenience climbs at $400 annually. If the MARR is
8%, what is the optimal economic life for the vehicle?

SOLUTION

Figure 13-8 is a spreadsheet that uses the same functions used in Figure 13-7. The present worth
for each life is found by using the NPV function for the irregular costs from Years 1 to n, and the
PV function for salvage value minus the cost to sell, and adding in the Time 0 costs to buy the
vehicle. Then a PMT function is used to find the annual cost.

The optimal economic life is 10 years, but it is not much more expensive for lives that are 3
years shorter or 5 years longer. However, keeping a vehicle for less than 5 years is significantly
more expensive.

$19,999    first cost

��$B$11�NPV($A$9,$B$12:B26)�PV($A$9,A26,,�C26�$A$3)
� year 0 � NPV(i, B column) � PV(salvage value � sale cost)

1
A B C D E F

2 $400    cost to buy
3 $250    cost to sell
4 30%    salvage value drop yr 1
5 20%    salvage value drop yr 2–4
6 15%    salvage value drop yr 5�

7 $50    repair during 3 yr warranty
8 $400    gradient for repair after 3 yr warranty
9 8%    interest rate

salvage
valueyear cost PW EUAC

11
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16
17
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19
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21
22
23
24
25
26
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8
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15

$20,399
50
50
50

450
850

1250
1650
2050
2450
2850
3250
3650
4050
4450
4850

$13,999
11,199

8,960
7,168
6,092
5,179
4,402
3,742
3,180
2,703
2,298
1,953
1,660
1,411
1,199

=PMT($A$9,A12,D12
6,225
5,283
4,762
4,373
4,136
3,988
3,899
3,851

economic life & min cost3,831
3,832
3,849
3,879
3,917
3,963

�$7,714
�11,101
�13,614
�15,774
�17,461
�19,119
�20,765
�22,409
�24,055
�25,705
�27,356
�29,008
�30,655
�32,293
�33,918

27
28
29

10

FIGURE 13–8 Spreadsheet for vehicle’s optimal economic life.
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Example 13-11 shows that even with complicated cost structures, it is still relatively
easy to find the minimum cost EUAC with the power of spreadsheets.

SUMMARY

The question in selecting new equipment is, Which machine will be more economical?
But when there is an existing machine (called the defender), the question is, Shall we
replace it now, or shall we keep it for one or more years? When replacement is indicated,
the best available replacement equipment (called the challenger), will be acquired. When
we already have equipment, there is a tendency to use past or sunk costs in the replacement
analysis. But only present and future costs are relevant.

This chapter has presented three distinctlydifferent replacement analysis techniques.
All use the simplifying replacement repeatability assumptions. These state that the
defender will ultimately be replaced by the current best challenger (as will any challengers
implemented in the future), and that we have an indefinite need for the asset’s service.

In the usual case, marginal cost data are both available and increasing on a year-to-year
basis, and replacement analysis technique 1 compares the defender’s marginal cost data
against the challenger’s minimum EUAC. We keep the defender as long as its marginal
cost is less than the challenger’s minimum EUAC.

When marginal cost data are available for the defender but are not increasing from year
to year, replacement analysis technique 2 compares the defender’s lowest EUAC against
the challenger’s minimumEUAC. If the challenger’s EUAC is less, select this asset in place
of the defender today. If the defender’s lowest EUAC is smaller, we do not replace it yet.
If the cost data for the challenger and the defender do not change, replace the defender
after the life that minimizes its EUAC when its marginal cost data exceed the challenger’s
minimum EUAC.

In the case of no marginal cost data being available for the defender, replacement
analysis technique 3 compares the defender’s EUAC over its stated life, against the chal-
lenger’s minimum EUAC. As in the case of replacement analysis technique 2, select the
alternative that has the smallest EUAC. An important concept when calculating the EUAC
of both defender and challenger is the first cost to be assigned to each alternative for calcu-
lation purposes. When the lives of the two alternatives match, either an opportunity cost or
a cash flow approach may be used. However, in the more common case of different useful
lives, only the opportunity cost approach accurately assigns first costs to the defender and
challenger.

It is important when performing engineering economic analyses to include the effects
of taxes. This is much easier to accomplish with spreadsheets. Spreadsheets also make it
easy to compute the optimal economic life of vehicles and equipment—even when this
includes complex patterns of declining salvage values, warranty periods, and increasing
repair costs.

Replacement analyses are vastly important, yet often ignored by companies as they
invest in equipment and facilities. Investments in business and personal assets should not
be forgotten once an initial economic evaluation has produced a “buy” recommendation.
It is important to continue to evaluate assets over their respective life cycles to ensure that
invested monies continue to yield the greatest benefit. Replacement analyses help us to
ensure this.
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P R O B L E M S

Replacement Problems

13-1 Typically there are two alternatives in a replacement
analysis. One alternative is to replace the defender
now. The other alternative is which one of the fol-
lowing?

A. Keep the defender for its remaining useful life.

B. Keep the defender for another year and then
reexamine the situation.

C. Keep the defender until there is an improved
challenger that is better than the present
challenger.

D. The answer to this question depends on the data
available for the defender and challenger as well
as the assumptionsmade regarding the period of
needed service and future challengers.

13-2 The defender’s economic life can be found if cer-
tain estimates about the defender can be made.
Assuming those estimates prove to be exactly cor-
rect, one can accurately predict the year when
the defender should be replaced, even if noth-
ing is known about the challenger. True or false?
Explain.

13-3 A proposal has been made to replace a large
heat exchanger (3 years ago, the initial cost was
$85,000) with a new, more efficient unit at a
cost of $120,000. The existing heat exchanger
is being depreciated by the MACRS method. Its
present book value is $20,400, but its scrap value
just equals the cost to remove it from the plant.
In preparing the before-tax economic analysis,
should the $20,400 book value of the old heat
exchanger be

A. added to the cost of the new exchanger?

B. subtracted from the cost of the new exchanger?

C. ignored in this before-tax economic analysis?

13-4 Which one of the following is the proper dollar
value of defender equipment to use in replacement
analysis?

A. Original cost

B. Present market value

C. Present trade-in value

D. Present book value

E. Present replacementcost, if different from orig-
inal cost

13-5 Consider the following data for a defender asset.
What is the correct replacement analysis technique

to compare this asset against a competing chal-
lenger? How is this method used? That is, what
comparison is made, and how do we choose?

BTCF in Year n

Year,n (marginal costs)

1 −$2000
2 −1750
3 −1500
4 −1250
5 −1000
6 −1000
7 −1000
8 −1500
9 −2000

10 −3000

13-6 Describe an example in a replacement analysis sce-
nariowhere the replacement is being considereddue
to

(a) reducedperformance of the existing equipment.

(b) altered requirements.

(c) obsolescence of the existing equipment.

(d) risk of catastrophic failure or unplanned
replacement of the existing equipment.

13-7 A pulpwood-forming machine was purchased and
installed 8 years ago for $45,000. The declared sal-
vage valuewas $5000,with a useful life of 10 years.
The machine can be replaced with a more efficient
model that costs $75,000, including installation.
The present machine can be sold on the open mar-
ket for $14,000. The cost to remove the old machine
is $2000. Which are the relevant costs for the old
machine?

13-8 A machine that has been used for one year has a
salvage value of $10,000 now, which will drop by
$2000 per year. The maintenance costs for the next
4 years are $1250, $1450, $1750, and $2250.Deter-
mine the marginal cost to extend service for each of
the next 4 years if the MARR is 8%.

13-9 A drill press was purchased2 years ago for $40,000.
The press can be sold for $15,000 today, or for
$12,000, $10,000, $8000, $6000, $4000, or $2000
at the ends of each of the next 6 years. The annual
operating and maintenance cost for the next 6 years
will be $2700, $2900, $3300, $3700, $4200, and
$4700. Determine the marginal cost to extend ser-
vice for each of the next 6 years if the MARR is
12%. If a newdrill press has an EACof $7000,when
should the drill press be replaced?
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ChallengerMin EUAC

13-10 A machine has a first cost of $50,000. Its mar-
ket value declines by 20% annually. The oper-
ating and maintenance costs start at $3500 per
year and climb by $2000 per year. The firm’s
MARR is 9%. Find the minimum EUAC for this
machine and its economic life. (Answer:$17,240,
4 years)

13-11 A machine has a first cost of $10,000. Its market
value declines by 20% annually. The repair costs
are covered by the warranty in Year 1, and then they
increase $600 per year. The firm’s MARR is 15%.
Find the minimum EUAC for this machine and its
economic life.

13-12 A vehicle has a first cost of $20,000. Its market
value declines by 15% annually. It is used by a firm
that estimates the effect of older vehicles on the
firm’s image. A new car has no “image cost.” But
the image cost of older vehicles climbs by $700 per
year. The firm’s MARR is 10%. Find the minimum
EUAC for this vehicle and its economic life.

13-13 The Clap Chemical Company needs a large
insulated stainless steel tank to expand its plant.
Clap has located such a tank at a recently closed
brewery. The brewery has offered to sell the tank
for $15,000 delivered. The price is so low that Clap
believes it can sell the tank at any future time and
recover its $15,000 investment.

The outside of the tank is covered with heavy
insulation that requires considerable maintenance.

Insulation

Year Maintenance Cost

0 $2000
1 500
2 1000
3 1500
4 2000
5 2500

(a) Based on a 15% before-taxMARR, what life of
the insulated tank has the lowest EUAC?

(b) Is it likely that the insulated tank will be
replaced by another tank at the end of the period
with the lowest EUAC? Explain.

13-14 The plant managermay purchase a piece of unusual
machinery for $10,000. Its resale value after 1 year
is estimated to be $3000. Because the device is
sought by antique collectors, resale value is rising
$500 per year.

The maintenance cost is $300 per year for each
of the first 3 years, and then it is expected to double
each year. Thus the fourth-year maintenancewill be
$600; the fifth-year maintenance, $1200, and so on.
Based on a 15% before-taxMARR, what life of this
machinery has the lowest EUAC?

13-15 Demonstrate howonewould calculate the economic
life of a truck costing $30,000 initially, and at
the end of this and each following year (y) cost-
ing OMRy in operation, maintenance and repair
costs. The truck is depreciated using the straight-
line method over 5 years (i.e., $30, 000/5 = Dy ).
Its salvage value each year equals its book value.
Develop an expression to show how to determine
the truck’s economic life—that is, the year when
the truck’s uniform equivalent annual cost is a
minimum.
Contributed by D. P. Loucks, Cornell University

13-16 Your firm is in need of a machine that costs $5000.
During the first year the maintenance costs are
estimated to be $400. The maintenance costs are
expected to increase by $150 each year up to a
total of $1750 at the end of Year 10. The machine
can be depreciated over 5 years using the straight-
line method. Assume each year’s depreciation is
a known amount Dy . There is no salvage value.
Develop an expression to show how you would find
the most economical useful life of this machine on
a before-tax basis.
Contributed by D. P. Loucks, Cornell University

13-17 A $40,000machinewill be purchasedby a company
whose interest rate is 12%. The installation cost is
$5K, and removal costs are insignificant.What is its
economic life if its salvage values and O&M costs
are as follows?

Year 1 2 3 4 5

S $35K $30K $25K $20K $15K
O&M $8K $14K $20K $26K $32K

13-18 Mytown’s street department repaves a street every 8
years. Potholes cost $12,000 per mile beginning at
the end of Year 3 after construction or repaving. The
cost to fix potholes generally increases by $12,000
each year. Repaving costs are $180,000 per mile.
Mytown uses an interest rate of 6%. What is the
EAC for Mytown’s policy? What is the EAC for the
optimal policy? What is the optimal policy?

13-19 A 2000-pound, counterbalanced, propane forklift
can be purchased for $30,000. Due to the intended
service use, the forklift’s market value drops 20%
of its prior year’s value in Years 1 and 2 and then
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declines by 15% until Year 10 when it will have
a scrap/market value of $1000. Maintenance of the
forklift is $400 per year during Years 1 and 2 while
the warranty is in place. In Year 3 it jumps to $750
and increases $200 per year thereafter. What is the
optimal life of the forklift?

13-20 A 2000-pound, counterbalanced, electric forklift
can be purchased for $25,000 plus $3000 for the
charger and $3000 for a battery. The forklift’s mar-
ket value is 10% less for each of its first 6 years of
service. After this period the market value declines
at the rate of 7.5% for the next 6 years.

The battery has a life of 4 years and a salvage
value of $300. The charger has a 12-year life and
a $100 salvage value. The charger’s market value
declines 20% per year of use. The battery’s market
value declines by 30% of its purchase price each
year. Maintenance of the charger and battery are
minimal. The battery will most likely not work with
a replacement forklift.

Maintenance of the forklift is $200 per year
during Years 1 and 2 while the warranty is in place.
In Year 3 it jumps to $600 and increases $50per year
thereafter. What is the optimal ownership policy?

13-21 J&E Fine Wines recently purchased a new grape
press for $150,000. The annual operating and main-
tenance costs for the press are estimated to be $7500
the first year. These costs are expected to increaseby
$2200 each year after the first. The salvage value is
expected to decreaseby $25,000 eachyear to a value
of zero. Using an interest rate of 8%, determine the
economic life of the press.

13-22 A chemical process in your plant leaves scale
deposits on the inside of pipes. The scale cannot
be removed, but increasing the pumping pressure
maintains flow through the narrower diameter. The
pipe costs $25 per foot to install, and it has no sal-
vage value when it is removed. The pumping costs
are $8.50 per foot of pipe initially, and they increase
annually by $6 per year starting in Year 2. What is
the economic life of the pipe if the interest rate is
15%?

13-23 An electric oil pump’s first cost is $45,000, and the
interest rate is 10%. The pump’s end-of-year sal-
vage values over the next 5 years are $42K, $40K,
$38K, $32K, and $26K. Determine the pump’s eco-
nomic life. (Answer: 3 years)

13-24 A $20,000 machine will be purchased by a com-
panywhose interest rate is 10%. It will cost $5000 to
install, but its removal costs are insignificant. What
is its economic life if its salvage values and O&M
costs are as follows?

Year 1 2 3 4 5

S $16K $13K $11K $10K $9.5K
O&M $5K $8K $11K $14K $17

(Answer: 3 years)

13-25 A$50,000machinewill be purchasedby a company
whose interest rate is 15%. The installation cost is
$8K, and removal costs are insignificant.What is its
economic life if its salvage values and O&M costs
are as follows?

Year 1 2 3 4 5

S $35K $30K $25K $20K $15K
O&M $8K $14K $20K $26K $32K

Replacement Technique 1

13-26 A machine tool, which has been used in a plant
for 10 years, is being considered for replacement.
It cost $9500 and was depreciated by MACRS
depreciation using a 5-year recovery period. An
equipment dealer indicates that the machine has no
resale value. Maintenance on the machine tool has
been a problem, with an $800 cost this year. Future
annualmaintenance costs are expected to be higher.
What is the economic life of this machine tool if it
is kept in service?

13-27 In a replacement analysis problem, the following
facts are known:

Initial cost $12,000
Annual maintenance Year

None 1–3
$2000 4–5
$4500 6
$7000+ 7
$2500/yr

Salvage value in any year is zero. Assume a 10%
interest rate and ignore income taxes. Compute the
life for this challenger having the lowest EUAC.
(Answer: 5 years)

13-28 An injection-molding machine has a first cost of
$1,050,000 and a salvage value of $225,000 in
any year. The maintenance and operating cost is
$235,000 with an annual gradient of $75,000. The
MARR is 10%. What is the most economic life?

13-29 Five years ago, ThomasMartin installed production
machinery that had a first cost of $25,000. At that
time initial yearly costs were estimated at $1250,
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increasing by $500 each year. The market value of
this machinery eachyearwould be 90%of the previ-
ous year’s value. There is a new machine available
now that has a first cost of $27,900 and no yearly
costs over its 5-year minimum cost life. If Thomas
Martin uses an 8% before-tax MARR, when, if at
all, should he replace the existing machinery with
the new unit?

13-30 Consider Problem 13-29 involving ThomasMartin.
When, if at all, should the oldmachinerybe replaced
with the new, given the following changes in the
data. The old machine retains only 70% of its value
in the market from year to year. The yearly costs of
the old machine were $3000 in Year 1 and increase
at 10% thereafter.

13-31 Mary O’Leary’s company ships fine wool garments
from County Cork, Ireland. Five years ago she
purchased some new automated packing equipment
having a first cost of $125,000 and a MACRS class
life of 7 years. The annual costs for operating,
maintenance, and insurance, as well as market value
data for each year of the equipment’s 10-year useful
life are as follows.

Year
Annual Costs in Yearnnn for

Market Value
n Operating Maintenance Insurance in Yearnnn

1 $16,000 $ 5,000 $17,000 $80,000
2 20,000 10,000 16,000 78,000
3 24,000 15,000 15,000 76,000
4 28,000 20,000 14,000 74,000
5 32,000 25,000 12,000 72,000
6 36,000 30,000 11,000 70,000
7 40,000 35,000 10,000 68,000
8 44,000 40,000 10,000 66,000
9 48,000 45,000 10,000 64,000

10 52,000 50,000 10,000 62,000

Now Mary is looking at the remaining 5 years
of her investment in this equipment, which she
had initially evaluated on the basis of an after-tax
MARR of 25% and a tax rate of 35%. Assume
that the replacement repeatability assumptions are
valid.

(a) What is the before-tax marginal cost for the
remaining 5 years?

(b) When, if at all, should Mary replace this
packing equipment if a new challenger, with
a minimum EUAC of $110,000, has been
identified?

13-32 SHOJ Enterprises has asked you to look at the
following data. The interest rate is 10%.

Marginal EUAC if

Cost Data Kept n Years

Year, n Defender Challenger

1 $3000 $4500
2 3150 4000
3 3400 3300
4 3800 4100
5 4250 4400
6 4950 6000

(a) What is the defender’s lowest EUAC?

(b) What is the challenger’s economic life?

(c) When, if at all, should we replace the defender
with the challenger?

13-33 Bill’s father read that each year a car’s value
declines by 25%. After a car is 3 years old, the rate
of decline falls to 15%. Maintenance and operating
costs increase as the car ages. Because of the man-
ufacturer’s warranty, first-year maintenance is very
low.

Age of Car Maintenance

(years) Expense

1 $ 50

2 150
3 180
4 200

5 300
6 390
7 500

Bill’s dad wants to keep his annual cost of car
ownership low. The car Bill’s dad prefers costs
$11,200new. Should he buy a newor a used car and,
if used, when would you suggest he buy it, and how
long should it be kept? Give a practical, rather than
a theoretical, solution. (Answer: Buy a 3-year-old
car and keep it 3 years.)

13-34 Should NewTech’s computer system be replaced
this year? The system has a salvage value now of
$5000, which will fall to $4000 by the end of the
year. The cost of lower productivity linked to the
older computer is $3000 this year. NewTech uses
an interest rate of 15%. What is the cost advantage
of the best system? A potential new system costs
$12,000 and has the following salvage values and
lost productivity for each year.
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Year S Lost Productivity

0 $12,000
1 9,000 $ 0
2 7,000 1000
3 5,000 2000
4 3,000 3000

13-35 In evaluating projects, LeadTech’s engineers use
a rate of 15%. One year ago a robotic transfer
machine was installed at a cost of $38,000. At the
time, a 10-year life was estimated, but the machine
has had a downtime rate of 28% which is unac-
ceptably high. A $12,000 upgrade should fix the
problem, or a labor-intensive process costing $3500
in direct labor per year can be substituted. The plant
estimates indirect plant expenses at 60% of direct
labor, and it allocates front office overhead at 40%
of plant expenses (direct and indirect). The robot
has a value in other uses of $15,000. What is the
difference between the EACs for upgrading and
switching to the labor-intensive process?

Replacement Technique 2

13-36 A new $40,000 bottling machine has just been
installed in a plant. It will have no salvage value
when it is removed. The plant manager has asked
you to estimate the machine’s economic service life,
ignoring income taxes. He estimates that the annual
maintenance cost will be constant at $2500per year.
What service life will result in the lowest equivalent
uniform annual cost?

13-37 Big-J Construction Company, Inc. (Big-J CC) is
conducting a routine periodic review of existing
field equipment. They use a MAAR of 20%. This
includes a replacement evaluation of a paving
machine now in use. The machine was purchased
3 years ago for $200,000, The paver’s current mar-
ket value is $120,000, and yearly operating and
maintenance costs are as follows.

Operating Maintenance Market Value

Year, Cost in Cost in if Sold

n Yearn Year n in Year n

1 $15,000 $ 9,000 $85,000
2 15,000 10,000 65,000
3 17,000 12,000 50,000
4 20,000 18,000 40,000
5 25,000 20,000 35,000
6 30,000 25,000 30,000
7 35,000 30,000 25,000

Data for a new paving machine have been ana-
lyzed. Its most economic life is at 8 years, with
a minimum EUAC of $62,000. When should the
existing paving machine be replaced?

13-38 VMIC Corp. has asked you to look at the following
data. The interest rate is 10%.

Marginal EUAC If

Cost Data Kept n Years

Year,n Defender Challenger

1 $2500 $4500
2 2400 3600
3 2300 3000
4 2550 2600
5 2900 2700
6 3400 3500
7 4000 4000

(a) What is the defender’s lowest EUAC?

(b) What is the challenger’sminimum cost life?

(c) When, if at all, should we replace the defender
with the challenger?

13-39 Eight years ago, the Blank Block Building Com-
pany installed an automated conveyor system for
$38,000. When the conveyor is replaced, the net
cost of removal will be $2500. The minimum EAC
of a new conveyor is $5500. When should the con-
veyor be replaced if BBB’s MARR is 12%? The
O&M costs for the next 5 years are $5K, $6K, $7K,
$8K, and $9K.

Replacement Technique 3

13-40 You are considering the purchase of a new
high-efficiency machine to replace older machines
now. The new machine can replace four of the older
machines, eachwith a current market value of $600.
The new machine will cost $5000 and will save the
equivalent of 10,000 kWh of electricity per year.
After a period of 10 years, neither option (new or
old) will have any market value. If you use a before-
tax MARR of 25% and pay $0.075 per kilowatt-
hour, would you replace the old machines today
with the new one?

13-41 The Quick Manufacturing Company, a large
profitable corporation, may replace a produc-
tion machine tool. A new machine would cost
$3700, have a 4-year useful and depreciable life,
and have no salvage value. For tax purposes,
sum-of-years’-digits depreciation would be used.
The existing machine tool cost $4000 4 years ago
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and has been depreciated by straight-line deprecia-
tion assuming an 8-year life and no salvage value.
The tool could be sold now to a used equipment
dealer for $1000 or be kept in service for another
4 years. It would then have no salvage value. The
newmachine tool would save about $900 per year in
operating costs compared to the existing machine.

Assume a 40% combined state and federal
tax rate. Compute the before-tax rate of return
on the replacement proposal of installing the
new machine rather than keeping the existing
machine. (Answer: 12.6%)

13-42 A professor of engineering economics owns a 1996
car. In the past 12 months, he has paid $2000 to
replace the transmission, bought two new tires for
$160, and installed a CD player for $110. He wants
to keep the car for 2 more years because he invested
money 3 years ago in a 5-year certificate of deposit,
which is earmarked to pay for his dreammachine, a
red European sports car. Today the old car’s engine
failed. The professor has two alternatives. He can
have the engine overhauled at a cost of $1800 and
then most likely have to pay another $800 per year
for the next 2 years for maintenance. The car will
have no salvage value at that time. Alternatively,
a colleague offered to make the professor a $5000
loan to buy another used car. He must pay the loan
back in two equal installments of $2500 due at the
end of Year 1 and Year 2, and at the end of the sec-
ond year he must give the colleague the car. The
“new”used car has an expected annualmaintenance
cost of $300. If the professor selects this alterna-
tive, he can sell his current vehicle to a junkyard for
$1500. Interest is 5%. Using presentworth analysis,
which alternative should he select and why?

13-43 The Plant Department of the local telephone
company purchased four special pole hole dig-
gers 8 years ago for $14,000 each. They have
been in constant use to the present. Owing to an
increased workload, additional machines will soon
be required.

Recently an improved model of the digger was
announced. The new machines have a higher pro-
duction rate and lower maintenance expense than
the old machines but will cost $32,000 each with
a service life of 8 years and salvage value of $750
each. The four original diggers have an immedi-
ate salvage of $2000 each and an estimated salvage
value of $500 each 8 years hence. The average
annual maintenance expense of the old machinesis

about $1500 each, compared with $600 each for the
new machines.

A field study and trial show that the workload
would require three additional new machines if the
old machines continue in service. However, if the
old machines were all retired from service, the
workload could be carried by six newmachineswith
an annual savings of $12,000 in operation costs. A
training program to prepare employees to run the
machines will be necessary at an estimated cost of
$700 per new machine. If the MARR is 9% before
taxes, what should the company do?

13-44 JMJ Inc. bought a manufacturing line 5 years ago
for $35,000,000. At that time it was estimated to
have a service life of 10 years and salvage value
at the end of its service life of $10,000,000. JMJ’s
CFO recently proposed to replace the old line with
a modern line expected to last 15 years and cost
$95,000,000. This line will provide $5,000,000 sav-
ings in annual operating and maintenance costs,
increase revenues by $2,000,000, and have a
$15,000,000 salvage value (after 15 years). The
seller of the new line is willing to accept the old line
as a trade-in for its current fair market value, which
is $12,000,000. The CFO estimates that if the old
line is kept for 5 more years, its salvage value will
be $6,000,000. If the JMJ’s MARR is 8% per year,
should the company keep the old line or replace it
with the new line?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

13-45 A used car can be kept for two more years and then
sold for an estimated value of $3000, or it can be
sold now for $7500. The average annual mainte-
nance cost over the past 7 years has been $500 per
year. However, if the car is kept for two more years,
this cost is expected to be $1800 the first year and
$2000 the second year. As an alternative, a new car
can be purchased for $22,000 and be used for 4
years, after which it will be sold for $8,000. The
new car will be under warranty the first 4 years, and
no extra maintenance cost will be incurred during
those years. If the MARR is 15% per year, what is
the best option?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

13-46 A couple bought their house 10 years ago for
$165,000. At the time of purchase, they made
a $35,000 down payment, and the balance was
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financed by a 30-year mortgage with monthly pay-
ments of $988.35. They expect to live in this house
for 20 years, after which time they plan to sell the
house andmove to another state. Alternatively, they
can sell the house now and live in a rental unit for
the next 20 years. The house can be sold now for
$210,000, fromwhich an8% real estate commission
and $110,000 remaining loan balance and miscella-
neous expenses will be deducted. If they stay in the
house, the house can be sold after 20 years for
$320,000 from which a 10% real estate commis-
sion and $10,000 miscellaneous expenses will be
deducted. A comparable rental unit rents for $960
payable at the beginning of every month. No secu-
rity deposit will be required of them to rent the unit,
and the rent will not increase if they maintain a good
payment record. They use an interest rate of 0.5%
per month for analyzing this financial opportunity.
Should they stay in the house or should they sell it
and move into a rental unit?
Contributed by Hamed Kashani, Saeid Sadri, and
Baabak Ashuri, Georgia Institute of Technology

13-47 Sacramento Cab Company owns several taxis that
were purchased for $25,000 each 4 years ago. The
cabs’ current market value is $12,000 each, and if
they are kept for another 6 years they can be sold
for $2000 per cab. The annual maintenance cost per
cab is $1000 per year. Sacramento Cab has been
approached about a leasing plan that would replace
the cabs. The leasing plan calls for payments of
$6000 per year. The annual maintenance cost for
each leased cab is $750 per year. Should the cabs
be replaced if the interest rate is 10%?

After-Tax

13-48 The Ajax Corporation purchased a railroad tank
car 8 years ago for $60,000. It is being depreci-
ated by SOYD depreciation, assuming a 10-year
depreciable life and a $7000 salvage value. The
tank car needs to be reconditioned now at a cost of
$35,000. If this is done, it is estimated the equip-
ment will last for 10 more years and have a $10,000
salvage value at the end of the 10 years.

On the other hand, the existing tank car could
be sold now for $10,000 and a new tank car
purchased for $85,000. The new tank car would
be depreciated by MACRS depreciation. Its esti-
mated actual salvage value after 10 years would be

$15,000. In addition, the new tank car would save
$7000 per year in maintenance costs, compared to
the reconditioned tank car.

Based on a 15% before-tax rate of return,
determine whether the existing tank car should
be reconditioned or a new one purchased. Note:
The problem statement provides more data than
are needed, which is typical of real situations.
(Answer: Recondition the old tank car.)

13-49 State the advantagesand disadvantageswith respect
to after-tax benefits of the following options for a
major equipment unit:

A. Buy new.

B. Trade in and buy a similar, rebuilt equipment
from the manufacturer.

C. Have the manufacturer rebuild your equipment
with all new available options.

D. Have the manufacturer rebuild your equipment
to the original specifications.

E. Buy used equipment.

13-50 Fifteen years ago the Acme Manufacturing
Company bought a propane-powered forklift truck
for $4800. The company depreciated the forklift
using straight-line depreciation, a 12-year life, and
zero salvage value. Over the years, the forklift has
been a good piece of equipment, but lately the
maintenance cost has risen sharply. Estimated end-
of-year maintenance costs for the next 10 years are
as follows:

Year Maintenance Cost

1 $ 400

2 600

3 800

4 1000

5–10 1400/year

The old forklift has no present or future net
salvage value, since its scrapmetal value just equals
the cost to haul it away.A replacement is now being
considered for the old forklift. Amodern unit can be
purchased for $6500. It has an economic life equal
to its 10-year depreciable life. Straight-line depre-
ciation will be employed,with zero salvage value at
the end of the 10-year depreciable life. At any time
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the new forklift can be sold for its book value.Main-
tenance on the new forklift is estimated to be a con-
stant $50 per year for the next 10 years, after which
maintenance is expected to increase sharply. Should
Acme Manufacturing keep its old forklift truck for
the present, or replace it now with a new one? The
firm expects an 8% after-tax rate of return on its
investments. Assume a 40% combined state-and-
federal tax rate. (Answer: Keep the old forklift
truck.)

13-51 Machine A has been completely overhauled for
$9000 and is expected to last another 12 years. The
$9000 was treated as an expense for tax purposes
last year. Machine A can be sold now for $30,000
net after selling expenses, but will have no salvage
value 12 years hence. It was bought new 9 years
ago for $54,000 and has been depreciated since
then by straight-line depreciation using a 12-year
depreciable life.

Because less output is now required,MachineA
can be replaced with a smaller machine:Machine B
costs $42,000, has an anticipated life of 12 years,
and would reduce operating costs $2500 per year. It
would be depreciated by straight-line depreciation
with a 12-year depreciable life and no salvage value.

The income tax rate is 40%. Compare the
after-tax annual costs and decide whether Machine
A should be retained or replaced by MachineB. Use
a 10% after-tax rate of return.

13-52 (a) A new employee at CLL Engineering Consult-
ing Inc., you are asked to join a teamperforming
an economic analysis for a client. Your task is
to find the Time-0 ATCFs. CLL Inc. has a com-
bined federal/state tax rate of 45% on ordinary
income, depreciation recapture, and losses.

Defender: This asset was placed in service
7 years ago. At that time the $50,000 cost
basis was set up on a straight-line depreciation
schedule with an estimated salvage value of
$15,000 over its 10-year ADR life. This asset
has a present market value of $30,000.

Challenger: The new asset has a first cost of
$85,000 and will be depreciated by MACRS
depreciation over its 10-year class life. This
asset qualifies for a 10% investment tax credit.

(b) How would your calculations change if the
present market value of the defender is
$25,500?

(c) How would your calculations change if the
present market value of the defender is
$18,000?

13-53 Foghorn Leghorn may replace an old egg-sorting
machine used by his business, Foggy’s Farm Fresh
Eggs. The old egg machine is not quite running
eggs-actly the way it was originally designed and
will require an additional investment now of $2500
(expensed at Time 0) to get it back in working
shape. This old machine was purchased 6 years
ago for $5000 and has been depreciated by the
straight-line method at $500 per year. Six years ago
the estimated salvage value for tax purposes was
$1000. Operating expenses for the old machine are
projected at $600 this next year and are increas-
ing by $150 per year each year thereafter. Foggy
projects that with refurbishing, the machinewill last
another 3 years. Foggy believes that he could sell
the old machine as-is today for $1000 to his friend
Fido to sort bones. He also believes he could sell
it 3 years from now at the barnyard flea market
for $500.

The new egg-sorting machine, a deluxe model,
has a purchaseprice of $10,000 andwill last 6 years,
at which time it will have a salvage value of $1000.
The new machine qualifies as a MACRS 7-year
property and will have operating expenses of $100
the first year, increasing by $50 per year thereafter.
Foghorn uses an after-tax MARR of 18% and a tax
rate of 35% on original income.

(a) What was the depreciation life used with the
defender asset (the old egg sorter)?

(b) Calculate the after-tax cash flows for both the
defender and challenger assets.

(c) Use the annual cash flow method to offer a
recommendation to Foggy. What assumptions
did you make in this analysis?

13-54 A firm is concerned about the condition of some
of its plant machinery. Bill James, a newly hired
engineer, reviewed the situation and identified five
feasible, mutually exclusive alternatives.

Alternative A: Spend $44,000 now repairing
various items. The $44,000 can be charged as a
current operating expense (rather than capital-
ized) and deducted from other taxable income
immediately. These repairs will keep the plant
functioning for 7 years with current operating
costs.
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Alternative B: Spend $49,000 to buy
general-purpose equipment. Depreciation
would be straight line over the equipment’s
7-year useful life. The equipment has no sal-
vage value. The new equipment will reduce
annual operating costs by $6000.

Alternative C: Spend $56,000 to buy new
specialized equipment. This equipment would
be depreciated by sum-of-years’-digits depre-
ciation over its 7-year useful life. This
equipment would reduce annual operating
costs by $12,000. It will have no salvage
value.

Alternative D: This alternative is the same as
Alternative B, except it reduces annual operat-
ing costs by $7000.

Alternative E: This is the “do nothing”
alternative, with annual operating costs $8000
above the present level.

This profitable firm pays 40% corporate income
taxes and uses a 10% after-tax rate of return. Which
alternative should the firm adopt?

13-55 Fred’s Rodent Control Corporation has been using
a low-frequency sonar device to locate subterranean
pests. This device was purchased 5 years ago for
$18,000. The device has been depreciated using
SOYD depreciation with an 8-year depreciable life
and a salvage value of $3600. Presently, it could be
sold for $7000. If it is kept for the next 3 years, its
market value is expected to drop to $1600.

A new lightweight subsurface heat-sensing
searcher (SHSS) that is available for $10,000would
improve the annual net income by $500 for each of
the next 3 years. The SHSS would be depreciated
as a 5-year class property, using MACRS. At the
end of 3 years, the SHSS should have a market
value of $4000.Fred’s RodentControl is a profitable
enterprise subject to a 40% tax rate.

(a) Construct the after-tax cash flow for the old
sonar unit for the next 3 years.

(b) Construct the after-tax cash flow for the SHSS
unit for the next 3 years.

(c) Construct the after-tax cash flow for the
difference between the SHSS unit and the old
sonar unit for the next 3 years.

(d) Should Fred buy the new SHSS unit if his
MARR is 20%?You do not have to calculate the
incremental rate of return; just show how you
reach your decision.

13-56 Compute the after-tax rate of return on the
replacement proposal for Problem 13-23.

13-57 BC Junction purchased some embroidering
equipment for their Denver facility 3 years ago
for $15,000. This equipment qualified as MACRS
5-year property. Maintenance costs are estimated
to be $1000 this next year and will increase by
$1000per year thereafter. The market (salvage)
value for the equipment is $10,000 at the end of this
year and declines by $1000 per year in the future.
If BC Junction has an after-tax MARR of 30%,
a marginal tax rate of 45% on ordinary income,
depreciation recapture, and losses, what after-tax
life of this previously purchased equipment has the
lowest EUAC? Use a spreadsheet to develop your
solution.

13-58 Reconsider the acquisition of packing equipment
for Mary O’Leary’s business, as described in
Problem 13-31. Given the data tabulated there, and
again using an after-tax MARR of 25% and a tax
rate of 35% on ordinary income to evaluate the
investment, determine the after-tax lowest EUACof
the equipment. Use a spreadsheet to develop your
solution.

C A S E S
The following cases from Cases in Engineering

Economy 2nd are suggested as matched with this
chapter.
CASE 27 To Use or Not to Use?

Focus is treatment of sunk costs. More compli-
cated than most. Some discoveries in the data
gathering process. Solution uses equation rather
than cash flow table.

CASE 31 Freeflight Superdiscs
Inflation and sensitivity analysis for three alter-
natives. Includes taxes.

CASE 32 Mr. Speedy
Includes two memos using different inappropri-
ate financial comparisons. Choose optimal life
for replacement of vehicles.
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CASE 33 Piping Plus
Data from case intro, three memos, income state-
ment, and balance sheet. Computer improvement
in a professional services firm. Assumptions will
lead to an instructive variety of results.

CASE34 R&D Device at EBP
Equipment replacement cost comparison with
unequal lives. Continuing demand requires care-
ful analysis statement by the student because of
detailed cost data. Before or after taxes.
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INFLATION AND
PRICE CHANGE

The Athabasca Oil Sands

F
or centuries, people have known about the sticky bitumen
that lines the banks of the Athabasca River in northern
Alberta. Even before the coming of the European fur traders,
Native people used it to seal canoes. Over the years, many

people dreamed of producing usable oil from the bitumen, but the
sand and oil are not easily separated, and the recovery was not viewed
as economically viable. In the 1950s, the world price of oil was
around $3 a barrel and the estimated cost of mining and separating
oil from the sands was over $30 a barrel.

In 1964 the Sun Oil Company, with government support, formed the
Great Canadian Oil Sands Company, and in 1967 it started to mine
and process shallow deposits of oil sands. The target production was
31,000 barrels per day, and the initial production cost would be about
$25 a barrel. The world price was then about $3.50, but the plan-
ners were predicting that production costs would decline and market
prices would increase.

Forty years later, in 2004, two major oil firms together supply one-
third of Canada’s oil from these bitumen deposits. Other firms extract
bitumen from deeper deposits by steam heating, and new oil sands
projects worth $40 billion are on the books. The successor to Great
Canadian Oil Sands, Suncor Energy, had 4500 employees and was
producing 130,000 barrels of oil a day. The production costs were in
the range of $12 a barrel, and the world price of oil was nearly $50.

In 2004 the price of oil rose above $40, then $50. A series of world events led the price to
climb to the $70 region in 2006 and to break the $100 mark in early 2008. Innovative ways
of extracting the oil from the sand, such as in-situ steam-assisted gravity drainage (SAGD),
were developed, and by 2007 there were new oil sands projects worth $100 billion.

The research challenge now is to develop more environmentally friendly methods of
extraction. In 2008 Syncrude announced that through technology it had developed, about



80% of the water it uses is recycled, and that the amount of water it uses per cubic meter of
oil is less than half the industry average. � � �

Contributed by Peter Flynn and John Whittaker, University of Alberta

1. In the 1960s, market analysts estimated that at a world price of $25 per barrel, oil
sands projects could provide about a 10% rate of return. How might inflation have
affected these estimates?

2. The prices of some items—for example, gas at the pumps, houses—increase over
time while others, such as calculators and computers, decline in price. Given these
variations, how can we know if inflation is occurring, and how could we measure
it?

3. In 1967 the Canadian consumer price index was 21.5; in 2004, the CPI was 123.2.
What was the 2004 production cost in 1967 dollars?

4. Use the Internet and other resources to learn more about the mining of Athabasca
oil sands. Are there any environmental and ethical dimensions to this story?

After Completing This Chapter. . .

The student should be able to:

• Describe inflation, explain how it happens, and list its effects on purchasing power.
• Define real and actual dollars and interest rates.
• Conduct constant dollar and nominal dollar analyses.
• Define and use composite and commodity-specific price indexes.
• Develop and use cash flows that inflate at different interest rates and cash flows
subject to different interest rates per period.

• Incorporate the effects of inflation in before-tax and after-tax calculations.
• Develop spreadsheets to incorporate the effects of inflation and price change.

477
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Thus far we have assumed that the dollars in our analyses were unaffected by inflation or
price change. However, this assumption is not always valid or realistic. If inflation occurs
in the general economy, or if there are price changes in economic costs and benefits, the
impact can be substantial on both before- and after-tax analyses. In this chapter we develop
several key concepts and illustrate how inflation and price changes may be incorporated.

MEANING AND EFFECT OF INFLATION

Inflation is an important concept because the purchasing power of money used in most
world economies rarely stays constant. Rather, over time the amount of goods and services
that can be bought with a fixed amount of money tends to change. Inflation causes money to
lose purchasing power. That is, when prices inflate we can buy less with the same amount
ofmoney. Inflationmakes future dollars less valuable than present dollars. Think about
examples in your own life, or for an even starker comparison, ask your grandparents how
much a loaf of bread or a new car cost 50 years ago. Then compare those prices with what
you would pay today for the same items. This exercise will reveal the effect of inflation: as
time passes, goods and services cost more, and more monetary units are needed to buy the
same goods and services.

Because of inflation, dollars in one period of time are not equivalent to dollars in
another. We know that engineering economic analysis requires that comparisons be made
on an equivalent basis. So, it is important for us to be able to incorporate the effects of
inflation.

When the purchasing power of a monetary unit increases rather than decreases as time
passes, the result is deflation. Deflation, very rare in the modern world, nonetheless can
exist. Deflation has the opposite effect of inflation—onecan buymorewithmoney in future
years than can be bought today. Thus, deflation makes future dollars more valuable than
current dollars.

HowDoes InflationHappen?

Economists generally believe that inflation depends on the following, either in isolation or
in combination.

Money supply: The amount of money in our national economy has an effect on its
purchasing power. If there is too much money in the system (the Federal Reserve
controls the flow of money) versus goods and services to purchase with that money,
the value of dollars tends to decrease. When there are fewer dollars in the system,
they become more valuable. The Federal Reserve seeks to increase the volume of
money in the system at the same rate that the economy is growing.

Exchange rates: The strength of the dollar in world markets affects the profitability
of international companies. Prices may be adjusted to compensate for the dollar’s
relative strength or weakness in the worldmarket. As corporations’ profits are weak-
ened or eliminated in some markets owing to fluctuations in exchange rates, prices
may be raised in other markets to compensate.

Cost–push: This cause of inflation develops as producers of goods and services “push”
their increasing operating costs along to the customer through higher prices. These
operating costs include fabrication/manufacturing,marketing, and sales.
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Demand–pull: This cause is realized when consumers spend money freely on goods
and services. As more and more people demand certain goods and services, the
prices of those goods and services will rise (demand exceeding supply).

A further consideration in analyzing how inflation works is the usually different rates
at which prices and wages rise. Do workers benefit if, as their wages increase, the prices of
goods and services increase? To determine the net effect of differing rates of inflation, we
must be able to make comparisons and understand costs and benefits from an equivalent
perspective. In this chapter we will learn how to make such comparisons.

Definitions for Considering Inflation in Engineering Economy

The following definitions are used throughout this chapter to illustrate how inflation and
price change affect two quantities: interest rates and cash flows.

Inflation rate (f): The inflation rate captures the effect of goods and services costing
more—a decrease in the purchasing power of dollars. More money is required to
buy a good or service whose price has inflated. The inflation rate is measured as the
annual rate of increase in the number of dollars needed to pay for the same amount
of goods and services.

Real interest rate (i′): This interest rate measures the “real” growth of money exclud-
ing the effect of inflation. Because it does not include inflation, it is sometimes called
the inflation-free interest rate.

Market interest rate (i): This is the rate of interest that one obtains in the general mar-
ketplace. For instance, the interest rates on passbook savings, checking plus, and
certificates of deposit quoted by banks are all market rates. The lending interest rate
for autos and boats is also a market rate. This rate is sometimes called the com-
bined interest rate because it incorporates the effect of both real money growth and
inflation. We can view i as follows:

Market ‘‘Real’’ Effect
interest has in it growth and of
rate of money inflation

The mathematical relationship between the inflation, real and market interest rates is
given as

i = i′ + f + (i′)( f ) (14-1)

This is the first point where we have defined a real interest rate and a market or com-
bined interest rate. This naturally leads to the question of what meaning should be attached
to the interest rate i, which is found throughout the text. In fact, both meanings have been
used. In problems about savings accounts and loans, the interest rate is usually a market
rate. In problems about engineering projects where costs and benefits are often estimated
as $x per year, the interest rate is a real rate.
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EXAMPLE 14–1

Suppose a professional golfer wants to invest some recent golf winnings in her hometown bank
for one year. Currently, the bank is paying a rate of 5.5% compounded annually. Assume inflation
is expected to be 2% per year. Identify i, f , and i′ . Repeat for inflation of 8% per year.

SOLUTION

If Inflation Is 2%per Year

The bank is paying amarket rate (i). The inflation rate ( f ) is given. What then is the real interest
rate (i′)?

i = 5.5%, f = 2%, i′= ?

Solving for i′ in Equation 14-1, we have

i = i′ + f + (i′)( f )
i − f = i′(1 + f )

i′ = (i − f )/(1 + f )

= (0.055 − 0.02)/(1 + 0.02) = 0.034 or 3.4% per year

This means that the golfer will have 3.4%more purchasing power than she had a year ago. At the
end of the year she can buy 3.4% more goods and services than she could have at the beginning
of the year. For example, assume she was buying golf balls that cost $5 each and that she had
invested $1000.

At the beginning of the year she could buy

Number of balls purchased today = Dollars today available to buy balls

Cost of balls today

= 1000/$5 = 200 golf balls

At the end of the year she could buy

Number of balls bought at end of year = Dollars available for purchase at end of year

Cost per ball at end of year

= ($1000)(F/P , 5.5%, 1)

($5)(1 + 0.02)1
= $1055

$5.10
= 207 golf balls

The golfer can, after one year, buy 3.4% more golf balls than she could before. With rounding,
this is 207 balls.
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If Inflation Is 8%

As with the lower inflation rate, we would solve for i′ :

i′ = (i − f )/(1 + f )

= (0.055 − 0.08)/(1 + 0.08)

= −0.023 or −2.3% per year

In this case the real growth in money has decreased by 2.3%, so that the golfer can now buy 2.3%
fewer balls with the money she had invested. Even though she has more money year-end, it is
worth less, so she can purchase less.

Regardless of how inflation behaves over the year, the bankwill pay the golfer $1055 at the end
of the year. However, as we have seen, inflation can greatly affect the “real” growth of dollars
over time. In a presidential speech, inflation has been called “that thief” because it steals real
purchasing power from our dollars.

Let us continue the discussion of inflation by focusing on cash flows. We define dollars
of two types:

Actual dollars (A$): This is the typeof dollar thatwe ordinarily thinkof whenwe think
ofmoney. They circulate in our economy and are used for investments and payments.
We can touch these dollars and often keep them in our purses and wallets—they are
“actual” and exist physically. Sometimes they are called inflated dollars because
they carry any inflation that has reduced their worth.These are also the dollars shown
on paychecks, credit card receipts, and normal financial transactions.

Real dollars (R$): This type of dollar is a bit harder to define. Real dollars are always
expressed in terms of some constant purchasing power “base” year, for example,
2011-based dollars. Real dollars are sometimes called constant dollars or constant
purchasing power dollars, and because they do not carry the effects of inflation,
they are also known as inflation-free dollars.

Having defined market, inflation, and real interest rates as well as actual and real
dollars, let us describe how these quantities relate. Figure 14-1 illustrates the relationship
between these quantities.

Figure 14-1 illustrates the following principles:

When dealing with actual dollars (A$), use a market interest rate (i), and when
discounting A$ over time, also use i.

When dealing with real dollars (R$), use a real interest rate (i′), and when
discounting R$ over time, also use i′ .

Figure 14-1 shows the relationships between A$ and R$ that occur at the same period of
time. Actual and real dollars are related by the inflation rate, in this case, over the period
of years defined by n − t . To translate between dollars of one type to dollars of the other
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t n

R base (t) $ at (t)

A$ at (t)

R base (t) $ at (n)

A$ at (n)

i'

i

Time

f for 0
periods

f for
n – t periods

FIGURE 14–1 Relationship between i, f, i ′, A$, and R$.

(A$ to R$ or R$ to A$), use the inflation rate for the right number of periods. The following
example illustrates many of these relationships.

EXAMPLE 14–2

When the university’s stadium was completed in 1960, the total cost was $1.2 million. At that
time a wealthy alumnus gifted the university with $1.2 million to be used for a future replacement.
University administrators are now considering building the new facility in the year 2015. Assume
that:

• Inflation is 6.0% per year from 1960 to 2015.
• In 1960 the university invested the gift at a market interest rate of 8.0% per year.

(a) Define i, i′ , f, A$, and R$.

(b) How many actual dollars in the year 2015 will the gift be worth?

(c) How much would the actual dollars in 2015 be in terms of 1960 purchasing power?

(d) How much better or worse should the new stadium be?

SOLUTIONTO PART a

Since 6.0% is the inflation rate ( f ) and 8.0% is the market interest rate (i), we can write

i′ = (0.08 − 0.06)/(1 + 0.06) = 0.01887, or 1.887%

The building’s cost in 1960 was $1,200,000, which were the actual dollars (A$) spent in
1960.

SOLUTIONTO PART b

From Figure 14-1we are going from actual dollars at t, in 1960, to actual dollars at n, in 2015. To
do so, we use the market interest rate and compound this amount forward 55 years, as illustrated
in Figure 14-2.

Actual dollars in 2015 = Actual dollars in 1960 (F/P, i, 55 years)

= $1,200,000(F/P, 8%, 55)

= $82,701,600
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FIGURE 14–2 Compounding A$ in 1960 to A$ in
2015.

$1,200,000

$82,701,600

Time

8%

1960 2015

SOLUTION TO PART c

Now we want to determine the amount of real 1960 dollars that occur in the year 2015, which
are equivalent to the $82.7 million from the solution to part b. Let us solve this problem two
ways.

1. Translate actual dollars in the year 2015 to real 1960 dollars in the year 2015. From
Figure 14-1 we can use the inflation rate to strip 55 years of inflation from the actual
dollars. We do this by using the P/F factor for 55 years at the inflation rate. We are
not physically moving the dollars in time; rather, we are simply removing inflation from
these dollars one year at a time—the P/F factor does that for us. This is illustrated in the
following equation and Figure 14-3.

Real 1960 dollars in 2015 = (Actual dollars in 2015)(P/F, f, 55)

= ($82,701,600)(P/F, 6%, 55)

= $3,357,000

FIGURE 14–3 Translationof A$ in
2015 to R 1960-based dollars in
2015.

2015

R Base 1960 $ in 2015 � 3,357,000

A$ in 2015 � 82,701,600

Time

Stripping Out
55 years of
6% Inflation

2. Translate real 1960 dollars in 1960 to real 1960 dollars in 2015. The $1.2 million can
also be said to be real 1960 dollars that circulated in 1960. So, let us translate those real
dollars from 1960 to the year 2015 (Figure 14-4). Since they are real dollars,we use the
real interest rate.

Real 1960 dollars in 2015 = (Real 1960 dollars in 1960)(P/F, i′, 55)
= ($1,200,000)(F/P, 1.887%, 55)

= $3,355,000
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FIGURE 14–4 Translation of R 1960 dollars in
1960 to R 1960 dollars in 2015.

$1,200,000

$3,355,000

Time

1.887%

1960 2015

Note: The answers differ due to rounding the market interest rate to 1.887% versus carrying it
out to more significant digits. The difference due to this rounding is less than 0.1%. If i′ and the
factors have enough digits, the answers to the two parts would be identical.

SOLUTION TOPART d

Assuming that construction costs increased at the rate of 6% per year, then the amount avail-
able for the project in terms of 1960 dollars is almost $3.4 million. This means that the new
stadium will be about 3.4/1.2 or approximately 2.8 times “better” than the original one using
real dollars.

EXAMPLE 14–3

In 1924 Mr. O’Leary buried $1000 worth of quarters in his backyard. Over the years he had
always thought that the money would be a nice nest egg to give to his first grandchild. His first
granddaughter, Gabrielle, arrived in 1994. From 1924 to 1994, inflation averaged 4.5%, the stock
market increased an average of 15% per year, and investments in guaranteed government bonds
averaged 6.5% return per year. What was the relative purchasing power of the jar of quarters that
Mr. O’Leary gave to his granddaughter Gabrielle at birth? What might have been a better choice
for his “backyard investment”?

SOLUTION

Mr. O’Leary’s $1000 was actual dollars both in 1924 and in 1994.
To obtain the real 1924 dollar equivalent of the $1000 that Gabrielle received in 1994, we

would strip 70 years of inflation out of those dollars. As it turned out, Gabrielle’s grandfa-
ther gave her $45.90 worth of 1924 purchasing power. Because inflation has “stolen” purchasing
power from his stash of quarters during the 70-year period, Mr. O’Leary gave his grandaughter
much less than the amount he first spaded underground. This loss of purchasing power caused by
inflation can be calculated as follows:

Real 1924 dollars in 1994 = (Actual dollars in 1994)(P/F, f, 1994 − 1924)

= $1000(P/F, 4.5%, 70) = $45.90
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On the other hand, if Mr. O’Leary had put his $1000 in the stock market in 1924, he would
have made baby Gabrielle an instant multimillionaire by giving her $17,735,000. We calculate
this as follows:

Actual dollars in 1994 = (Actual dollars in 1924)(F/P, i, 1994 − 1924)

= $1000(F/P, 15%, 70) = $17,735,000

At the time of Gabrielle’s birth that $17.7 million translates to $814,069 in 1924 purchasing
power. This is quite a bit different from the $45.90 in 1924 purchasing power calculated for the
unearthed jar of quarters.

Real 1924 dollars in 1994 = $17,735,000(P/F, 4.5%, 70) = $814,069

Mr. O’Leary was never a risk taker, so it is doubtful he would have chosen the stock market
for his future grandchild’s nest egg. If he had chosen guaranteed government bonds instead of his
backyard, by 1994 the investment would have grown to $59,076 (actual dollars)—the equivalent
of $2712 in 1924 purchasing power.

Actual dollars in 1994 = (Actual dollars in 1924)(F/P, i, 1994 − 1924)

= $1000(F/P, 6%, 70) = $59,076

Real 1924 dollars in 1994 = $59,076(P/F, 4.5%, 70) = $2712

Obviously, either option would have been better than the choice Mr. O’Leary made. This
example illustrates the effects of inflation and purchasing power, as well as the power of
compound interest. However, in Mr. O’Leary’s defense, if the country had experienced
70 years of deflation instead of inflation, he might have had the last laugh!

There are in general two ways to approach an economic analysis problem after the
effects of inflation have been recognized. The first is to ignore these effects in conducting
the analysis, as we’ve done so far in the text.

Ignoring inflation in the analysis: Use real dollars and a real interest rate that does
not reflect inflation.

The second approach is to systematically include the effects of inflation, as studied in
this chapter.

Incorporating inflation in the analysis: Use amarket interest rate and actual dollars
that include inflation.

Since inflation is so common, why do many economic analyses of engineering projects
and most of this text choose not to explicitly address inflation? This question is best
answered by referring to the many examples and problems that contain statements like
“Operations and maintenance costs are expected to be $30,000 annually for the equipment’s
20-year life.”

Does such a statement mean that accounting records for the next 20 years will
show constant costs? Obviously not. Instead, it means that in constant-dollar terms the
O&M costs are not expected to increase. In real dollars, O&M costs are uniform. In actual
or inflated dollars, we will pay more each year, but each of those dollars will be worth less.
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Most costs and benefits in the real world and in this text have prices that increase at
about the same rate of inflation as the economy as a whole. In most analyses these inflation
increases are addressed by simply stating everything in real dollar terms and using a real
interest rate.

There are specific items, such as computers and depreciation deductions, where infla-
tion is clearly expected to differ from the general rate of inflation. It is for these cases, that
this chapter is included in this text.

ANALYSIS IN CONSTANT DOLLARS VERSUS THEN-CURRENT DOLLARS

Performing an analysis requires that we distinguish cash flows as being either constant
dollars (real dollars, expressed in terms of some purchasing power base) or then-current
dollars (actual dollars that are then-current when they occur). As previously stated, constant
(real) dollars require the use of a real interest rate for discounting, then-current dollars
require a market (or combined) interest rate. We must not mix these two dollar types when
performing an analysis. If both types are stated in the problem, one type must be converted
to the other, so that a consistent comparison can be made.

EXAMPLE 14–4

The Waygate Corporation is interested in evaluating a major new video display technology
(VDT). Two competing computer innovation companies have approached Waygate to develop
the technology. Waygate believes that both companies will be able to deliver equivalent products
at the end of a 5-year period. From the yearly development costs of the VDT for each firm, deter-
mine which oneWaygate should choose if the corporate MARR (investment market rate) is 25%
and price inflation is assumed to be 3.5% per year over the next 5 years.

Company Alpha costs: Development costs will be $150,000 the first year and will increase
at a rate of 5% over the 5-year period.

Company Beta costs: Development costs will be a constant $150,000 per year in terms of
today’s dollars over the 5-year period.

SOLUTION

The costs for each of the two alternatives are as follows:

Then-Current Costs Constant Dollar Costs

Year Stated byAlpha Statedby Beta

1 $150,000× (1.05)0 = $150,000 $150,000
2 150,000× (1.05)1 = 157,500 150,000
3 150,000× (1.05)2 = 165,375 150,000
4 150,000× (1.05)3 = 173,644 150,000
5 150,000× (1.05)4 = 182,326 150,000

We inflate (or escalate) the stated yearly cost given by Company Alpha by 5% per year to obtain
the then-current (actual) dollars each year. Company Beta’s costs are given in terms of today-
based constant dollars.
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Using a Constant Dollar Analysis

Here we must convert the then-current costs given by Company Alpha to constant today-based
dollars. We do this by stripping the number of years of general inflation from each year’s cost
using (P/F, f, n) or (1 + f )−n .

Constant Dollar Costs Constant Dollar Costs

Year Statedby Alpha Statedby Beta

1 $150,000 × (1.035)−1 = $144,928 $150,000
2 157,500 × (1.035)−2 = 147,028 150,000
3 165,375 × (1.035)−3 = 149,159 150,000
4 173,644 × (1.035)−4 = 151,321 150,000
5 182,326 × (1.035)−5 = 153,514 150,000

We use the real interest rate (i′) calculated from Equation 14-1 to calculate the present worth of
costs for each alternative:

i′ = (i − f )/(1 + f ) = (0.25 − 0.035)/(1 + 0.035) = 0.208

PW of cost (Alpha) = 144,928(P/F, 20.8%, 1)+ 147,028(P/F, 20.8%, 2)

+ 149,159(P/F, 20.8%, 3)+ 151,321(P/F, 20.8%, 4)

+ 153,514(P/F, 20.8%, 5) = $436,000

PW of cost (Beta) = $150,000(P/A, 20.8%, 5) = $150,000(2.9387) = $441,000

Using a Then-Current Dollar Analysis

Here we must convert the constant dollar costs of Company Beta to then-current dollars. We
do this by using (F/P, f, n) or (1 + f )n to “add in” the appropriate number of years of general
inflation to each year’s cost.

Then-Current Costs Then-Current Costs

Year Stated byAlpha Statedby Beta

1 $150,000 × (1.05)0 = $150,000 $150,000× (1.035)1 = $155,250
2 150,000 × (1.05)1 = 157,500 150,000× (1.035)2 = 160,684
3 150,000 × (1.05)2 = 165,375 150,000× (1.035)3 = 166,308
4 150,000 × (1.05)3 = 173,644 150,000× (1.035)4 = 172,128
5 150,000 × (1.05)4 = 182,326 150,000× (1.035)5 = 178,153

Calculate the present worth of costs for each alternative using the market interest rate (i).

PW of cost (Alpha) = 150,000(P/F, 25%, 1)+ 157,500(P/F, 25%, 2)

+ 165,375(P/F, 25%, 3)+ 173,644(P/F, 25%, 4)

+ 182,326(P/F, 25%, 5) = $436,000
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PW of cost (Beta) = 155,250(P/F, 25%, 1)+ 160,684(P/F, 25%, 2)

+ 166,308(P/F, 25%, 3)+ 172,128(P/F, 25%, 4)

+ 178,153(P/F, 25%, 5) = $441,000

Using either a constant dollar or then-current dollar analysis, Waygate should chose Company
Alpha’s offer, which has the lower present worth of costs. There may, of course, be intangible
elements in the decision that are more important than a 1% difference in the costs.

PRICE CHANGEWITH INDEXES

We have already described the effects that inflation can have on money over time. Also,
several definitions and relationships regarding dollars and interest rates have been given.
We have seen that it is not correct to compare the benefits of an investment in 2010-based
dollars with costs in 2015-based dollars. This is like comparing apples and oranges. Such
comparisons of benefits and costs can be meaningful only if a standard purchasing power
base ofmoney is used. Thus we ask, How do I knowwhat inflation rate to use in my studies?
and, How can we measure price changes over time?

What Is a Price Index?

Price indexes (introduced in Chapter 2) describe the relative price fluctuation of goods and
services. They provide a historical record of prices over time. Price indexes are tracked
for specific commodities as well as for bundles (composites) of commodities. As such,
price indexes can be used to measure historical price changes for individual cost items (like
labor and material costs) as well as general costs (like consumer products). We use past
price fluctuations to predict future prices.

Table 14-1 lists the historic prices of sending a first-class letter in the U.S. from 1970
to 2010. The cost is given both in terms of dollars (cents) and as measured by a fictitious
price index that we could call the letter cost index (LCI).

Notice two important aspects of the LCI. First, as with all cost or price indexes, there
is a base year, which is assigned a value of 100. Our LCI has a base year of 1970—thus
for 1970, LCI = 100. Values for subsequent years are stated in relation to the 1970 value.
Second, the LCI changes only when the cost of first-class postage changes. In years when
this quantity does not change, the LCI is not affected. These general observations apply to
all price indexes.

In general, engineering economists are the “users” of cost indexes such as our hypo-
thetical LCI. That is, cost indexes are calculated or tabulated by some other party, and our
interest is in assessing what the index tells us about the historical prices and how these may
affect our estimate of future costs. However, we should understand how the LCI in Table
14-1 was calculated.

In Table 14-1, the LCI is assigned a value of 100 because 1970 serves as our base year.
In the following years the LCI is calculated on a year-to-year basis based on the annual
percentage increase in first-class mail. Equation 14-2 illustrates the arithmetic used.

LCI year, n = cost (n)

cost 1970
× 100 (14-2)
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TABLE 14–1 Historic Prices of First-Class Mail, 1970–2010, and Letter Cost Index

Cost of First- Annual Cost of First- Annual

Year, n Class Mail LCI Increase for n Year,n Class Mail LCI Increase for n

1970 $0.06 100 1991 0.29 483 16.00
1971 0.08 133 33.33 1992 0.29 483 0.00
1972 0.08 133 0.00 1993 0.29 483 0.00
1973 0.08 133 0.00 1994 0.29 483 0.00
1974 0.10 166 25.00 1995 0.32 533 10.34
1975 0.13 216 30.00 1996 0.32 533 0.00
1976 0.13 216 0.00 1997 0.32 533 0.00
1977 0.13 216 0.00 1998 0.33 550 3.13
1978 0.15 250 15.74 1999 0.33 550 0.00
1979 0.15 250 0.00 2000 0.33 550 0.00
1980 0.15 250 0.00 2001 0.34 567 3.03
1981 0.20 333 33.33 2002 0.37 617 8.82
1982 0.20 333 0.00 2003 0.37 617 0.00
1983 0.20 333 0.00 2004 0.37 617 0.00
1984 0.20 333 0.00 2005 0.37 617 0.00
1985 0.22 367 10.00 2006 0.39 650 5.41
1986 0.22 367 0.00 2007 0.41 683 5.13
1987 0.22 367 0.00 2008 0.42 700 2.44
1988 0.25 417 13.64 2009 0.42 700 0.00
1989 0.25 417 0.00% 2010 0.44 733 4.76
1990 0.25 417 0.00

For example, consider the LCI for the year 1980. We calculate the LCI as follows.

LCI year 1980 = 0.15

0.06
× 100 = 250

As mentioned, engineering economists often use cost indexes to project future cash
flows. As such, our first job is to use a cost index to calculate the year-to-year percentage
increase (or inflation) of prices tracked by an index. We can use Equation 14-3:

Annual percentage increase, n = Index(n) − Index(n − 1)

Index(n − 1)
× 100% (14-3)

To illustrate, let us look at the percent change from 1977 to 1978 for the LCI.

Annual percentage increase (1978) = 250− 216

216
× 100% = 15.74%

For 1978 the price of mailing a first-class letter increased by 15.74% over the previous year.
This is tabulated in Table 14-1.
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An engineering economist often wants to know how a particular cost quantity changes
over time. Often we are interested in calculating the average rate of price increases over a
period of time. For instance, we might want to know the average yearly increase in postal
prices from 2000 to 2010. If we generalize Equation 14-3 to calculate the percent change
from 2000 to 2010, we obtain

% Increase (2000 to 2010) = 700− 550

550
× 100% = 273%

How do we use this to obtain the average rate of increase over those 10 years? Should
we divide 273%by 10 years (273/10=27.3%)? Of course not! Inflation, like interest, com-
pounds. Such a simple division treats inflation like simple interest—without compounding.
So the question remains: How do we calculate an equivalent average rate of increase in
postage rates over a period of time? If we think of the index numbers as cash flows, we
have

P = 550, F = 1700, n = 10, years, i = ?

Using F = P(1 + i)n 700 = 500(1+ i)10 i = (700/550)1/10 − 1 i = 0.0244 = 2.44%

We can use a cost index to calculate the average rate of increase over any period of
years, which should provide insight into how prices may behave in the future.

Composite Versus Commodity Indexes

Cost indexes come in two types: commodity-specific indexes and composite indexes.
Commodity-specific indexes measure the historical change in price for specific items—such
as construction labor or iron ore. Commodity indexes, like our letter cost index, are useful
when an economic analysis includes individual cost items that are tracked by such indexes.
For example, if we need to estimate the direct-labor cost portion of a construction project,
we could use an index that tracks the inflation, or escalation, of labor costs. The U.S. Depart-
ments of Commerce and Labor track many cost quantities through the Department of Eco-
nomic Analysis and Bureau of Labor Statistics. Example 14-5 uses data from a California
government website (www.resd.dgs.ca.gov/CaliforniaConstructionCostIndexPage.htm) to
demonstrate using a commodity index. This data is compiled from the Engineering
News-Record.

EXAMPLE 14–5

From the website just referenced (CCCI), in January 2010 bids were opened for a new building
in Los Angeles. The low bid and the final construction cost were $5.25 million.Another building
of the same size, quality, and purpose is planned with a bid opening in January 2015. Estimate
the new building’s low bid and cost.

SOLUTION

In January 2010 theCaliforniaConstructionCost Index (CCCI) had a value of 5260 and in January
2000 the value was 3746. If we wanted a cost estimate for January 2010, we could simply use the
ratio of these values and Equation 14-2. But we want a value for January 2015, which is outside
our data set. (This is true for all future estimates.)
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The solution is to estimate the average annual rate of increase, and then to apply this for the
longer period.

F = 5260, P = 3746, n = 10, find f

F = P(1 + f )n

f = (5260/3746)1/10 − 1 = 3.45% per year

Now we can apply the inflation rate for n = 15 years to the building’s cost in 2000.

F = 5.25 million × (1.0345)15 = $8.73 million

Composite cost indexes do not track historical prices for individual classes of items.
Instead, they measure the historical prices of bundles or market baskets of assets. Exam-
ples of composite indexes include the Consumer Price Index (CPI) and the Producer Price
Index (PPI). The CPI measures prices for consumers in the U.S. marketplace, and each PPI
measures prices for categories of producers in the U.S. economy.

The CPI, an index calculated by the Bureau of Labor Statistics, tracks the cost of a
standard bundle of consumer goods from year to year. This “consumer bundle” or “market
basket” includes housing, clothing, food, transportation, and entertainment. The CPI enjoys
popular identification as the “inflation” indicator. Table 14-2 gives yearly index values and
annual percent increases in the CPI. Figure 14-5 charts the CPI inflation rate for the same
period.

Composite indexes are used the same way as commodity-specific indexes. That is, we
can pick a single value from the table if we are interested in measuring the historic price for
a single year, or we can calculate an average inflation rate or average rate of price increase
as measured by the index over a time period extending several years.
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FIGURE 14–5 CPI inflation rate: 1973–2010. *March data only.
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TABLE 14–2 CPI Index Values and Yearly Percentage Increases, 1973–2010

Year CPI Value* CPI Increase Year CPI Value* CPI Increase

1973 44.4 6.2% 1992 140.3 3.0%

1974 49.3 11.0 1993 144.5 3.0

1975 53.8 9.1 1994 148.2 2.6

1976 56.9 5.8 1995 152.4 2.8

1977 60.6 6.5 1996 156.9 2.9

1978 65.2 7.6 1997 160.5 2.3

1979 72.6 11.3 1998 163.0 1.6

1980 82.4 13.5 1999 166.6 2.2

1981 90.9 10.3 2000 172.2 3.4

1982 96.5 6.2 2001 177.1 2.8

1983 99.6 3.2 2002 179.9 1.6

1984 103.9 4.3 2003 184.0 2.3

1985 107.6 3.6 2004 188.9 2.7

1986 109.6 1.9 2005 195.3 3.4

1987 113.6 3.6 2006 201.6 3.2

1988 118.3 4.1 2007 207.3 2.8

1989 124.0 4.8 2008 215.3 3.8

1990 130.7 5.4 2009 214.5 −0.4

1991 136.2 4.2 2010† 217.6 1.4

*Reference base: 1982–1984= 100.
† Data as of March, not end of year 2010.

How to Use Price Indexes in Engineering Economic Analysis

One may question the usefulness of historical data (as provided by price indexes) when
engineering economic analysis deals with economic effects projected to occur in the future.
However, historical index data are often better predictors of future prices than official
government predictions, which may be influenced by political considerations. The engi-
neering economist can use average historical percentage increases (or decreases) from
commodity-specific and composite indexes, alongwith data frommarket analyses and other
sources, to estimate future costs and benefits.

When the estimated quantities are items that are tracked by commodity specific indexes,
then those indexes should be used to calculate average historical percentage increases (or
decreases). If no commodity-specific indexes are kept, use an appropriate composite index
to make this calculation.

For example, to estimate electric usage costs for a turret lathe over a 5-year period, you
would first want to refer to a commodity-specific index for electric power in your area.
If such an index does not exist, you might use a specific index for a very closely related
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commodity—perhaps an index of electric power costs nationally. In the absence of such
substitute or related commodity indexes, you could use a composite index for national
energy prices. The key point is that you should try to identify and use the price index that
most closely relates to the quantity being estimated.

CASH FLOWS THAT INFLATE AT DIFFERENT RATES

Engineering economic analysis requires the estimation of various parameters. Over time, it
is not uncommon for these parameters to inflate or increase (or even decrease) at different
rates. For instance, one parameter might increase 5% per year and another 15% per year,
and a third might decrease 3.5% per year. Since we are looking at the behavior of cash
flows over time, we must have a way of handling this effect.

In Example 14-6 several commodity prices change at different rates. By using the
respective individual inflation rates, the actual dollar amounts for each commodity are
obtained in each year. Then we use a market interest rate to discount these actual dollar
amounts.

EXAMPLE 14–6

On your first assignment as an engineer, your boss asks you to develop the utility cost estimate for
a new manufacturing facility. After some research you define the problem as finding the present
worth of utility costs given the following data:

• Your company uses a minimum attractive rate of return (MARR) = 35% as i (not adjusted
for inflation.)

• The project has a useful life of 25 years.
• Utilities to be estimated include electricity, water, and natural gas.
• The 35-year historical data reveal:

Electricity costs increase at 8.5% per year

Water costs increase at 5.5% per year

Natural gas costs increase at 6.5% per year

• First-year estimates of the utility costs (in today’s dollars) are as follows:

Electricity will cost $55,000

Water will cost $18,000

Natural gas will cost $38,000

SOLUTION

For this problem we will take each of the utilities used in our manufacturing facility and inflate
them independently at their respective historical annual rates. Once we have these actual dol-
lar amounts (A$), we can total them and then discount each year’s total at 35% back to the
present.
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Year Electricity Water Natural Gas Total

1 55,000(1.085)0 = $55,000 18,000(1.055)0 = $18,000 38,000(1.065)0 = $38,000 $111,000
2 55,000(1.085)1 = 59,675 18,000(1.055)1 = 18,990 38,000(1.065)1 = 40,470 119,135
3 55,000(1.085)2 = 64,747 18,000(1.055)2 = 20,034 38,000(1.065)2 = 43,101 127,882
4 55,000(1.085)3 = 70,251 18,000(1.055)3 = 21,136 38,000(1.065)3 = 45,902 137,289
5 55,000(1.085)4 = 76,222 18,000(1.055)4 = 22,299 38,000(1.065)4 = 48,886 147,407
6 55,000(1.085)5 = 82,701 18,000(1.055)5 = 23,525 38,000(1.065)5 = 52,063 158,290
7 55,000(1.085)6 = 89,731 18,000(1.055)6 = 24,819 38,000(1.065)6 = 55,447 169,997
8 55,000(1.085)7 = 97,358 18,000(1.055)7 = 26,184 38,000(1.065)7 = 59,051 182,594
· · · · ·
· · · · ·
· · · · ·

24 55,000(1.085)23 = 359,126 18,000(1.055)23 = 61,671 38,000(1.065)23 = 161,743 582,539
25 55,000(1.085)24 = 389,652 18,000(1.055)24 = 65,063 38,000(1.065)24 = 172,256 626,970

The present worth of the total yearly utility costs is

PW = 111,000(P/F, 35%, 1)+ 119,135(P/F, 35%, 2)+ · · · + 626,970(P/F, 35%, 25)

= $5,540,000

DIFFERENT INFLATION RATES PER PERIOD

In this section we address the situation of inflation rates that are changing over the study
period. Rather than different inflation rates for different cash flows, in Example 14-7 the
interest rate for the same cash flow is changing over time. A method for handling this
situation is much like that of the preceding section. We can simply apply the inflation rates
in the years in which they are projected to occur. We would do this for each cash flow. Once
we have all these actual dollar amounts, we can use the market interest rate to apply PW,
EUAC, or other measures of merit.

EXAMPLE 14–7

While working as a clerk at Piggly Wiggly, Elvis has learned much about the cost of different
vegetables. The kitchen manager at Heartbreak Hotel called recently, requesting Elvis to estimate
the raw material cost over the next 5 years to introduce succotash (lima beans and corn) to the
buffet line. To develop his estimate, Elvis has used his advanced knowledge of soil growing con-
ditions, world demand, and government subsidy programs for these two crops. He has estimated
the following data:

• Costs for lima beans will inflate at 3% per year for the next 3 years and then at 4% for the
following 2 years.

• Costs for corn will inflate at 8% per year for the next 2 years and then will decrease 2% in
the following 3 years.

The kitchen manager wants to know the equivalent annual cost of providing succotash on the
buffet line over the 5-year period. His before-tax MARR is 20%. An average of 50 pounds each
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of beans and corn will be needed each day. The hotel kitchen operates 6 days per week, 52 weeks
per year. Current costs are $0.35/lb for lima beans and $0.80/lb for corn.

SOLUTION

Today’s cost for one year’s supply of vegetables is

Lima beans 0.35 $/lb × 50 lb/day × 6 day/wk × 52 wk/yr = $ 5,460/yr

Corn 0.80 $/lb × 50 lb/day × 6 day/wk × 52 wk/yr = 12,480/yr

Year Lima Beans Corn Total

0 $5460 $12,480
1 5460(1.03) = 5624 12,480(1.08) = 13,478 $19,102
2 5624(1.03) = 5793 13,478(1.08) = 14,556 20,349
3 5793(1.03) = 5967 14,556(1.02)−1 = 14,271 20,238
4 5967(1.04) = 6206 14,271(1.02)−1 = 13,991 20,197
5 6206(1.04) = 6454 13,991(1.02)−1 = 13,717 20,171

EUAC = [19,102(P/F, 20%, 1)+ 20,349(P/F, 20%, 2)+ 20,238(P/F, 20%, 3)

+ 20,197(P/F, 20%, 4)+ 20,171(P/F, 20%, 5)](A/P, 20%, 5)

= $19,900 per year

In Example 14-7, both today’s cost of each vegetable and the respective inflation rates
were used to calculate the yearly costs of purchasing the desired quantities over the 5-year
period. As in Example 14-6, we obtained a total marginal cost (in terms of actual dollars)
by combining the two individual yearly costs. We then calculated the equivalent uniform
annual cost (EUAC) using the given market interest rate.

Example 14-8 provides another example of how the effect of changes in inflation rates
over time can affect an analysis.

EXAMPLE 14–8

If general price inflation is estimated to be 5% for the next 5 years, 7.5% for the 3 years
after that, and 3% the following 5 years, at what market interest rate (i) would you have to
invest yourmoney tomaintain a real purchasing power growth rate (i′) of 10% during those years?

SOLUTION

In Years 1–5 you must invest at 0.10+0.050+ (0.10)(0.050) = 0.1150 = 11.50% per year.

In Years 6–8 you must invest at 0.10+0.075+ (0.10)(0.075) = 0.1825 = 18.25% per year.

InYears9–13youmust invest at 0.10+ 0.030 + (0.10)(0.030) = 0.1330 = 13.30%peryear.

Note: Most interest-bearing investments have fixed, up-front rates that the investor well
understands going in. On the other hand, inflation is not quantified, and its effect on real
return is not measured until the end of the year. Therefore the real investment return (i ′)
may not turn out to be what was originally required.
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INFLATION EFFECTON AFTER-TAX CALCULATIONS

Earlier we noted the impact of inflation on before-tax calculations. If the future benefits
keep up with the rate of inflation, the rate of return will not be adversely affected by the
inflation. Unfortunately, we are not so lucky when we consider a situation with income
taxes, as illustrated by Example 14-9. The value of the depreciation deduction is diminished
by inflation.

EXAMPLE 14–9

A $12,000 investment with no salvage value will return annual benefits for 6 years. Assume
straight-line depreciation and a 46% income tax rate. Solve for both before- and after-tax rates of
return for two situations:

1. No inflation: the annual benefits are constant at $2918 per year.
2. Inflation equal to 5%: the benefits from the investment increase at this same rate, so that

they continue to be the equivalent of $2918 in Year-0 dollars.

The benefit schedules are as follows:

Annual Benefit for No Inflation, 5% Inflation,

Both Situations Actual Dollars 5% Inflation ActualDollars

Year (Year-0 dollars) Received Factor* Received

1 $2918 $2918 (1.05)1 $3064

2 2918 2918 (1.05)2 3217

3 2918 2918 (1.05)3 3378

4 2918 2918 (1.05)4 3547

5 2918 2918 (1.05)5 3724

6 2918 2918 (1.05)6 3910

*May be read from the 5% compound interest table as (F/P , 5%, n).

SOLUTIONS

Before-TaxRate of Return

Since both situations (no inflation and 5% inflation)have an annual benefit, stated inYear-0 dollars
of $2918, they have the same before-tax rate of return.

PW of cost = PW of benefit

12,000 = 2918(P/A, i, 6), (P/A, i, 6) = 12,000

2918
= 4.11

From compound interest tables: before-tax rate of return equals 12%.
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After-TaxRate of Return, No Inflation

Actual Dollars, and

Before-Tax Straight-Line Taxable 46% Income Year-0Dollars,

Year Cash Flow Depreciation Income Taxes After-Tax Cash Flow

0 −$12,000 −$12,000
1–6 2,918 $2000 $918 −$422 2,496

PW of cost = PW of benefit

12,000 = 2496(P/A, i, 6), (P/A, i, 6) = 12,000

2496
= 4.81

From compound interest tables: after-tax rate of return equals 6.7%.

After-TaxRate of Return, 5% Inflation

Before-Tax Straight-Line Taxable 46% Income Actual Dollars,

Year Cash Flow Depreciation Income Taxes After-TaxCash Flow

0 −$12,000 −$12,000
1 3,064 $2000 $1064 −$489 2,575
2 3,217 2000 1217 −560 2,657
3 3,378 2000 1378 −634 2,744
4 3,547 2000 1547 −712 2,835
5 3,724 2000 1724 −793 2,931
6 3,910 2000 1910 −879 3,031

Converting to Year-0 Dollars and Solving for Rate of Return

Actual Dollars, Year-0

After-Tax Conversion Dollars, After-Tax Present Present

Year Cash Flow Factor Cash Flow Worth at 4% Worth at 5%

0 −$12,000 −$12,000 −$12,000 −$12,000
1 2,575 × (1.05)−1 = 2,452 2,358 2,335
2 2,657 × (1.05)−2 = 2,410 2,228 2,186
3 2,744 × (1.05)−3 = 2,370 2,107 2,047
4 2,835 × (1.05)−4 = 2,332 1,993 1,919
5 2,931 × (1.05)−5 = 2,297 1,888 1,800
6 3,031 × (1.05)−6 = 2,262 1,788 1,688

+362 −25

Linear interpolation between 4 and 5%:

After-tax rate of return = 4%+ 1%[362/(362+ 25)] = 4.9%
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From Example 14-9, we see that the before-tax rate of return for both situations (no
inflation and 5% inflation) is the same. Equal before-tax rates of return are expected because
the benefits in the inflation situation increased in proportion to the inflation. No special cal-
culations are needed in before-tax calculations when future benefits are expected to respond
to inflation or deflation rates.

The after-tax calculations illustrate that equal before-tax rates of return do not produce
equal after-tax rates of return considering inflation.

Rate of Return (%)

Situation Before Taxes After Taxes

No inflation 12 6.7

5% inflation 12 4.9

Inflation reduces the after-tax rate of return, even though the benefits increase at the same
rate as the inflation. A review of the cash flow table reveals that while benefits increase, the
depreciation schedule does not. Thus, the inflation results in increased taxable income and,
hence, larger income tax payments.

The result is thatwhile the after-tax cash flow in actual dollars increases, the augmented
amount is not high enough to offset both inflation and increased income taxes. The Year-0-
dollar after-tax cash flow is smaller with inflation than the Year-0-dollar after-tax cash flow
without inflation.

USING SPREADSHEETS FOR INFLATION CALCULATIONS

Spreadsheets are the perfect tool for incorporating consideration of inflation into analyses
of economic problems. For example, next year’s labor costs are likely to be estimated as
equal to this year’s costs times (1 + f ), where f is the inflation rate. Thus each year’s
value is different, so we can’t use factors for uniform flows, A. Also the formulas that link
different years are easy to write. The result is problems that are very tedious to do by hand,
but easy by spreadsheet.

Example 14-10 illustrates two different ways to write the equation for inflating costs.
Example 14-11 illustrates that inflation reduces the after-tax rate of return because inflation
makes the depreciation deduction less valuable.

EXAMPLE 14–10

Two costs for construction of a small, remote mine are for labor and transportation. Labor
costs are expected to be $350,000 the first year, with inflation of 6% annually. Unit trans-
portation costs are expected to inflate at 5% annually, but the volume of material being moved
changes each year. In Time-0 dollars, the transportation costs are estimated to be $40,000,
$60,000, $50,000, and $30,000 in Years 1 through 4. The inflation rate for the value of the
dollar is 3%. If the firm uses an i′ of 7%, what is the equivalent annual cost for this 4-year
project?



Using Spreadsheets for Inflation Calculations 499

SOLUTION

The data for labor costs can be stated so that no inflation needs to be applied in Year 1: the cost is
$350,000. In contrast, the transportation costs for Year 1 are determined by multiplying $40,000
by 1.05 (= 1 + f ).

Also in later years the labor costt = labor costt−1(1 + f ), while each transportation
cost must be computed as the Time-0 value times (1 + f )t . In Figure 14-6, the numbers
in the Year-0 (or real) dollar column equal the values in the actual dollars column divided
by (1.03)t .

H

7% Inflation-Free Interest

A B C D E F G

1
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3

4

5

6

7

8

9
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11

Inflation Rate 5% 3%6%
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1

2

3
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30,000
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Real $s

182,251
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159,383

157,282      

$571,732       

$168,791       � �PMT(F1,4,F9)

�C8*(1�$D$2)^A8

�B8�D8

�	7*(1�$B$2)

FIGURE 14–6 Spreadsheet for inflation.

The equivalent annual cost equals $168,791.

EXAMPLE 14–11

For the data of Example 14-9, calculate the IRR with and without inflation with MACRS
depreciation. How are the results affected by inflation by comparison with the earlier
results.

SOLUTION

Most of the formulas for this spreadsheet are given in rows 11 and 12 of Figure 14-6 for the data in
Year 6. The benefits received are computed from the base value in cell B5. The depreciation is the
MACRS percentage times the $12,000 spent in Year 0. This value is not influenced by inflation,
so the depreciation deduction is less valuable as inflation increases. The tax paid equals the tax
rate times the taxable income, which equals dollars received minus the depreciation charge. Then
ATCF (after-tax cash flow) equals the before-tax cash flow minus the tax paid.

In Figure 14-7, notice that in Year 2 the depreciation charge is large enough to cause this project
to pay “negative” tax. For a firm, thismeans that the deduction on this project will be used to offset
income from other projects.
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3217
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3547

3724
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305

�287

494

996
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�12000
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2884

2551
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2430

�12000

 2627
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2491

2099

2074

1813

� Inflation Rate � Tax Rate

� Inflation Rate � Tax Rate

� IRR

� IRR

FIGURE 14–7 After-tax IRRs with MACRS and inflation.

The IRRs are higher in this example (7.29%without inflation vs. 6.7%with straight-linedepre-
ciation in Example 14-9, and 5.68% with inflation vs. 4.9%) because MACRS supports faster
depreciation, so the depreciation deductions are more valuable. Also because the depreciation is
faster, the results are affected somewhat less by inflation. Specifically, withMACRS 5% inflation
lowers the IRR by 1.6% and with straight-linedepreciation, 5% inflation lowers the IRR by 1.8%.

SUMMARY

Inflation is characterized by rising prices for goods and services, whereas deflation produces
a fall in prices. An inflationary trendmakes future dollars have less purchasing power than
present dollars. Deflation has the opposite effect. If money is borrowedover a period of time
in which deflation is occurring, then debt will be repaid with dollars that have more pur-
chasing power than those originally borrowed. Inflation and deflation have opposite effects
on the purchasing power of a monetary unit over time.

To distinguish and account for the effect of inflation in our engineering economic anal-
ysis, we define inflation, real, and market interest rates. These interest rates are related by
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the following expression:
i = i′ + f + i′ f

Each rate applies in a different circumstance, and it is important to apply the correct rate to
the correct circumstance. Cash flows are expressed in terms of either actual or real dollars.
Themarket interest rate should be used with actual dollars and the real interest rate should
be used with real dollars.

The different cash flows in our analysis may inflate or change at different interest rates
when we look over the life cycle of the investment. Also, a single cash flow may inflate or
deflate at different rates over time. These two circumstances are handled easily by applying
the correct inflation rates to each cash flow over the study period to obtain the actual dollar
amounts occurring in each year. After the actual dollar quantities have been calculated, the
analysis proceeds using themarket interest rate to calculate the measure of merit of interest.

Historical price change for single commodities and bundles of commodities are tracked
with price indexes. The Consumer Price Index (CPI) is an example of a composite index
formed by a bundle of consumer goods. The CPI serves as a surrogate for general inflation
in our economy. Indexes can be used to calculate the average annual increase (or decrease)
of the costs and benefits in our analysis. The historical data provide valuable information
about how economic quantities may behave in the future over the long run.

The effect of inflation on the computed rate of return for an investment depends on how
future benefits respond to the inflation. Usually the costs and benefits increase at the same
rate as inflation, so the before-tax rate of return will not be adversely affected by the infla-
tion. This outcome is not found when an after-tax analysis is made because the allowable
depreciation schedule does not increase. The result will be increased taxable income and
income tax payments, which reduce the available after-tax benefits and, therefore, the after-
tax rate of return. The important conclusion is that estimates of future inflation or deflation
may be important in evaluating capital expenditure proposals.

P R O B L E M S

Meaning and Effect

14-1 Define inflation in terms of the purchasing power of
dollars.

14-2 Define and describe the relationships between the
following: actual and real dollars, inflation, and real
and market (combined) interest rates.

14-3 How does inflation happen? Describe a few
circumstances that cause prices in an economy to
increase.

14-4 Is it necessary to account for inflation in an engineer-
ing economy study?What are the two approaches for
handling inflation in such analyses?

14-5 In Chapters 5 (Present Worth Analysis) and 6
(Annual Cash Flow Analysis) it is assumed that
prices are stable and a machine purchased today for
$5000 can be replaced for the same amount many

years hence. In fact, prices have generally been rising,
so the stable price assumption tends to be incorrect.
Under what circumstances is it correct to use the
“stable price” assumption when prices actually are
changing?

14-6 An economist has predicted 7% inflation during the
next 10 years. How much will an item that presently
sells for $10 bring a decade hence?
(Answer: $19.67)

14-7 A man bought a 5% tax-free municipal bond. It
cost $1000 and will pay $50 interest each year for
20 years. At maturity the bond returns the original
$1000. If there is 2% annual inflation, what real rate
of return will the investor receive?

14-8 Amanwishes to set aside somemoney for his daugh-
ter’s college education. His goal is to have a bank
savings account containing an amount equivalent to
$20,000 in today’s dollars at the girl’s 18th birthday.
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The estimated inflation rate is 8%. If the bank pays
5% compounded annually, what lump sum should he
deposit on the child’s 4th birthday?
(Answer: $29,670)

14-9 A newspaper reports that in the last 5 years, prices
have increased a total of 50%. This is equivalent to
what annual inflation rate, compounded annually?
(Answer: 8.45%)

14-10 An economist has predicted that for the next 5 years,
the U.S. will have an 8% annual inflation rate, fol-
lowed by 5 years at a 6% inflation rate. This is
equivalent to what average price change per year for
the entire 10-year period?

14-11 An investor wants a real rate of return i ′ of 10% per
year. If the expected annual inflation rate for the next
several years is 6%, what interest rate i should be
used in project analysis calculations?

14-12 A South American country has had a high rate of
inflation. Recently, its exchange rate was 15 cruzados
per dollar; that is, one dollar will buy 15 cruzados. It
is likely that the country will continue to experience
a 25% inflation rate and that the U.S. will continue
at a 7% inflation rate. Assume that the exchange
rate will vary the same as the inflation. In this situ-
ation, one dollar will buy how many cruzados 5 years
from now?
(Answer: 32.6)

14-13 An automaker has a car that gets 10 kilometers per
liter of gasoline. Gas prices will increase 12% per
year, compounded annually, for the next 8 years. The
manufacturer believes that the fuel consumption for
its new cars should decline as fuel prices increase to
keep the fuel costs constant. To achieve this, what
must be the fuel rating, in kilometers per liter, of the
cars 8 years hence?

14-14 An economist has predicted that during the next
6 years, prices in the U.S. will increase 55%. He
expects a further increase of 25% in the subsequent4
years, so that prices at the end of 10 years will have
increased to 180% of the present level. Compute the
inflation rate, f , for the entire 10-year period.

14-15 Sally Johnson loaned a friend $10,000 at 15%
interest, compounded annually. The loan will be paid
in five equal end-of-year payments. Sally expects the
inflation rate to be 12%. After taking inflation into
account, what rate of return is Sally receiving on
the loan? Compute your answer to the nearest 0.1%.
(Answer: 2.7%)

14-16 You may pay $15,000 for an annuity that pays $2500
per year for the next 10 years. You want a real rate of
return of 5%, and you estimate inflation will average
6% per year. Should you buy the annuity?

14-17 Inflation has been reality for the general economy of
the U.S. in many years.Given this assumption, calcu-
late the number of years it will take for the purchasing
power of today’s dollars to equal one-fifth of their
present value. Assume that inflation will average 6%
per year.

14-18 A homebuilder’s advertising had the caption, “Infla-
tion to Continue for Many Years.” The ad explained
that if one buys a home now for $297,000, and
inflation continues at 7%, the home will be worth
$819,400 in 15 years. Thus, by buying a new home
now, one can realize a profit of $522,400 in 15 years.
Do you find this logic persuasive? Explain.

14-19 You were recently looking at the historical prices
paid for homes in a neighborhood that interests you.
Calculate on a year-to-year basis how home prices in
this neighborhood have inflated (a–e in the table).

Average Inflation Rate

Year Home Price for That Year

5 years ago $265,000 (a)
4 years ago 267,000 (b)
3 years ago 272,000 (c)
2 years ago 280,000 (d)
Last year 283,000 (e)
This year 290,000 ( f , see below)

( f ) What is your estimate of the inflation rate for
this year?

14-20 The average cost of a certain model car was $18,000
ten years ago. This year the average cost is $30,000.

(a ) Calculate the averagemonthly inflation rate ( fm )
for this model.

(b ) Given the monthly rate fm , what is the effective
annual rate, f, of inflation for this model.

(c ) Estimate what these will sell for 10 years from
now, expressed in today’s dollars.

Contributed by D. P. Loucks, Cornell University

14-21 Dale saw that the campus bookstore is having a
specialon pads of computation papernormally priced
at $3 a pad, now on sale for $2.50 a pad. This sale
is unusual and Dale assumes the paper will not be
put on sale again. On the other hand, Dale expects
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that there will be no increase in the $3 regular price,
even though the inflation rate is 2% every 3 months.
Dale believes that competition in the paper indus-
try will keep wholesale and retail prices constant.
He uses a pad of computation paper every 3 months.
Dale considers 19.25% a suitable minimum attrac-
tive rate of return. Dale will buy one pad of paper
for his immediate needs. How many extra pads of
computation paper should he buy? (Answer: 4)

14-22 If inflation averages 2.5% each year from 2000 to
2009, what is the purchasing power in 2000 dollars
of $25,000 in 2009?
Contributedby PaulR.McCright, Universityof South
Florida

14-23 If inflation is currently 3.35% and a bank is lending
money at 6.65% interest, what is the real interest rate
the bank is earning on its loans?
Contributedby PaulR.McCright, Universityof South
Florida

14-24 Samantha receives a starting salary offer of $60,000
for Year 1. If inflation is 4% each year, what must her
salary be to have the same purchasing power in Year
10? Year 20? Year 30? Year 40?

14-25 Assume that Samantha (Problem 14-24) receives an
annual 5% raise. How much more, in Year-1 dollars,
is her salary in Year 10? Year 20? Year 30? Year 40?

14-26 Inflation is 4%. If $1000 is invested in an account
paying 6% compounded semiannually, what is the
Year-0 dollar value of the account at the end of the
5 years?

14-27 Assume your salary is $55,000 in 2012 and $160,000
in 2042. If inflation has averaged 2% per year, what
is the real or differential inflation rate of salary
increases?

14-28 In the 1920 Sears Roebuck catalog, an oak chest of
drawers costs $8 plus freight. In 1990 this same chest
of drawers, in good condition, is $1200. If the aver-
age rate of inflation over that 70-year period was
3%, what was the average yearly rate of appreciation,
adjusted for inflation?

14-29 Assume inflation is 5% per year.What is the price tag
in 6 years for an item that has an inflation rate of 4%
that costs $400 today? (Answer: $671)

14-30 The expected rise in prices due to inflation over the
next 5 years is expected to be 30%. Determine the
average annual inflation rate over the 5-year period.

14-31 Explain how high inflation in a booming real estate
market could benefit an engineer who sells a home 5
years after she buys it.

14-32 Felix Jones, a recent engineering graduate, expects
a starting salary of $65,000 per year. His future
employer has averaged 5% per year in salary
increases for the last several years. If inflation is esti-
mated to be 4% per year for the next 3 years, how
much, in Year-1 dollars, will Felix be earning each
year? What is the inflation rate in Felix’s salary?

14-33 The price of a HeeHaw Model BR549 computer is
presently $2200. If deflation of 2% per quarter is
expected on this computer, what will its price be
in nominal dollars at the end of 1 year? If inflation
is 4.5% per year, what will the price be in Year-0
dollars? (Answer: $1942 Year-0 dollars)

14-34 You place $4000 into an account paying 8% com-
pounded annually. Inflation is 5% during each of the
next 3 years. What is the account’s value at the end
of the 3 years in Year-0 dollars?

14-35 The following series from the Historical Statistics of
the United States can be combined with data in Table
14-2 to construct a long-term measure of inflation.
You are asked to develop an average inflation rate
from 1779 through 2010. Describe and defend your
solution.

1910 = 100 (base)
Year 1779 1785 1800 1803 1830 1850 1864 1880
Index 226 92 129 118 91 84 193 100

1927 = 100 (base)
Year 1890 1910 1920 1921 1932 1940 1950 1955
Index 56 90 154 98 65 79 162 174

14-36 If $10,000 is deposited in a 5% savings account and
inflation is 3%, what is the value of the account at the
end of Year 20 in Year-0 dollars? If the time value of
money is 4%, what is the present worth?

14-37 The cost of garbage pickup in Green Gulch is
$4,500,000 for Year 1. Estimate the cost in Year 3
in Year-1 dollars and in nominal dollars. The popula-
tion is increasing at 6%, the nominal cost per ton is
increasing at 5%, and the inflation rate is estimated at
4%. (Answer: $5.57M in nominal $s)

14-38 Your beginning salary is $70,000. You deposit 10%
each year in a savings account that earns 6% interest.
Your salary increases by 5% per year and inflation is
3% per year. What value does your savings account
show after 40 years? What is the value in Year-1
dollars?
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14-39 The market for widgets is increasing by 15% per year
from current profits of $200,000. Investing in a design
changewill allow the profit per widget to stay steady;
otherwise the price will drop by 3% per year. If infla-
tion in the economy is 2%, what is the present worth
in Year-1 dollars of the savings over the next 5 years?
10 years? The interest rate is 10%.

14-40 Enrollment at City University is increasing 3% per
year, its cost per credit hour is increasing8% per year,
and state funds are decreasing by 4% per year. State
funds currently pay half of the costs for City U., while
tuition pays the rest. What annual increase in tuition
is required?

14-41 A homeowner is considering an upgrade of a fuel-oil-
based furnace to a natural gas unit. The investment
in the fixed equipment, such as a new boiler, will be
$2500 installed. The cost of the natural gas will aver-
age $60 per month over the year, instead of the $145
per month that the fuel oil costs. If funds cost 9%
per year and cost inflation in fossil fuels will be 3%
per year, how long will it take to recover the initial
investment? Solve on a monthly basis.

14-42 Joan earns a salary of $110,000 per year, and she
expects to receive increases at a rate of 4% per year
for the next 30 years. She is purchasing a home for
$380,000 at 7% for 30 years (under a special vet-
erans, preference loan with 0% down). She expects
the home to appreciate at a rate of 3% per year. She
will also save 10% of her gross salary in savings
certificates that earn 5% per year. Assume that her
payments and deposits are made annually. If infla-
tion is assumed to have a constant 5% rate, what is
the value (in Year-1 dollars) of each of Joan’s two
investments at the end of the 30-year period? Use a
before-tax analysis.

Before-TaxCases

14-43 Using a market interest rate of 15% and an inflation
rate of 8%, calculate the future equivalent in Year 15
of:

(a ) Dollars having today’s purchasing power.

(b ) Then-current purchasing power dollars, of
$10,000 today.

14-44 The City of Columbia is trying to attract a newmanu-
facturing business. It has offered to install andoperate
a water pumping plant to provide service to the pro-
posed plant site. This would cost $50,000 now, plus
$5000 per year in operating costs for the next 10
years, all measured in Year-0 dollars.

To reimburse the city, the new businessmust pay
a fixed uniform annual fee, A, at the end of each year

for 10 years. In addition, it is to pay the city $50,000
at the end of 10 years. It has been agreed that the
city should receive a 3% rate of return, after taking
an inflation rate, f , of 7% into account.

Determine the amount of the uniform annual fee.
(Answer: $12,100)

14-45 A firm is having a large piece of equipment
overhauled. It expects that the machine will be
needed for the next 12 years. The firm has an 8%
minimum attractive rate of return. The contractor has
suggested three alternatives:

A . A complete overhaul for $6000 that should permit
12 years of operation.

B . A major overhaul for $4500 that can be expected
to provide 8 years of service. At the end of
8 years, a minor overhaul would be needed.

C . A minor overhaul now. At the end of 4 and
8 years, additional minor overhauls would be
needed.

If minor overhauls cost $2500, which alternative
should the firm select? If minor overhauls, which
now cost $2500, increase in cost at +5% per year,
but other costs remain unchanged, which alternative
should the firm select? (Answers:Alt. C; Alt. A)

14-46 A group of students decided to lease and run a
gasoline service station. The lease is for 10 years.
Almost immediately the students were confronted
with the need to alter the gasoline pumps to read
in liters. The Dayton Company has a conversion kit
available for $900 that may be expected to last 10
years. The firm also sells a $500 conversion kit that
has a 5-year useful life. The students believe that any
money not invested in the conversion kits may be
invested elsewhere at a 10% interest rate. Income tax
consequences are to be ignored in this problem.

(a ) Assuming that future replacement kits cost the
same as today, which alternative should be
selected?

(b ) If one assumes a 7% inflation rate, which
alternative should be selected?

14-47 Pollution control equipment must be purchased to
remove the suspended organic material from liquid
being discharged from a vegetable packing plant.
Two alternative pieces of equipment are available
that would accomplish the task. A Filterco unit costs
$7000 and has a 5-year useful life. A Duro unit, on
the other hand, costs $10,000 but will have a 10-year
useful life.

With inflation, equipment costs are rising at 8%
per year, compounded annually, so when the Filterco
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unit needed to be replaced, the cost would be much
more than $7000.Based on a 10-year analysis period,
and a 20% minimum attractive rate of return, which
pollution control equipment should be purchased?

14-48 Sam bought a house for $150,000 with some creative
financing. The bank, which agreed to lend Sam
$120,000 for 6 years at 15% interest, took a first
mortgage on the house. The Joneses, who sold Sam
the house, agreed to lend Sam the remaining $30,000
for 6 years at 12% interest. They received a second
mortgage on the house. Thus Sam became the owner
without putting up any cash.Sampays $1500 amonth
on the first mortgage and $300 a month on the sec-
ond mortgage. In both cases these are “interest only”
loans, and the principal is due at the end of the
loan.

Sam rented the house to Justin and Shannon, but
afterpaying the taxes, insurance,andsoon,hehadonly
$800 left, so he was forced to put up $1000 a month
to make the monthly mortgage payments. At the end
of 3 years, Sam sold the house for $205,000. After
paying off the two loans and the real estate broker, he
had $40,365 left.After taking an 8% inflation rate into
account,whatwashisbefore-taxrateof return?

14-49 Ima Luckygirl recently found out that her grandfa-
ther had passed away and left her his Rocky Moun-
tain Gold savings account. The only deposit was 50
years ago, when Ima’s grandfather deposited $2500.
If the account has earned an average rate of 10% and
inflation has been 4%, answer the following:

(a ) Howmuchmoney is now in the account in actual
dollars?

(b ) Express the answer to part (a) in terms of the
purchasing power of dollars from 50 years ago.

14-50 Auntie Frannie wants to provide tuition for her twin
nephews to attend a private school. She intends to
send a check for $5000 at the end of each of the next
8 years.

(a ) If general price inflation, as well as tuition price
inflation, is expected to average 5% per year for
those 8 years, calculate the present worth of the
gifts. Assume that the real interest rate will be 3%
per year.

(b ) If Auntie Frannie wants her gifts to keep pace
with inflation, what would be the present worth
of her gifts? Again assume inflation is 5% and
the real interest rate is 3%.

14-51 As a recent graduate, you are considering
employment offers from three different companies.
However, in an effort to confuse you and perhaps

make their offers seem better, each company has
used a different purchasing power base for express-
ing your annual salary over the next 5 years. If you
expect inflation to be 6% for the next 5 years and your
personal (real) MARR is 8%, which plan would you
choose?

Company A: A constant $50,000 per year in
terms of today’s purchasing power.

CompanyB: $45,000 the first year,with increases
of $2500 per year thereafter.

Company C: A constant $65,000 per year in
terms of Year-5-based purchasing power.

14-52 If McDonnell Manufacturing has a MARR of 20%,
inflation is 2.75%, and the company uses present
worth analysis with a planning horizon of 15 years in
making economic decisions, which of the following
alternatives would be preferred?

AlternativeA AlternativeB

Initial costs $236,000 $345,000
Annual operating costs 64,000 38,000
Annual maintenance costs 4,000 5,000
Salvage value (EOY 20) 23,000 51,000

Contributed by PaulR.McCright,University of South
Florida

14-53 Due to competition from a new polycarbon, revenues
for the mainstay product of Toys-R-Polycarbon are
declining at 5% per year. Revenues will be $5M for
this year. The product will be discontinued at the end
of Year 6. If the firm’s interest rate is 10%, calculate
the PW of the revenue stream.

14-54 The ABC Block Company anticipates receiving
$4000 per year from its investments (inflation rate of
0%) over the next 5 years. If ABC’s interest rate is
8% and the inflation rate is 3%, determine the present
value of the cash flows.

14-55 The Wildwood Widget Company needs a milling
machine for its new assembly line. The machine
presently costs $85,000,but has a cost inflation rate of
2%.Widget will not need to purchase themachine for
2 years. If general inflation is expected to be 4% per
year during those 2 years, determine the price of the
machine. What is the present worth of the machinery
if the market rate of interest for Widget is 9%?

14-56 Bob has lost his job and had to move back in with his
mother. She agreed to let Bob have his old room back
on the condition that he pay her $1000 rent per year,
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and an additional $1000 every other year to pay for
her biannual jaunt to Florida. Since he is down on his
luck, she will allow him to pay his rent at the end of
the year. If inflation is 6% and Bob’s interest rate is
15%, howmuch is the present cost (in Year-1 dollars)
for a 5-year contract? (Note: Mom’s trips are in Years
2 and 4).

14-57 A 30-year mortgage for $100,000 has been issued.
The interest rate is 10%andpayments aremade annu-
ally. If your time value of money is 12%, what is the
PW of the payments in Year-1 dollars if inflation is
0%? 3%? 6%? 9%? Answer: PW3% = $70,156)

Indexes

14-58 What is the Consumer Price Index (CPI)? What
is the difference between commodity-specific and
composite price indexes? Can each be used in engi-
neering economic analysis?

14-59 A composite price index for the cost of vegetar-
ian foods called Eggs, Artichokes, and Tofu (EAT)
was 330 ten years ago and has averaged an annual
increase of 12% since. Calculate the current value of
the index.

14-60 From the data in Table 14-1 in the text, calculate the
overall rate changeof first-class postage as measured
by the LCI for the following decades:

(a ) The 1970s (1970–1979)

(b ) The 1980s (1980–1989)

(c ) The 1990s (1990–1999)

(d ) The 2000s (2000–2010)

14-61 From the data in Table 14-1 in the text, calcu-
late the average annual inflation rate of first class
postage as measured by the LCI for the following
years:

(a ) End of 1970 to end of 1979

(b ) End of 1980 to end of 1989

(c ) End of 1990 to end of 1999

(d ) End of 1999 to end of 2009

14-62 From the data in Table 14-2 in the text, calculate the
average annual inflation rate as measured by the CPI
for the following years:

(a ) End of 1973 to end of 1982

(b ) End of 1980 to end of 1989

(c ) End of 1985 to end of 2002

(d ) End of 1994 to end of 2009

14-63 (a ) Compute the equivalent annual inflation rate,
based on the Consumer Price Index, for the
period from 1990 to 2010.

(b ) Using the equivalent annual inflation rate com-
puted in part (a), estimate the consumer price
index for 2015.

14-64 Redo Problem 14-17, but estimate the annual
inflation rate using the period from 1996 to 2006 and
the CPI values in Table 14-2.

14-65 Here is some information about a professor salary
index (PSI).

Year PSI Change in PSI

2004 82 3.22%
2005 89 8.50
2006 100 a
2007 b 4.00
2008 107 c
2009 116 d
2010 e 5.17
2011 132 7.58

(a ) Calculate the unknown quantities a, b, c, d, e in
the table. Review Equation 14-3.

(b ) What is the base year of the PSI? How did you
determine it?

(c ) Given the data for the PSI, calculate the average
annual price increase in salaries paid to profes-
sors for between 2004 and 2008 and between
2006 and 2011.

14-66 Homeowner Henry is building a fireplace for his
house. The fireplace will require 800 bricks.

(a ) If the cost of a ChimneyBrick in 1978was $2.10,
calculate the material cost of Henry’s project in
1998. The Chimney Brick Index (CBI) was 442
in 1978 and is expected to be 618 in 1998.

(b ) Estimate the material cost of a similar fireplace
to be built in the year 2012.What assumption did
you make?

DifferentRates

14-67 General price inflation is estimated to be 3% for the
next 5 years, 5% the 5 years after that, and 8% the fol-
lowing 5 years. If you invest $10,000 at 10% for those
15 years, what is the future worth of your investment
in actual dollars at that time and in Year-0 dollars at
that time?

14-68 Due to cost structures, trade policies, and corporate
changes, three big automakers have different infla-
tion rates for the purchase prices of their vehicles.
Which car should Mary Clare buy at graduation 3
years from now, assuming everything but purchase
price is equivalent?
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PriceWill Inflate

Automaker Current Price x%perYear

X $27,500 4 %
Y 30,000 1.5
Z 25,000 8

14-69 Granny Viola has been savingmoney in the Bread &
Butter mutual fund for 15 years. She has been a
steady depositor over those years and has a pattern
of putting $100 into the account every 3 months. If
her original investment 15 years ago was $500 and
interest in the account has varied as shown, what is
the current value of her savings?

Years Interest Earned in the Account

1–5 12% compounded quarterly
6–10 16 compounded quarterly
10–15 8 compounded quarterly

14-70 Andrew just bought a new boat for $15,000 to use on
the river near his home. He has taken delivery of the
boat and agreed to the terms of the following loan: all
principal and interest is due in 3 years (balloon loan),
first-year annual interest (on the purchase price) is set
at 5%, this is to be adjusted up 1.5% per year for each
of the following years of the loan.

(a ) How much does Andrew owe to pay off the loan
in 3 years?

(b ) If inflation is 4%, what is the payment in Year-0
dollars?

14-71 Given the following data, calculate the present worth
of the investment.

First cost = $60,000 Project life = 10 years
Salvage value = $15,000 MARR = 25%

General price inflation = 4% per year
Annual cost 1 = $4500 in Year 1 and

inflating at 2.5% per year
Annual cost 2 = $7000 in Year 1 and

inflating at 10.0% per year
Annual cost 3 = $10,000 in Year 1 and

inflating at 6.5% per year
Annual cost 4 = $8500 in Year 1 and

inflating at −2.5% per year

14-72 As the owner of Beanie Bob’s Basement Brewery,
you are interested in a construction project to increase
production to offset competition from your crosstown
rival, Bad Brad’s Brewery and Poolhall. Construc-
tion cost percentage increases, as well as current cost
estimates, are given for a 3-year period. Use a market
interest rate of 25%, and assume that general price
inflation is 5% over the 3-year period.

Cost if

Incurred
Cost Percentage Increase

Item Today Year 1 Year 2 Year 3

Structural $120,000 4.3% 3.2% 6.6%
metal/concrete

Roofing materials 14,000 2.0 2.5 3.0
Heating/plumbing 35,000 1.6 2.1 3.6
equipment/fixtures

Insulation material 9,000 5.8 6.0 7.5
Labor 85,000 5.0 4.5 4.5

(a ) What would the costs be for labor in Years 1, 2,
and 3?

(b ) What is the average percentage increase of labor
cost over the 3-year period?

(c ) What is the present worth of the insulation cost
of this project?

(d ) Calculate the future worth of the labor and insu-
lation material cost portion of the project.

(e ) Calculate the present worth of the total
construction project for Beanie Bob.

14-73 PhilippeMarie wants to race in the Tour de France 10
years from now. He wants to know what the cost of
a custom-built racing bicycle will be 10 years from
today.

Cost Will Inflate

Item Current Cost x%per Year

Frame $800 2 %
Wheels 350 10
Gearing system 200 5
Braking system 150 3
Saddle 70 2.5
Finishes 125 8

After-TaxCases

14-74 Sally Seashell bought a lot at the Salty Sea for
$18,000 cash. She does not plan to build on the lot,
but instead will hold it as an investment for 10 years.
She wants a 10% after-tax rate of return after taking
the 6% annual inflation rate into account. If income
taxes amount to 15% of the capital gain, at what
price must she sell the lot at the end of the 10 years?
(Answer: $95,188)

14-75 The U.S. tax laws provide for the depreciation of
equipment based on original cost. Yet owing to sub-
stantial inflation, the replacement cost of equipment
is often much greater than the original cost. What
effect, if any, does this have on a firm’s ability to buy
new equipment to replace old equipment?
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14-76 Tom Ward put $10,000 in a 5-year certificate of
deposit that pays 12% interest per year. At matu-
rity he will receive his $10,000 back. Tom’s marginal
income tax rate is 42%. If the inflation rate is 7% per
year, find his

(a ) before-tax rate of return, ignoring inflation

(b ) after-tax rate of return, ignoring inflation

(c ) after-tax rate of return, after taking inflation into
account

14-77 Dick DeWolf and his wife have a total taxable income
of $60,000 this year and file a joint federal income
tax return. If inflation continues for the next 20 years
at a 7% annual rate, Dick wonders what their tax-
able income must be to provide the same purchas-
ing power after taxes. Assuming the federal income
tax rate table is unchanged, what must their taxable
income be 20 years from now?

14-78 Assume that your private university’s tuition is
$28,000.

(a ) If the inflation rate for tuition is 5% per year,
calculate what the tuition will cost 20 years from
now.

(b ) If the general inflation rate for the economy is
3% per year, express that future tuition in today’s
dollars.

(c ) Calculate the amount you would have to invest
today to pay for tuition costs 20, 21, 22, and 23
years from now.Assumeyou can invest at 7% per
year, your income tax rate is 40%per year, and the
tuition has to be paid at the beginningof the year.

Contributed by D. P. Loucks, Cornell University

14-79 You must decide when to go on a vacation. One
option is right after graduation. The other option is
to wait and go after spending 2 years with the Peace
Corps. Assume the vacation costs $2500 now, and
your annual income tax rate is 20% now, and is
expected to continue to be 20% during the next
2 years. Also assume the annual inflation rate for a
week’s trip to Hawaii (hotel included) is 4%.

(a ) Calculate the additional money you could
spend on your vacation, after taxes, by putting
your vacation money ($2500) into a taxable
investment at 6% per year (before taxes) and
waiting 2 years until after you come out of
the Peace Corps compared to taking your well-
deserved vacation now.

(b ) If your tax rate drops to 0% while you’re in the
Peace Corps, how much additional money will
you have for your vacation?

Contributed by D. P. Loucks, Cornell University

14-80 Sam Johnson inherited $85,000 from his father. Sam
is considering investing the money in a house, which
he will then rent to tenants. The $85,000 cost of
the property consists of $17,500 for the land, and
$67,500 for the house. Sam believes he can rent the
house and have $8000 a year net income left after
paying the property taxes and other expenses. The
house will be depreciated by straight-line deprecia-
tion using a 45-year depreciable life.
(a ) If the property is sold at the end of 5 years

for its book value at that time, what after-tax
rate of return will Sam receive? Assume that his
marginal personal income tax rate is 34% for
federal and state taxes.

(b ) Now assume there is 7% per year inflation, com-
pounded annually. Sam will increase the rent 7%
per year to match the inflation rate, so that after
considering increased taxes and other expenses,
the annual net income will go up 7% per year.
Assume Sam’s marginal income tax rate remains
at 34% for all ordinary taxable income related to
the property. The value of the property is now
projected to increase from its present $85,000 at
a rate of 10% per year, compounded annually.

If the property is sold after 5 years, compute
the rate of return on the after-tax cash flow in
actual dollars. Also compute the rate of return on
the after-tax cash flow in Year-0 dollars.

14-81 Asmall researchdevice can bepurchased for $10,000
and depreciated by MACRS depreciation. The net
benefits from the device, before deducting depre-
ciation, are $2000 at the end of the first year and
increasing $1000 per year after that (second year
equals $3000, third year equals $4000, etc.), until the
device is hauled to the junkyard at the end of 7 years.
During the 7-year period there will be an inflation rate
f of 7%.

This profitable corporation has a 40% combined
federal and state income tax rate. If it requires a real
12% after-tax rate of return on its investment, should
the device be purchased?

14-82 A couple in Ruston, Louisiana, must decide whether
it is more economical to buy a home or to con-
tinue to rent during an inflationary period. The couple
rents a one-bedroom duplex for $450 a month plus
$139 a month in basic utilities (heating and cooling).
These costs have a projected inflation rate of 5%, so
the couple’s monthly costs per year over a 10-year
planning horizon are:

n = 1 2 3 4 5 6 7 8 9 10

Rent 450 473 496 521 547 574 603 633 665 698

Utilities 139 146 153 161 169 177 186 196 205 216
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The couple would like to buy a home that
costs $75,000. A local mortgage company will pro-
vide a loan that requires a down payment of 5%
plus estimated closing costs of 1% cash. The cou-
ple prefers a 30-year fixed-rate mortgage with an 8%
interest rate. The couple falls in the 30% marginal
income tax rate (federal plus state), and as such, buy-
ing a home will provide them some tax write-off.
It is estimated that the basic utilities for the home
inflating at 5% will cost $160 per month; insurance
and maintenance also inflating at 5% will cost $50
per month. The home will appreciate in value about
6% per year. Assuming a nominal interest rate of
15.5%, which alternative should the couple select?
Use a present worth analysis. (Note: Realtor’s sales
commission here is 5%.)

14-83 When there is little or no inflation, a homeowner can
expect to rent an unfurnished home for 12% of its
market value. About 1/8 of the rental income is paid
out for property taxes, insurance, and other operating
expenses. Thus the net annual income to the owner is
10.5% of the market value. Since prices are relatively
stable, the future selling price of the property often
equals the original price paid by the owner.

For a $150,000 property (where the land is esti-
mated at $46,500 of the $150,000), compute the
after-tax rate of return, assuming the selling price
59 months later (in December) equals the original
purchase price. Use modified accelerated cost rec-
overy systemdepreciationbeginning January1.Also,
assume a 35% income tax rate. (Answer: 6.84%)

14-84 (This continues Problem 14-83.) As inflation has
increased throughout the world, the rental income of
homes has decreased and a net annual rental income
of 8% of the market value is common. On the other
hand, the market value of homes tends to rise about
2% per year more than the inflation rate. As a result,
both annual net rental income, and the resale value
of the property rise faster than the inflation rate.
Consider the following situation.

A $150,000 property (with the house valued at
$103,500 and the land at $46,500) is purchased for
cash in Year 0. The market value of the property
increases at a 12% annual rate. The annual rental
income is 8% of the beginning-of-year market value
of the property. Thus the rental income also increases
each year. The general inflation rate f is 10%.

The individual who purchased the property has
an average income tax rate of 35%.

(a ) Use MACRS depreciation, beginning January 1,
to compute the actual dollar after-tax rate of
return for the owner, assuming he sells the prop-
erty 59 months later (in December).

(b ) Similarly, compute the after-tax rate of return for
the owner, after taking the general inflation rate
into account, assuming he sells the property 59
months later.

14-85 Consider two mutually exclusive alternatives stated
in Year-0 dollars. Both alternatives have a 3-year life
with no salvage value. Assume the annual inflation
rate is 5%, an income tax rate of 25%, and straight-
line depreciation. The minimum attractive rate of
return (MARR) is 7%. Use rate of return analysis to
determine which alternative is preferable.

Year A B

0 −$420 −$300
1 200 150
2 200 150
3 200 150

14-86 The purchase of a large-volume copier is being con-
sidered. Use MACRS and the current tax law. The
corporation’s taxable incomeexceeds$20M.Thefirst
cost is $18,000. Maintenance cost per year is $1300
in Year-1 dollars. The salvage value after 10 years
is $2000 in Year-10 dollars. Assume the real MARR
is 8%, and the inflation rate is 5%. Find the equiva-
lent annual cost after taxes. Does inflation increase or
decrease the annual cost?

14-87 Ruralville is suffering a 1% annual loss of popula-
tion and property values. Even so, Ruralville must
maintain its tax collections at a constant value of $3.2
million. If the inflation rate is 4.5%, what inflation
rate in taxes for the remaining taxpayers is required
for Ruralville to attain its goal? (Note : Although
Ruralville uses a rate of 6% for discountingpurposes,
that rate is irrelevant to this problem.)

C A S E S
The following case from Cases in Engineering Economy
2nnnddd are suggested as matched with this chapter.

CASE 4 Northern Windows
Tax affected energy conservation project for a
home with simplifying assumptions made clear.
Includes inflation.

CASE37 Brown’s Nursery (Part B)
Adds inflation to Case 36.

CASE38 WestMuskegonMachining andManufacturing
More complex inflation and tax problemwith sunk
cost and leverage.

CASE39 Uncertain Demand at WM3

Includes inflation, taxes, and uncertainty.

CASE41 Freeflight Superdiscs
Inflation and sensitivity analysis for three alterna-
tives. Includes taxes.
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SELECTION OF A
MINIMUM
ATTRACTIVE RATE
OF RETURN

What’s the Rate of Return on a Dam?

T
he broadly defined “energy” industry has
done well in recent years even when the
U.S. and world economies have not. It’s
now quite evident that humans are becom-

ing increasingly dependent on various forms of
energy to power our world. Yet we clearly under-
stand that the use of traditional means (oil, coal, etc.),
over time do pose environmental damage threats
to the world. Thus government and businesses alike
are scrambling to come up with “green” solutions to
the world’s energy needs. But is the economic invest-
ment in renewable forms of energy (solar, wind,
water) worth the risks? Do private investors need to

reconsider their rates of return when evaluating risky investments?

Consider Tajikistan, a former Soviet republic with a population of about 7 million people.
While the country is lacking in most natural resources and has few major industries (cotton
and aluminum), it is the source of over 40% of Central Asia’s water. Tajikistan’s govern-
ment is relying on hydroelectric power for the country’s economic and political future. The
Rogun Dam is an unfinished dam across the Vakhsh River in southern Tajikistan with a
planned capacity of 3600 megawatts of power. Construction began in 1976 but was halted
after the collapse of the Soviet Union. In 2010, hoping to revitalize this project and complete
the dam, Tajikistan made a public offering of bonds worth $1.4 billion. Because this is an
extremely expensive undertaking, the countrymust rely heavily on foreign investment if the
project is to be completed, and the investors are likely to expect significant rates of returns.

Upstream and downstream countries have different perspectives on how completion of dam
projects will affect their own economies andwater supplies. Themore hydroelectric projects



Tajikistan develops, the more control they will have over water in the region; thus political
tensions are a significant issue. The Nurek Dam, downstream on the Vakshsh River, is one
of the world’s highest. Its associated 9-unit power plant provides about 3000 megawatts of
power, and the water impounded is used to irrigate about 1.6 million acres of farmland.

In February 2010, Uzbekistan’s prime minister sent a letter to his Tajikistan counterpart
demanding an independent examination of the possible consequences of the Rogun Dam,
including the impact on Uzbek irrigationsystems. In addition,Tajikistan is in an earthquake
zone, and any dam projects must be built to withstand significant seismic shocks, not to
mention the effects that these projects will have on the plant and animal life in the region.
This kind of investment is very risky for any business or government.
Contributed by Karen M. Bursic, University of Pittsburgh; acknowledgement to NSF DUE
071780; for more see www.modelsandmodeling.net.

1. What are the advantages of relying on hydroelectric power in a country such as
Tajikistan?

2. What are the disadvantages of relying on hydroelectric power in a country such as
Tajikistan?What are the possible consequences of new dam construction?

3. Howwould you balance the benefits against the costs in order to determine whether
a new hydroelectric generating facility should be built in a given location?

4. What are some of the ethical issues that arise when one is considering investment
in foreign countries?

5. What risks are associated with the Rogun Dam for Tajikistan? For its neighboring
countries downstream? For foreign investors?

6. How would a private company determine the MARR to be used in evaluating such
a project?

After Completing This Chapter. . .

The student should be able to:

• Define various sources of capital and the costs of those funds to the firm.
• Discuss the impact of inflation and the cost of borrowed money.
• Select a firm’s MARR based on the opportunity cost approach for analyzing
investments.

• Adjust the firm’s MARR to account for risk and uncertainty.
• Use spreadsheets to develop cumulative investments and the opportunity cost of
capital.

511
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The preceding chapters have said very little about what interest rate or minimum attractive
rate of return is suitable for use in a particular situation. This problem is complex, and no
single answer is always appropriate.A discussion of what interest rate to usemust inevitably
begin by examining the sources of capital, followedby lookingat theprospective investment
opportunities and risk. Only in this way can an interest rate or minimum attractive rate of
return (MARR) be chosen intelligently.

SOURCES OF CAPITAL

In broad terms there are three sources of capital available to a firm: money generated from
the firm’s operation, borrowed money, and money from selling stock.

Money Generated from the Firm’s Operations

A major source of capital investment money is retained profits from the firm’s operation.
Overall, industrialfirms retain about half of their profits and pay out the rest to stockholders.
In addition to profit, the firm generates money equal to the annual depreciation charges on
existing capital assets. In other words, a profitable firm will generate money equal to its
depreciation charges plus its retained profits. Even a firm that earns zero profit will still
generate money from operations equal to its depreciation charges. (A firm with a loss, of
course, will have still less funds.)

External Sources of Money

When a firm requires money for a few weeks or months, it typically borrows from banks.
Longer-term unsecured loans (of, say, 1–4 years) may also be arranged through banks.
While banks undoubtedly finance a lot of capital expenditures, regular bank loans cannot
be considered a source of permanent financing.

Longer-term financing is done by selling bonds to banks, insurance firms, pension
funds, and the public. A wide variety of bonds exist, but most are interest-only loans, where
interest is paid every 6 months or once a year and the principal is due at the bond’smaturity.
Common maturities are 10 to 30 years, although some extend to 100 years and a few even
longer. Usually interest rates are explicitly stated, and Chapter 7 includes examples of how
to calculate the interest rates.

A firm can also raise funds by issuing new stock (shares of ownership in the firm).
Many firms have also repurchased their own stock in the past, which is called treasury
stock. Another way firms can raise funds is to sell this treasury stock.

One of the finance questions each firm must address is maintaining an appropriate bal-
ance between debt (loans and bonds) and equity (stock and retained earnings). The debt
has a maturity date, and there are legal obligations to repay it unless the firm declares
bankruptcy. On the other hand, stockholders expect a higher rate of return to compensate
them for the risks of ownership. Those who are interested in the models used to calculate
the cost of equity capital are referred to The Economic Analysis of Industrial Projects, 3rd

edition, by Eschenbach, Lewis Hartman, and Bussey, published byOxfordUniversity Press.

Choice of Sources of Funds

Choosing the source of funds for capital expenditures is a decision for the firm’s top exec-
utives, and it may require approval of the board of directors. When internal operations
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generate adequate funds for the desired capital expenditures, external sources of money are
not likely to be used. But when the internal sources are inadequate, external sources must
be employed or the capital expenditures will have to be deferred or canceled.

COST OF FUNDS

Cost of BorrowedMoney

A first step in deciding on a minimum attractive rate of return might be to determine the
interest rate at which money can be borrowed. Longer-term loans or bondsmay be obtained
from banks, insurance companies, or the variety of places in which substantial amounts
of money accumulates (for example, the sovereign wealth funds of the oil-producing
nations).

A large, profitable corporation might be able to borrow money at the prime rate,
that is, the interest rate that banks charge their best and most sought-after customers. All
other firms are charged an interest rate that is higher by one-half to several percentage
points. In addition to the firm’s financial strength and ability to repay the debt, the inter-
est rate will depend on the debt’s duration and on whether the debt has collateral or is
unsecured.

Cost of Capital

Another relevant interest rate is the cost of capital. This is also called the weighted average
cost of capital (WACC). This is the rate from all sources of funds in the firm’s overall capi-
talization. The mechanics for computing the cost of capital or WACC are given in Example
15-1.

EXAMPLE 15–1

For a particular firm, the purchasers of common stock require an 11% rate of return, bonds are
sold at a 7% interest rate, and bank loans are available at 9%. Compute the cost of capital or
WACC for the following capital structure:

Rate of

Return

$ 20 million Bank loan 9%
20 Bonds 7
60 Common stock and 11

retained earnings
$100 million

SOLUTION

The weighted cost of capital “weights” the return on each source of capital by the fraction of the
total capital it represents. In this case, 20% of the total capital is from the bank loan, 20% of the
capital is from bonds, and 60% of the capital is from equity sources—that is, common stock and
retained earnings.
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WACCbefore-taxes = (0.2)(9%) + (0.2)(7%) + (0.6)(11%)

= 1.8% + 1.4% + 6.6% = 9.8%

Note that since this is an average, the result must be between the lowest rate of return (7%)
and the largest (11%). Since it is a weighted average, the return with the largest weight (60%) has
the most impact on the final average. We recommend some “mental” arithmetic to approximate
the expected answer, which will help catch any errors with your calculator.

The cost of capital is also computed after considering that interest payments on debt, like
bank loans and bonds, are tax-deductible business expenses. Thus,

After-tax interest cost = (Before-tax interest cost) × (1 − Tax rate)

If we assume that the firm pays 40% income taxes, the computations become

Bank loan After-tax interest cost = 9%(1 − 0.40) = 5.4%

Bonds After-tax interest cost = 7%(1 − 0.40) = 4.2%

Dividends paid on the ownership in the firm (common stock + retained earnings) are not tax
deductible. The cost of capital can also be computed by dividing the total amount of interest by
the total amount of capital. Combining the three components, the after-tax interest cost for the
$100 million of capital is

$20 million (5.4%) + $20 million (4.2%) + $60 million (11%) = $8.52 million

WACCafter-taxes = $8.52 million

$100 million
= 8.52%

In practical situations, the cost of capital is often difficult to compute. The fluctuation
in the price of common stock, for example, makes it difficult to pick a cost, and because
of the fluctuating prospects of the firm, it is even more difficult to estimate the future ben-
efits that purchasers of the stock might expect to receive. Given the fluctuating costs and
prospects of future benefits, what rate of return do stockholders require? There is no pre-
cise answer, but we can obtain an approximate answer. As described in the next section,
inflation complicates the task of finding the real interest rate.

Inflation and the Cost of BorrowedMoney

As inflation varies, what is its effect on the cost of borrowedmoney? Awidely held view has
been that interest rates on long-term borrowing, like 20-year Treasury bonds, will be about
3% more than the inflation rate. For borrowers this is the real—that is, after-inflation—
cost of money, and for lenders the real return on loans. If inflation rates were to increase,
it would follow that borrowing rates would also increase. All this suggests a rational and
orderly situation, about as we might expect.

Unfortunately, things have not worked out this way. Figure 15-1 shows that the real
interest rate has not always been about 3% and, in fact, there have been long periods during
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FIGURE 15–1 The real interest rate. The interest rate on 20-year Treasury bonds minus the inflation
rate, f , as measured by changes in the Consumer Price Index.

which the real interest rate was negative. Can this be possible? Would anyone invest
money at an interest rate several percentage points below the inflation rate? Well, con-
sider this: when the U.S. inflation rate was 12%, savings banks were paying 5½% on
regular passbook deposits—and there was a lot of money in those accounts. While there
must be a relationship between interest rates and inflation, Figure 15-1 suggests that it is
complex.

The relationship between the inflation rate and the rate of return on investments is
quite important, because inflation reduces the real rate of return (as shown in Chapter 14).
In addition, many interest rates are reported without adjusting for inflation. For example,
you know the interest rate on your car loan, student loan, house loan, savings account, and
so on—but all those rates are stated without adjusting for inflation.

INVESTMENTOPPORTUNITIES

An industrial firm can invest its money in many more places than are available to an indi-
vidual. A firm has larger amounts of money, which allows investments that are unavailable
to individuals, with their more limited investment funds.

More important, however, is the fact that a firm conducts a business, which itself offers
many investment opportunities. While exceptions can be found, a good generalization is
that the opportunities for investment of money within the firm are superior to the invest-
ment opportunities outside the firm. Consider the available investment opportunities for a
particular firm as outlined in Table 15-1. The cumulative investment required for all projects
at or above a given rate of return is given in Figure 15-2.

Figure 15-2 illustrates that a firm may have a broad range of investment opportunities
available at varying rates of return andwith varying lives and uncertainties. It may take some
study and searching to identify the better investment projects available to a firm. Typically,
the good projects will almost certainly require moremoney than the firm budgets for capital
investment projects.



516 CHAPTER 15: SELECTION OF AMINIMUMATTRACTIVE RATE OF RETURN

TABLE 15–1 A Firm’s Available InvestmentOpportunities

Project Estimated

Number Project Cost (×103) Rate of Return

Investment Related to Current Operations

1 New equipment to reduce labor costs $150 30%
2 Other new equipment to reduce labor costs 50 45
3 Overhaul particular machine to reduce 50 38

material costs
4 New test equipment to reduce defective 100 40

products produced

New Operations

5 Manufacture parts that previously had 200 35
been purchased

6 Further processing of products 100 28
previously sold in semifinished form

7 Further processing of other products 200 18

New Production Facilities

8 Relocate production to new plant 250 25

External Investments

9 Investment in a different industry 300 20
10 Other investment in a different industry 300 10
11 Overseas investment 400 15
12 Purchase of Treasury bills Unlimited 8
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FIGURE 15–2 Cumulative investment required for all projects at or above a given rate of return.
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Opportunity Cost

We see that there are two aspects of investing that are basically independent. One factor is
the source and quantity of money available for capital investment projects. The other aspect
is the firm’s investment opportunities.

These two situations are typically out of balance, with investment opportunities
exceeding the available money supply. Thus some investment opportunities can be selected
and others must be rejected. Obviously, we want to ensure that all the selected projects are
better than the best rejected project. To do this, we must know something about the rate of
return on the best rejected project. The best rejected project is the best opportunity forgone,
and this in turn is called the opportunity cost.

Opportunity cost = Cost of the best opportunity forgone

= Rate of return on the best rejected project

If one could predict the opportunity cost for some future period (like the next 12 months),
this rate of return could be one way to judge whether to accept or reject any proposed capital
expenditure. Examples 15-2 and 15-3 illustrate this.

EXAMPLE 15–2

Consider the situation represented by Table 15-1 and Figure 15-2. For a capital expenditure
budget of $1.2 million ($1.2 × 106), what is the opportunity cost?

SOLUTION

From Figure 15-2 we see that the eight projects with a rate of return of 20% or more require a
cumulative investment of $1.2 (×106). We would take on these projects and reject the other four
(7, 11, 10, and 12) with rates of return of 18% or less. The best rejected project is 7, and it has an
18% rate of return. Thus the opportunity cost is 18%.

EXAMPLE 15–3

Nine independent projects are being considered. Figure 15-3 may be prepared from the following
data.

Uniform Useful Salvage Computed

Cost Annual Benefit Life Value Rate of

Project (thousands) (thousands) (years) (thousands) Return

1 $100 $23.85 10 $0 20%
2 200 39.85 10 0 15
3 50 34.72 2 0 25
4 100 20.00 6 100 20
5 100 20.00 10 100 20
6 100 18.00 10 100 18
7 300 94.64 4 0 10
8 300 47.40 10 100 12
9 50 7.00 10 50 14
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If a capital budget of $650,000 is available, what is the opportunity cost of capital? With this
model, which projects should be selected?
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FIGURE 15–3 Cumulative cost of projects versus rate of return.

SOLUTION

Looking at the nine projects, we see that some are expected to produce a larger rate of return than
others. It is natural that if we are to select from among them, we will pick those with a higher
rate of return. When the projects are arrayed by rate of return, as in Figure 15-3, Project 2 is the
last one funded. Thus, the opportunity cost of capital is 14% from Project 9, the highest ranked
unfunded project. This model implies funding Projects 3, 1, 4, 5, 6, and 2.

SELECTINGAMINIMUMATTRACTIVE RATE OF RETURN

Focusing on the three concepts on the cost of money (the cost of borrowed money, the
cost of capital, and opportunity cost), which, if any, of these values should be used as the
minimum attractive rate of return (MARR) in economic analyses?

Fundamentally, we know that unless the benefits of a project exceed its cost, we cannot
add to the profitability of the firm. A lower boundary for the minimum attractive rate of
returnmust be the cost of themoney invested in the project. It would be unwise, for example,
to borrow money at 8% and invest it in a project yielding a 6% rate of return.

Further, we know that no firm has an unlimited ability to borrow money. Bankers—
and others who evaluate the limits of a firm’s ability to borrow money—look at both the
profitability of the firm and the relationship between the components in the firm’s capital
structure. This means that continued borrowing of money will require that additional stock
be sold to maintain an acceptable ratio between ownership (equity) and debt. In other
words, borrowing for a particular investment project is only a block of money from the
overall capital structure of the firm. This suggests that the MARR should not be less than
the cost of capital. Finally, we know that the MARR should not be less than the rate of
return on the best opportunity forgone. Stated simply,
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Minimum attractive rate of return should be equal to the largest of: cost of borrowed
money, cost of capital, or opportunity cost.

ADJUSTINGMARR TO ACCOUNT FOR RISK AND UNCERTAINTY

We know from our study of estimating the future that what actually occurs is often different
from the estimate.When we are fortunate enough to be able to assign probabilities to a set of
possible future outcomes, we call this a risk situation.We saw in Chapter 10 that techniques
like expected value and simulation may be used when the probabilities are known.

Uncertainty is the term used to describe the condition when the probabilities are not
known. Thus, if the probabilities of future outcomes are known, we have risk, and if the
probabilities are unknown, we have uncertainty. With uncertainty, adjustments for risk are
more subjective.

In projects accompanied by normal business risk and uncertainty, the MARR is used
without adjustment. For projects with greater than average risk or uncertainty, most firms
increase the MARR. As reported in Block (2005), the percentage of firms using risk-
adjusted rates varied from 66% in retail to 82% in health care. Some of the percentages
for other industries are 70% for manufacturing, 73% for energy, and 78% for technology
firms. Table 15-2 lists an example of risk-adjusted MARRs in manufacturing.

TABLE 15–2 Example Risk-AdjustedMARRValues in Manufacturing

Rate (%) Applies to:

6 Equipment replacement
8 New equipment

10 New product in normal market
12 New product in related market
16 New product in new market
20 New product in foreign market

Some firms use the same rates for all divisions and groups. Other firms vary the rates
by division for strategic reasons. There are even cases when a project-specific rate based
on that project’s financing may be justified. For example, a firm or joint venture may be
founded to develop a specific mine, pipeline, or other resource development project.

However, as shown in Example 15-4, risk-adjusted rates may not work well. A
preferable way deals explicitly with the probabilities using the techniques from Chapter
10. When the interest rate (MARR) used in economic analysis calculations is raised to
adjust for risk or uncertainty, greater emphasis is placed on immediate or short-term results
and less emphasis on longer-term results.

EXAMPLE 15–4

Consider the two following alternatives. The MARR of Alt. B has been raised from 10% to 15%
to take into account the greater risk and uncertainty associated with that alternative. What is the
impact of this change of MARR on the decision?
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Year Alt. A Alt. B

0 −$80 −$80
1–10 10 13.86
11–20 20 10

SOLUTION

NPW

Year Alt.A At 14.05% At 10% At 15%

0 −$80 −$80.00 −$80.00 −$80.00
1–10 10 52.05 61.45 50.19
11–20 20 27.95 47.38 24.81

0 +28.83 −5.00

NPW

Year Alt. B At 15.48% At 10% At 15%

0 −$80 −$80.00 −$80.00 −$80.00
1–10 13.86 68.31 85.14 69.56
11–20 10 11.99 23.69 12.41

0 +28.83 +1.97

Computations at MARR of 10% IgnoringRisk and Uncertainty

Both alternatives have the same positive NPW (+$28.83) at a MARR of 10%. Also, the differ-
ences in the benefits schedules (A−B) produce a 10% incremental rate of return. (This calculation
is not shown here.) This must be true if NPW for the two alternatives is to remain constant at a
MARR of 10%.

Considering Risk andUncertaintywith MARR of 10%

At 10%, the alternatives are equally desirable. Since Alt. B is believed to have greater risk and
uncertainty, a logical conclusion is to select Alt. A rather than B.

IncreaseMARR to 15%

At a MARR of 15%, Alt. A has a negative NPW and Alt. B has a positive NPW. Alternative B is
preferred under these circumstances.

Conclusion

Based on a business-risk MARR of 10%, the two alternatives are equivalent. Recognizing some
greater risk of failure for Alt. B makes A the preferred alternative. If the MARR is increased to
15%, to add a margin of safety against risk and uncertainty, the computed decision is to select B.
Since Alt. B has been shown to be less desirable than A, the decision, based on a MARR of 15%,
may be an unfortunate one. The difficulty is that the same risk adjustment (increase the MARR
by 5%) is applied to both alternatives even though they have different amounts of risk.
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The conclusion to be drawn from Example 15-4 is that increasing theMARR to compensate
for risk and uncertainty is only an approximate technique and may not always achieve the
desired result. Nevertheless, it is common practice in industry to adjust the MARR upward
to compensate for increased risk and uncertainty.

REPRESENTATIVE VALUES OFMARR USED IN INDUSTRY

We argued that the minimum attractive rate of return should be established at the highest
one of the following: cost of borrowed money, cost of capital, or the opportunity cost.

The cost of borrowed money will vary from enterprise to enterprise, with the lowest
rate being the prime interest rate. The prime rate may change several times in a year; it is
widely reported in newspapers and business publications. As we pointed out, the interest
rate for firms that do not qualify for the prime interest rate may be 1/2% to several percentage
points higher.

The cost of capital of a firm is an elusive value. There is no widely accepted way to
compute it; we know that as a composite value for the capital structure of the firm, it con-
ventionally is higher than the cost of borrowed money. The cost of capital must consider the
market valuation of the shares (common stock, etc.) of the firm, whichmay fluctuate widely,
depending on future earnings prospects of the firm. We cannot generalize on representative
costs of capital.

Somewhat related to cost of capital is the computation of the return on total capital
(long-term debt, capital stock, and retained earnings) actually achieved by firms. Fortune
magazine, among others, does an annual analysis of the rate of return on total capital. The
after-tax rate of return on total capital for individual firms ranges from 0% to about 40%
and averages 8%. Business Week does a periodic survey of corporate performance. This
magazine reports an after-tax rate of return on common stock and retained earnings. We
would expect the values to be higher than the rate of return on total capital, and this is the
case. The after-tax return on common stock and retained earnings ranges from 0% to about
65% with an average of 14%.

Higher values for the MARR are used by firms that are short of capital, such as
high-technology start-ups. They are also used in industries, such as petroleum and min-
ing, where volatile prices increase the risk of poor returns for projects. Rates of 25 to 30%
are relatively common, and even higher rates are sometimes used. For companies withmore
normal levels of risk, rates of 12 to 15% are more typical.

Note that the values of MARR given earlier are approximations. But the values quoted
appear to be opportunity costs, rather than cost of borrowed money or cost of capital. This
indicates that firms cannot or do not obtain money to fund projects whose anticipated rates
of return are nearer to the cost of borrowed money or cost of capital. One reason that firms
operate as they do is that they can focus limited resources of people, management, and time
on a smaller number of good projects.

One cannot leave this section without noting that the MARR used by enterprises is
much higher than can be obtained by individuals. (Where can you get a 30% after-tax rate
of return without excessive risk?) The reason appears to be that businesses are not obliged
to compete with the thousands of individuals in any region seeking a place to invest $2000
with safety, whereas the number of people who could or wouldwant to invest $500,000 in a
business is far smaller. This diminished competition, combined with a higher risk, appears
to explain at least some of the difference.
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CAPITAL BUDGETINGOR SELECTING THE BEST PROJECTS

Theopportunity cost of capital approach of ranking projects by their rate of return introduced
a new type of problem.Up to that pointwe’d been analyzingmutuallyexclusive alternatives,
whereonlyonecouldbechosen.Engineeringdesignproblemsare this typeofproblem,where
younger engineers use engineering economy to choose the best alternative design.

At higher levels in the organization, engineering economy is applied to solve a different
problem. For example, 30 projects have passed initial screening and are being proposed for
funding.Every one of the 30meets theMARR.The firm can afford to invest in only some of
them.So,whichonesshouldbechosenandhow?This iscalled thecapitalbudgetingproblem.

Examples 15-2 and 15-3 applied the opportunity cost of capital approach to the capital
budgeting problem. Firms often use this approach as a starting point to rank the projects
from best to worst. In some cases the ranking by rate of return is used to make the decision.

More often, managers thenmeet and decide which projects will be funded by obtaining
a consensus, or a decision by the highest-ranking manager, which will modify the rate of
return ranking. At this meeting, business units argue for a larger share of the capital budget,
as do plants in the same business, groups at the same plants, and individuals within the
groups. Some considerations, such as strategy, necessity, and the availability and capability
of particular resources and people are difficult to represent in the project’s numbers, which
are the subject of economic analysis.

Other firms rank projects using a benefit–cost ratio or present worth index. As shown
in Example 15-5, the present worth index is the NPW divided by the cost’s present value.

Anyone who has ever bought firecrackers probably used the practical ranking criterion
of “biggest bang for the buck” in making a selection. This same criterion—stated more
elegantly—is used by some firms to rank independent projects.

Rank independent projects according to their value of net present worth divided by the
present worth of cost. The appropriate interest rate is MARR (as a reasonable estimate of
the cutoff rate of return).

EXAMPLE 15–5

Rank the following nine independent projects in their order of desirability, based on a 14.5%
minimum attractive rate of return.

Uniform Computed

Annual Useful Salvage Computed NPW at Computed

Cost Benefit Life Value Rate of 14.5% NPW/Cost

Project (thousands) (thousands) (years) (thousands) Return (thousands) (thousands)

1 $100 $23.85 10 $0 20% $22.01 0.2201
2 200 39.85 10 0 15 3.87 0.0194
3 50 34.72 2 0 25 6.81 0.1362
4 100 20.00 6 100 20 21.10 0.2110
5 100 20.00 10 100 20 28.14 0.2814
6 100 18.00 10 100 18 17.91 0.1791
7 300 94.64 4 0 10 −27.05 −0.0902
8 300 47.40 10 100 12 −31.69 −0.1056
9 50 7.00 10 50 14 −1.28 −0.0256
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SOLUTION

Ranked NPW/PW of cost, the projects are listed as follows:

Project NPW/PW of Cost Rate of Return

5 0.2814 20%
1 0.2201 20
4 0.2110 20
6 0.1791 18
3 0.1362 25
2 0.0194 15
9 −0.0256 14
7 −0.0902 10
8 −0.1056 12

With a 14.5%MARR, Projects 1 to 6 are recommended for funding and 7 to 9 are not. However,
they are ranked in a different order by the present worth index and by the rate of return approaches.
For example, Project 3 has the highest ranking for the rate of return and is fifth by the present
worth index.

Some consider the present worth index to be a better measure, but this can be true only
if PW is applied at the correct interest rate. It is more common for firms to simply rank
on the rate of return. If independent projects can be ranked in their order of desirability,
then the selection of projects to be included in a capital budget is a simple task. One may
proceed down the list of ranked projects until the capital budget has been exhausted. The
only difficulty with this scheme occurs, occasionally, when the capital budget is more than
enough for n projects but too little for n + 1 projects.

In Example 15-5, suppose the capital budget is $550,000. This is more than enough
for the top five projects (sum = $450,000) but not enough for the top six projects (sum =
$650,000).When we have this situation, it may not be possible to say with certainty that the
best use of a capital budget of $550,000 is to fund the top five projects. There may be some
other set of projects that makes better use of the available $550,000. While some trial-and-
error computations may indicate the proper set of projects, more elaborate techniques are
needed to prove optimality.

As a practical matter, a capital budget probably has some flexibility. If in Example 15-5
the tentative capital budget is $550,000, then a careful examination of Project 2 will dictate
whether to expand the capital budget to $650,000 (to be able to include Project 2) or to drop
back to $450,000 (and leave Project 2 out of the capital budget). Or perhaps Project 2 can
be started in this budget year and finished next year.
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Spreadsheets, Cumulative Investments, and the Opportunity Cost
of Capital

As shown in earlier chapters, spreadsheets make computing rates of return dramati-
cally easier. In addition, spreadsheets can be used to sort the projects by rate of return
and then calculate the cumulative first cost. This is accomplished through the following
steps.

1. Enter or calculate each project’s rate of return.

2. Select the data to be sorted. Do not include headings, but do include all information
on the row that goes with each project.

3. Select the SORT tool (found in the menu under DATA), identify the rate of return
column as the first key, and a sort order of descending. Also ensure that row sorting
is selected. Sort.

4. Add a column for the cumulative first cost. This column is compared with the cap-
ital limit to identify the opportunity cost of capital and which projects should be
funded.

Example 15-6 illustrates these steps.

EXAMPLE 15–6

A firm has a budget of $800,000 for projects this year. Which of the following projects should be
accepted? What is the opportunity cost of capital?

Project First Cost Annual Benefit SalvageValue Life (years)

A $200,000 $25,000 $50,000 15

B 250,000 47,000 −25,000 10

C 150,000 17,500 20,000 15

D 100,000 20,000 15,000 10

E 200,000 24,000 25,000 20

F 300,000 35,000 15,000 15

G 100,000 18,000 0 10

H 200,000 22,500 15,000 20

I 350,000 50,000 0 25

SOLUTION

The first step is to use the RATE function to find the rate of return for each project. The results of
this step are shown in the top portion of Figure 15-4. Next the projects are sorted in descending
order by their rates of return. Finally, the cumulative first cost is computed. Projects D, I , B,
and G should be funded. The opportunity cost of capital is 10.6% the rate for the first project
rejected.
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FIGURE 15–4 Spreadsheet for finding opportunity cost of capital.

Example 15-7 outlines the more complicated case of independent projects with
mutually exclusive alternatives.

EXAMPLE 15–7

A company is preparing its capital budget for next year. The amount has been set at $250,000
by the board of directors. Rank the following project proposals for the board’s consideration and
recommend which should be funded.

Uniform Salvage Useful

Project Cost Annual Benefit Value Life

Proposals (thousands) (thousands) (thousands) (years)

Proposal 1
Alt. A $100 $23.85 $0 10
Alt. B 150 32.20 0 10
Alt. C 200 39.85 0 10

Proposal 2 50 14.92 0 5
Proposal 3
Alt. A 100 18.69 25 10
Alt. B 150 19.42 125 10
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SOLUTION

For project proposals with two or more alternatives, incremental rate of return analysis is
required.

Incremental Analysis

Uniform Uniform

Annual Salvage Annual Salvage

Combination Cost Benefit Value Rate of Cost Benefit Value Rate of

of Alternatives ($1000s) ($1000s) ($1000s) Return ($1000s) ($1000s) ($1000s) Return

Proposal 1
A $100 $23.85 $0 20.0%
B − A $50 8.35 $0 10.6%
B 150 32.20 0 17.0
C − B 50 7.65 0 8.6
C − A 100 16.00 0 9.6
C 200 39.85 0 15.0

Proposal 2 50 14.92 0 15.0

Proposal 3
A 100 18.69 25 15.0
B − A 50 0.73 100 8.3
B 150 19.42 125 12.0
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FIGURE 15–5 Cumulative cost versus incremental rate of return.

The various separable increments of investment may be ranked by the rate of return. They are
plotted in a graph of cumulative cost versus rate of return in Figure 15-5. The ranking of projects
by rate of return gives the following:
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Project Rate of Return

1A 20.0%
2 15.0%
3A 15.0%
1B in place of 1A 10.6%
1C in place of 1B 8.6%
3B in place of 3A 8.3%

For a budget of $250,000 the selected projects are 1A, 2, and 3A. Note that if a budget of
$300,000 were available, 1B would replace 1A, making the proper set of projects 1B, 2, and 3A.
At a budget of $400,000 1C would replace 1B; and 3B would replace 3A, making the selected
projects 1C, 2, and 3B.

In Example 15-7, each of the more expensive mutually exclusive alternatives (1B,
1C, and 3B) had lower rates of return than the less expensive alternatives (1A and 3A).
This is common because many projects exhibit decreasing returns to scale. As in Exam-
ple 15-7, when it occurs, then it makes the ranking of increments easy to use. Sometimes
more expensive mutually exclusive alternatives have higher rates of return, then several
combinations or more advanced techniques must be tried.

SUMMARY

There are three general sources of capital available to a firm. The most important one is
money generated from the firm’s operations. This has two components: there is the portion
of profit that is retained in the business; in addition, funds equal to its depreciation charges
are available for reinvestment.

The two other sources of capital are from outside the firm’s operations.

Debt: borrowed as loans from banks, insurance companies, and so forth.

Longer-term borrowing: from selling bonds.

Equity: sale of equity securities like common or preferred stock.

Retained profits and cash equal to depreciation charges are the primary sources of invest-
ment capital for most firms, and the only sources for many enterprises.

In selecting a value of MARR, three values are frequently considered:

1. Cost of borrowed money.

2. Cost of capital. This is a composite cost of the components of the firm’s overall
capitalization.

3. Opportunity cost, which is the rate of return on the best investment project that is
rejected.

The MARR should be equal to the highest one of these three values.
When there is a risk aspect to the problem (probabilities are known or reasonably

estimated), this can be handled by techniques like expected value and simulation. Where
there is uncertainty (probabilities of the various outcomes are not known), there are ana-
lytical techniques, but they are less satisfactory. A method commonly used to adjust for
risk and uncertainty is to increase the MARR. This method can distort the time-value-of-
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money relationship. The effect is to discount longer-term consequences more heavily than
short-term consequences, which may or may not be desirable. Prior to this chapter we had
assumed that all worthwhile projects are approved and implemented. But industrial firms,
like individuals and governments, are typically faced with more good projects than can be
funded with the money available. The task is to select the best projects and reject, or at least
delay, the rest.

Capital may be rationed among competing investment opportunities by either rate of
return or present worth methods. The results may not always be the same for these two
methods in many practical situations.

If projects are ranked by rate of return, a proper procedure is to go down the list until
the capital budget has been exhausted. The rate of return at this point is the cutoff rate of
return. This procedure gives the best group of projects, but does not necessarily have them
in the proper priority order.

It has been shown in earlier chapters that the usual business objective is to maximize
NPW, and this is not necessarily the same as maximizing rate of return. One suitable proce-
dure is to use the ratio (NPW/PW of cost) to rank the projects, letting the MARR equal the
cutoff rate of return (which is the opportunity cost of capital). This present worth ranking
method will order the projects so that, for a limited capital budget, NPW will be maxi-
mized. The MARR must equal the cutoff rate of return for the rate of return and present
worth methods to yield compatible results.

P R O B L E M S

Cost of Funds

15-1 Determine the current interest rate on the follow-
ing securities, and explain why the interest rates are
different for these different bonds.

(a) U.S. Treasury bond due in 5 years

(b) General obligation bond of a municipal district,
city, or a state due in 20 years

(c) Corporate debenture bond of a U.S. industrial
firm due in 20 years

15-2 A small engineering firm has borrowed $125,000 at
8%. The partners have invested another $75,000. If
the partners require a 12% rate of return, what is the
firm’s cost of capital:

(a) Before taxes?

(b) After taxes with a tax rate of 30%?

(Answer: 9.50%)

15-3 An engineering firm has borrowed $725,000 at 7%.
The stockholders have invested another $600,000.
The firm’s retained earnings total $1.2M. The return
on equity is estimated to be 11%. What is the firm’s
cost of capital:

(a) Before taxes?

(b) After taxes with a tax rate of 40%?

15-4 A firm’s stockholders expect a 15% rate of return,
and there is $12M in common stock and retained
earnings. The firm has $5M in loans at an aver-
age rate of 7%. The firm has raised $8M by selling
bonds at an average rate of 6%. What is the firm’s
cost of capital:

(a) Before taxes?

(b) After taxes with a tax rate of 35%?

15-5 A firm’s stockholders expect an 18% rate of return,
and there is $22M in common stock and retained
earnings. The firm has $9M in loans at an average
rate of 8%. The firm has raised $14M by selling
bonds at an average rate of 4%. What is the firm’s
cost of capital:

(a) Before taxes?

(b) After taxes with a tax rate of 34%?

15-6 A firm has 40,000 shares whose current price is
$80.75. Those stockholders expect a return of 15%.
The firm has a 2-year loan of $900,000 at 6.4%. It
has issued 12,500 bonds with a face value of 1000,
15 years left to maturity, semiannual compounding,
a coupon interest rate of 6%, and a current price
of $1090. Using market values for debt and equity,
what is the firm’s cost of capital:

(a) Before taxes?

(b) After taxes with a tax rate of 40%?
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15-7 A firm has 60,000 shares whose current price is
$45.90. Those stockholders expect a return of 14%.
The firm has a 3-year loan of $1,900,000 at 7.3%. It
has issued 22,000 bonds with a face value of 1000,
20 years left to maturity, semiannual compounding,
a coupon interest rate of 7%, and a current price of
$925.Using market values for debt and equity, what
is the firm’s cost of capital:

(c) Before taxes?

(d) After taxes with a tax rate of 34%?

15-8 Apublic university wants to apply the conceptof the
WACC to developing its interest rate for analyzing
capital projects. It has an endowment of $68million
which is earning 6.3% interest. It is paying 4.5%
interest on $29million in bonds. It believes that $94
million in general funds from the taxpayers should
be assigned an interest rate of 13%. What is the
university’s cost of capital? Note that only the inter-
est on the endowment is available to fund capital
projects.

15-9 Assume you have $2000 available for invest-
ment for a 5-year period. You wish to invest the
money—not just spend it on fun things. There are
obviously many alternatives available. You should
be willing to assume a modest amount of risk of
loss of some or all of the money if this is neces-
sary, but not a great amount of risk (no investments
in poker games or at horse races). How would you
invest the money?What is yourminimum attractive
rate of return? Explain.

15-10 There are many venture capital syndicates that con-
sist of a few (say, eight or ten) wealthy people who
combine to make investments in small and (hope-
fully) growing businesses. Typically, the investors
hire a young investment manager (often an engineer
with an MBA) who seeks and analyzes investment
opportunities for the group.Would you estimate that
the MARR sought by this group is more or less than
12%? Explain.

Inflation

15-11 What is the interest rate on a 2-year certificate of
deposit at a bank or credit union in your area?What
is themost recent value of the ConsumerPrice Index
(CPI)? If inflation matches that rate, what is the real
rate of return on the 2-year CD? Include references
for the sources of your data.

15-12 What is the interest rate on a 4- or 5-year new car
loan at a bank or credit union in your area? What is

the most recent value of the Consumer Price Index
(CPI)? If inflation matches that rate, what is the real
interest rate you would pay on the car loan? Include
references for the sources of your data.

15-13 Over the last 10 years, what has the inflation rate
been? Compare this with the rate of return on the
“Dow” average over the same period. What has the
real rate of return for investing in this mix of stocks
been? Include references for the sources of your
data.

15-14 Over the last 10 years, what has the inflation rate
been? Compare this with the rate of return on the
NASDAQ average over the same period. What has
the real rate of return for investing in this mix of
stocks been? Include references for the sources of
your data.

Opportunity Cost of Capital

15-15 A factory has a $100,000 capital budget. Deter-
mine which project(s) should be funded and the
opportunity cost of capital.

Annual Life Salvage

Project First Cost Benefits (years) Value

A $50,000 $13,500 5 $5000

B 50,000 9,000 10 0

C 50,000 13,250 5 1000

D 50,000 9,575 8 6000

15-16 Chips USA is considering the following projects
to improve their production process. Chips have a
short life, so a 3-year horizon is used in evaluation.
Which projects should be done if the budget is
$70,000? What is the opportunity cost of capital?

Project First Cost Benefit

1 $20,000 $11,000
2 30,000 14,000
3 10,000 6,000
4 5,000 2,400
5 25,000 13,000
6 15,000 7,000
7 40,000 21,000
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15-17 The National Motors Rock Creek plant is
considering the following projects to improve the
company’s production process. Which projects
should be done if the budget is $500,000? What
is the opportunity cost of capital?

Annual Life

Project First Cost Benefit (years)

1 $200,000 $50,000 15
2 300,000 70,000 10
3 100,000 40,000 5
4 50,000 12,500 10
5 250,000 75,000 5
6 150,000 32,000 20
7 400,000 125,000 5

15-18 The WhatZit Company has decided to fund six
of nine project proposals for the coming budget
year. Determine the next capital budget forWhatZit.
What is the MARR?

Annual Life

Project First Cost Benefits (years)

A $15,000 $ 4,429 4
B 20,000 6,173 4
C 30,000 9,878 4
D 25,000 6,261 5
E 40,000 11,933 5
F 50,000 11,550 5
G 35,000 6,794 8
H 60,000 12,692 8
I 75,000 14,058 8

15-19 Which projects should be done if the budget
is $100,000? What is the opportunity cost of
capital?

Life Annual Salvage

Project (years) First Cost Benefit Value

1 20 $20,000 $4000
2 20 20,000 3200 $20,000
3 30 20,000 3300 10,000
4 15 20,000 4500
5 25 20,000 4500 −20,000
6 10 20,000 5800
7 15 20,000 4000 10,000

Risk-AdjustedMARR

15-20 Use the example risk-adjusted interest rates for
manufacturing projects in Table 15-2. Assume
Project B in Problem 15-15 is a new product in a
new market. What is the interest rate for evaluating
this project? Should it be done?

15-21 Use the example risk-adjusted interest rates for
manufacturing projects in Table 15-2. Assume
Project E in Problem 15-18 is a new product in
an existing market. What is the interest rate for
evaluating this project? Should it be done?

15-22 Use the example risk-adjusted interest rates for
manufacturing projects in Table 15-2. Assume
Project 1 in Problem 15-19 is a new product in a for-
eign market. What is the interest rate for evaluating
this project? Should it be done?

15-23 Use the example risk-adjusted interest rates for
manufacturingprojects in Table 15-2 and the project
data in Problem 15-18. Assume that each project
is to launch a new product. New products for the
existing market will have a life of 8 years. New
products for a related market will have a life of 5
years. New products for a new market will have
a life of 4 years. Which new products are recom-
mended for funding? What is the total cost of these
projects?

Capital Budgeting

15-24 Each of the following 10 independent projects has a
10-year life and no salvage value.

Uniform

Annual

Cost Benefits Rate of

Project (thousands) (thousands) Return

1 $ 5 $1.03 16%

2 15 3.22 17

3 10 1.77 12

4 30 4.88 10

5 5 1.19 20

6 20 3.83 14

7 5 1.00 15

8 20 3.69 13

9 5 1.15 19

10 10 2.23 18
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The projects have been proposed by the staff of the
Ace Card Company. The MARR of Ace has been
12% for several years.

(a) If there is ample money available, what projects
should Ace approve?

(b) Rank-order all the acceptable projects in
according to desirability.

(c) If only $55,000 is available, which projects
should be approved?

15-25 Ten capital spending proposals have been made
to the budget committee as the members pre-
pare the annual budget for their firm. Each inde-
pendent project has a 5-year life and no salvage
value.

Uniform

Initial Annual

Cost Benefit Rate of

Project (thousands) (thousands) Return

A $10 $2.98 15%

B 15 5.58 25

C 5 1.53 16

D 20 5.55 12

E 15 4.37 14

F 30 9.81 19

G 25 7.81 17

H 10 3.49 22

I 5 1.67 20

J 10 3.20 18

(a) Based on a MARR of 14%, which projects
should be approved?

(b) Rank-order all the projects according to
desirability.

(c) If only $85,000 is available, which projects
should be approved?

15-26 At Miami Products, four project proposals (three
with mutually exclusive alternatives) are being
considered. All the alternatives have a 10-year use-
ful life and no salvage value.

Uniform

Annual

Project Cost Benefits Rate of

Proposal (thousands) (thousands) Return

Project 1
Alt. A $25 $4.61 13%

Alt. B 50 9.96 15

Alt. C 10 2.39 20

Project 2
Alt. A 20 4.14 16

Alt. B 35 6.71 14

Project 3
Alt. A 25 5.56 18

Alt. B 10 2.15 17

Project 4 10 1.70 11

(a) Use rate of return methods to determine
which set of projects should be undertaken if the
capital budget is limited to about $100,000.

(b) For a budget of about $100,000, what inter-
est rate should be used in rationing capital by
present worth methods? (Limit your answer to
a value for which there is a compound interest
table available in Appendix C).

(c) Using the interest rate determined in part
(b), rank-order the eight different investment
opportunities by means of the present worth
method.

(d) For a budget of about $100,000 and the
ranking in part (c), which of the investment
opportunities should be selected?

15-27 Al Dale is planning his Christmas shopping for
seven people. To quantify how much his various
relatives would enjoy receiving items from a list of
prospective gifts, Al has assigned appropriateness
units (called “ohs”) for each gift for each person
(Table P15-27). A rating of 5 ohs represents a gift
that the recipient would really like. A rating of 4
ohs indicates the recipient would like it four-fifths
as much; 3 ohs, three-fifths as much, and so forth.
A zero rating indicates an inappropriate gift that
cannot be given to that person. Everyone must get a
gift.
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TABLE P15-27 Data

“Oh” Rating of Gift If

Given to Various FamilyMembers

ProspectiveGift Father Mother Sister Brother Aunt Uncle Cousin

1. $20 box of candy 4 4 2 1 5 2 3
2. $12 box of cigars 3 0 0 1 0 1 2
3. $16 necktie 2 0 0 3 0 3 2
4. $20 shirt or blouse 5 3 4 4 4 1 4
5. $24 sweater 3 4 5 4 3 4 2
6. $30 camera 1 5 2 5 1 2 0
7. $ 6 calendar 0 0 1 0 1 0 1
8. $16 magazine subscription 4 3 4 4 3 1 3
9. $18 book 3 4 2 3 4 0 3

10. $16 game 2 2 3 2 2 1 2

The objective is to maximize total ohs that can
be obtained with the selected budget.

(a) How much will it cost to buy the seven gifts the
people would like best, if there is ample money
for Christmas shopping?

(b) If the Christmas shopping budget is set at $112,
which gifts should be purchased, and what is
their total appropriateness rating in ohs?

(c) If the Christmas shoppingbudget must be cut to
$90, which gifts should be purchased, and what
is their total appropriateness rating in ohs?
(Answer: (a) $168)

15-28 A financier has a staff of three people whose
job it is to examine possible business ventures for
him. Periodically they present their findings
concerning business opportunities. On a particular
occasion, they presented the following investment
opportunities:

Project A: This is a project for the use of
commercial land the financier already owns.
There are three mutually exclusive alterna-
tives.

• A1. Sell the land for $500,000.

• A2. Lease the property for a car-washing
business. An annual income, after all costs
(property taxes, etc.) of $98,700 would be
received at the end of each year for 20
years. At the end of the 20 years, it is
believed that the property could be sold for
$750,000.

• A3. Construct an office building on the
land. The building will cost $4.5 million
to construct and will not produce any net
income for the first 2 years. The probabili-
ties of various levels of rental income, after all
expenses, for the subsequent 18 years are as
follows:

Annual Rental Income Probability

$1,000,000 0.1
1,100,000 0.3
1,200,000 0.4
1,900,000 0.2

The property (building and land) probably can be
sold for $3 million at the end of 20 years.
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Project B: An insurance company is seeking
to borrow money for 90 days at 13 3/4% per
annum, compounded continuously.

Project C: A financier owns a manufacturing
company. The firm desires additional work-
ing capital to allow it to increase its inven-
tories of raw materials and finished products.
An investment of $2 million will allow the
company to obtain sales that in the past the
company had to forgo. The additional capital
will increase company profits by $500,000 a
year. The financier can recover this additional
investment by ordering the company to reduce
its inventories and to return the $2 million.
For planning purposes, assume the additional
investment will be returned at the end of
10 years.

Project D: The owners of Sunrise magazine
are seeking a loan of $500,000 for 10 years at
a 16% interest rate.

Project E: The Galveston Bank has indicated
a willingness to accept a deposit of any sum
of money over $100,000, for any desired dura-
tion, at a 14.06% interest rate, compounded
monthly. It seems likely that this interest rate
will be available fromGalveston, or someother
bank, for the next several years.

Project F: Acar rental firm is seeking a loan of
$2 million to expand its fleet. The firm offers to
repay the loan by paying $1 million at the end
of Year 1 and $1,604,800 at the end of Year 2.

• If there is $4million available for investment
now (or $4.5 million if the Project A land
is sold), which projects should be selected?
What is the MARR in this situation?

• If there is $9million available for investment
now (or $9.5 million if the Project A land is
sold), which projects should be selected?

15-29 The Raleigh Soap Company has been offered a
5-year contract to manufacture and package a lead-
ing brand of soap for Taker Bros. It is understood
that the contractwill not be extendedpast the 5 years
because Taker Bros. plans to build its own plant

nearby. The contract calls for 10,000 metric tons
(one metric ton equals 1000 kg) of soap a year.
Raleigh normally produces 12,000 metric tons
of soap a year, so production for the 5-year
period would be increased to 22,000 metric tons.
Raleigh must decide what changes, if any, to make
to accommodate this increased production. Five
projects are under consideration.

Project 1: Increase liquid storage capacity.
Raleigh has been forced to buy caustic soda
in tank truck quantities owing to inadequate
storage capacity. If another liquid caustic soda
tank is installed to hold 1000 cubic meters, the
caustic soda may be purchased in railroad tank
car quantities at a more favorable price. The
result would be a saving of 0.1� c per kilogram
of soap. The tank, which would cost $83,400,
has no net salvage value.

Project 2: Acquire another sulfonation unit.
The present capacity of the plant is limited
by the sulfonation unit. The additional 12,000
metric tons of soap cannot be produced with-
out an additional sulfonation unit. Another unit
can be installed for $320,000.

Project 3: Expand the packaging department.
With the new contract, the packaging depart-
ment must either work two 8-hour shifts or
have another packaging line installed. If the
two-shift operation is used, a 20% wage pre-
mium must be paid for the second shift. This
premium would amount to $35,000 a year. The
second packaging line could be installed for
$150,000. It would have a $42,000 salvage
value at the end of 5 years.

Project 4: Build a new warehouse. The
existing warehouse will be inadequate for
the greater production. It is estimated that
400 square meters of additional warehouse
is needed. A new warehouse can be built
on a lot beside the existing warehouse for
$225,000, including the land. The annual taxes,
insurance, and other ownership costs would
be $5000 a year. It is believed the ware-
house could be sold at the end of 5 years for
$200,000.
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Project 5: Lease a warehouse. An alternative
to building an additional warehouse would be
to lease warehouse space. A suitable ware-
house one mile away could be leased for
$15,000 per year. The $15,000 includes taxes,
insurance, and so forth. The annual cost of
moving materials to this more remote ware-
house would be $34,000 a year.

The contract offered by Taker Bros. is a favor-
able one, which Raleigh Soap plans to accept.
Raleighmanagementhas set a 15%before-taxmini-
mumattractive rateofreturnas thecriterionforanyof
the projects.Which projects should be undertaken?

15-30 MikeMoore’s microbrewery is considering produc-
tion of a new ale calledMike’s HoneyHarvestBrew.
Toproducethisnewoffering,Mikeisconsideringtwo
independentprojects. Each of these projects has two
mutually exclusive alternatives, and each alternative
hasausefullifeof10yearsandnosalvagevalue.Mike’s
MARRis8%.Informationregarding theprojectsand
alternatives are given in the following table

Annual

Project/Alternative Cost Benefit

Project 1. Purchase new
fermenting tanks

Alt. A: 5000-gallon tank $ 5,000 $1192
Alt. B : 15,000-gallon tank 10,000 1992

Project 2. Purchase bottle filler
and capper

Alt. A: 2500-bottle/hour 15,000 3337
machine

Alt. B : 5000-bottle/hour 25,000 4425
machine

Use incremental rate of return analysis to complete
the following worksheet.

Annual

Proj./Alt. Cost, P Benefit, A (A/P, i, 10) IRR

1A $ 5,000 $1192 0.2385 20%
1B–1A 5,000 800 0.1601
2A 15,000 3337
2B–2A 10,000

Use this information to determine:

(a) which projects should be funded if only $15,000
is available.

(b) the cutoff rate of return if only $15,000 is avail-
able.

(c) which projects should be funded if $25,000 is
available.

C A S E S
The following cases from Cases in Engineering Economy
2nnnddd are suggested as matched with this chapter.
CASE 46 Aero Tech

Case budgeting with memos for three different
approaches to ranking.

CASE 47 Bigstate Highway Department
Capital budgeting including mutually exclusive
alternatives. Includes uncertain value of a life.

CASE 48 Dot Puff Project Selection
Public-sector capital budgeting with added con-
straint on man-years required.
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CASE 49 The Arbitrator

Includes twomemos of suggestedsolutions for four
projects with nine alternatives. Data presented in
text discussion rather than tabulated.

CASE 50 Capital Planning Consultants

Capital budgeting including mutually exclusive
alternatives. Includes uncertainties in first cost,
annual benefit, and lives.

CASE51 Refrigerator Magnet Company
Capital budgeting including mutually exclusive
alternatives.



C H A P T E R 16

ECONOMIC
ANALYSIS IN THE
PUBLIC SECTOR

From Waste to Power and Money

M
any of the world’s leading climate scientists have
concluded that global warming is “unequivocal” and
that human activity is the main driver. One such
activity is the dumping into landfills of organic

material that decomposes over time, producing a significant amount
of landfill gas (LFG). About 50% of LFG is methane, which is a
greenhouse gas that contributes to global warming. Methane is of
particular concern because it traps heat in the atmosphere with an
effect 20 times greater than that of carbon dioxide—also a large
contributor to global climate change.

Landfills that do not control the escape of landfill gas are the largest
single human source of methane emissions in the U.S. Of addi-

tional concern are emissions of volatile organic compounds that create smog in the form
of ground-level ozone and produce respiratory problems. Landfills also generate hazardous
air pollutants such as benzene and toluene, and odorous compounds such as hydrogen sul-
fide, that negatively impact the quality of life for individuals nearby.

But humans must produce waste to live—it is one of the basic laws of thermodynamics.
Bad news all around—except that using engineering principles, bringing together various
“constituencies,” and evaluating alternatives with engineering economy—can bring benefits
out of almost every one of these issues.

If extracted and properly utilized, landfill gas can be an asset. This medium-BTU gas has
a heating value of between 350 and 600 BTU per cubic foot, about half the heating value
of natural gas. As a result, more and more owners of municipal solid waste landfills extract
this gas and use it to generate electricity. Such electricity is used directly for the landfills’
power needs or is sold to the general power grid.

The environment benefits from the gas extraction and combustion because the release to
the environment of methane, volatile organics, hazardous air pollutants, and odorous gases



is greatly reduced. The generation of electrical power by utilizing a previously wasted
source (i.e., methane from LFG) reduces the use of fossil fuel and the associated
emissions. The income from selling power can assist in paying landfill operating
expenses.

Extracting and using a landfill gas to generate electricity is a “6-win” situation.

1. It benefits the environment by reducing unwanted gas emission.

2. It adds electrical power to the grid.
3. It produces cash flow for the landfill owner.

4. It lowers the use of nonrenewable fossil fuels.
5. It reduces financial costs to the local population.
6. It reduces the hazardous, noxious, and odorous gases for those nearby and

downwind.
Contributed by William R. Truran, Stevens Institute of Technology, and Peter A. Cerenzio,
Cerenzio & Panaro Consulting Engineers

1. How can a proposed landfillmethane project best be summarized for a nontechnical
public audience? This is an important “skill” of an engineer—conveying sometimes
complex and confusing scientific issues to a less informed, less scientific, and less
interested audience with a short attention span.

2. What engineering economic principles would you apply in analyzing this appli-
cation? Which measures would be most effective for the public audience? The
importantmeasures, and themetrics used to describe them, may be considered “key
performance indicators.”

3. This waste-to-power application cannot be answered with a simple equation with a
closed-ended answer that is “correct” or “wrong.” This problem requires the coop-
eration of several (at least) agencies and communities of interest. Name some, and
identify how their objectives are aligned or in conflict.

4. Like this vignette, the case of Enron, a “poster child” of what can go wrong in
business, is related to electric power generation.Discuss how there may be ways for
some of the stakeholders to be “shady” here. Discuss how you—as an engineer—
can not only influence factual answers but project an image that is not reality. You
as an engineer can be honored (or guilty) of your representations.

537
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After Completing This Chapter. . .

The student should be able to:

• Distinguish the unique objective and viewpoint of public decisions.
• Explain methods for determining the interest rates for evaluating public projects.
• Use the benefit–cost ratio to analysis projects.
• Distinguish between the conventional and modified versions of the benefit–cost
ratio.

• Use an incremental benefit–cost ratio to evaluate a set ofmutually exclusive projects.
• Discuss the impact of financing, duration, quantifying and valuing consequences,
and politics in public investment analysis.
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Public organizations, such as federal, state, and local governments, port authorities, school
districts, and government agencies, no less than firms and individuals in the private sector,
make investment decisions. For these decision-making bodies, economic analysis is com-
plicated by several factors that do not affect companies in the private sector. These factors
include the overall purpose of investment, the viewpoint for analysis, and how to select
the interest rate. Other factors include project financing sources, expected project duration,
quantifying and valuing benefits and disbenefits, effects of politics, beneficiaries of invest-
ment, and the multipurpose nature of investments. The overall mission in the public sector
is the same as that in the private sector—tomake prudent investment decisions that promote
the organization’s overall objectives.

The primary economicmeasure used in the public sector is the benefit–cost (B/C) ratio,
which was introduced in Chapter 9. This measure is calculated as a ratio of the equivalent
worthof theproject’s benefits to the equivalentworthof the project’s costs. If theB/C ratio is
greater than 1.0, the project under evaluation is accepted; if not, it is rejected. The B/C ratio
is used to evaluate both single investments and sets of mutually exclusive projects (where
the incremental B/C ratio is used). The uncertainties of quantifying cash flows, long project
lives, and low interest rates all tend to lessen the reliability of public sector engineering
economic analysis. There are twoversions of theB/C ratio: conventional andmodified. Both
provide consistent recommendations to decisionmakers for single investment decisions and
for decisions involving sets of mutually exclusive alternatives. The B/C ratio is a widely
used and accepted measure in government economic analysis and decision making.

INVESTMENTOBJECTIVE

Organizations exist to promote the overall goals of those they serve. In private sector firms,
investment decisions are based on increasing the firm’s wealth and economic stability.
Beneficiaries of investments generally are clearly identified as the firm’s owners and/or
stockholders.

In the public sector, the purpose of investment decisions is sometimes ambiguous. For
people in the United States of America, the Preamble to the Constitution establishes the
overall theme or objective for why the public body exists:

We the People of theUnitedStates, in order to formamore perfect Union, establish
justice, insure domestic tranquillity, provide for the common defense, promote the
general welfare [italics supplied], and secure the blessings of liberty to ourselves
and our posterity, do ordain and establish this Constitution for the United States
of America.

The catch phrase promote the general welfare serves as a guideline for public decision
making. But what does this phrase mean? At best it is a general guideline; at worst it is
a vague slogan that can be used to justify any action. Projects some citizens want may
be opposed by other citizens. In government economic analysis, it is not always easy to
distinguishwhich investments promote the “general welfare” and which do not.

Consider the case of a dam construction project to provide water, electricity, flood con-
trol, and recreational facilities. Such a project might seem to be advantageous for a region’s
entire population. But on closer inspection, decision makers must consider that the dam
will require the loss of land upstream due to backed-up water. Farmers will lose pastures or
cropland, and nature lovers will lose canyon lands. Or perhaps the land to be lost is a pivotal
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breeding ground for protected species, and environmentalists will oppose the project. The
project may also have a negative impact on towns, cities, and states downstream. How will
it affect their water supply? Thus, a project initially deemed to have many benefits, on
closer inspection, reveals many conflicts. Projects’ conflicting aspects are characteristic of
public-sector investment and decision making.

Public investment decisions are more difficult than those in the private sector owing
to the many people, organizations, and political units potentially affected. Opposition to a
proposal is more likely in public investment decisions than in those made by private-sector
companies because for every group that benefits from a particular project, there is usually an
opposing group.Many conflicts in opinion arise when the project involves the use of public
lands, including industrial parks, housing projects, business districts, roadways, sewage and
power facilities, and landfills. Opposition may be based on the belief that development of
any kind is bad or that the proposed development should not be near “our” homes, schools,
or businesses.

Consider the decision that a small town might face when considering whether to
establish a municipal rose garden, seemingly a beneficial public investment with no adverse
consequences. However, an economic analysis of the project must consider all effects of the
project, including potential unforeseen outcomes. Where will visitors park their vehicles?
Will increased travel around the park necessitate new traffic lights and signage? Will traf-
fic and visitors to the park increase noise levels for adjacent homes? Will special varieties
of roses create a disease hazard for local gardens? Will the garden require high levels of
fertilizers and insecticides, and where will these substances wind up after they have been
applied? Clearly, many issues must be addressed. What appeared to be a simple proposal
for a city rose garden, in fact, brings up many aspects to be considered.

Our simple rose garden illustrates howeffects on all parties involvedmust be identified,
even for projects that seem very useful. Public decision makers must reach a compromise
between the positive effects enjoyed by some groups and the negative effects on other
groups. The overall objective is to make prudent decisions that promote the general wel-
fare, but in the public sector the decision process is not so straightforward as in the private
sector.

The Flood Control Act of 1936 specified that waterway improvements for flood con-
trol could be made as long as “the benefits to whomsoever they accrue [italics supplied]
are in excess of the estimated costs.” Perhaps the overall general objective of investment
decision analysis in government should be a dual one: to promote the general welfare and
to ensure that the value to those who can potentially benefit exceeds the overall costs to
those who do not benefit.

VIEWPOINT FOR ANALYSIS

When governmental bodies do economic analysis, an important concern is the proper view-
point of the analysis. A look at industry will help to explain how the viewpoint from
which an analysis is conducted influences the final recommendation. A firm pays its costs
and counts its benefits. Thus, both the costs and benefits are measured from the firm’s
perspective.

Costs and benefits that occur outside the firm are referred to as external conse-
quences (Figure 16-1). In years past, private-sector companies generally ignored the
external consequences of their actions. Ask anyone who has lived near a paper plant, a
slaughterhouse, or a steel mill about external consequences! More recently, governments
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FIGURE 16-1 Internal and external consequences of an industrial plant.

have forced industries to reduce pollution and other undesirable external consequences,
with the result that today many companies are evaluating the consequences of their action
from a broader, or community-oriented, viewpoint.

The council members of a small town that levies taxes can be expected to take the
“viewpoint of the town” in making decisions: unless it can be shown that the money from
taxes can be used effectively, the town council is unlikely to spend it. But what happens
when the money is contributed to the town by the federal government, as in “revenue shar-
ing” or by means of some other federal grant? Often the federal government pays a share
of project costs varying from 10 to 90%. Example 16-1 illustrates the viewpoint problem
that is created.

EXAMPLE 16–1

A municipal project will cost $1 million. The federal government will pay 50% of the cost if the
project is undertaken. Although the original economic analysis showed that the PW of benefits
was $1.5 million, a subsequent detailed analysis by the city engineer indicates a more realistic
estimate of the PW of benefits is $750,000. The city council must decide whether to proceed
with the project. What would you advise?

SOLUTION

From the viewpoint of the city, the project is still a good one. If the city puts up half the cost
($500,000) it will receive all the benefits ($750,000). On the other hand, from an overall view-
point, the revised estimate of $750,000 of benefits does not justify the $1 million expenditure.
This illustrates the dilemma caused by varying viewpoints. For economic efficiency, one does not
want to encourage the expenditure of money, regardless of the source, unless the benefits at least
equal the costs.

Possible viewpoints that may be taken include those of an individual, a business firm
or corporation, a town or city district, a city, a state, a nation, or a group of nations. To avoid
suboptimizing, the proper approach is to take a viewpoint at least as broad as those who
pay the costs and those who receive the benefits. When the costs and benefits are totally
confined to a town, for example, the town’s viewpoint seems to be an appropriate basis for
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the analysis. But when the costs or the benefits are spread beyond the proposed viewpoint,
then the viewpoint should be enlarged to this broader population.

Other than investments in defense and social programs, most of the benefits provided
by government projects are realized at a regional or local level. Projects, such as dams for
electricity, flood control, and recreation, as well as transportation facilities, such as roads,
bridges, and harbors, all benefit most those in the region in which they are constructed.
Even smaller-scale projects, such as the municipal rose garden, although funded by public
monies at a local or state level, provide most benefit to those nearby. As in the case of
private decision making, it is important to adopt an appropriate and consistent viewpoint
and to designate all the costs and benefits that arise from the prospective investment from
that perspective. To shift perspective when quantifyingcosts and benefits could greatly skew
the results of the analysis and subsequent decision, and thus such changes in perspective
are inappropriate.

SELECTINGAN INTEREST RATE

Several factors, not present for private-sector firms, influence selecting an interest rate for
economic analysis in the government sector. Recall that for private-sector firms the overall
objective is wealth maximization, and the interest rate is selected consistent with this goal.
Most firms use cost of capital or opportunitycost concepts when setting an interest rate. The
objective of public investment involves the use of public resources to promote the general
welfare and to secure the benefits of a given project to whomsoever they may accrue, as
long as those benefits outweigh the costs. How to set an interest rate is less clear-cut in this
case. Possibilities include no interest rate, cost of capital concepts, and an opportunity cost
concept.

No Time-Value-of-MoneyConcept

In government, monies are obtained through taxation and spent about as quickly as they
are obtained. Often, there is little time delay between collecting money from taxpayers and
spending it. (Remember that the federal government and many states collect taxes every
paycheck in the form of withholding tax.) The collection of taxes, like their disbursement,
although based on an annual budget, is actually a continuous process. Using this line of rea-
soning, some would argue that there is little or no time lag between collecting and spending
tax dollars. Thus, they would advocate the use of a 0% interest rate for economic analysis
of public projects. Not surprisingly, this viewpoint is most often expressed by people who
are not engineering economists and who are pushing a marginal project.

Cost of Capital Concept

Another approach in determining interest rates in public investments is that most levels of
government (federal, state, and local) borrowmoney for capital expenditures in addition to
collecting taxes. Where money is borrowed for a specific project, one line of reasoning is
to use an interest rate equal to the cost of borrowed money. This argument is less valid for
state and local governments than for private firms because the federal government, through
the income tax laws, subsidizes state and local bonded debt. If a state, county, city, or spe-
cial assessment district raises money by selling bonds, the interest paid on these bonds
is exempt from federal taxes. In this way the federal government is subsidizing the debt,
thereby encouraging investors to purchase such bonds.
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These bonds, called municipal bonds, can be either general obligation or revenue
bonds.General obligationmunicipal bonds pay interest and are retired (paid off) through
taxes raised by the issuing government unit. A school district may use property taxes it
receives to finance bond debt for construction of new language labs. Revenue bonds are
not supported by the taxing authority of the government unit; rather, they are supported by
revenues earned by the project being funded. As an example, a city could use toll revenues
from a new bridge to retire debt on revenue bonds sold for the bridge’s construction.

For those who purchase municipal bonds, the instruments’ tax-free status means that
the expected return on this investment is somewhat less than that required of fully taxed
bond investments (of similar risk). As a rough estimate, when fully taxed bonds yield an 8%
interest rate, municipal bonds might make interest payments at a rate of 6%. The difference
of 2% is due to the preferred treatment for federal taxation, and the federal subsidy on tax-
free bonds. This can skew the cost of capital approach by lowering the apparent cost of
long-term bonds. The true cost of the bonds must include the federal subsidy, which is paid
by all taxpayers.

Opportunity Cost Concept

Opportunity cost, which is related to the interest rate on the best opportunity forgone,
may take two forms in governmental economic analysis: government opportunity cost and
taxpayer opportunity cost. In public decision making, if the interest rate is based on the
opportunitycost to a government agency or other governing body, this interest rate is known
as government opportunity cost. In this case the interest rate is set at that of the best
prospective project for which funding is not available. One disadvantage of the govern-
ment opportunity cost concept is that different agencies and subdivisions of government
will have different opportunities. Therefore, political units could use different interest rates
for economic analysis, and a project that is rejected in one branch might be accepted in
another. Differing interest rates lead to inconsistent evaluation and decision making across
government.

Dollars used for public investments are generally gathered by taxing the citizenry. The
concept of taxpayer opportunity cost suggests that a correct interest rate for evaluat-
ing public investments is that which the taxpayer could have received if the government
had not collected those dollars through taxation. This philosophy holds that through taxa-
tion the government is taking away the taxpayers’ opportunity to use the same dollars for
investment. The interest rate that the government requires should not be less than what the
taxpayer would have received.

The most widely followed standard is found in the Office of Management and Budget
(OMB) A94 directive, which stipulates that a 7% interest rate be used in economic analysis
for a wide range of federal projects. It is not economically desirable to take money from a
taxpayer with a 12% opportunity cost, for example, and invest it in a government project
yielding 4%.

Recommended Concept

The general rule of thumb in setting an interest rate for government investments has been
to select the largest of the cost of capital, the government opportunity cost, or the taxpayer
opportunity cost interest rates. However, as is the case in the private sector, there is no
hard and fast rule, universally applied in all decision circumstances. Setting an interest rate
for use in economic analysis is at the discretion of the government entity performing the
analysis.
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THE BENEFIT–COST RATIO

The benefit–cost ratio was described briefly in Chapter 9. This method is used almost
exclusively in public investment analysis, and because of the magnitude of the amount of
public dollars committed each year through such analysis, the benefit–cost ratio deserves
our attention and understanding.

One of theprimary reasons for using the benefit–cost ratio (B/C ratio) in public decision
making is its simplicity. The ratio is formed by calculating the equivalent worth of the
project’s benefits divided by the equivalent worth of the project’s costs. The benefit–cost
ratio can be shown as follows:

B/C ratio = Equivalent worth of net benefits

Equivalent worth of costs

= PW benefits

PW costs
= FW benefits

FW costs
= AW benefits

AW costs

Notice that any of the equivalent worth methods (present, future, and annual) can be used
to calculate this ratio. Each formulation of the ratio will produce an identical result, as
illustrated in Example 16-2.

EXAMPLE 16–2

Demonstrate that for this highway expansion project, the same B/C ratio is obtained using the
present, future, and annual worth formulations.

Initial costs of expansion $1,500,000
Annual costs for operating/maintenance 65,000
Annual savings and benefits to travelers 225,000
Scrap value after useful life 300,000
Useful life of investment 30 years
Interest rate 8%

SOLUTION

Using PresentWorth

PW benefits = 225,000(P/A, 8%, 30) + 300,000(P/F, 8%, 30) = $2,563,000

PW costs = 1,500,000+ 65,000(P/A, 8%, 30) = $2,232,000

or using a TVM calculator

PW benefits = −PV (i, n, A, F) = −PV (8%, 30, 225000, 300000) = $2,562,814

PW costs = 1,500,000− PV (8%, 30, 65000, 0) = $2,231,756



The Benefit–Cost Ratio 545

Using FutureWorth

FW benefits = 225,000(F/A, 8%,30) + 300,000 = $25,790,000

FW costs = 1,500,000(F/P, 8%, 30) + 65,000(F/A, 8%, 30) = $22,460,000

Using AnnualWorth

AW benefits = 225,000 + 300,000(A/F, 8%, 30) = $227,600

AW costs = 1,500,000(A/P, 8%, 30) + 65,000 = $198,200

B/C ratio = 2,563,000

2,232,000
= 25,790,000

22,460,000
= 227,600

198,200
= 1.15

One can see that the ratio provided by each of these methods produces the same result: 1.15.

An economic analysis is performed to assist in the objective of making a decision.
When one is using the B/C ratio, the decision rule is in two parts:

If the B/C ratio is > 1.0, then the decision should be to invest.

If the B/C ratio is < 1.0, then the decision should be not to invest.

Cases of a B/C ratio near 1.0 are analogous to the case of a calculated net present worth
of $0 or an IRR analysis that yields i = MARR%. In other words, the decision measure is
near the breakeven criteria. In such cases a detailed analysis of the input variables and their
estimates is necessary, and one should consider the merits of other available opportunities
for the targeted funds. But, if the B/C ratio is clearly greater than or less than 1.0, the
recommendation is clear.

The B/C ratio is a numerator/denominator relationship between the equivalent worths
(EW) of benefits and costs:

B/C ratio = EW of net benefits to whomsoever they may accrue

EW of costs to the sponsors of the project

The numerator and denominator aspects of the ratio are sometimes interpreted and used
in different fashions. For instance, the conventional B/C ratio (see Example 16-2) can be
restated as follows:

Conventional B/C ratio = EW of net benefits

EW of initial costs + EW of operating and maintenance costs

However, there is also the modified B/C ratio. To use a modified version, the annual
operating andmaintenance costs are subtracted in the numerator, rather than being added as
a cost in the denominator. This modified B/C ratio is mathematically similar to the present
worth index defined in Chapter 9. The ratio becomes

Modified B/C ratio = EW of net benefits − EW of operating and maintenance costs

EW of initial costs
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For decision making, the two versions of the benefit–cost ratio will produce the same
recommendation on whether to invest or not invest in the project being considered. The
numeric values for the B/C ratio will not be the same, but the recommendation will be.
This is illustrated in Example 16-3.

EXAMPLE 16–3

Consider the highway expansion project from Example 16-2. Let us use the present worth
formulation of conventional and modified versions to calculate the B/C ratio.

SOLUTION

Using the Conventional B/C Ratio

B/C ratio = 225,000(P/A, 8%, 30) + 300,000(P/F, 8%, 30)

1,500,000 + 65,000(P/A, 8%, 30)
= 1.15

Using theModified B/C Ratio

B/C ratio = 225,000(P/A, 8%, 30) + 300,000(P/F, 8%, 30)− 65,000(P/A, 8%, 30)

1,500,000
= 1.22

Whether the conventional or the modified ratio is used, the recommendation is to invest in the
highway expansion project. The ratios are not identical in magnitude (1.15 vs. 1.22), but the
decision is the same.

It is important when one is using the conventional and modified B/C ratios not to
directly compare the magnitudes of the two versions. Evaluating a project with one ver-
sion may produce a higher ratio than is produced with the other version, but this does not
imply that the project is somehow better.

The net benefits to the users of government projects are the difference between the
expected benefits from investment minus the expected disbenefits. Disbenefits are the
negative effects of government projects felt by some individuals or groups. For example,
consider the U.S. National Park System. Development projects by the skiing or lumber
industries might provide enormous benefits to the recreation or construction sectors while
creating simultaneous disbenefits for environmental groups.

INCREMENTAL BENEFIT–COST ANALYSIS

In Chapter 9 we discussed using the incremental benefit–cost ratio in economic decision
analysis. As with the internal rate of return (IRR)measure, the incremental B/C ratio should
be used in comparing mutually exclusive alternatives. Incremental B/C ratio analysis is
consistent with maximizing the present worth of the alternatives. As with the incremental
IRRmethod, it is not proper to simply calculate theB/C ratio for each alternative and choose
the one with the highest value. Rather, an incremental approach is called for.
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Elements of the Incremental Benefit–Cost Ratio Method

1. Identify all relevant alternatives. Decision rules or models can recommend a best
course of action only from the set of identified alternatives. If a better alternative exists but
is not considered, then it will never be selected, and when available, the solution will be
suboptimal. For benefit–cost ratio problems, the “do-nothing” option is always the “base
case” from which the incremental methodology proceeds.

2. (Optional)Calculate the B/C ratio of each alternative. Once the individualB/C ratios
have been calculated, the alternatives with a ratio less than 1.0 are eliminated from further
consideration. This step gets the “poor performers” out of the way before the incremental
procedure is initiated. This step may be omitted, however, because the incremental analysis
method will eliminate the subpar alternatives in due time.

Note: There is a case where this step must be skipped. If doing nothing is not an a alter-
native and if all alternatives have a B/C ratio less than 1.0, then the best of the unattractive
alternatives will be selected through incremental analysis.

3. Rank-order the projects. The alternatives must be ordered from smallest to largest
size of the denominator of the B/C ratio. (The rank order will be the same regardless of
whether one uses the present worth, annual worth, or future worth of costs to calculate the
denominator.)When available, the “do-nothing”alternative always becomes the first on the
ordered list.

4. Identify the increment under consideration. The first increment considered is always
that of going from the lowest cost alternative (when it is available, this is the do-nothing
option) to the next higher cost alternative. As the analysis proceeds, any identified increment
is always in reference to some previously justified alternative.

5. Calculate the B/C ratio for the incremental cash flows. First, calculate the incremen-
tal benefits and the incremental costs. This is done by finding the cash flows that represent
the difference (�) between the two alternatives under consideration. For two alternatives
X and Y , where X is the defender, or base case, and Y is the challenger, the increment can
be written as (X → Y ) to signify going from X to Y or as (Y − X) to signify the cash flows
of Y minus cash flows of X. Both modes identify the incremental costs (�C) and benefits
(�B) of investing in Alternative Y , where X is a previously justified (or base) alternative.
The incremental B/C ratio equals �B/�C.

6. Use the incremental B/C ratio to decide which alternative is better. If the incre-
mental B/C ratio (�B/�C) calculated in Step 5 is greater than 1.0, then the increment is
desirable or justified; if the ratio is less than 1.0, it is not desirable, or is not justified. If
an increment is accepted, the alternative (the challenger) associated with that increment of
investment becomes the base fromwhich the next increment is formed.When the increment
is not justified, the alternative associated with the additional increment is rejected and the
previously justified alternative (the defender) is maintained as the base for formation of the
next increment.

7. Iterate to Step 4 until all increments (projects) have been considered. The incre-
mental method requires that the entire list of ranked feasible alternatives be evaluated.
All pairwise comparisons are made such that the additional increment being considered
is examined with respect to a previously justified alternative. The incremental method
continues until all alternatives have been evaluated.

8. Select the best alternative from the set of mutually exclusive competing projects.
After all alternatives (and associated increments) have been considered, the incremental
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B/C ratio method calls for selecting the alternative associated with the last justified incre-
ment. This assures that a maximum investment is made such that each ratio of equivalent
worth of incremental benefits to equivalent worth of incremental costs is greater than 1.0.
(A common error in applying the incremental B/C method is selecting the alternative with
the largest incremental B/C ratio, which is inconsistent with the objective of maximizing
investment size with incremental B/C ratios above 1.0.)

Both the conventional and modified versions of the B/C ratio can be used with the
incremental B/C ratiomethodology just described, but the two versions should not bemixed
in the same problem. Such an approach could cause confusion and errors. Instead, one of
the two versions should be consistently used throughout the analysis.

In Examples 16-4 and 16-5 the incremental B/C ratio (conventional and modified
version) is used to evaluate a set of mutually exclusive alternatives.

EXAMPLE 16–4

A midwestern industrial state may construct and operate two coal-burning power plants and a
distribution network to provide electricity to several state-owned properties. The following costs
and benefits have been identified.

Primary costs: Construction of the power plant facilities; cost of installing the power
distribution network; life-cycle maintenance and operating costs.

Primary benefits: Elimination of payments to the current electricity provider; creation of
jobs for construction, operation, andmaintenance of the facilitiesand distributionnetwork;
revenue from selling excess power to utility companies; increased employment at coal
mines in the state.

There have been four competing designs identified for thepower plants. Each has a life of 45 years.
Use the conventional B/C ratio with an interest rate of 8% to recommend a course of action.

Values (× $104 ) for Competing Design Alternatives

I II III IV

Project costs
Plant construction cost $12,500 $11,000 $12,500 $16,800
Annual operating and maintenance cost 120 480 450 145

Project benefits
Annual savings from utility payments 580 700 950 1,300
Revenue from overcapacity 700 550 200 250
Annual effect of jobs created 400 750 150 500

SOLUTION

Alternatives I through IV and the do-nothing alternative are mutually exclusive choices because
one and only one will be selected. Therefore, an incremental B/C ratio method is used to obtain
the solution.

Step 1 Identify alternatives. The alternatives are do nothing, and designs I, II, III, and IV.

Step 2 Calculate B/C ratio for each alternative.
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B/C ratio (I) = (580+ 700+ 400) (P/A, 8%, 45)/[12,500+ 120 (P/A, 8%, 45)] = 1.46

B/C ratio (II) = (700+ 550+ 750) (P/A, 8%, 45)/[11,000+ 480 (P/A, 8%, 45)] = 1.44

B/C ratio (III) = (200+ 950+ 150) (P/A, 8%, 45)/[12,500+ 325 (P/A, 8%, 45)] = 0.96

B/C ratio (IV) = (1300+ 250+ 500)(P/A, 8%, 45)/[16,800+ 145(P/A,8%, 45)] = 1.34

Alternatives I, II, and IV all have B/C ratios greater than 1.0 and thus merit further
consideration. Alternative III does not meet the acceptability criterion and could be
eliminated from further consideration. However, to illustrate that Step 2 is optional,
all four design alternatives will be analyzed incrementally.

Step 3 Rank-order projects. Here we calculate the PW of costs for each alternative. The
denominator of the conventional B/C ratio includes first cost and annual O&M costs,
so the PW of costs for the alternatives are:

PW costs (I) = 12,500 + 120(P/A, 8%, 45) = $13,953

PW costs (III) = 12,500 + 325(P/A, 8%, 45) = $16,435

PW costs (II) = 11,000 + 480(P/A, 8%, 45) = $16,812

PW costs (IV) = 16,800 + 145(P/A, 8%, 45) = $18,556

The rank order from low to high value of the B/C ratio denominator is as follows: do
nothing, I, III, II, IV.

Step 4 Identify increment under consideration.

Step 5 Calculate B/C ratio.

Step 6 Which alternative is better?

1st Iteration 2nd Iteration 3rd Iteration 4th Iteration

Increment Under

Step 4 Consideration (Do Nothing → I) (I→ III) (I→ II) (II → IV)

�Plant construction cost $12,500 $ 0 $−1500 $5800
�Annual O&M cost 120 205 360 −335
PW of �Costs 13,953 2482 2859 1744
�Annual utility payment savings 580 370 120 600
�Annual overcapacity revenue 700 500 −150 −300
�Annual benefits of new jobs 400 −250 350 −250
PW of �Benefits 20,342 −4601 3875 605

Step 5 �B/C ratio (PW �B)/(PW �C) 1.46 −1.15 1.36 0.35
Step 6 Is increment justified? Yes No Yes No

As an example of these calculations, consider the third increment (I → II).
�Plant construction cost = 11,000 − 12,500 = −$1500
�Annual O&M cost = 480 − 120 = $360
PW of �Costs = −1500 + 360(P/A, 8%, 45) = $2859

or = 16,812 − 13,953 = $2859
�Annual utility payment savings = 700 − 580 = $120
�Annual overcapacity revenue = 550 − 700 = −$150
�Annual benefits of new jobs = 750 − 400 = $350
PW of �Benefits = (120 − 150+ 350)(P/A, 8%, 45)

= $3875
�B/C ratio (PW �B)/(PW �C) = 3875/2859 = 1.36
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The analysis in the table proceeded as follows: do nothing to Alternative I was jus-
tified (�B/C ratio = 1.46), Alternative I became the new base; Alternative I to
Alternative III was not justified (�B/C ratio = −1.15), Alternative I remained
base; Alternative I to Alternative II was justified (�B/C ratio = 1.36), Alterna-
tive II became the base; Alternative II to Alternative IV was not justified (�B/C
ratio = 0.35).

Step 7 Select best alternative. Alternative II became the recommended power plant design
alternative because it is the one associated with the last justified increment. Notice
that Alternative III, did not affect the recommendation and was eliminated through
the incremental method. Notice also that the first increment considered (do nothing
→ I) was not selected even though it had the largest �B/C ratio (1.45). The alter-
native associated with the last justified increment (in this case, Alt. II) should be
selected.

EXAMPLE 16–5

Let us reconsider Example 16-4, this time using themodified B/C ratio to analyze the alternatives.
Again we will use the present worth method.

SOLUTION

Here we use the modified B/C ratio.

Step 1 Identify alternatives. The alternatives are still do nothing and designs I, II, III, and IV.

Step 2 Calculate modified B/C ratio for each alternative.

B/C ratio(I) = (580 + 700+ 400 − 120) (P/A, 8%, 45)/12,500 = 1.51

B/C ratio(II) = (700 + 550+ 750 − 480) (P/A, 8%, 45)/11,000 = 1.67

B/C ratio (III) = (200 + 950 + 150 − 325) (P/A, 8%, 45)/12,500 = 0.95

B/C ratio (IV) = (1300 + 250 + 500 − 145) (P/A, 8%, 45)/16,800 = 1.37

Again Alternative III can be eliminated from further consideration because its B/C
ratio is less than 1.0. In this case we will eliminate it. The remaining alternatives are
do nothing and alternative designs I, II, and IV.

Step 3 Rank-order projects. The PW of costs for each alternative:

PW Costs (I) = $12,500

PW Costs (II) = $11,000

PW Costs (IV) = $16,800

The correct rank order is now do nothing, II, I IV. Notice that themodified B/C ratio
produces an order of comparison different from that yielded by the conventional
version in Example 16-4.

Step 4 Identify increment being considered.

Step 5 Calculate B/C ratio.
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Step 6 Which alternative is better?

1st Iteration 2nd Iteration 3rd Iteration

Step 4 Incremental Effects (Do Nothing→ II) (II→ I) (II→ IV)

�Plant construction cost $11,000 $ 1500 $ 5800
PW of �Costs 11,000 1500 5800
�Annual utility payment savings 700 −120 600
�Annual overcapacity revenue 550 150 −300
�Annual benefits of new jobs 750 −350 −250
�Annua1 O&M disbenefit 480 −360 −335
PW of �Benefits 18,405 484 4662

Step 5 �B/C ratio (PW �B)/(PW �C) 1.67 0.32 0.80
Step 6 Is increment justified? Yes No No

As an example of the calculations in the foregoing table, consider the third increment
(II → IV).

�Plant construction cost = 16,800 − 11,000 = $5800

PW of �Costs = $5800
�Annual utility payment savings = 1300− 700 = $600
�Annual overcapacity revenue = 250 − 550 = −$300
�Annual benefits of new jobs = 500 − 750 = −$250
�Annual O&M disbenefit = 145 − 480 = −$335
PW of �Benefits = (600 − 300− 250+ 335)(P/A, 8%, 45) = $4662
�B/C ratio, (PW �B)/(PW �C) = 4662/5800 = 0.80

When the modified version of the B/C ratio is used, Alt. II emerges as the recommended
power plant design—just as it did when we used the conventional B/C ratio.

OTHER EFFECTS OF PUBLIC PROJECTS

Four areas remain that merit discussion in describing the differences between government
and nongovernment economic analysis: (1) financing government versus nongovernment
projects, (2) the typical length of government versus nongovernment project lives, (3)
quantifying and valuing benefits and disbenefits, and (4) the general effects of politics on
economic analysis.

Project Financing

Governmental organizations and market-driven firms differ in the way investments in
equipment, facilities, and other projects are financed. In general, firms rely on monies from
investors (through stock and bond issuance), private lenders, and retained earnings from
operations. These sources serve as the pool from which investment dollars for projects
come. Management’s job is to match financial resources with projects in a way that keeps
the firm growing, results in an efficient and productive environment, and continues to attract
investors and future lenders of capital.
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On the other hand, the government sector often uses taxation and municipal bond
issuance as the source of investment capital. In government, taxation and revenue from
operations are adequate to finance only modest projects. However, public projects tend to
be large in scale (roadways, bridges, etc.), which means that for many public projects 100%
of the investment costs must be borrowed. To prevent excessive public borrowing and to
assure timely debt repayment, the U.S. government, through constitutional and legislative
channels, has restricted government debt. These restrictions include:

1. Local government bodies are limited in their borrowing to a specified percentage of
the assessed property value in their taxation district.

2. For new construction, borrowed funds attained through the sale of bonds require
the approval of local voters (sometimes by a two-thirds majority). For example, a
$2 million bond proposition for a new municipal jail might increase property taxes
in the city’s tax district by $1.50 for every $1000 of assessed property value. These
added tax revenues would then be used to retire the debt on the bonds.

3. Repayment of public debt must be made following a specific plan over a pre-
set period of time. For monies borrowed by issuing bonds, interest payments and
maturity dates are set at the time of issuance.

Limitations on the use and sources of borrowed monies make funding public sector
projects much different from in the private sector. Private sector firms are seldom able to
borrow 100% of required funds for projects, as can be done in the public sector, but at the
same time, private entities do not face restrictions on debt retirement or the uncertainty of
voter approval. Passing the bond proposition is the public go-ahead.

Project Duration

Government projects often have longer lives than those in the private sector. In the private
sector, projects most often have a projected or intended life ranging between 5 and 15 years.
Some markets and technologies change more rapidly and some more slowly, but a major-
ity of projects fall in this interval. Complex advanced manufacturing technologies, like
computer-aided manufacturing or flexible automated manufacturing cells, typically have
project lives at the longer end of this range.

Government projects typically have lives in the range of 20 to 50 years (or longer).
Typical projects include federal highways, city water/sewer infrastructure, county dumps,
and state libraries and museums. These projects, by nature, have a longer useful life than a
typical private-sector project. There are exceptions to this rulebecauseprivatefirms invest in
facilities and other long-range projects, and government entities also invest in projects with
shorter-term lives. But, in general, investment duration in the government sector is longer.

Government projects, because they tend to be long range and large scale, usually
require substantial funding in the early stages. Highway, water/sewer, and library projects
can require millions of dollars in design, surveying, and construction costs. Therefore, it
is in the best interest of decision makers who are advocates of such projects to spread that
first cost over as many years as possible to reduce the annual cost of capital recovery. Using
longer project lives to downplay the effects of a large first cost increases the desirability of
the project, as measured by the B/C ratio. Another aspect closely associated with manag-
ing the size of the capital recovery cost in a B/C ratio analysis is the interest rate used for
discounting. Lower interest rates reduce the capital recovery cost of having money tied up
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in a project. Example 16-6 illustrates the effects that project life and interest rate can have
on the analysis and acceptability of a project.

EXAMPLE 16–6

Consider a project that has been approved by local voters to build a new junior high school,
needed because of increased (and projected) population growth. Analyze the project with interest
rates of 3, 10, and 15% and with horizons of 15, 30, and 60 years.

Building first costs (design, planning, and construction) $10,000,000
Initial cost for roadway and parking facilities 5,500,000
First cost to equip and furnish facility 500,000
Annual operating and maintenance costs 350,000
Annual savings from rented space 400,000
Annual benefits to community 1,600,000

SOLUTION

With this project we examine the effect that varying project lives and interest rates have on the
economic value of a public project. In each case, the formula is

Conventional B/C ratio = 1,600,000+ 400,000

(10,000 + 5,500,000 + 500,000)(A/P, i , n) + 350,000

The B/C ratio for each combination of project life and interest rate is tabulated as follows:

Conventional Benefit–Cost Ratio for Various

Combinations of Project Life and Interest Rate

Interest

Project Life (years) 3% 10% 15%

15 1.24 0.86 0.69
30 1.79 1.03 0.76
60 2.24 1.08 0.77

From these numbers one can see the effect of project life and interest on the analysis and
recommendation. At the lower interest rate, the project has B/C ratios above 1.0 in all cases of
project life, while at the higher rate the ratios are all less than 1.0. At an interest rate of 10%
the recommendation to invest changes from no at a life of 15 years to yes at 30 and 60 years.
A higher interest rate discounts the benefits in later years more heavily, so that they may not
matter. In this case, the benefits from Years 31 to 60 add only 0.01 to the B/C ratio at 15% and
0.05 at 10%. At 3% those benefits add 0.45 to the ratio. By manipulating these two parameters
(project life and interest rate), it is possible to reach entirely different conclusions regarding the
desirability of the project.
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Example 16-6 demonstrates that we must ensure that a long life and a low interest rate
for a public project are truly appropriate and not chosen solely to make a marginal project
look better.

Quantifyingand ValuingBenefits and Disbenefits

The junior high school in Example 16-6 included annual benefits to the community of $1.6
million. If youwere evaluating the school, howwould you estimate this?Many public sector
projects like the junior high school and the examples in Table 16-1 have consequences that
are difficult to state in monetary terms.

First the number of people affected by the project have to be counted—nowand through
the project’s horizon. Then a dollar value for each person is required. For the junior high
school it may be easy to estimate the number of students. But how much better will the
educational outcomes be with the new school, and how valuable is that improvement?

On the other hand, consider the levees around New Orleans that needed to be rebuilt
in the aftermath of Katrina. An economic evaluation of the different alternatives required
estimating the number of residents that would be protected by improving the levees in New
Orleans, which is extremely difficult. This required estimating not only how the rebuilding
of the city might progress but also storm surges from future hurricanes, whose frequency
and intensity may be changing. Once the number of people and homes had been estimated
over the next 30 to 100 years, it was necessary to put a value on property, on disrupted lives,
and on human lives.

While many individuals find it difficult to put a dollar value on a human life, there are
many public projects whose main intent is to reduce the number of deaths due to floods,
cancer, auto accidents, and other causes. Those projects are often justified by the value

TABLE 16–1 Example Benefits andDisbenefits for Public Investments

Public Project PrimaryBenefits PrimaryDisbenefits

New airport outside city More flights, new businesses Increased travel time to airport,
more traffic on outer belt

Interstate bypass around town Quicker commute times,
reduced congestion on surface
roads

Lost sales to businesses on
surface roads, lost agricultural
lands

New metro subway system Faster commute times, less
pollution

Lost jobs due to bus line
closing, less access to
service (fewer stops)

Creation of a city waste
disposal facility versus
sending waste out of state

Less costly; faster and more
responsive to customers

Objectionable sight and smells,
lost market value to
homeowners, lost forestland

Construction of a nuclear
power plant

Cheaper energy costs, new
industry in area

Environmental risks
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of preventing deaths. Thus, valuing human lives is an inescapable part of public-sector
engineering economy.

Because the benefits and disbenefits of public projects are often difficult to quantify
and value, the estimated values will have more uncertainty than is typical for private-sector
projects. Thus those who favor a project and those who oppose it will often push to have
values used that support their position.

Project Politics

To some degree political influences are felt in nearly every decision made in any
organization. Predictably, some individual or group will support particular interests over
competing views. This actuality exists in both firms and government organizations. In gov-
ernment the effects of politics are continuously felt at all levels because of the large-scale
and multipurpose nature of projects, because government decision making involves the
use of the citizenry’s common pool of money, and because individuals and groups have
different values and views. For example, how important is economic development relative
to environmental protection?

The guideline for public decision making, as set forward in the Preamble to the Con-
stitution, is to promote the general welfare of citizens. However, it is impossible to please
everyone all the time. The term “general welfare” implies that the architects of this docu-
ment understood that the political process would produce opposing viewpoints, but at the
same time they empowered decision makers to act in a representative way.

Since government projects tend to be large in scale, the time required to plan, design,
fund, and construct them is usually several years. However, the political process tends
to produce government leaders who support short-term decision making (because many
government terms of office, either elected or appointed, are relatively short). Therein lies
another difference between firm and government decision making—short-term decision
making, long-term projects.

Because government decision makers are in the public eye more than those in the pri-
vate sector, governmental decisions are generally more affected by “politics.” Thus, the
decisions that public officials make may not always be the best from an overall perspective.
If a particular situation exposes a public official to ridicule, he may choose an expedient
action to eliminate negative exposure (whereas a more careful analysis might have been
better). Or, such a decision maker may placate a small, but vocal, political group over the
interest of the majority of citizens by committing funds to a favored project (at the expense
of other better projects). Or, a public decision maker may avoid controversy by declining
to make a decision on an important, but politically charged, issue (whereas it would be
in the overall interest of the citizenry if action were taken). Indeed, the role of politics in
government decision making is more complex and far ranging than in the private sector.

EXAMPLE 16–7

Consider again Example 16–4, where we evaluated power plants designs. Remember that govern-
ment projects are often opposed and supported by different groups in the populace. Thus, decision
makers become very aware of potential political aspects when they are considering such projects.
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For the electric power plant decision, several political considerations may affect any evaluation
of funding this project.

• The governor has been a strong advocate of workers’ rights and has received abundant
campaign support from organized labor (which is especially important in an industrialized
state). By championing this project, the governor should be seen as pro-labor, thereby
benefiting his bid for reelection, even if the project is not funded.

• The regulated electric utilityproviders in the state are stronglyagainst this project, claiming
that it would directly compete with them and take away some of their biggest customers.
The providers have a strong lobby and key contacts with the state’s utilities commission. A
senior state senator has already protested that this project is the first step toward “rampant
socialism in this great state.”

• Business leaders in the municipalities where the two facilities would be constructed favor
the project because it would create more jobs and increase the tax base. These leaders
promote the project as a win–win opportunity for government and industry, where the
state can benefit by reducing costs, and the electric utilities can improve their service by
focusing more effectively on residential customers and their needs.

• The lieutenant governor is promoting this project, proclaiming that it is an excellent
example of “initiatingproactive and creative solutions to the problems that this state faces.”

• Federal and state regulatory agencies are closely watching this project with respect to
the Clean Air Act. Speculation is that the state plans to use a high-sulfur grade of local
coal exclusively. Thus “stack scrubbers” would be required, or the high-sulfur coal would
have to be mixed with lower-sulfur coal imported from other states to bring the overall air
emissions in line with federal standards. The governor is using this opportunity to make
the point that “the people of this state don’t need regulators to tell us if we can use our
own coal!”

• The state’s coal operators and mining unions strongly support this project. They see the
increased demands for coal and the governor’s pro-labor advocacy as very positive. They
plan to lobby the legislature strongly in favor of the project.

• Land preservation and environmental groups are strongly opposing the proposed project.
They have studied the potential negative impacts of this project on the land and on water
and air quality, as well as on the ecosystem and wildlife, in the areas where the two facil-
ities would be constructed. Environmentalists have started a public awareness campaign
urging the governor to act as the “chief steward” of the state’s natural beauty and resources.

Will the project be funded? We can only guess. Clearly, however, we can see the competing
influences that can be, and often are, part of decision making in the public sector.

SUMMARY

Economic analysis and decision making in government is notably different from these pro-
cesses in the private sector because the basic objectives of the public and private sectors
are fundamentally different. Government investments in projects seek to maximize bene-
fits to the greatest number of citizens,while minimizing the disbenefits to citizens and costs



Problems 557

to the government. Private firms, on the other hand, are focused primarily on maximizing
stockholder wealth.

Several factors, not affecting private firms, enter into the decision-making process in
government. The source of capital for public projects is limited primarily to taxes and
bonds. Government bonds issued for project construction are subject to legislative restric-
tions on debt not required for private firms. Also, raising tax and bond monies involves
sometimes long and politically charged processes not present in the private sector. In addi-
tion, government projects tend to be larger in scale than the projects of competitive firms
and the government projects affect many more people and groups in the population. The
benefits and disbenefits to the many people affected are difficult to quantify and value,
which is unlike the private sector, where products and services are sold and the revenue to
the firm is clearly defined. All these factors slow down the process and make investment
decision analysismore difficult for government decisionmakers than for those in the private
sector. Another difference between the public and private sectors lies in how the interest
rate (MARR) is set for economic studies. In the private sector, considerations for setting
the rate include the cost of capital and opportunity costs. In government, establishing the
interest rate is complicated by uncertainty in specifying the cost of capital and the issue of
assigning opportunity costs to taxpayers or to the government.

The benefit–cost ratio is widely used to evaluate and justify government-funded
projects. This measure of merit is the ratio of the equivalent worth of benefits to the
equivalent worth of costs. This ratio can be calculated by PW, AW, or FW methods. A
B/C ratio greater than 1.0 indicates that a project should be invested in if funding sources
are available. For considering mutually exclusive alternatives, an incremental analysis is
required. This method results in the recommendation of the project with the highest invest-
ment cost that can be incrementally justified. Twoversions of theB/C ratio, the conventional
and modified B/C ratios, produce identical recommendations. The conventional B/C ratio
treats annual operating and maintenance costs as a cost in the denominator, while the
modified B/C ratio subtracts those costs from the benefits in the numerator.

P R O B L E M S

Objective andViewpoint

16-1 Public-sector economic analysis and decision
making is often called “a multi-actor or multi-
stakeholder decision problem.” Explain.

16-2 Compare the general underlying objective of public
decision making versus private decision making.

16-3 The text recommends a viewpoint that is appropri-
ate in public decision making. What is suggested?
What example is given to highlight the dilemma
of viewpoint in public decision making? Provide
another example.

16-4 In government projects, what is meant by the phrase
“most of the benefits are local”?What conflict does
this create for the federal government in the funding
projects from public monies.

16-5 List the potential costs, benefits, and disbenefits
that should be considered in evaluating a potential
nuclear power plant. What stakeholder viewpoints
will need to be considered?

16-6 A municipal landfill and incineration facility is
planned. Name at least three benefits, three disben-
efits, and three costs. What stakeholder viewpoints
will need to be considered?

16-7 An interstate bypass will completely circle a city.
Name at least three benefits, three disbenefits, and
three costs. What stakeholder viewpoints will need
to be considered?

16-8 A light rail system will connect the airport, the city
center, and a cluster of high-density housing on the
other side of the river. Name at least three benefits,
three disbenefits, and three costs. What stakeholder
viewpoints will need to be considered?
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16-9 Improvements at a congested intersection require that
the government acquire the properties on the four
corners: two gas stations, a church, and a bank. Con-
struction will take a year, and the costs will be shared
70% by the state and 30% by the city. Traffic through
the intersection is mainly commuters, local residents,
anddeliveries toandbylocalbusinesses.There is some
through traffic from other parts of the metropolitan
area.

Identify the benefits, disbenefits, and costs that
must be considered in evaluating this project. From
the city’s viewpoint, which must be included? From
the state’s viewpoint?What viewpoint should be used
to evaluate this project?

16-10 The state may eliminate a railroad grade crossing
by building an overpass. The new structure, together
with the needed land, would cost $1.8 million. The
analysis period is assumed to be 30 years because
either the railroad or the highway above it will be
relocated by then. Salvage value of the bridge (actu-
ally, the net value of the land on either side of the
railroad tracks) 30 years hence is estimated to be
$100,000. A 6% interest rate is to be used.

About 1000 vehicles per day are delayed by trains
at the grade crossing. Trucks represent 40%, and 60%
are other vehicles. Time for truck drivers is valued
at $18 per hour and for other drivers at $5 per hour.
Average time saving per vehicle will be 2 minutes if
the overpass is built. No time saving occurs for the
railroad.

The railroad spends $48,000 annually for crossing
guards. During the preceding10-year period, the rail-
road has paid out $600,000 in settling lawsuits and
accident cases related to the grade crossing. The
proposed project will entirely eliminate both these
expenses. The state estimates that the new overpass
will save it about $6000 per year in expenses directly
due to the accidents. Theoverpass, if built, will belong
to the state.

Should the overpass be built? If the overpass is
built, how much should the railroad be asked to
contribute to the state as its share of the $1.8 million
construction cost?

Selecting Rate

16-11 Discuss the alternative concepts that can be employed
when setting the discounting rate for economic anal-
ysis in the public sector. What is the authors’ final
recommendation for setting this rate?

16-12 The city’s landfill department has a capital budget of
$600,000.What is the government’s opportunity cost
of capital if it has the following projects to consider?

What does this indicate about which projects should
be done?

First Rate of B/C Ratio

Project Cost Return (%) at 7%

A $100,000 23 1.30
B 200,000 22 1.40
C 300,000 17 1.50
D 200,000 19 1.35
E 100,000 18 1.56

16-13 The state’s fish and game department has a capi-
tal budget of $9 million. What is the government’s
opportunity cost of capital if it has the following
projects to consider? What does this indicate about
which projects should be done?

First Rate of B/C Ratio

Project Cost Return (%) at 7%

A $2,000,000 9 1.23
B 1,000,000 14 1.42
C 2,000,000 10 1.17
D 3,000,000 16 1.45
E 2,000,000 13 1.56
F 3,000,000 15 1.35
G 3,000,000 12 1.32
H 1,000,000 11 1.26

6-14 A proposed bridge would cost $4 million to build and
$180,000 per year in maintenance. The bridge should
last 40 years. Benefits to the driving public are esti-
mated to be $900,000 per year. Damages (not paid)
to adjacent property owners due to noise is estimated
to be $250,000 per year. Because of the uncertainty
on what interest rate should be used to evaluate this
project, calculate the breakeven annual interest rate
that results in a B/C ratio of 1.
Contributed by D. P. Loucks, Cornell University

16-15 Is the 7% interest rate specified in OMB A94 a
real or a nominal interest rate? Should it be used
with costs expressed as constant-value dollars or
with costs inflated using carefully selected inflation
rates?

16-16 A municipal bond has a face value of $10,000. Inter-
est of $400 is paid every 6 months. The bond has a
life of 20 years. What is the effective rate of inter-
est on this bond? Is this rate adjusted for inflation?
What is the municipal government’s cost of capital
for this bond?Estimate the rate, considering all levels
of government.
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B/C andModified Ratio

16-17 Consider the following investment opportunity:

Initial cost $100,000
Additional cost at end of Year 1 150,000
Benefit at end of Year 1 0
Annualbenefitper year at endof

Years 2–10
20,000

With interest at 7%, what is the benefit–cost ratio
for this project? (Answer: 0.51)

16-18 Calculate the conventional and modified benefit–
cost ratios for the following project.

Required first costs $1,200,000
Annual benefits to users $500,000
Annual disbenefits to users $25,000
Annual cost to government $125,000
Project life 35 years
Interest rate 10%

16-19 For the data given in Problem 16-18, for handling
benefits and costs, demonstrate that the calculated
B/C ratio is the same using each of the following
methods: present worth, annual worth, and future
worth.

16-20 What is the essential difference between the
conventional and modified versions of the benefit–
cost ratio? Is it possible for these two measures
to provide conflicting recommendations regarding
invest/do-not-invest decisions?

16-21 A government agency has estimated that a flood
control project has costs and benefits that are
parabolic, according to the equation

(Present worth of benefits)2

− 22(Present worth of cost) + 44 = 0

where both benefits and costs are stated in millions
of dollars. What is the present worth of cost for the
optimal size project?

16-22 Chungyang Dam is being constructed across the
Hungshui River in southern China. The dam will
produce electricity to serve over 500,000 people
in the region. The initial cost is 3.7 billion yuan
and annual operating costs are 39.2 million yuan.
A major overhaul of the electric generation facili-
ties estimated to cost 650 million yuan will occur at
the end of Year 25. The dam and generating plant
have no salvage value, but must be torn down and
removed at the end of Year 50 for 175 million yuan.
Ishan Electric has a MARR of 10%. What annual

benefit in yuan is needed for a B/C ratio of 1? Use
the Internet and current exchange rates to find the
annual benefit in U.S. dollars.
Contributed by Paul R. McCright, University of
South Florida

IncrementalAnalysis

16-23 The Highridge Water District needs an additional
supply of water from Steep Creek. The engineer has
selected two plans for comparison:

Gravity plan: Divert water at a point 10 miles
up Steep Creek and carry it through a
pipeline by gravity.

Pumping plan: Divert water at a point near
the district and pump it through 2 miles of
pipeline. The pumping plant can be built in
two stages: half now and half 10 years later.

Gravity Pumping

Initial investment $2,800,000 $1,400,000

Investment in 10th year 0 200,000
Operation, maintenance, 10,000 25,000

replacements, per year
Average annual power cost

First 10 years 0 50,000
Next 30 years 0 100,000

Use a 40-year analysis period and 8% interest.
Salvage values can be ignored. Use the conven-
tional benefit–cost ratio method to select the more
economical plan. (Answer: Pumping plan)

16-24 Two different routes are being considered for a
mountain highway. The high road would require
building several bridges and would navigate around
the highest mountain points, thus requiring more
roadway. The low road would construct several
tunnels for a more direct route through the moun-
tains. Projected travel volume for this new section
of road is 2500 cars per day. Use the modified
B/C ratio to determine which alternative should be
recommended. Assume that project life is 45 years
and i = 6%.

High Road LowRoad

Construction cost/mile $200,000 $450,000
Number of miles required 35 10
Annual benefit/car-mile $0.015 $0.045
Annual O&M costs/mile $2,000 $10,000
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16-25 The city engineer has prepared two plans for
roads in the city park. Both plans meet anticipated
requirements for the next 40 years. The city’s mini-
mum attractive rate of return is 7%.

Plan A is a three-stage development program:
$300,000 is to be spent now followed by $250,000
at the end of 15 years and $300,000 at the end of 30
years. Annual maintenance will be $75,000 for the
first 15 years, $125,000 for the next 15 years, and
$250,000 for the final 10 years.

Plan B is a two-stage program: $450,000 is
required now, followed by $50,000 at the end of
15 years. Annual maintenance will be $100,000 for
the first 15 years and $125,000 for the subsequent
years. At the end of 40 years, this plan has a salvage
value of $150,000.

Use a conventional benefit–cost ratio analysis to
determine which plan should be chosen.

6-26 The Arkansas Department of Transportation may
build a new highway between Texarkana and Fort
Smith, currently a distance of 181 miles. Design 1
is a four-lane highway built entirely on the exist-
ing route. Design 2 includes a significant rerouting
through a mountainous region that would reduce
the mileage to 166 miles. Design 3 is a fully access-
controlled interstate-quality highway with more
rerouting, which would reduce the total mileage to
148 miles.

Benefits for this project depend on mileage
saved times the number of vehicles, plus the esti-
mated value for the larger number of trips that
will occur with the shorter and faster routes. The
estimated benefits and costs of the three potential
designs are shown in the table. Doing nothing yields
no costs and no benefits. Using incremental anal-
ysis for the B/C ratio, a planning horizon of 75
years, and a MARR of 9%, which design would
you recommend?

Annual
Maintenance Annual

Initial Cost Cost Benefit

Design 1 $ 456M $17M $107M
Design 2 810M 28M 198M
Design 3 1552M 58M 287M

Contributed by Paul R. McCright, University of
South Florida

16-27 A two-lane highway between two cities, 10 miles
apart, is to be converted to a four-lane divided free-
way. The average daily traffic (ADT) on the new
freeway is forecast to average 20,000 vehicles per
day over the next 20 years. Trucks represent 5% of
the total traffic. Annual maintenance on the existing

highway is $1500 per lane-mile. The existing acci-
dent rate is 4.58 per million vehicle-miles (MVM).
Three alternate plans are under consideration.

Plan A: Improve along the existing development
by adding two lanes adjacent to the existing lanes
at a cost of $450,000 per mile. This will reduce
auto travel time by 2 minutes and truck travel time
by 1 minute. The estimated accident rate is 2.50 per
MVM. Annual maintenance is $1250 per lane-mile.

Plan B: Improve the highway along the existing
alignment with grade improvements at a cost of
$650,000permile. PlanB adds two lanes andwould
reduce auto and truck travel time by 3 minutes each.
The accident rate on this improved road is estimated
to be 2.40 per MVM. Annual maintenance is $1000
per lane-mile.

Plan C: Construct a new freeway on a new align-
ment at a cost of $800,000permile. This planwould
reduce auto travel time by 5 minutes and truck travel
time by 4 minutes. Plan C is 0.3 mile longer than A
or B. The estimated accident rate for C is 2.30 per
MVM. Annual maintenance is $1000 per lane-mile.
Plan C includes abandoning the existing highway
with no salvage value.

Incremental operating cost

Autos 6� c per mile
Trucks 18� c per mile

Time saving
Autos 3� c per minute
Trucks 15� c per minute

Average accident cost $1200

If a 5% interest rate is used, which of the three
proposed plans should be adopted? (Answer:
Plan C)

16-28 Evaluate these mutually exclusive alternatives with
a horizon of 15 years and a MARR of 12%.

A B C

Initial investment $9500 $18,500 $22,000
Annual savings 3200 5,000 9,800
Annual costs 1000 2,750 6,400
Salvage value 6000 4,200 14,000

Use each of these approaches:

(a) ConventionalB/C ratio

(b) Modified B/C ratio

(c) Present worth analysis

(d) Internal rate of return analysis

(e) Payback period
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16-29 A 50-meter tunnel must be constructed for a new
city aqueduct. One alternative is to build a full-
capacity tunnel now for $500,000. The other alter-
native is to build a half-capacity tunnel now for
$300,000 and then to build a second parallel half-
capacity tunnel 20 years hence for $400,000. The
cost to repair the tunnel lining every 10 years is
$20,000 for the full-capacity tunnel and $16,000 for
each half-capacity tunnel.

Determine whether the full-capacity tunnel or
the half-capacity tunnel should be constructed now.
Solve the problem by the conventional benefit–cost
ratio analysis, using a 5% interest rate and a 50-year
analysis period. Therewill be no tunnel lining repair
at the end of the 50 years.

16-30 The Fishery and Wildlife Agency of Ireland is
considering four mutually exclusive design alterna-
tives for a major salmon hatchery. This agency of
the Irish government uses the following B/C ratio
for decision making:

B/C ratio = EW(Net benefits)
EW(Capital recovery cost)+ EW(O&M cost)

Using an interest rate of 8% and a project life of
30 years, recommend which design is best.

(Values in 1000s)

Irish Fishery Design Alternatives

A B C D

First cost $9500 $12,500 $14,000 $15,750
Annual benefits 2200 1,500 1,000 2,500
Annual O&M costs 550 175 325 145
Annual disbenefits 350 150 75 700
Salvage value 1000 6,000 3,500 7,500

16-31 Six mutually exclusive investments have been
identified for evaluation by means of the benefit–
cost ratio method. Assume a MARR of 10% and an
equal project life of 25 years for all alternatives.

Mutually Exclusive Alternatives

Annualized 1 2 3 4 5 6

Net costs to 15.5 13.7 16.8 10.2 17.0 23.3
sponsor ($M)
Net benefits 20.0 16.0 15.0 13.7 22.0 25.0
to users ($M)

(a) Use annual worth and the B/C ratio to identify
the better alternative.

(b) If this were a set of independent alternatives,
how would you conduct a comparison?

16-32 A section of state highway needs repair. At present,
the traffic volume is low and few motorists would
benefit. However, traffic is expected to increase,
with resulting increased motorist benefits. The
repair work will produce benefits for 10 years after
it is completed.

Should the road be repaired and, if so, when
should the work be done? Use a 15%MARR.

(Costs in 1000s)

Repair Repair in Repair in Repair in

Year Now 2 Years 4 Years 5 Years

0 −$150
1 5
2 10 −$150
3 20 20
4 30 30 −$150
5 40 40 40 −$150
6 50 50 50 50
7 50 50 50 50
8 50 50 50 50
9 50 50 50 50
10 50 50 50 50
11 0 50 50 50
12 0 50 50 50
13 0 0 50 50
14 0 0 50 50
15 0 0 0 50

16-33 The local highway department is analyzing recon-
struction of a mountain road. The vehicle traffic
increases each year, hence the benefits to the motor-
ing public also increase.Basedon a traffic count, the
benefits are projected as follows:

Year End-of-Year Benefit

2011 $10,000
2012 12,000
2013 14,000
2014 16,000
2015 18,000
2016 20,000

and so on, increasing
$2000 per year

The reconstructed pavement will cost $275,000
when it is installed and will have a 15-year use-
ful life. The construction period is short, hence a
beginning-of-year reconstruction will result in the
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listed end-of-year benefits. Assume a 6% interest
rate. The reconstruction, if done at all, must be done
not later than 2016. Should it be done, and if so, in
what year?

Challenges for Public Sector

16-34 Big City Carl, a local politician, is pushing a new
dock and pier system at the river to attract commerce.
A committee appointed by the mayor (an opponent of
Carl’s) has developed the following estimates.

Cost to remove current $ 750,000
facilities

Material, labor, and overhead for 2,750,000
new construction

Annual operating & maintenance 185,000
costs

Annual benefits from new 550,000
commerce

Annual disbenefits to sportsmen 35,000
Project life 20 years
Interest rate 8%

(a) Using the conventional B/C ratio, determine
whether the project should be funded.

(b) After studying the numbers given by the
committee, Big City Carl argued that the project
life should be at least 25 years and more likely
closer to 30 years. How did he arrive at this
estimate, and why is he making this statement?

16-35 The federal government proposes to construct a mul-
tipurpose water project to provide water for irrigation
and municipal use. In addition, there are flood control
and recreation benefits. The benefits are given below.
The annual benefits are one-tenth of the decade ben-
efits. The operation and maintenance cost is $15,000
peryear.Assumea50-yearanalysis periodwith nonet
project salvage value.

(a) If an interest rate of 5% is used, and a benefit–
cost ratio of unity, what capital expenditure can
be justified to build the water project now?

(b) If the interest rate is changed to 8%, how does
this change the justified capital expenditure?

(Benefits in 1000s)

Decades

Purpose First Second Third Fourth Fifth

Municipal $ 40 $ 50 $ 60 $ 70 $110
Irrigation 350 370 370 360 350
Flood control 150 150 150 150 150
Recreation 60 70 80 80 90

Totals $600 $640 $660 $660 $700

16-36 If you favored PlanB in Problem16-25,what value of
MARR would you use in the computations? Explain.

16-37 Describe how a decision maker can use each of the
following to “skew” the results of a B/C ratio anal-
ysis in favor of his or her own position on funding
projects.

(a) Conventional versus modified ratios
(b) Interest rates

(c) Project duration
(d) Benefits, costs, and disbenefits

16-38 Briefly describe your sources and methods for esti-
mating the value of

(a) a saved hour of commuting time.
(b) converting 15 miles of unused railroad tracks

near a community of 300,000 into a new bike
path.

(c) reducing annual flood risks from the Mississippi
River for St. Louis by 5%.

(d) a human life.

16-39 Discuss potential data sources and methods for
estimating each of the costs, benefits, and disbene-
fits identified in Problem 16-5 for the nuclear power
plant.

16-40 For the municipal landfill and incineration facility
in Problem 16–6, discuss potential data sources and
methods for estimating each of the benefits, disbene-
fits, and costs.

16-41 For the interstate bypass in Problem 16-7, discuss
potential data sources and methods for estimating
each of the benefits, disbenefits, and costs.

16-42 For the light rail system in Problem 16-8, discuss
potential data sources and methods for estimating
each of the benefits, disbenefits, and costs.

16-43 Discuss potential data sources and methods for esti-
mating each of the costs, benefits, and disbenefits
identified in Problem 16-9 for the congested intersec-
tion.

16-44 Think about amajor government construction project
under way in your state, city, or region. Are the deci-
sion makers who originally analyzed and initiated
the project currently in office? How can politicians
use “political posturing” with respect to government
projects?

Minicases

16-45 Research and report on how an agency of your state
evaluates public project proposals.What interest rate
and what economic measures are used?

16-46 Researchand report on how an agencyof yourmunic-
ipality evaluates public project proposals.What inter-
est rate and what economic measures are used?



Problems 563

The data supplied adds detail to the chapter-opening
vignette.

The three problems that follow the data were
contributed by William R. Truran, Stevens Institute
of Technology, and Peter A. Cerenzio, Cerenzio &
Panaro Consulting Engineers

Daily and intermediate cover material is 20% of
the landfill’s usable space. Density of solid waste is
1500 pounds per cubic yard. LFG recovery rates:

3000 cubic feet per ton for municipal solid
waste (MSW)

1500 cubic feet per ton for construction and
demolition waste (C&D)

Assume waste composition is 80% MSW and 20%
C&D.
Methane content in the LFG is 50% for MSW and
20% for C&D.
Heating value
For methane: 1,030,000 BTU/1000 cubic feet
For fuel oil: 138,800 BTU/gallon

Assumed furnace efficiency is 88% for methane
and 82% for fuel oil.

Cost of fuel oil is $2.50/gallon.
Heating load for residential dwelling is
100 million BTU per year.

1.7 × 104 BTU per kilowatt-hours
Value = $0.05/kWh

16-47 An economic analysis is needed for a new municipal
solid waste landfill. This includes determining the
potential economic benefit from the gas that is gen-
erated when solid waste decomposes. The landfill is
proposed at 14 acres, with a design capacity of 1 mil-
lion cubic yards of capacity. The final capping system
will require a 3-foot layer over the 14 acres, and the
waste flow rate is 120,000 tons per year. Calculate:

(a ) The life of the landfill.
(b ) The average annual methane production (assume

all methane production has ceased by 15 years
after landfill closure).

(c ) The dollar value of annual methane converted to
electricity (neglect collection and energy produc-
tion costs).

16-48 A developer has proposed a 650-unit residential
development adjacent to the landfill. The proposal
includes using the gas generated from the landfill to
heat the homes (andmitigate odors). To determine the
economic feasibility of the proposal, the value of the
gas for heating purposes must be determined. Deter-
mine whether the quantity is sufficient for heating
the development. Is this economicallymore attractive
than using fuel oil? Is it operationally feasible?

16-49 A 4.6-acre landfill must be evaluated for economic
viability. As part of the cost–benefit analysis, the
cost to extract and treat the landfill gas must be
determined.Using the following, design a landfill gas

extraction system and estimate the cost to implement
such a system:

Landfill dimensions are 1000 feet by 200 feet.
Area of influence of a landfill gas extraction

well is a 50-foot radius.
Cost of well construction is $3000 each.
Cost of wellhead (necessary for each well) is

$2500 each.
Cost of collection header piping 8′′ diameter

HDPE is $35/linear foot.
Cost of condensate knockouts (located at low

points) is $5000 each.
Cost of blower/flare station is $500,000.

C A S E S
The following cases from Cases in Engineering Econ-
omy 2nd are suggested as matched with this chapter.

CASE16 Great White Hall
Proposal comparison using B/C analysis for
RFP with unclear specifications.

CASE41 Metropolitan Highway
Realistic variety of benefits and costs. Requires
that assumptions be made.

CASE40 Olympic Bid Perspectives
Public sector with data and questions from three
perspectives.

CASE42 Protecting the Public
P (injury) and fraction of contact wearers must
be “guesstimated.” Considers opportunity losses
to other venues in visitor-days.

CASE43 Bigstate Bridging the Gap
Difficulty ranges from comparing three alter-
native bridges with different lives to consider-
ing growth in traffic and uncertain construction
costs.

CASE44 Sunnyside—Up or Not?
Uncertain growth rates over 30 years and setting
utility rates.

CASE45 Transmission Intertie
Electric power project with primary and sec-
ondary benefits.

CASE47 Bigstate Highway Department
Capital budgeting including mutually exclusive
alternatives. Includes uncertain value of a life.

CASE48 Dot Puff Project Selection
Public-sector capital budgeting with added con-
straint on man-years required.



C H A P T E R 17

ACCOUNTING AND
ENGINEERING
ECONOMY

The Two Faces of ABB

I
n the late 1990s, ABB Ltd was flying high. The European conglom-
erate was an engineering giant with a global network of operations
and forward-looking management. Unlike many of its competitors,
ABBwas also committed tomodernizing its accounting system. ABB

had followed the traditional practice of assigning overhead costs to its
divisions on a roughly equal basis. But this practice tended to obscure
the fact that some activities incurred far more costs than others.

So the company spent substantial time and resources switching over to
an activity-based costing (ABC) system, which assigns costs to the activ-
ities that actually produce them. The results were quite positive, allowing
ABB to zero in on areas where it could cut costs most effectively.

But in other respects, ABB’s accounting practices were less effective.
One of its most serious problems arose at Combustion Engineering, an
American subsidiary that was exposed to numerous asbestos liability
claims. For years, ABB had downplayed this potential liability, despite
warnings from outside analysts. Finally, in late 2002, ABB admitted that
its asbestos liability exceeded the subsidiary’s total asset value.

But there was more bad news still. The company also issued a very poor third-quarter earn-
ings report, despite having earlier assured investors that ABB was on target to improve its
earnings and decrease its debt. When incredulous investors asked how this could have hap-
pened, ABB management blamed “poor internal reporting.”

By this point, ABB’s stock price had nose-dived, and credit rating agencies viewed the
company’s bonds as little better than junk. In 2003, Combustion Engineering went through
bankruptcy and reached a settlement for the asbestos claims.

ABB recovered by 2007 when its stock price had climbed sevenfold over its low, but it is
“down again in the global recession.” � � �



1. ABB’s adoption of activity-based costing received widespread publicityand boosted
the company’s reputation for innovativemanagement. Howmight this have affected
investors’ assumptions about the company’s other accounting practices?

2. Outside analysts estimated that ABB lost over $690 million in 2001. Yet many
investors were still stunned by its poor showing in late 2002. What does this say
about the relationship between financial accounting and investor confidence?

3. ABB was not alone in its financial misery, of course. How did ABB’s accounting
problems compare with those of well-known American companies such as Enron
and WorldCom?

4. In each of these well-publicized situations, were there ethical lapses? What were the
lapses, and who was responsible?

After Completing This Chapter. . .

The student should be able to:

• Describe the links between engineering economy and accounting.
• Describe the objectives of general accounting, explain what financial transactions
are, and show how they are important.

• Use a firm’s balance sheet and associated financial ratios to evaluate the firm’s health.
• Use a firm’s income statement and associated financial ratios to evaluate the firm’s
performance.

• Use traditional absorption costing to calculate product costs.
• Understand the greater accuracy in product costs available with activity-based
costing (ABC).

565
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Engineering economy focuses on the financial aspects of projects, while accounting focuses
on the financial aspects of firms. Thus the application of engineering economy is much
easier if one has some understanding of accounting principles. In fact, one important
accounting topic, depreciation, was the subject of an earlier chapter.

THE ROLE OF ACCOUNTING

Accounting data are used to value capital equipment, to decide whether to make or buy a
part, to determine costs and set prices, to set indirect cost rates, and to make product mix
decisions. Accounting is used in private-sector firms and public-sector agencies, but for
simplicity this chapter uses “the firm” to designate both. Accountants track the costs of
projects and products, which are the basis for estimating future costs and revenues.

The engineering economy, accounting, and managerial functions are interdependent.
As shown in Figure17-1, data and communications flow between them.Whether carried out
by a single person in a small firm or by distinct divisions in a large firm, all are needed.

• Engineering economy analyzes the economic impact of design alternatives and
projects over their life cycles.

• Accounting determines the dollar impact of past decisions, reports on the economic
viability of a unit or firm, and evaluates potential funding sources.

• Management allocates available investment funds to projects, evaluates unit and firm
performance, allocates resources, and selects and directs personnel.

Accounting for Business Transactions

A business transaction involves two parties and the exchange of dollars (or the promise of
dollars) for a product or service. Each day, millions of transactions occur between firms
and their customers, suppliers, vendors, and employees. Transactions are the lifeblood of
the business world and are most often stated in monetary terms. The accounting function
records, analyzes, and reports these exchanges.

Transactions can be as simple as payment for a water bill, or as complex as the
international transfer of millions of dollars of buildings, land, equipment, inventory, and

Accounting Management Engineering Economy

Data and Communication Data and Communication

Data and Communication EstimatingBudgeting

About past About past and future About future
Analyzing Capital budgeting Feasibility of alternatives
Summarizing Decision making Collect & analyze data
Reporting Setting goals Estimate
Financial indicators Assessing impacts Evaluate projects
Economic trends Analyzing risk Recommend
Cost acquisitions Planning Audit

Controlling Identify needs
Record keeping Trade-offs & constraints

FIGURE 17–1 The accounting, managerial, and engineering economy functions.
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other assets. Also, with transactions, one business event may lead to another—all of which
need to be accounted for. Consider, for example, the process of selling a robot or a bulldozer.
This simple act involves several related transactions: (1) releasing equipment from inven-
tory, (2) shipping equipment to the purchaser, (3) invoicing the purchaser, and finally
(4) collecting from the purchaser.

Transaction accounting involves more than just reporting: it includes finding,
synthesizing, summarizing, and analyzing data. For the engineering economist, historical
data housed in the accounting function are the foundation for estimates of future costs and
revenues.

Most accounting is done in nominal or stable dollars. Higher market values and costs
due to inflation are less objective than cost data, and with a going concern, accountants
have decided that objectivity should be maintained. Similarly, most assets are valued at
their acquisition cost adjusted for depreciation and improvements. To be conservative, when
market value is lower than this adjusted cost, the lower value is used. This restrains the
interests ofmanagement inmaximizing a firm’s apparent value. If a firmmust be liquidated,
then current market value must be estimated.

The accounting function provides data for general accounting and cost accounting.
This chapter’s presentation begins with the balance sheet and income statement, which are
the two key summaries of financial transactions for general accounting. This discussion
includes some of the basic financial ratios used for short- and long-term evaluations. The
chapter concludes with a key topic in cost accounting—allocating indirect expenses.

THE BALANCE SHEET

The primary accounting statements are the balance sheet and the income statement. The
balance sheet describes the firm’s financial condition at a specific time, while the income
statement describes the firm’s performance over a period of time—usually a year.

The balance sheet lists the firm’s assets, liabilities, and equity on a specified date. This
is a picture of the organization’s financial health or a snapshot in time. Usually, balance
sheets are taken at the end of the quarter and fiscal year. The balance sheet is based on the
fundamental accounting equation:

Assets = Liabilities+ Equity (17-1)

Figure 17-2 illustrates the basic format of the balance sheet. Notice in the balance sheet,
as in Equation 17-1, that assets are listed on the left-hand side and liabilities and equity
are on the right-hand side. The fact that the firm’s resources are balanced by the sources of
funds is the basis for the name of the balance sheet.

Assets

In Equation 17-1 and Figure 17-2, assets are owned by the firm and have monetary value.
Liabilities are the dollar claims against the firm. Equity represents funding from the firm
and its owners (the shareholders). In Equation 17-1, assets are always balanced by the sum
of the liabilities and the equity. The value for retained earnings is set so that equity equals
assets minus liabilities.

On a balance sheet, assets are listed in order of decreasing liquidity, that is, according
to how quickly each one can be converted to cash. Thus, current assets are listed first, and
within that category in order of decreasing liquidity are listed cash, receivables, securities,
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Balance Sheet for Engineered Industries, December 31, 2010 (all amounts
in $1000s)

seitilibaiLstessA

seitilibailtnerruCstessatnerruC
$ 1150elbayapstnuoccA$ 1940hsaC

Accounts receivable 950 Notes payable 80
Securities 4100
Inventories 1860 Accrued expense 950
(minus) Bad debt provision �80 Total current liabilities 2180

Total current assets 8770
Long-term liabilities 1200

Total liabilities 3380
Fixed assets

533dnaL
Plant and equipment 6500
(minus) Accumulated depr. �2350

Total fixed assets 4485 Equity

Preferred stock 110
056kcotsnommoCstessarehtO

Prepays/deferred charges 140 Capital surplus 930
Intangibles 420 Retained earnings 8,745

534,01ytiuqelatoT065stessarehtolatoT

Total assets 13,815 Total liabilities and equity 13,815

FIGURE 17–2 Sample balance sheet.

and inventories. Fixed assets, or property, plant, and equipment, are used to produce and
deliver goods and/or services, and they are not intended for sale. Items such as prepayments
and intangibles such as patents are listed last.

The term “receivables” comes from the manner of handling billing and payment for
most business sales. Rather than requesting immediate payment for every transaction by
check or credit card, most businesses record each transaction and then once a month bill
for all transactions. The total that has been billed less payments already received is called
accounts receivable, or receivables.

Liabilities

On the balance sheet, liabilities are divided into two major classifications—short term and
long term. The short-term or current liabilities are expenses, notes, and other payable
accounts that are due within one year from the balance sheet date. Long-term liabili-
ties include mortgages, bonds, and loans with later due dates. For Engineered Industries
in Figure 17-2, total current and long-term liabilities are $2,180,000 and $1,200,000,
respectively. Often in performing engineering economic analyses, theworking capital for a
project must be estimated. The total amount of working capital available may be calculated
with Equation 17-2 as the difference between current assets and current liabilities.

Working capital = Current assets − Current liabilities (17-2)
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For Engineered Industries, there would be $8,770,000− $2,180,000= $6,590,000 avail-
able in working capital.

Equity

Equity is also called owner’s equity or net worth. It includes the par value of the owners’
stockholdingsand the capital surplus, which are the excess dollars brought in over par value
when the stock was issued. The capital surplus can also be called additionalpaid-in capital,
or APIC. Retained earnings are dollars a firm chooses to retain rather than paying out as
dividends to stockholders.

Retained earnings within the equity component is the dollar quantity that always
brings the balance sheet, and thus the fundamental accounting equation, into balance. For
Engineered Industries, total equity value is listed at $10,435,000. From Equation 17-1
and the assets, liabilities, and equity values in Figure 17-2, we can write the balance as
follows:

Assets = Liabilities+ Equity

Assets (current, fixed, other) = Liabilities (current and long-term)+ Equity

8,770,000+ 4,485,000+ 560,000 = 2,180,000 + 1,200,000+ 10,435,000

$13,815,000 = $13,815,000

An example of owner’s equity is ownership of a home. Most homes are purchased by
means of a mortgage loan that is paid off at a certain interest rate over 15 to 30 years. At
any point in time, the difference between what is owed to the bank (the remaining balance
on the mortgage) and what the house is worth (its appraised market value) is the owner’s
equity. In this case, the loan balance is the liability, and the home’s value is the asset—with
equity being the difference. Over time, as the house loan is paid off, the owner’s equity
increases.

The balance sheet is a very useful tool that shows one view of the firm’s financial
condition at a particular point in time.

Financial Ratios Derived from Balance Sheet Data

One common way to evaluate the firm’s health is through ratios of quantities on the balance
sheet. Firms in a particular industry will typically have similar values, and exceptions will
often indicate firms with better or worse performance. Two common ratios used to analyze
the firm’s current position are the current ratio and the acid-test ratio.

A firm’s current ratio is the ratio of current assets to current liabilities, as in
Equation 17-3.

Current ratio = Current assets/Current liabilities (17-3)

This ratio provides insight into the firm’s solvency over the short term by indicating its
ability to cover current liabilities. Historically, firms aim to be at or above a ratio of 2.0;
however, this depends heavily on the industry as well as the individual firm’s management
practices and philosophies. The current ratio for Engineered Industries in Figure 17-2 is
above 2 (8,770,000/2,180,000 = 4.02).
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Both working capital and the current ratio indicate the firm’s ability to meet cur-
rently maturing obligations. However, neither describes the type of assets owned. The
acid-test ratio or quick ratio becomes important when one wishes to consider the
firm’s ability to pay debt “instantly.” The acid-test ratio is computed by dividing a firm’s
quick assets (cash, receivables, and market securities) by total current liabilities, as in
Equation 17-4.

Acid-test ratio = Quick assets/Total current liabilities (17-4)

Current inventories are excluded from quick assets because of the time required to sell
these inventories, collect the receivables, and subsequently have the cash on hand to reduce
debt. For Engineered Industries in Figure 17-2, the calculated acid-test ratio is well above
1 [(1,940,000 + 950,000+ 4,100,000)/2,180,000 = 3.21].

Working capital, current ratio, and acid-test ratio are all indications of the firm’s
financial health (status). A thoroughfinancial evaluationwould consider all three, including
comparisons with values from previous periods and with broad-based industry standards.
When trends extend over multiple periods, the trends may be more important than the
current values.

THE INCOME STATEMENT

The income statement or profit and loss statement summarizes the firm’s revenues and
expenses over a month, quarter, or year. Rather than being a snapshot like the balance sheet,
the income statement encompasses a period of business activity. The income statement is
used to evaluate revenue and expenses that occur in the interval between consecutive balance
sheet statements. The income statement reports the firm’s net income (profit) or loss by
subtracting expenses from revenues. If revenues minus expenses is positive in Equation
17-5, there has been a profit, if negative a loss has occurred.

Revenues − Expenses = Net profit (Loss) (17-5)

To aid in analyzing performance, the income statement in Figure 17-3 separates
operating and nonoperating activities and shows revenues and expenses for each. Operating
revenues are made up of sales revenues (minus returns and allowances), while nonoperating
revenues come from rents and interest receipts.

Operating expenses produce the products and services that generate the firm’s revenue
stream of cash flows. Typical operating expenses include cost of goods sold, selling
and promotion costs, depreciation, general and administrative costs, and lease pay-
ments. Cost of goods sold (COGS) includes the labor, materials, and indirect costs of
production.

Engineers design production systems, specify materials, and analyze make/buy deci-
sions. All these items affect a firm’s cost of goods sold. Good engineering design focuses
not only on technical functionality but also on cost-effectiveness as the design integrates
the entire production system. Also of interest to the engineering economist is depreciation
(see Chapter 11)—which is the systematic “writing off ” of a capital expense over a period
of years. This noncash expense is important because it represents a decrease in value of the
firm’s capital assets.
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Income Statement for Engineered Industries for End of Year 2011
(all amounts in $1000)

Operating revenues and expenses
Operating revenues

009,81$selaS
(minus) Returns and allowances �870

030,81seunevergnitarepolatoT

Operating expenses
Cost of goods and services sold

0416robaL
0464slairetaM

2,280tsoctceridnI
039noitomorpdnagnilleS
054noitaicerpeD

2,160evitartsinimdadnalareneG
015stnemyapesaeL

011,71esnepxegnitarepolatoT

029emocnignitarepolatoT

Nonoperating revenues and expenses
02stneR
003stpiecertseretnI

Interest payments �120

002emocnignitarepononlatoT

0211sexaterofebemocniteN
Income taxes �390

0372011rof)ssol(tfiorpteN

FIGURE 17–3 Sample income statement.

The operating revenues and expenses are shown first, so that the firm’s operating
income from its products and services can be calculated. Also shown on the income
statement are nonoperating expenses such as interest payments on debt in the form of loans
or bonds.

From the data in Figure 17-3, Engineered Industries has total expenses
(operating = $17,110,000 and nonoperating= $120,000) of $17,230,000. Total revenues
are $18,350,000 (= $18,030,000+ $20,000+ $300,000). The net after-tax profit for year
2011 shown in Figure 17-3 as $730,000, but it can also be calculated using Equation 17-5 as

Net profits (Loss) = Revenues − Expenses [before taxes]

$1,120,000 = 18,350,000− 17,230,000 [before taxes] and with

$390,000 taxes paid

thus

$730,000 = 1,120,000 − 390,000 [after taxes]
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Financial Ratios Derived from Income Statement Data

The net profit ratio (Equation 17-6) equals net profits divided by net sales revenue. Net
sales revenue equals sales minus returns and allowances.

Net profit ratio = Net profit/Net sales revenue (17-6)

This ratio provides insight into the cost efficiency of operations as well as a firm’s
ability to convert sales into profits. For Engineered Industries in Figure 17-3, the net profit
ratio is 730,000/18,030,000 = 0.040 = 4.0%. Like other financial measures, the net profit
ratio is best evaluated by comparisons with other time periods and industry benchmarks,
and trends may be more significant than individual values.

Interest coverage, as given in Equation 17-7, is calculated as the ratio of total income
to interest payments—where total income is total revenues minus all expenses except
interest payments.

Interest coverage = Total income/Interest payments (17-7)

The interest coverage ratio (which for industrial firms should be at least 3.0) indicates
how much revenue must drop to affect the firm’s ability to finance its debt. With an interest
coverage ratio of 3.0, a firm’s revenue would have to decrease by two-thirds (unlikely)
before it became impossible to pay the interest on the debt. The larger the interest coverage
ratio the better. Engineered Industries in Figure 17-3 has an interest coverage ratio of

(18,350,000 − 17,110,000)/120,000 = 10.3

Linking the Balance Sheet, Income Statement, and Capital Transactions

The balance sheet and the income statement are separate but linked documents.
Understanding how the two are linked together helps clarify each. Accounting describes
such links as the articulation between these reports.

The balance sheet shows a firm’s assets, liabilities, and equity at a particular point in
time, whereas the income statement summarizes revenues and expenses over a time interval.
These tabulationscan be visualized as a snapshot at the period’s beginning (a balance sheet),
a video summary over the period (the income statement), and a snapshot at the period’s end
(another balance sheet). The income statement and changes in the balance sheets summarize
the business transactions that have occurred during that period.

There are many links between these statements and the cash flows that make up
business transactions, but for engineering economic analysis the following are the most
important.

1. Overall profit or loss (income statement) and the starting and ending equity (balance
sheets).

2. Acquisition of capital assets.
3. Depreciation of capital assets.

The overall profit or loss during the year (shown on the income statement) is reflected
in the change in retained earnings between the balance sheets at the beginning and end of
the year. To find the change in retained earnings (RE), one must also subtract any dividends
distributed to the owners and add the value of any new capital stock sold:

REbeg +Net income/Loss + New stock− Dividends = REend
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When capital equipment is purchased, the balance sheet changes, but the income state-
ment does not. If cash is paid, then the cash asset account decrease equals the increase in
the capital equipment account—there is no change in total assets. If a loan is used, then the
capital equipment account increases, and so does the liability item for loans. In both cases
the equity accounts and the income statement are unchanged.

The depreciation of capital equipment is shown as a line on the income statement.
The depreciation for that year equals the change in accumulated depreciation between the
beginning and the end of the year—after subtraction of the accumulated depreciation for
any asset that is sold or disposed of during that year.

Example 17-1 applies these relationships to the data in Figures 17-1 and 17-2.

EXAMPLE 17–1

For simplicity, assume that Engineered Industries will not pay dividends in 2011 and did not sell
any capital equipment. It did purchase $400,000 in capital equipment. What can be said about
the values on the balance sheet at the end of 2011, using the linkages just described?

SOLUTION

First, the net profit of $730,000 will be added to the retained earnings from the end of 2010 to
find the new retained earnings at the end of 2011:

RE12/31/2011 = $730,000 + $8,745,000 = $9,475,000

Second, the fixed assets shown at the end of 2011 would increase from $6,500,000 to
$6,900,000.

Third, the accumulated depreciation would increase by the $450,000 in depreciation shown
in the 2011 income statement from the $2,350,000 posted in 2010. The new accumulated
depreciation on the 2011 balance sheet would be $2,800,000. Combined with the change in the
amount of capital equipment, the new fixed asset total for 2011 would equal:

$335,000+ $6,900,000 − $2,800,000 = $4,435,000

TRADITIONAL COST ACCOUNTING

A firm’s cost-accounting system collects, analyzes, and reports operational performance
data (costs, utilization rates, etc.). Cost-accounting data are used to develop product costs,
to determine the mix of labor, materials, and other costs in a production setting, and to
evaluate outsourcing and subcontracting possibilities.

Direct and Indirect Costs

Costs incurred to produce a product or service are traditionally classified as either direct
or indirect (overhead). Direct costs come from activities directly associated with the
final product or service produced. Examples include material costs and labor costs for
engineering design, component assembly, painting, and drilling.
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Some organizational activities are difficult to link to specific projects, products, or ser-
vices. For example, the receiving and shipping areas of a manufacturing plant are used
by all incoming materials and all outgoing products. Materials and products differ in their
weight, size, fragility, value, number of units, packaging, and so on, and the receiving and
shipping costs depend on all these factors. Also, different materials arrive together and dif-
ferent products are shipped together, so these costs are intermingled and often cannot be
tied directly to each product or material.

Other costs, such as the organization’s management, sales, and administrative
expenses, are difficult to link directly to individual products or services. These indirect or
overhead expenses also include machine depreciation, engineering and technical support,
and customer warranties.

Indirect Cost Allocation

To allocate indirect costs to different departments, products, and services, accountants use
quantities such as direct-labor hours, direct-labor costs, material costs, and total direct cost.
One of these is chosen to be the burden vehicle. The total of all indirect or overhead costs is
divided by the total for the burden vehicle. For example, if direct-labor hours is the burden
vehicle, then overhead will be allocated based on overhead dollar per direct-labor hour.
Then each product, project, or department will absorb (or be allocated) overhead costs,
based on the number of direct-labor hours each has.

This is the basis for calling traditional costing systems absorption costing. For
decision making, the problem is that the absorbed costs represent average, not incremental,
performance.

Four common ways of allocating overhead are direct-labor hours, direct-labor cost,
direct-materials cost, and total direct cost. The first two differ significantly only if the cost
per hour of labor differs for different products. Example 17-2 uses direct-labor and direct-
materials cost to illustrate the different choices of burden vehicle.

EXAMPLE 17–2

Industrial Robots does not manufacture its own motors or computer chips. Its premium product
differs from its standard product in having heavier-duty motors and more computer chips for
greater flexibility.

As a result, Industrial Robots manufactures a higher fraction of the standard product’s value
itself, and it purchases a higher fraction of the premium product’s value. Use the following data
to allocate $850,000 in overhead on the basis of labor cost and materials cost.

Standard Premium

Number of units per year 750 400
Labor cost (each) $400 $500
Materials cost (each) 50 900

SOLUTION

First, the labor and material costs for the standard product, the premium product, and in total are
calculated.
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Standard Premium Total

Number of units per year 750 400
Labor cost (each) $ 400 $ 500
Materials cost (each) 550 900
Labor cost 300,000 200,000 $500,000
Materials cost 412,500 360,000 772,500

Then the allocated cost per labor dollar, $1.70, is found by dividing the $850,000 in overhead
by the $500,000 in total labor cost. The allocated cost per material dollar, $1.100324, is
found by dividing the $850,000 in overhead by the $772,500 in materials cost. Now, the
$850,000 in allocated overhead is split between the two products using labor costs and
material costs.

Standard Premium Total

Labor cost $300,000 $200,000 $500,000
Overhead/labor 1.70 1.70
Allocation by labor 510,000 340,000 850,000

Material cost 412,500 360,000 0
Overhead/material 1.1003 1.1003
Allocation by material 453,884 396,117 850,000

If labor cost is the burden vehicle, then 60% of the $850,000 in overhead is allocated to the
standard product. If material cost is the burden vehicle, then 53.4% is allocated to the standard
product. In both cases, the $850,000 has been split between the two products. Using total direct
costs would produce another overhead allocation between these twovalues. However, for decision
making about product mix and product prices, incremental overhead costs must be analyzed. All
the allocation or burden vehicles are based on an average cost of overhead per unit of burden
vehicle.

Problemswith Traditional Cost Accounting

Allocation of indirect costs can distort product costs and the decisions based on those costs.
To be accurate, the analyst must determine which indirect or overhead expenses will be
changed because of an engineering project. In other words, what are the incremental cash
flows? For example, vacation and sick leave accrual may be part of overhead, but will they
change if the labor content is changed? The changes in costs incurred must be estimated.
Loadings, or allocations, of overhead expenses cannot be used.

This issue has become very important because in some firms, automation has reduced
direct-labor content to less than 5% of the product’s cost. Yet in some of these firms, the
basis for allocating overhead is still direct-labor hours or cost.

Other firms are shifting to activity-based costing (ABC), where each activity is
linked to specific cost drivers, and the number of dollars allocated as overhead is min-
imized (see Liggett, Trevino, and Lavelle, 1992). Figure 17-4 illustrates the difference
between activity-based costing and traditional overhead allocations (see Tippet and
Hoekstra, 1993).
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Direct
Labor

Machine Setup Operations Order Engineering

Direct
Material

Overhead

Product Cost

FIGURE 17–4 Activity-based costing versus traditional overhead allocation. (Based on an example
by Kim LaScola Needy.)

Other Problems toWatch For

Project managers have often accused centralized accounting systems of being too slow or
being “untimely.” Because engineering economy is not concerned with the problem of daily
project control, this is a less critical issue. However, if an organization establishes multiple
files and systems so that project managers (and others) have the timely data they need, then
the level of accuracy in one or all systems may be low. As a result, analysts making cost
estimates will have to consider other internal data sources.

There are several cases in which data on equipment or inventory values may be ques-
tionable. When inventory is valued on a “last in, first out” basis, the remaining inventory
may be valued too low. Similarly, land valued at its acquisition cost is likely to be signifi-
cantly undervalued. Finally, capital equipment may be valued at either a low or a high value,
depending on allowable depreciation techniques and company policy.

P R O B L E M S

Accounting

17-1 Why is it important for engineers and managers to
understandaccountingprinciples?Namea fewways
that they can do so.

17-2 Explain the accounting function within a firm.What
does this function do, andwhy is it important? What
types of data does it provide?

17-3 Manipulation of financial data by the Enron Cor-
poration was revealed in October 2001. Firm exec-
utives were sentenced to prison. Arthur Andersen,
which had been one of the “Big 5” accounting firms
and Enron’s auditor, surrendered its licenses to prac-
tice as certified public accountants in August 2002.
This and other scandals led to the passage of the
federal Sarbanes–Oxley(SarbOx) legislation in July
2002. What are the key components of this law?

17-4 How would the information and activities in Figure
17-1 relate to potential contributions by external
professional services that firms will often hire

(a) consulting engineers?

(b) management consulting firms?

(c) accounting firms for auditing?

17-5 Consider Figure 17-1 and external professional ser-
vices that firms will often hire. What ethical ques-
tions seem likely to arise when a firms hires

(a) consulting engineers for design?

(b) management consulting firms?

(c) accounting firms for auditing?

17-6 Insolvency or cash flow problems in the U.S. bank-
ing industry started the financial crisis of 2007.
Have significant changes in accounting standards
and practices been forced through legislation? If so,
what are these changes?

17-7 Accounting and finance are required topics for
most management degrees, and many engineers do
become managers during their careers. After grad-
uation with a B.S. in engineering, what courses
are available to you from your or another nearby
university?
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BalanceSheet

17-8 Develop short definitions for the following terms:
balance sheet, income statement, and fundamental
accounting equation.

17-9 Explain the difference between short-term and long-
term liabilities.

17-10 Calculate the equity of the Gravel Construction Com-
pany if it has $1 million worth of assets. Gravel
has $127,000 in current liabilities and $210,000 in
long-term liabilities.

17-11 Matbach Industries has $870,000 in current assets
and $430,000 in fixed assets less $180,000 in
accumulated depreciation. The firm’s current
liabilities total $330,000, and the long-term liabilities
$115,000.

(a) What is the firm’s equity?

(b) If the firm’s stock and capital surplus total
$305,000, what is the value for retained
earnings?

17-12 CalcTech has $930,000 in current assets and
$320,000 in fixed assets less $108,000 in accumu-
lated depreciation. The firm’s current liabilities total
$350,000, and the long-term liabilities $185,000.

(a) What is the firm’s equity?

(b) If the firm’s stock and capital surplus total
$402,000, what is the value for retained earn-
ings?

17-13 Mama L’s BabyMonitor Company has current assets
of $5 million and current liabilities of $2 million.
Give the company’sworking capital and current ratio.
(Answers: $3 million; 2.50)

17-14 For Gee-Whiz Devices, calculate the following:
working capital, current ratio, and acid-test ratio.

Gee-Whiz Devices Balance SheetData

Cash $100,000
Market securities 45,000
Net accounts and notes receivable 150,000
Retailers’ inventories 200,000
Prepaid expenses 8,000
Accounts and notes payable 315,000
(short term)

Accrued expenses 90,000

(Answers: $90,000; 1.22; 0.73)

17-15 From the following data, taken from the balance sheet
of Petey’s Widget Factory, determine the working
capital, current ratio, and acid-test ratio.

Cash $ 90,000
Net accounts and notes receivable 175,000
Retailers’ inventories 210,000
Prepaid expenses 6,000
Accounts and notes payable 322,000
(short term)

Accrued expenses 87,000

17-16 (a ) For Evergreen Environmental Engineering
(EEE), determine the working capital, current
ratio, and acid-test ratio. Evaluate the company’s
economic situation with respect to its ability to
pay off debt.

EEE Balance Sheet Data ($1000s)

Cash $110,000
Securities 40,000
Accounts receivable 160,000
Inventories 250,000
Prepaid expenses 3,000
Accounts payable 351,000
Accrued expenses 89,000

(b) The entries to complete EEE’s balance sheet
include:

More EEE Balance Sheet Data ($1000s)

Long-term liabilities $ 220,000
Land 25,000
Plant and equipment 510,000
Accumulated depreciation 210,000
Stock 81,000
Capital surplus 15,000
Retained earnings Value not given

Construct EEE’s balance sheet.

(c) What are EEE’s values for total assets, total
liabilities, and retained earnings?
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17-17 Turbo Start has current assets totaling $1.5 million
(this includes $500,000 in current inventory) and
current liabilities totaling $50,000. Find the current
ratio and acid-test ratio. Are the ratios at desirable
levels? Explain.

17-18 (a ) For J&W Graphics Supply, compute the cur-
rent ratio. Is this a financially healthy company?
Explain.

J&WGraphics Supply Balance Sheet

Data ($1000s)

Assets
Cash $1740
Accounts receivable 2500
Inventories 900
Bad debt provision −75

Liabilities
Accounts payable 1050
Notes payable 500
Accrued expenses 125

(b) The entries of complete J&W’s balance sheet
include:

More J&W Balance Sheet

Data ($1000s)

Long-term liabilities $950
Land 475
Plant and equipment 3100
Accumulated depreciation 1060
Stock 680
Capital surplus 45
Retained earnings Value not given

Construct J&W’s balance sheet.

(c) What are J&W’s values for total assets, total
liabilities, and total earnings?

17-19 For Sutton Manufacturing, determine the current
ratio and the acid-test ratio. Are these values
acceptable?Why or why not?

SuttonManufacturingBalance Sheet

Data ($1000s)

Assets Liabilities

Current assets Current liabilities

Cash $ 870 Notes payable $ 500

Accounts 450 Accounts payable 600

receivable

Inventory 1200 Accruals 200

Prepaid expenses 60 Taxes payable 30

Current portion 100

Total current assets 2670 long-term debt

Net fixed assets Total current
Land 1200 liabilities 1430

Plant and 3800 Long-term debt 2000
equipment Officer debt 200

(less −1000 (subordinated)
accumulated Total liabilities 3630
depreciation) Equity

Other assets Common stock 1670
Notes receivable 200 Capital surplus 400
Intangibles 120 Retained earnings 1200

Total equity 3270

Total assets 6900 Total liabilities 6900
and equity

17-20 If a firm has a current ratio less than 2.0 and an acid-
test ratio less than 1.0, will the company eventually
go bankrupt and out of business? Explain your
answer.

17-21 What is the advantage of comparing financial
statements across periods or against industry bench-
marks over looking at statements associated with a
single date or period?

IncomeStatement

17-22 List the two primary general accounting statements.
What is each used for, and how do the two differ?
Which is most important?



Problems 579

17-23 Scarmack’s Paint Company has annual sales of
$500,000 per year. If there is a profit of $1000 per
day, 6 days per week operation, what is the total
yearly business expense? All calculations are on a
before-tax basis. (Answer: $188,000)

17-24 Find the net income of Turbo Start (Problem 17-17)
given the following data from the balance sheet and
income statement.

Turbo Start Data ($1000s)

Accounts payable $ 1,000

Selling expense 5,000

Sales revenue 50,000

Owner’s equity 4,500

Income taxes 2,000

Cost of goods sold 30,000

Accounts receivable 15,000

(Answer: $13,000,000)

17-25 Laila’s Surveying Inc. had revenues of $100,000 in
2010. Expenses totaled $60,000. What was her net
profit (or loss)?

17-26 The general ledger of the Fly-Buy-Nite (FBN) Engi-
neering Company contained the following account
balances. Construct an income statement. What is
the net income before taxes and the net profit (or
loss) after taxes? FBN has a tax rate of 27%.

Amount

($1000s)

Administrative expenses $ 2,750
Subcontracted services 18,000
Development expenses 900
Interest expense 200
Sales revenue 30,000
Selling expenses 4,500

17-27 For Magdalen Industries, compute the net income
before taxes and net profit (or loss). Taxes for the
year were $1 million.

(a) Calculate net profit for the year.

(b) Construct the income statement.

(c) Calculate the interest coverage and net profit
ratio. Is the interest coverage acceptable?
Explain why or why not.

Magdalen Industries IncomeStatement

Data ($M)

Revenues
Total operating revenue $81
(including sales of $48 million)

Total nonoperating revenue 5
Expenses
Total operating expenses 70
Total nonoperating expenses 7
(interest payments)

17-28 For Andrew’s Electronic Instruments, calculate the
interest coverage and net profit ratio. Is Andrew’s
business healthy?

IncomeStatement for Andrew’s Electronics

for End of Year 2010 ($1000s)

Revenues

Operating revenues
Sales $395
(minus) Returns −15

Total operating revenues 380
Nonoperating revenues
Interest receipts 50
Stock revenues 25

Total nonoperating revenues 75

Total revenues, R 455
Expenses

Operating expenses
Cost of goods and services sold
Labor 200
Materials 34
Indirect cost 68

Selling and promotion 20
Depreciation 30
General and administrative 10
Lease payments 10

Total operating expenses 372
Nonoperating expenses
Interest payments 22
Total nonoperating expenses 22

Total expenses, E 394
Net income before taxes, R − E 61
Incomes taxes 30

Net profit (Loss) for the year 2010 31
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Linking Balance Sheet and IncomeStatement

17-29 Sutton Manufacturing (balance sheet at the end of
last year in Problem17-19) had the following entries
in this year’s income statement.

Depreciation $420,000
Profit 480,000

In addition, we also know the firm purchased
$800,000 of equipment with cash. The firm paid
$200,000 in dividends this year.

What are the entries in the balance sheet at the
end of this year for

(a) plant and equipment?

(b) accumulated depreciation?

(c) retained earnings?

17-30 Magdalen Industries (Problem 17-27) had the
following entries in its balance sheet at the end
of last year.

Plant and equipment $15 million
(less accumulated depreciation) 8 million
Retained earnings 60 million

In addition to the income statement data for this
year in Problem 17-27, we also know that the firm
purchased $3 million of equipment with cash and
that depreciation expenses were $2 million of the
$70 million in operating expenses listed in Problem
17-27. The firm paid no dividends this year.

What are the entries in the balance sheet at the end
of this year for

(a) plant and equipment?

(b) accumulated depreciation?

(c) retained earnings?

Allocating Costs

17-31 Categorize each of the following costs as direct or
indirect. Assume that a traditional costing system is
in place.

Machine run costs Cost to market the product
Machine depreciation Cost of storage
Material handling costs Insurance costs
Cost of materials Cost of product sales force
Overtime expenses Engineering drawings
Machine operator wages Machine labor
Utility costs Cost of tooling and fixtures
Support (administrative)
staff salaries

17-32 LeGaroutte Industries makes industrial pipe
manufacturing equipment. Use direct-labor hours
as the burden vehicle, and compute the total cost per
unit for each model given in the table. Total manu-
facturing indirect costs are $15,892,000, and there
are 100,000 units manufactured per year for Model
S, 50,000 for Model M, and 82,250 for Model G.

Item Model S ModelM Model G
Direct-material costs $3,800,000 $1,530,000 $2,105,000
Direct-labor costs 600,000 380,000 420,000
Direct-labor hours 64,000 20,000 32,000

(Answers: $132; $93; $84)

17-33 RLW-II Enterprises estimated that indirect
manufacturing costs for the year would be $60
million and that 12,000 machine-hours would be
used.

(a) Compute the predetermined indirect cost
application rate using machine hours as the
burden vehicle.

(b) Determine the total cost of production for
a product with direct material costs of $1
million, direct-labor costs of $600,000, and 200
machine-hours.

(Answers: $5000; $2.6 million)

17-34 Par Golf Equipment Company produces two types
of golf bag: the standard and deluxe models. The
total indirect cost to be allocated to the two bags is
$35,000. Determine the net revenue that Par Golf
can expect from the sale of each bag.

(a) Use direct-labor cost to allocate indirect costs.
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(b) Use direct-materials cost to allocate indirect
costs.

Data Item Standard Deluxe

Direct-labor cost $50,000 $65,000

Direct-material cost 35,000 47,500

Selling price 60 95

Units produced 1800 1400

C A S E S
The following cases from Cases in EngineeringEconomy
2nnnddd are suggested as matched with this chapter.

CASE 4 Balder-Dash Inc.
Standard cost and allocated costs versus true
marginal cost (IEs).

CASE52 Aunt Allee’s Jams and Jellies
Product costing needs activity based costs.
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APPENDIX A

INTRODUCTION TO
SPREADSHEETS

C
omputerized spreadsheets are available nearly everywhere, and they can be eas-
ily applied to economic analysis. In fact, spreadsheets were originally developed
to analyze financial data, and they are often credited with initiating the explosive
growth in demand for desktop computing.

A spreadsheet is a two-dimensional table whose cells can contain numerical values,
labels, or formulas. The software automatically updates the table when an entry is changed,
and there are powerful tools for copying formulas, creating graphs, and formatting results.

THE ELEMENTSOF A SPREADSHEET

A spreadsheet is a two-dimensional table that labels the columns in alphabetical order A to
Z, AA to AZ, BA to BZ, etc. The rows are numbered from 1 to 65,536 or higher. Thus a
cell of the spreadsheet is specified by its column letter and row number. For example, A3
is the third row in column A, and AA6 is the sixth row in the twenty-seventh column. Each
cell can contain a label, a numerical value, or a formula.

A label is any cell where the contents should be treated as text. Arithmetic cannot
be performed on labels. Labels are used for variable names, row and column headings,
and explanatory notes. In Excel any cell that contains more than a simple number, such as
3.14159, is treated as a label, unless it begins with an =, which is the signal for a formula.
Thus 2∗3 and B1+B2 are labels. Meaningful labels can be wider than a normal column.
One solution is to allow those cells to “wrap” text, which is one of the “alignment” options.
The table heading row (row 8) in Example A-1 has turned this on by selecting row 8, right-
clicking on the row, and selecting wrap text under the alignment tab.

A numerical value is any number. Acceptable formats for entry or display include
percentages, currency, accounting, scientific, fractions, date, and time. In addition, the num-
ber of decimal digits, the display of $ symbols, and commas for “thousands” separators can
be adjusted. The format for cells can be changed by selecting a cell, a block of cells, a row,
a column, or the entire spreadsheet. Then right-click on the selected area, and a menu that
includes “format cells” will appear. Then number formats, alignment, borders, fonts, and
patterns can be selected.
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Formulas must begin with an =, such as = 3∗4 ˆ2 or =B1+B2. They can include
many functions—financial, statistical, trigonometric, etc. (and others can be defined by the
user). The formula for the “current” cell is displayed in the formula bar at the top of the
spreadsheet. The value resulting from the formula is displayed in the cell in the spreadsheet.

Often the printed-out spreadsheet will be part of a report or a homework assignment
and the formulas must be explained. Here is an easy way to place a copy of the formula in
an adjacent or nearby cell. (1) Convert the cell with the formula to a label by inserting a
space before the = sign. (2) Copy that label to an adjacent cell by using cut and paste. Do
not drag the cell to copy it, as any formula ending with a number (even an address like B4)
will have the number automatically incremented. (3) Convert the original formula back into
a formula by deleting the space.

DEFININGVARIABLES IN A DATA BLOCK

The cell A1, top left corner, is the HOME cell for a spreadsheet. Thus, the top left area is
where the data block should be placed. This data block should have every variable in the
spreadsheet with an adjacent label for each. This data block supports a basic principle of
good spreadsheet modeling, which is to use variables in your models.

The data block in Example A-1 contains entered data—the loan amount (A1), the
number of payments (A2), and the interest rate (A3), and computed data—the payment
(A4). Then instead of using the loan amount of $5000 in a formula, the cell reference A1
is used. Even if a value is referenced only once, it is better to include it in the data block.
By using one location to define each variable, you can change any value at one place in the
spreadsheet and have the entire spreadsheet instantly recomputed.

Even for simple homework problems you should use a data block.

1. You may be able to use it for another problem.

2. Solutions to simple problems may grow into solutions for complex problems.

3. Good habits, like using data blocks, are easy to maintain once they are established.

4. It makes the assumptions clear if you’ve estimated a value or for grading.

In the real world, data blocks are even more important. Most problems are solved more
than once, as more and more accurate values are estimated. Often the spreadsheet is revised
to add other variables, time periods, locations, etc. Without data blocks, it is hard to change
a spreadsheet, and the likelihood of missing a required change skyrockets.

If you want your formulas to be easier to read, you can name your variables. Note:
In Excel, the cell’s location or name is displayed at the left of the formula bar. Variable
names can be entered here. They will then automatically be applied if cell addresses are
entered by the point-and-click method. If cell addresses are entered as A2, then A2 is what
is displayed. To change a displayed A2 to the name of the cell (LoanAmount), the process
is to click on Insert, click on Name, click on Apply, and then select the names to be applied.

COPY COMMAND

The copy command and relative/absolute addressing make spreadsheet models easy to
build. If the range of cells to be copied contains only labels, numbers, and functions, then
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the copy command is easy to use and understand. For example, the formula =EXP(1.9)
would be copied unchanged to a new location. However, cell addresses are usually part of
the range being copied, and their absolute and relative addresses are treated differently.

An absolute address is denoted by adding $ signs before the column and/or row. For
example in FigureA-1a, $A$4 is the absolute address for the interest rate. When an absolute
address is copied, the column and/or row that is fixed is copied unchanged. Thus $A$4
is completely fixed, $A4 fixes the column, and A$4 fixes the row. One common use for
absolute addresses is any data block entry, such as the interest rate.When entering or editing
a formula, changing between A4, $A$4, A$4, $A4, and A4 is most easily done using the
F4 key, which scrolls an address through the choices.

In contrast, a relative address is best interpreted as directions from one cell to another.
For example, in Figure A-1a, the balance due in year t equals the balance due in year t − 1
minus the principal payment in Year t. Specifically for the balance due in Year 1, D10
contains = D9− C10. From cell D10, cell D9 is one row up and C10 is one column to the
left, so the formula is really (contents of 1 up) minus (contents of 1 to the left). When a
cell containing a relative address is copied to a new location, it is these directions that are
copied to determine any new relative addresses. So if cell D10 is copied to cell F14, the
formula is = F13 − E14.

Thus to calculate a loan repayment schedule, as in Figure A-1, the row of formulas is
created and then copied for the remaining years.

EXAMPLE A–1

Four repayment schedules for a loan of $5000 to be repaid over 5 years at an interest rate of
8% were shown in Table 3-1. Use a spreadsheet to calculate the amortization schedule for the
constant principal payment option.

SOLUTION

The first step is to enter the loan amount, number of periods, and interest rate into a data block in
the top left part of the spreadsheet. The next step is to calculate the constant principal payment
amount, which was given as $1252.28 in Table 3-1. The factor approach to finding this value is
given in Chapter 3 and the spreadsheet function is explained in Chapter 4.

The next step is to identify the columns for the amortization schedule. These are the year,
interest owed, principal payment, and balance due. Because some of these labels are wider than a
normal column, the cells are formatted so that the text wraps (row height increases automatically).
The initial balance is shown in the Year-0 row.

Next, the formulas for the first year are written, as shown in Figure A-1a. The interest owed
(cell B10) equals the interest rate ($A$4) times the balance due for Year 0 (D9). The principal
payment (cell C10) equals the annual payment ($A$6) minus the interest owed and paid (B10).
Finally, the balance due (cell D10) equals the balance due for the previous year (D9) minus the
principal payment (C10). The results are shown in Figure A-1a.

Now cells A10 to D10 are selected for Year 1. By dragging down on the right corner of D10,
the entire row can be copied for Years 2 through 5. Note that if you use cut and paste, then you
must complete the year column separately (dragging increments the year, but cutting and pasting
does not). The results are shown in Figure A-1b.
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16

    Interest Principal Balance
 Year   Owed Payment Due

 0   5000.00

 1 400.00 852.28 4147.72

 2 331.82 920.46 3227.25

 3 258.18 994.10 2233.15

 4  178.65  1073.63    1159.52

 5   92.76 1159.52         0.00 �D13�C14

  �$A$4*D13  �$A$6�B14
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Loan Payment

Number of Payments

Interest Rate

C D E

1

2

3

4
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8

9

10

11

12

    Interest Principal Balance
 Year   Owed Payment Due

 0     5000.00 

 1   400.00 852.28 4147.72 �D9�C10

 

   �$A$4*D9  �$A$6�B10

(b)

(a)

Entered Data

Computed Data

5000

5

8%

$1,252.28

FIGURE A-1 (a) Year-1 amortization schedule. (b) Completed amortization schedule.

This appendix has introduced the basics of spreadsheets. Chapter 2 uses spreadsheets and
simple bar charts to draw cash flow diagrams. Chapters 4 to 15 each have spreadsheet
sections. These are designed to develop spreadsheet modeling skills and to reinforce your
understanding of engineering economy. As spreadsheet packages are built around using the
computermouse to click on cells and items in charts, there is usually an intuitiveconnection
between what you would like to do and how to do it. The best way to learn how to use the
spreadsheet package is to simply play around with it. In addition, as you look at the menu
choices, you will find new commands that you hadn’t thought of but will find useful.
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ADVANTAGES AND TYPES OF TVM CALCULATORS

There are calculators for solving problems with i, n, A, P, and F . They require the same
conceptual understanding as the tables of engineering economy factors, but they are often
faster and easier to use. Given the values for any four variables; the calculators will solve
for the fifth variable. There are many advantages to using these calculators instead of or in
addition to the tables.

• Time is saved by entering fewer numbers into the calculator and by the increased
TVM capabilities of the calculator. Thus, using a TVM calculator, such as a properly
programmed HP 33s or 35s, on the time-limited FE exam can leave more time for
other questions.

• Because the tabulated factor values do not have to be entered into the calculator,
there is a smaller chance of transposed digits or wrong row lookup or similar errors
destroying the validity of the calculation.

• If all three of P, A, and F are present, a single set of calculator values is needed
rather than two tabulated factors. See Example B-2.

• There is no need to interpolate for interest rates or lives that are not tabulated, such
as a life of 120 monthly periods, a mortgage at 5.85%, a car loan at 8.95%, or a
credit card at 14.85%. See Examples B-1 and B-3.

• There is no need for iterative solutions to solve for i or n. See Examples B-4 and
B-5.
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• For an A that represents beginning-of-period cash flows, such as a lease, a financial
calculator can be set for “beginning” rather than “end,” rather than adding a factor
of (F/P, i, 1). See Example B-6.

There is also one disadvantage of the TVM calculators.

• The tabulated factors include the two factors for the arithmetic gradient, (P/G, i, n)
and (A/G, i, n), but there is no equivalent in the calculators.

There are three classes of TVM calculators. First, there are many financial or busi-
ness calculators that have buttons labeled i, N , PMT, PV, and FV or equivalents. The
button for the uniform series cash flow, A, is labeled PMT, because one of the most impor-
tant uses of these calculators is for calculating loan payments (PMT). Examples include
the Texas Instrument BAII Plus and BAII Plus Professional, the Sharp EL-738C, and the
Hewlett Packard 10bII. Note that we no longer recommend the HP 12C for new purchases
since when solving for n; the 12C rounds fractional values of n up to an integer value
(see Example B-5). These financial calculators also typically have the capability to find the
NPV of complex cash flow patterns, but we suggest using spreadsheets for more complex
patterns.

There are also graphing calculators that have the TVM calculations in a menu. There
are menu entries for i, N , PMT, PV, and FV or equivalents. We will refer to the calcula-
tor buttons or the menu entries as the TVM keys. Example calculators include the Texas
Instrument 83 and 84 Plus.

Finally, there are programmable scientific calculators where the TVM equation
(Equation B-1) can be entered to create the menu that is built into the graphing calcula-
tors. For example, Chapter 17 of the manuals for the Hewlett Packard 33s and 35s details
this.These chapters use a nonstandard notationof B or balance forPV and P or payment for
PMT. We suggest using standard notation and substituting P for B and A for P. Note that
on the HP 35s this changes the checksum from 382E to 8DD6. These calculators are cur-
rently allowed for use on the Fundamentals of Engineering (FE) exam, while the financial
and graphing calculators are not.

Financial calculators use Equation B-1 to solve for the unknown variable. Note that
Equation B-1 is written so that i is entered as a percentage, so 8 is entered for 8%, which
matches how the interest rate is entered for the financial calculators. Equation B-2 rewrites
this in standard factor notation.

PMT

[
1 − (1 + i/100)−n

i/100

]
+ FV (1 + i/100)−n + PV = 0 (B-1)

A(P/A, i, n) + F(P/F, i, n) + P = 0 (B-2)

Since the factors are positive, one of PMT, FV, and PV (or A, F , and P) must be
different in sign from the other two. If two positive cash flows are entered to solve for
the third cash flow, then that third value must be negative to solve the equation. Equation
B-1 is the foundation for the sign convention that is used in the TVM calculators and the
spreadsheet annuity functions, PV, FV, and PMT. This sign change convention in the earliest
financial calculators is why spreadsheet functions assume that if positive values are entered
for the cash flows, then the solution is negative.
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NOTATION FOR TVM CALCULATORS

There are toomany variations of labeling and physical layout of the keys and toomany TVM
calculators for a text to providedetails. However, thewebsite TVMcalcs.com provides good
tutorials on the financial calculators, and calculator manuals are available for download
from themanufacturers. The notationwe will use is based on themost common choices for
the calculators, on the standard notation for engineering economy, and on the notation for
the very similar spreadsheet functions. The typical equivalents are:

• i, I , I/PY, RATE
• n, N, NPER
• A, PMT
• P, PV, PW
• F , FV, FW

For labeling of the variable that is being solved for, we will use the most common cal-
culator key terms {i, N , PMT, PV, and FV}. For labeling of the data given in the examples,
we will use the standard engineering economy notation of {i, n, A, P, and F}. Our reason
for using both is to facilitate the automatic recognition of alternate terminology that the
field treats as synonyms.

For the interest rate we will state it, for example, as 8%, not .08 or 8. For entry into the
TVM calculator the integer value 8 is entered. Then the calculator through the equivalent
of Equation B-1 assumes that the interest is the integer value without the % sign. Stating it
as 8% will help us avoid the error of confusing it with the integer number of periods. Note
that when we get to spreadsheets, we will find that the interest rate must be entered as 8%
or .08 and that 8 = 800%.

Some calculators are shipped from the factory with a setting of 12 months per year, so
that n will be entered as years for loans with monthly payments. We recommend that this
be changed to 1 payment per “year or period” and left on this setting. Then you know to
enter n as the number of periods or payments, and there is no confusion for problems with
different length periods.

Finally, the order of the items in each function follows the order of the items in typical
spreadsheet annuity functions {i, N, PMT, PV, and FV}. However, each function removes
the variable that is being solved for from this list. So our notation is:

• PV (i, n, A, F) or PV (i, n, A, F)
• PMT (i, n, P, F) or PMT (i, n, P, F)

• FV (i, n, A, P) or FV (i, n, A, P )
• i(n, A, P, F) or i ( n, A, P, F)
• N(i, A, P, F) or N (i, A, P, F)

EXAMPLESWITH TVM CALCULATORS AND TABULATED FACTORS

EXAMPLE B–1

Kris is buying a used car and needs to find themonthly payment. The loan will be for $14,000, and
the dealer is willing to offer financing for 5 years at 6.5% interest.What is the monthly payment?
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SOLUTION

First, we need to convert the period and interest rate to months. There are 60 (= 5 × 12)
monthly payments at a monthly interest rate of 0.5417% (= 6.5%/12). Using a TVM calcu-
lator, PMT (i, n, P, F) = PMT (0.5417%, 60, 14000, 0) = −$273.93. This is the payment that
is due at the end of each month.

EXAMPLE B–2

Automating a process will cost $8000 now, but it will save $2200 annually for 5 years. The
machinery will have a salvage value of $1500. What is the present worth of the machinery, if the
interest rate is 10%?

SOLUTION

0 1 2 3 4 5

$2200 $1500

$8000

Let us first solve this with the tabulated factors.

PW = −8000+ 2200(P/A, 10%, 5) + 1500(P/F, 10%, 5)

= −8000+ 2200(3.791) + 1500(0.6209)

= −8000+ 8340+ 931 = $1271

Now using a TVM calculator, PV (i, n, A, F) = PV(10, 5, 2200, 1500) = −9271. The calculator
find the combined present worth of the $2200 annual savings and the salvage value of $1500.

Notice that the PV value is negative when the A and F values are entered as positive cash
flows. This comes from solving Equation B-1 internally in the calculator. Since in this case we
want the positive PW of the returns to the project, we simply change the sign of the displayed
answer by pressing the+/− or CHS key. Now simply subtract the $8000 initial cash flow to find
the PW of $1271.

EXAMPLE B–3

Two engineering graduates of Middle State U. are buying a house. Their $143,200 mortgage is
at 5.25% for 30 years. What is the monthly payment?
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SOLUTION

Because payments are monthly, the interest rate and the number of periods must be in terms of
months.

Monthly rate = 5.25%/12 = 0.4375%/month

Number of periods = (12)(30) = 360 months

Using a TVM calculator, PMT (i, n, P, F) = PMT (0.4375%, 360, 143200, 0) = −$790.76.
To solve this with the tabulated factors, interpolation between the results at 1/4 and 1/2% is

needed, and the result is approximate, not exact.

Payment = 143,200(A/P, imon, 360)

Payment1/4 = 143,200(0.00422) = 604.30

Payment1/2 = 143,200(0.00600) = 859.20

Payment0.4375% = 604.30 + 0.4375− 0.25

0.5 − 0.25
(859.20 − 604.30) = $795.48

EXAMPLE B–4

A facility renovation will cost $75,000, but it will save $15,000 annually in operating costs. The
firm expects to sell the facility in 6 years to move into a larger one. The firm will recover $20,000
of the renovation cost through a higher value when the facility is sold. What is the rate of return
on the project?

SOLUTION

Using a TVM calculator, i(n, A, P, F) = i(6, 15000, −75000, 20000) = 10.65%.
Without knowledge that the rate is between 10 and 11%, using the tabulated factors would

require trial solutions. If 5 and 10% are tried first, then probably 12% and 11% will be tried next,
and then interpolation is required.

EXAMPLE B–5

A firm may purchase a computerized quality control system. The proposed system will cost
$76,000 but is expected to save $22,000 each year in reduced overtime. The firm requires that all
cost reduction projects have a discounted payback of no more than 4 years with a 10% interest
rate. Should the firm invest in the new system?

SOLUTION

The time for the system to pay for itself can be found using

N(i, A, P, F) = N(10%, 22000, −76000, 0) = 4.45 years
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The new system does not meet the firm’s criteria. Note that the HP 12C calculator will report 5
years for increased savings up to $23,952 which has a payback period of 4.005 periods.

EXAMPLE B–6

Some equipment is needed for a 4-year project. It can be leased for $15,000 annually, or it can
be purchased for $60,000 at the beginning and sold for $35,000 at the end. What is the rate of
return for owning the equipment rather than leasing it?

SOLUTION

Because the lease payments occur at the beginning of each period, the calculator is shifted into
begin rather than end mode. This affects only the A and not the F . Using a financial calculator,
i(n, A, P, F) = i(4, 15000, −60000, 35000) = 23.49%.

Without knowledge that the rate is nearly 25%, using the tabulated factors would require
multiple trial solutions to solve the following 3-factor equation.

0 = −60, 000+ 15,000(F/P, i, 1)(P/A, i, 4) + 35,000(P/F, i, 4)

For any calculation written in factor notation (that does not have a G), it is possible to use a
TVM calculator to solve the problem (see Example B-7).

EXAMPLE B–7

What is the EUAC to keep a piece of new equipment operating? The warranty covers repair costs
for the first 2 years, but expected repair costs are $1500 per year for the rest of the 7-year life.
Normal maintenance is expected to cost $1800 annually. There is an overhaul costing $8500 at
the end of Year 4. The firm’s interest rate is 8%.

SOLUTION

Whether solved with tables or a TVM calculator, the first step is to draw the cash flow diagram.

0 1 2 3 4 5 6 7

1800

1500

8500

Let us first solve this with the tabulated factors.

EUAC = 1800 + 1500(F/A, 8%, 5)(A/F, 8%, 7) + 8500(P/F, 8%, 4)(A/P, 8%, 7)

= 1800 + 1500(5.867)(0.1121) + 8500(0.7350)(0.1921)

= 1800 + 986.5 + 1200 = $3986.5
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Now using a TVM calculator, it is easiest to separately calculate the EUAC values for the
repair costs and the overhaul.

For the repair costs, FV (i, n, A, P) = FV(8, 5, 1500, 0) = −8800. Since the i and P values
are unchanged, they do not need to be reentered. The only entry needed is {N = 7}, since the F
was just calculated. PMT(i, n, P, F) = PMT(8%, 7, 0, −8800) = $986.23.

For the overhaul costs, the i value need not be reentered, PV(i, n, A, F) = PV(8%, 4, 0,
8500) = −6247.75. Now N is changed to 7 and F to 0, then solving for PMT(i, n, P, F) =
PMT(8%, 7, −6247.75, 0) = $1200.02.

Maintenance is $1800 per year.
Adding the three values is the same as before, and the EUAC is $3986.25.

Using TVM calculators requires the same understanding as using the tabulated factors,
but far fewer keystrokes and no table lookups are required. For many problems, using the
calculator reduces to entering four values and solving for the fifth value. If Equation B-1 is
programmed into a calculator allowed for the FE exam, then the tables need be used only
for problems involving the arithmetic gradient, G.

More complex problems may also be solved using TVM calculators, such as those
involving combining factors (as in Example B-7). Many calculators can also handle
problems that have multiple unequal cash flows; however, we recommend using a spread-
sheet for these problems. Example B-8 is another example of the common conceptual
understanding required for TVM calculators and factor solutions.

EXAMPLE B–8

A $10,000 loan was repaid over 5 years at $2000/year except that $5000 was paid in Year 5.
What interest rate was paid on the loan?

SOLUTION

The payment in Year 5 may be separated into a $2000 portion that is included as an annual pay-
ment and a $3000 portion that is included as an FV. This allows for A and F to be entered into
the calculator; i(n, A, P, F) = i(5, 2000, −10000, 3000) = 8.09%.

To solve this with factors requires iterative solutions of either of these two equations (note
that the first one is equivalent to the TVM calculator solution):

10,000 = −2000(P/A, i, 5) − 3000(P/F, i, 5)

or

10,000 = −2000(P/A, i, 4) − 5000(P/F, i, 5)



Problems 593

P R O B L E M S

PresentWorth
B-1 A process redesignwill cost $70,000now, but it will

save $18,000 annually for 6 years. The newmachin-
erywill have a salvage value of $12,500.What is the
presentworth of the machinery, if the interest rate is
12%? (Answer: $10,338)

B-2 Moving to a new facility will save $38,000 annually
for 20 years. The cost of building the facility and
moving is $240,000 now. The facility will have a
salvage value of $75,000. What is the facility’s PW,
if the interest rate is 10%?

B-3 A lottery pays the winner $1 million in 20 equal
annual payments of $50,000. The first payment will
be made at the end of the second year. What is the
present worth if the winner’s annual interest rate is
5.25%? (Answer: $579,680)

EquivalentUniform AnnualWorth and Cost

B-4 You need to save $15,000 to buy a car in 3 years. At
a 4% nominal annual interest rate, howmuch do you
need to save each month? (Answer: $396.20)

B-5 You can receive lottery winnings of either $800,000
now or $100,000 per year for the next 10 years.
If your interest rate is 5% per year, which do you
prefer?

B-6 A new road will cost $45 million to build, and $2
million annually to maintain and operate over its
50-year life. The roadbed and right-of-way are esti-
mated to have a salvage value of $15 million. If the
state highway department uses an interest rate of
5%, what is the EUAC for the road?

B-7 A new car will cost $22,000 to buy and $5500 annu-
ally to operate. If it is sold for $9300 after 6 years,
what is the EUAC?Assume that the owner’s interest
rate is 8% for the time value of money.

Price of a Bond

B-8 A $1000 bond has 15 more years to maturity, a
coupon interest rate of 8%, and it pays interest semi-
annually. If the current market interest rate is 10%,
what is the price of the bond? (Answer: $846)

B-9 A $1000 bond has 12 more years to maturity, a
coupon interest rate of 6%, and it pays interest

semiannually. If the current market interest rate is
8%, what is the price of the bond?

Loan Payment

B-10 What is the monthly payment for a 5-year car loan
at a nominal interest rate of 8.5%? The loan’s initial
balance is $16,885.

Number of Periods

B-11 A student owing $17,565 on a credit card has
decided to use only a different debit card in the
future. The nominal annual rate on the credit card
is 13.8%. If the student makes monthly payments
of $250, how long is it until the credit card is paid
off? (Answer: 13.5 years)

B-12 A new security system is expected to cost $85,000,
but it should reduce employee and customer theft
by about $12,000 annually. The salvage value will
be only about 10% of the initial cost, whenever the
system is replaced. If the firm’s interest rate is 12%,
how long must the system last to pay for itself?

Rate of Return

B-13 An automated storage and retrieval systemwill cost
$135,000, but it will save $33,000 annually in labor
costs. The system’s salvage value is expected to be
$20,000, when it is renovated in 10 years. What is
the rate of return on the project?

B-14 Moving to a new facility will save $38,000 annu-
ally for 20 years. The cost of building the facility
and moving is $240,000 now. The facility will have
a salvage value of $75,000.What is the rate of return
on this project?

B-15 A new road will cost $45 million to build, and $2
million annually to maintain and operate over its
50-year life. The roadbed and right-of-way are esti-
mated to have a salvage value of $15million. If user
benefits are estimated at $5.5 million annually,what
is the rate of return on this road?

B-16 Some equipment is needed for a construction
project. It can be leased for $150,000 annually, or
it can be purchased for $900,000 at the beginning
and sold for $225,000 at the end of 3 years. What
is the rate of return for owning the equipment rather
than leasing it?
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COMPOUND INTEREST TABLES

Values of Interest FactorsWhen n Equals Infinity

Single Payment: Uniform Payment Series:
(F/P, i, ∞) = ∞ (A/F, i, ∞) = 0
(P/F, i, ∞) = 0 (A/P, i, ∞) = i

Arithmetic Gradient Series: (F/A, i, ∞) = ∞
(A/G, i, ∞) = 1/ i (P/A, i, ∞) = 1/ i
(P/G, i, ∞) = 1/ i2
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1/4% Compound Interest Factors 1/4%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.003 .9975 1.0000 1.0025 1.000 0.998 0.000 0.000 1
2 1.005 .9950 .4994 .5019 2.003 1.993 0.499 0.995 2
3 1.008 .9925 .3325 .3350 3.008 2.985 0.998 2.980 3
4 1.010 .9901 .2491 .2516 4.015 3.975 1.497 5.950 4
5 1.013 .9876 .1990 .2015 5.025 4.963 1.995 9.901 5

6 1.015 .9851 .1656 .1681 6.038 5.948 2.493 14.826 6
7 1.018 .9827 .1418 .1443 7.053 6.931 2.990 20.722 7
8 1.020 .9802 .1239 .1264 8.070 7.911 3.487 27.584 8
9 1.023 .9778 .1100 .1125 9.091 8.889 3.983 35.406 9
10 1.025 .9753 .0989 .1014 10.113 9.864 4.479 44.184 10

11 1.028 .9729 .0898 .0923 11.139 10.837 4.975 53.913 11
12 1.030 .9705 .0822 .0847 12.167 11.807 5.470 64.589 12
13 1.033 .9681 .0758 .0783 13.197 12.775 5.965 76.205 13
14 1.036 .9656 .0703 .0728 14.230 13.741 6.459 88.759 14
15 1.038 .9632 .0655 .0680 15.266 14.704 6.953 102.244 15

16 1.041 .9608 .0613 .0638 16.304 15.665 7.447 116.657 16
17 1.043 .9584 .0577 .0602 17.344 16.624 7.944 131.992 17
18 1.046 .9561 .0544 .0569 18.388 17.580 8.433 148.245 18
19 1.049 .9537 .0515 .0540 19.434 18.533 8.925 165.411 19
20 1.051 .9513 .0488 .0513 20.482 19.485 9.417 183.485 20

21 1.054 .9489 .0464 .0489 21.534 20.434 9.908 202.463 21
22 1.056 .9465 .0443 .0468 22.587 21.380 10.400 222.341 22
23 1.059 .9442 .0423 .0448 23.644 22.324 10.890 243.113 23
24 1.062 .9418 .0405 .0430 24.703 23.266 11.380 264.775 24
25 1.064 .9395 .0388 .0413 25.765 24.206 11.870 287.323 25

26 1.067 .9371 .0373 .0398 26.829 25.143 12.360 310.752 26
27 1.070 .9348 .0358 .0383 27.896 26.078 12.849 335.057 27
28 1.072 .9325 .0345 .0370 28.966 27.010 13.337 360.233 28
29 1.075 .9301 .0333 .0358 30.038 27.940 13.825 386.278 29
30 1.078 .9278 .0321 .0346 31.114 28.868 14.313 413.185 30

36 1.094 .9140 .0266 .0291 37.621 34.387 17.231 592.499 36
40 1.105 .9049 .0238 .0263 42.014 38.020 19.167 728.740 40
48 1.127 .8871 .0196 .0221 50.932 45.179 23.021 1 040.055 48
50 1.133 .8826 .0188 .0213 53.189 46.947 23.980 1 125.777 50
52 1.139 .8782 .0180 .0205 55.458 48.705 24.938 1 214.588 52

60 1.162 .8609 .0155 .0180 64.647 55.653 28.751 1 600.085 60
70 1.191 .8396 .0131 .0156 76.395 64.144 33.481 2 147.611 70
72 1.197 .8355 .0127 .0152 78.780 65.817 34.422 2 265.557 72
80 1.221 .8189 .0113 .0138 88.440 72.427 38.169 2 764.457 80
84 1.233 .8108 .0107 .0132 93.343 75.682 40.033 3 029.759 84

90 1.252 .7987 .00992 .0124 100.789 80.504 42.816 3 446.870 90
96 1.271 .7869 .00923 .0117 108.349 85.255 45.584 3 886.283 96

100 1.284 .7790 .00881 .0113 113.451 88.383 47.422 4 191.242 100
104 1.297 .7713 .00843 .0109 118.605 91.480 49.252 4 505.557 104
120 1.349 .7411 .00716 .00966 139.743 103.563 56.508 5 852.112 120

240 1.821 .5492 .00305 .00555 328.306 180.312 107.586 19398.985 240
360 2.457 .4070 .00172 .00422 582.745 237.191 152.890 36263.930 360
480 3.315 .3016 .00108 .00358 926.074 279.343 192.670 53820.752 480
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1/2% Compound Interest Factors 1/2%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A Given G GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.005 .9950 1.0000 1.0050 1.000 0.995 0 0 1
2 1.010 .9901 .4988 .5038 2.005 1.985 0.499 0.991 2
3 1.015 .9851 .3317 .3367 3.015 2.970 0.996 2.959 3
4 1.020 .9802 .2481 .2531 4.030 3.951 1.494 5.903 4
5 1.025 .9754 .1980 .2030 5.050 4.926 1.990 9.803 5

6 1.030 .9705 .1646 .1696 6.076 5.896 2.486 14.660 6
7 1.036 .9657 .1407 .1457 7.106 6.862 2.980 20.448 7
8 1.041 .9609 .1228 .1278 8.141 7.823 3.474 27.178 8
9 1.046 .9561 .1089 .1139 9.182 8.779 3.967 34.825 9

10 1.051 .9513 .0978 .1028 10.228 9.730 4.459 43.389 10

11 1.056 .9466 .0887 .0937 11.279 10.677 4.950 52.855 11
12 1.062 .9419 .0811 .0861 12.336 11.619 5.441 63.218 12
13 1.067 .9372 .0746 .0796 13.397 12.556 5.931 74.465 13
14 1.072 .9326 .0691 .0741 14.464 13.489 6.419 86.590 14
15 1.078 .9279 .0644 .0694 15.537 14.417 6.907 99.574 15

16 1.083 .9233 .0602 .0652 16.614 15.340 7.394 113.427 16
17 1.088 .9187 .0565 .0615 17.697 16.259 7.880 128.125 17
18 1.094 .9141 .0532 .0582 18.786 17.173 8.366 143.668 18
19 1.099 .9096 .0503 .0553 19.880 18.082 8.850 160.037 19
20 1.105 .9051 .0477 .0527 20.979 18.987 9.334 177.237 20

21 1.110 .9006 .0453 .0503 22.084 19.888 9.817 195.245 21
22 1.116 .8961 .0431 .0481 23.194 20.784 10.300 214.070 22
23 1.122 .8916 .0411 .0461 24.310 21.676 10.781 233.680 23
24 1.127 .8872 .0393 .0443 25.432 22.563 11.261 254.088 24
25 1.133 .8828 .0377 .0427 26.559 23.446 11.741 275.273 25

26 1.138 .8784 .0361 .0411 27.692 24.324 12.220 297.233 26
27 1.144 .8740 .0347 .0397 28.830 25.198 12.698 319.955 27
28 1.150 .8697 .0334 .0384 29.975 26.068 13.175 343.439 28
29 1.156 .8653 .0321 .0371 31.124 26.933 13.651 367.672 29
30 1.161 .8610 .0310 .0360 32.280 27.794 14.127 392.640 30

36 1.197 .8356 .0254 .0304 39.336 32.871 16.962 557.564 36
40 1.221 .8191 .0226 .0276 44.159 36.172 18.836 681.341 40
48 1.270 .7871 .0185 .0235 54.098 42.580 22.544 959.928 48
50 1.283 .7793 .0177 .0227 56.645 44.143 23.463 1 035.70 50
52 1.296 .7716 .0169 .0219 59.218 45.690 24.378 1 113.82 52

60 1.349 .7414 .0143 .0193 69.770 51.726 28.007 1 448.65 60
70 1.418 .7053 .0120 .0170 83.566 58.939 32.468 1 913.65 70
72 1.432 .6983 .0116 .0166 86.409 60.340 33.351 2 012.35 72
80 1.490 .6710 .0102 .0152 98.068 65.802 36.848 2 424.65 80
84 1.520 .6577 .00961 .0146 104.074 68.453 38.576 2 640.67 84

90 1.567 .6383 .00883 .0138 113.311 72.331 41.145 2 976.08 90
96 1.614 .6195 .00814 .0131 122.829 76.095 43.685 3 324.19 96

100 1.647 .6073 .00773 .0127 129.334 78.543 45.361 3 562.80 100
104 1.680 .5953 .00735 .0124 135.970 80.942 47.025 3 806.29 104
120 1.819 .5496 .00610 .0111 163.880 90.074 53.551 4 823.52 120

240 3.310 .3021 .00216 .00716 462.041 139.581 96.113 13 415.56 240
360 6.023 .1660 .00100 .00600 1 004.5 166.792 128.324 21 403.32 360
480 10.957 .0913 .00050 .00550 1 991.5 181.748 151.795 27 588.37 480
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3/4% Compound Interest Factors 3/4%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.008 .9926 1.0000 1.0075 1.000 0.993 0 0 1
2 1.015 .9852 .4981 .5056 2.008 1.978 0.499 0.987 2
3 1.023 .9778 .3308 .3383 3.023 2.956 0.996 2.943 3
4 1.030 .9706 .2472 .2547 4.045 3.926 1.492 5.857 4
5 1.038 .9633 .1970 .2045 5.076 4.889 1.986 9.712 5

6 1.046 .9562 .1636 .1711 6.114 5.846 2.479 14.494 6
7 1.054 .9490 .1397 .1472 7.160 6.795 2.971 20.187 7
8 1.062 .9420 .1218 .1293 8.213 7.737 3.462 26.785 8
9 1.070 .9350 .1078 .1153 9.275 8.672 3.951 34.265 9

10 1.078 .9280 .0967 .1042 10.344 9.600 4.440 42.619 10

11 1.086 .9211 .0876 .0951 11.422 10.521 4.927 51.831 11
12 1.094 .9142 .0800 .0875 12.508 11.435 5.412 61.889 12
13 1.102 .9074 .0735 .0810 13.602 12.342 5.897 72.779 13
14 1.110 .9007 .0680 .0755 14.704 13.243 6.380 84.491 14
15 1.119 .8940 .0632 .0707 15.814 14.137 6.862 97.005 15

16 1.127 .8873 .0591 .0666 16.932 15.024 7.343 110.318 16
17 1.135 .8807 .0554 .0629 18.059 15.905 7.822 124.410 17
18 1.144 .8742 .0521 .0596 19.195 16.779 8.300 139.273 18
19 1.153 .8676 .0492 .0567 20.339 17.647 8.777 154.891 19
20 1.161 .8612 .0465 .0540 21.491 18.508 9.253 171.254 20

21 1.170 .8548 .0441 .0516 22.653 19.363 9.727 188.352 21
22 1.179 .8484 .0420 .0495 23.823 20.211 10.201 206.170 22
23 1.188 .8421 .0400 .0475 25.001 21.053 10.673 224.695 23
24 1.196 .8358 .0382 .0457 26.189 21.889 11.143 243.924 24
25 1.205 .8296 .0365 .0440 27.385 22.719 11.613 263.834 25

26 1.214 .8234 .0350 .0425 28.591 23.542 12.081 284.421 26
27 1.224 .8173 .0336 .0411 29.805 24.360 12.548 305.672 27
28 1.233 .8112 .0322 .0397 31.029 25.171 13.014 327.576 28
29 1.242 .8052 .0310 .0385 32.261 25.976 13.479 350.122 29
30 1.251 .7992 .0298 .0373 33.503 26.775 13.942 373.302 30

36 1.309 .7641 .0243 .0318 41.153 31.447 16.696 525.038 36
40 1.348 .7416 .0215 .0290 46.447 34.447 18.507 637.519 40
48 1.431 .6986 .0174 .0249 57.521 40.185 22.070 886.899 48
50 1.453 .6882 .0166 .0241 60.395 41.567 22.949 953.911 50
52 1.475 .6780 .0158 .0233 63.312 42.928 23.822 1 022.64 52

60 1.566 .6387 .0133 .0208 75.425 48.174 27.268 1 313.59 60
70 1.687 .5927 .0109 .0184 91.621 54.305 31.465 1 708.68 70
72 1.713 .5839 .0105 .0180 95.008 55.477 32.289 1 791.33 72
80 1.818 .5500 .00917 .0167 109.074 59.995 35.540 2 132.23 80
84 1.873 .5338 .00859 .0161 116.428 62.154 37.137 2 308.22 84

90 1.959 .5104 .00782 .0153 127.881 65.275 39.496 2 578.09 90
96 2.049 .4881 .00715 .0147 139.858 68.259 41.812 2 854.04 96
100 2.111 .4737 .00675 .0143 148.147 70.175 43.332 3 040.85 100
104 2.175 .4597 .00638 .0139 156.687 72.035 44.834 3 229.60 104
120 2.451 .4079 .00517 .0127 193.517 78.942 50.653 3 998.68 120

240 6.009 .1664 .00150 .00900 667.901 111.145 85.422 9 494.26 240
360 14.731 .0679 .00055 .00805 1 830.8 124.282 107.115 13 312.50 360
480 36.111 .0277 .00021 .00771 4 681.5 129.641 119.662 15 513.16 480
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1% Compound Interest Factors 1%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.010 .9901 1.0000 1.0100 1.000 0.990 0 0 1
2 1.020 .9803 .4975 .5075 2.010 1.970 0.498 0.980 2
3 1.030 .9706 .3300 .3400 3.030 2.941 0.993 2.921 3
4 1.041 .9610 .2463 .2563 4.060 3.902 1.488 5.804 4
5 1.051 .9515 .1960 .2060 5.101 4.853 1.980 9.610 5

6 1.062 .9420 .1625 .1725 6.152 5.795 2.471 14.320 6
7 1.072 .9327 .1386 .1486 7.214 6.728 2.960 19.917 7
8 1.083 .9235 .1207 .1307 8.286 7.652 3.448 26.381 8
9 1.094 .9143 .1067 .1167 9.369 8.566 3.934 33.695 9
10 1.105 .9053 .0956 .1056 10.462 9.471 4.418 41.843 10

11 1.116 .8963 .0865 .0965 11.567 10.368 4.900 50.806 11
12 1.127 .8874 .0788 .0888 12.682 11.255 5.381 60.568 12
13 1.138 .8787 .0724 .0824 13.809 12.134 5.861 71.112 13
14 1.149 .8700 .0669 .0769 14.947 13.004 6.338 82.422 14
15 1.161 .8613 .0621 .0721 16.097 13.865 6.814 94.481 15

16 1.173 .8528 .0579 .0679 17.258 14.718 7.289 107.273 16
17 1.184 .8444 .0543 .0643 18.430 15.562 7.761 120.783 17
18 1.196 .8360 .0510 .0610 19.615 16.398 8.232 134.995 18
19 1.208 .8277 .0481 .0581 20.811 17.226 8.702 149.895 19
20 1.220 .8195 .0454 .0554 22.019 18.046 9.169 165.465 20

21 1.232 .8114 .0430 .0530 23.239 18.857 9.635 181.694 21
22 1.245 .8034 .0409 .0509 24.472 19.660 10.100 198.565 22
23 1.257 .7954 .0389 .0489 25.716 20.456 10.563 216.065 23
24 1.270 .7876 .0371 .0471 26.973 21.243 11.024 234.179 24
25 1.282 .7798 .0354 .0454 28.243 22.023 11.483 252.892 25

26 1.295 .7720 .0339 .0439 29.526 22.795 11.941 272.195 26
27 1.308 .7644 .0324 .0424 30.821 23.560 12.397 292.069 27
28 1.321 .7568 .0311 .0411 32.129 24.316 12.852 312.504 28
29 1.335 .7493 .0299 .0399 33.450 25.066 13.304 333.486 29
30 1.348 .7419 .0287 .0387 34.785 25.808 13.756 355.001 30

36 1.431 .6989 .0232 .0332 43.077 30.107 16.428 494.620 36
40 1.489 .6717 .0205 .0305 48.886 32.835 18.178 596.854 40
48 1.612 .6203 .0163 .0263 61.223 37.974 21.598 820.144 48
50 1.645 .6080 .0155 .0255 64.463 39.196 22.436 879.417 50
52 1.678 .5961 .0148 .0248 67.769 40.394 23.269 939.916 52

60 1.817 .5504 .0122 .0222 81.670 44.955 26.533 1 192.80 60
70 2.007 .4983 .00993 .0199 100.676 50.168 30.470 1 528.64 70
72 2.047 .4885 .00955 .0196 104.710 51.150 31.239 1 597.86 72
80 2.217 .4511 .00822 .0182 121.671 54.888 34.249 1 879.87 80
84 2.307 .4335 .00765 .0177 130.672 56.648 35.717 2 023.31 84

90 2.449 .4084 .00690 .0169 144.863 59.161 37.872 2 240.56 90
96 2.599 .3847 .00625 .0163 159.927 61.528 39.973 2 459.42 96

100 2.705 .3697 .00587 .0159 170.481 63.029 41.343 2 605.77 100
104 2.815 .3553 .00551 .0155 181.464 64.471 42.688 2 752.17 104
120 3.300 .3030 .00435 .0143 230.039 69.701 47.835 3 334.11 120

240 10.893 .0918 .00101 .0110 989.254 90.819 75.739 6 878.59 240
360 35.950 .0278 .00029 .0103 3 495.0 97.218 89.699 8 720.43 360
480 118.648 .00843 .00008 .0101 11 764.8 99.157 95.920 9 511.15 480
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11/4% Compound Interest Factors 11/4%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.013 .9877 1.0000 1.0125 1.000 0.988 0 0 1
2 1.025 .9755 .4969 .5094 2.013 1.963 0.497 0.976 2
3 1.038 .9634 .3292 .3417 3.038 2.927 0.992 2.904 3
4 1.051 .9515 .2454 .2579 4.076 3.878 1.485 5.759 4
5 1.064 .9398 .1951 .2076 5.127 4.818 1.976 9.518 5

6 1.077 .9282 .1615 .1740 6.191 5.746 2.464 14.160 6
7 1.091 .9167 .1376 .1501 7.268 6.663 2.951 19.660 7
8 1.104 .9054 .1196 .1321 8.359 7.568 3.435 25.998 8
9 1.118 .8942 .1057 .1182 9.463 8.462 3.918 33.152 9

10 1.132 .8832 .0945 .1070 10.582 9.346 4.398 41.101 10

11 1.146 .8723 .0854 .0979 11.714 10.218 4.876 49.825 11
12 1.161 .8615 .0778 .0903 12.860 11.079 5.352 59.302 12
13 1.175 .8509 .0713 .0838 14.021 11.930 5.827 69.513 13
14 1.190 .8404 .0658 .0783 15.196 12.771 6.299 80.438 14
15 1.205 .8300 .0610 .0735 16.386 13.601 6.769 92.058 15

16 1.220 .8197 .0568 .0693 17.591 14.420 7.237 104.355 16
17 1.235 .8096 .0532 .0657 18.811 15.230 7.702 117.309 17
18 1.251 .7996 .0499 .0624 20.046 16.030 8.166 130.903 18
19 1.266 .7898 .0470 .0595 21.297 16.849 8.628 145.119 19
20 1.282 .7800 .0443 .0568 22.563 17.599 9.088 159.940 20

21 1.298 .7704 .0419 .0544 23.845 18.370 9.545 175.348 21
22 1.314 .7609 .0398 .0523 25.143 19.131 10.001 191.327 22
23 1.331 .7515 .0378 .0503 26.458 19.882 10.455 207.859 23
24 1.347 .7422 .0360 .0485 27.788 20.624 10.906 224.930 24
25 1.364 .7330 .0343 .0468 29.136 21.357 11.355 242.523 25

26 1.381 .7240 .0328 .0453 30.500 22.081 11.803 260.623 26
27 1.399 .7150 .0314 .0439 31.881 22.796 12.248 279.215 27
28 1.416 .7062 .0300 .0425 32.280 23.503 12.691 298.284 28
29 1.434 .6975 .0288 .0413 34.696 24.200 13.133 317.814 29
30 1.452 .6889 .0277 .0402 36.129 24.889 13.572 337.792 30

36 1.564 .6394 .0222 .0347 45.116 28.847 16.164 466.297 36
40 1.644 .6084 .0194 .0319 51.490 31.327 17.852 559.247 40
48 1.845 .5509 .0153 .0278 65.229 35.932 21.130 759.248 48
50 1.861 .5373 .0145 .0270 68.882 37.013 21.930 811.692 50
52 1.908 .5242 .0138 .0263 72.628 38.068 22.722 864.960 52

60 2.107 .4746 .0113 .0238 88.575 42.035 25.809 1 084.86 60
70 2.386 .4191 .00902 .0215 110.873 46.470 29.492 1 370.47 70
72 2.446 .4088 .00864 .0211 115.675 47.293 30.205 1 428.48 72
80 2.701 .3702 .00735 .0198 136.120 50.387 32.983 1 661.89 80
84 2.839 .3522 .00680 .0193 147.130 51.822 34.326 1 778.86 84

90 3.059 .3269 .00607 .0186 164.706 53.846 36.286 1 953.85 90
96 3.296 .3034 .00545 .0179 183.643 55.725 38.180 2 127.55 96
100 3.463 .2887 .00507 .0176 197.074 56.901 39.406 2 242.26 100
104 3.640 .2747 .00474 .0172 211.190 58.021 40.604 2 355.90 104
120 4.440 .2252 .00363 .0161 275.220 61.983 45.119 2 796.59 120

240 19.716 .0507 .00067 .0132 1 497.3 75.942 67.177 5 101.55 240
360 87.543 .0114 .00014 .0126 6 923.4 79.086 75.840 5 997.91 360
480 388.713 .00257 .00003 .0125 31 017.1 79.794 78.762 6 284.74 480
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11/2% Compound Interest Factors 11/2%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG Given G
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.015 .9852 1.0000 1.0150 1.000 0.985 0 0 1
2 1.030 .9707 .4963 .5113 2.015 1.956 0.496 0.970 2
3 1.046 .9563 .3284 .3434 3.045 2.912 0.990 2.883 3
4 1.061 .9422 .2444 .2594 4.091 3.854 1.481 5.709 4
5 1.077 .9283 .1941 .2091 5.152 4.783 1.970 9.422 5

6 1.093 .9145 .1605 .1755 6.230 5.697 2.456 13.994 6
7 1.110 .9010 .1366 .1516 7.323 6.598 2.940 19.400 7
8 1.126 .8877 .1186 .1336 8.433 7.486 3.422 25.614 8
9 1.143 .8746 .1046 .1196 9.559 8.360 3.901 32.610 9
10 1.161 .8617 .0934 .1084 10.703 9.222 4.377 40.365 10

11 1.178 .8489 .0843 .0993 11.863 10.071 4.851 48.855 11
12 1.196 .8364 .0767 .0917 13.041 10.907 5.322 58.054 12
13 1.214 .8240 .0702 .0852 14.237 11.731 5.791 67.943 13
14 1.232 .8118 .0647 .0797 15.450 12.543 6.258 78.496 14
15 1.250 .7999 .0599 .0749 16.682 13.343 6.722 89.694 15

16 1.269 .7880 .0558 .0708 17.932 14.131 7.184 101.514 16
17 1.288 .7764 .0521 .0671 19.201 14.908 7.643 113.937 17
18 1.307 .7649 .0488 .0638 20.489 15.673 8.100 126.940 18
19 1.327 .7536 .0459 .0609 21.797 16.426 8.554 140.505 19
20 1.347 .7425 .0432 .0582 23.124 17.169 9.005 154.611 20

21 1.367 .7315 .0409 .0559 24.470 17.900 9.455 169.241 21
22 1.388 .7207 .0387 .0537 25.837 18.621 9.902 184.375 22
23 1.408 .7100 .0367 .0517 27.225 19.331 10.346 199.996 23
24 1.430 .6995 .0349 .0499 28.633 20.030 10.788 216.085 24
25 1.451 .6892 .0333 .0483 30.063 20.720 11.227 232.626 25

26 1.473 .6790 .0317 .0467 31.514 21.399 11.664 249.601 26
27 1.495 .6690 .0303 .0453 32.987 22.068 12.099 266.995 27
28 1.517 .6591 .0290 .0440 34.481 22.727 12.531 284.790 28
29 1.540 .6494 .0278 .0428 35.999 23.376 12.961 302.972 29
30 1.563 .6398 .0266 .0416 37.539 24.016 13.388 321.525 30

36 1.709 .5851 .0212 .0362 47.276 27.661 15.901 439.823 36
40 1.814 .5513 .0184 .0334 54.268 29.916 17.528 524.349 40
48 2.043 .4894 .0144 .0294 69.565 34.042 20.666 703.537 48
50 2.105 .4750 .0136 .0286 73.682 35.000 21.428 749.955 50
52 2.169 .4611 .0128 .0278 77.925 35.929 22.179 796.868 52

60 2.443 .4093 .0104 .0254 96.214 39.380 25.093 988.157 60
70 2.835 .3527 .00817 .0232 122.363 43.155 28.529 1 231.15 70
72 2.921 .3423 .00781 .0228 128.076 43.845 29.189 1 279.78 72
80 3.291 .3039 .00655 .0215 152.710 46.407 31.742 1 473.06 80
84 3.493 .2863 .00602 .0210 166.172 47.579 32.967 1 568.50 84

90 3.819 .2619 .00532 .0203 187.929 49.210 34.740 1 709.53 90
96 4.176 .2395 .00472 .0197 211.719 50.702 36.438 1 847.46 96

100 4.432 .2256 .00437 .0194 228.802 51.625 37.529 1 937.43 100
104 4.704 .2126 .00405 .0190 246.932 52.494 38.589 2 025.69 104
120 5.969 .1675 .00302 .0180 331.286 55.498 42.518 2 359.69 120

240 35.632 .0281 .00043 .0154 2 308.8 64.796 59.737 3 870.68 240
360 212.700 .00470 .00007 .0151 14 113.3 66.353 64.966 4 310.71 360
480 1 269.7 .00079 .00001 .0150 84 577.8 66.614 66.288 4 415.74 480
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13/4% Compound Interest Factors 13/4%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.018 .9828 1.0000 1.0175 1.000 0.983 0 0 1
2 1.035 .9659 .4957 .5132 2.018 1.949 0.496 0.966 2
3 1.053 .9493 .3276 .3451 3.053 2.898 0.989 2.865 3
4 1.072 .9330 .2435 .2610 4.106 3.831 1.478 5.664 4
5 1.091 .9169 .1931 .2106 5.178 4.748 1.965 9.332 5

6 1.110 .9011 .1595 .1770 6.269 5.649 2.450 13.837 6
7 1.129 .8856 .1355 .1530 7.378 6.535 2.931 19.152 7
8 1.149 .8704 .1175 .1350 8.508 7.405 3.409 25.245 8
9 1.169 .8554 .1036 .1211 9.656 8.261 3.885 32.088 9

10 1.189 .8407 .0924 .1099 10.825 9.101 4.357 39.655 10

11 1.210 .8263 .0832 .1007 12.015 9.928 4.827 47.918 11
12 1.231 .8121 .0756 .0931 13.225 10.740 5.294 56.851 12
13 1.253 .7981 .0692 .0867 14.457 11.538 5.758 66.428 13
14 1.275 .7844 .0637 .0812 15.710 12.322 6.219 76.625 14
15 1.297 .7709 .0589 .0764 16.985 13.093 6.677 87.417 15

16 1.320 .7576 .0547 .0722 18.282 13.851 7.132 98.782 16
17 1.343 .7446 .0510 .0685 19.602 14.595 7.584 110.695 17
18 1.367 .7318 .0477 .0652 20.945 15.327 8.034 123.136 18
19 1.390 .7192 .0448 .0623 22.311 16.046 8.481 136.081 19
20 1.415 .7068 .0422 .0597 23.702 16.753 8.924 149.511 20

21 1.440 .6947 .0398 .0573 25.116 17.448 9.365 163.405 21
22 1.465 .6827 .0377 .0552 26.556 18.130 9.804 177.742 22
23 1.490 .6710 .0357 .0532 28.021 18.801 10.239 192.503 23
24 1.516 .6594 .0339 .0514 29.511 19.461 10.671 207.671 24
25 1.543 .6481 .0322 .0497 31.028 20.109 11.101 223.225 25

26 1.570 .6369 .0307 .0482 32.571 20.746 11.528 239.149 26
27 1.597 .6260 .0293 .0468 34.141 21.372 11.952 255.425 27
28 1.625 .6152 .0280 .0455 35.738 21.987 12.373 272.036 28
29 1.654 .6046 .0268 .0443 37.363 22.592 12.791 288.967 29
30 1.683 .5942 .0256 .0431 39.017 23.186 13.206 306.200 30

36 1.867 .5355 .0202 .0377 49.566 26.543 15.640 415.130 36
40 2.002 .4996 .0175 .0350 57.234 28.594 17.207 492.017 40
48 2.300 .4349 .0135 .0310 74.263 32.294 20.209 652.612 48
50 2.381 .4200 .0127 .0302 78.903 33.141 20.932 693.708 50
52 2.465 .4057 .0119 .0294 83.706 33.960 21.644 735.039 52

60 2.832 .3531 .00955 .0271 104.676 36.964 24.389 901.503 60
70 3.368 .2969 .00739 .0249 135.331 40.178 27.586 1 108.34 70
72 3.487 .2868 .00704 .0245 142.127 40.757 28.195 1 149.12 72
80 4.006 .2496 .00582 .0233 171.795 42.880 30.533 1 309.25 80
84 4.294 .2329 .00531 .0228 188.246 43.836 31.644 1 387.16 84

90 4.765 .2098 .00465 .0221 215.166 45.152 33.241 1 500.88 90
96 5.288 .1891 .00408 .0216 245.039 46.337 34.756 1 610.48 96
100 5.668 .1764 .00375 .0212 266.753 47.062 35.721 1 681.09 100
104 6.075 .1646 .00345 .0209 290.028 47.737 36.652 1 749.68 104
120 8.019 .1247 .00249 .0200 401.099 50.017 40.047 2 003.03 120

240 64.308 .0156 .00028 .0178 3 617.6 56.254 53.352 3 001.27 240
360 515.702 .00194 .00003 .0175 29 411.5 57.032 56.443 3 219.08 360
480 4 135.5 .00024 .0175 236 259.0 57.129 57.027 3 257.88 480
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2% Compound Interest Factors 2%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG Given G

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.020 .9804 1.0000 1.0200 1.000 0.980 0 0 1
2 1.040 .9612 .4951 .5151 2.020 1.942 0.495 0.961 2
3 1.061 .9423 .3268 .3468 3.060 2.884 0.987 2.846 3
4 1.082 .9238 .2426 .2626 4.122 3.808 1.475 5.617 4
5 1.104 .9057 .1922 .2122 5.204 4.713 1.960 9.240 5

6 1.126 .8880 .1585 .1785 6.308 5.601 2.442 13.679 6
7 1.149 .8706 .1345 .1545 7.434 6.472 2.921 18.903 7
8 1.172 .8535 .1165 .1365 8.583 7.325 3.396 24.877 8
9 1.195 .8368 .1025 .1225 9.755 8.162 3.868 31.571 9
10 1.219 .8203 .0913 .1113 10.950 8.983 4.337 38.954 10

11 1.243 .8043 .0822 .1022 12.169 9.787 4.802 46.996 11
12 1.268 .7885 .0746 .0946 13.412 10.575 5.264 55.669 12
13 1.294 .7730 .0681 .0881 14.680 11.348 5.723 64.946 13
14 1.319 .7579 .0626 .0826 15.974 12.106 6.178 74.798 14
15 1.346 .7430 .0578 .0778 17.293 12.849 6.631 85.200 15

16 1.373 .7284 .0537 .0737 18.639 13.578 7.080 96.127 16
17 1.400 .7142 .0500 .0700 20.012 14.292 7.526 107.553 17
18 1.428 .7002 .0467 .0667 21.412 14.992 7.968 119.456 18
19 1.457 .6864 .0438 .0638 22.840 15.678 8.407 131.812 19
20 1.486 .6730 .0412 .0612 24.297 16.351 8.843 144.598 20

21 1.516 .6598 .0388 .0588 25.783 17.011 9.276 157.793 21
22 1.546 .6468 .0366 .0566 27.299 17.658 9.705 171.377 22
23 1.577 .6342 .0347 .0547 28.845 18.292 10.132 185.328 23
24 1.608 .6217 .0329 .0529 30.422 18.914 10.555 199.628 24
25 1.641 .6095 .0312 .0512 32.030 19.523 10.974 214.256 25

26 1.673 .5976 .0297 .0497 33.671 20.121 11.391 229.196 26
27 1.707 .5859 .0283 .0483 35.344 20.707 11.804 244.428 27
28 1.741 .5744 .0270 .0470 37.051 21.281 12.214 259.936 28
29 1.776 .5631 .0258 .0458 38.792 21.844 12.621 275.703 29
30 1.811 .5521 .0247 .0447 40.568 22.396 13.025 291.713 30

36 2.040 .4902 .0192 .0392 51.994 25.489 15.381 392.036 36
40 2.208 .4529 .0166 .0366 60.402 27.355 16.888 461.989 40
48 2.587 .3865 .0126 .0326 79.353 30.673 19.755 605.961 48
50 2.692 .3715 .0118 .0318 84.579 31.424 20.442 642.355 50
52 2.800 .3571 .0111 .0311 90.016 32.145 21.116 678.779 52

60 3.281 .3048 .00877 .0288 114.051 34.761 23.696 823.692 60
70 4.000 .2500 .00667 .0267 149.977 37.499 26.663 999.829 70
72 4.161 .2403 .00633 .0263 158.056 37.984 27.223 1 034.050 72
80 4.875 .2051 .00516 .0252 193.771 39.744 29.357 1 166.781 80
84 5.277 .1895 .00468 .0247 213.865 40.525 30.361 1 230.413 84

90 5.943 .1683 .00405 .0240 247.155 41.587 31.793 1 322.164 90
96 6.693 .1494 .00351 .0235 284.645 42.529 33.137 1 409.291 96

100 7.245 .1380 .00320 .0232 312.230 43.098 33.986 1 464.747 100
104 7.842 .1275 .00292 .0229 342.090 43.624 34.799 1 518.082 104
120 10.765 .0929 .00205 .0220 488.255 45.355 37.711 1 710.411 120

240 115.887 .00863 .00017 .0202 5 744.4 49.569 47.911 2 374.878 240
360 1 247.5 .00080 .00002 .0200 62 326.8 49.960 49.711 2 483.567 360
480 13 429.8 .00007 .0200 671442.0 49.996 49.964 2 498.027 480
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21/2% Compound Interest Factors 21/2%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.025 .9756 1.0000 1.0250 1.000 0.976 0 0 1
2 1.051 .9518 .4938 .5188 2.025 1.927 0.494 0.952 2
3 1.077 .9286 .3251 .3501 3.076 2.856 0.984 2.809 3
4 1.104 .9060 .2408 .2658 4.153 3.762 1.469 5.527 4
5 1.131 .8839 .1902 .2152 5.256 4.646 1.951 9.062 5

6 1.160 .8623 .1566 .1816 6.388 5.508 2.428 13.374 6
7 1.189 .8413 .1325 .1575 7.547 6.349 2.901 18.421 7
8 1.218 .8207 .1145 .1395 8.736 7.170 3.370 24.166 8
9 1.249 .8007 .1005 .1255 9.955 7.971 3.835 30.572 9

10 1.280 .7812 .0893 .1143 11.203 8.752 4.296 37.603 10

11 1.312 .7621 .0801 .1051 12.483 9.514 4.753 45.224 11
12 1.345 .7436 .0725 .0975 13.796 10.258 5.206 53.403 12
13 1.379 .7254 .0660 .0910 15.140 10.983 5.655 62.108 13
14 1.413 .7077 .0605 .0855 16.519 11.691 6.100 71.309 14
15 1.448 .6905 .0558 .0808 17.932 12.381 6.540 80.975 15

16 1.485 .6736 .0516 .0766 19.380 13.055 6.977 91.080 16
17 1.522 .6572 .0479 .0729 20.865 13.712 7.409 101.595 17
18 1.560 .6412 .0447 .0697 22.386 14.353 7.838 112.495 18
19 1.599 .6255 .0418 .0668 23.946 14.979 8.262 123.754 19
20 1.639 .6103 .0391 .0641 25.545 15.589 8.682 135.349 20

21 1.680 .5954 .0368 .0618 27.183 16.185 9.099 147.257 21
22 1.722 .5809 .0346 .0596 28.863 16.765 9.511 159.455 22
23 1.765 .5667 .0327 .0577 30.584 17.332 9.919 171.922 23
24 1.809 .5529 .0309 .0559 32.349 17.885 10.324 184.638 24
25 1.854 .5394 .0293 .0543 34.158 18.424 10.724 197.584 25

26 1.900 .5262 .0278 .0528 36.012 18.951 11.120 210.740 26
27 1.948 .5134 .0264 .0514 37.912 19.464 11.513 224.088 27
28 1.996 .5009 .0251 .0501 39.860 19.965 11.901 237.612 28
29 2.046 .4887 .0239 .0489 41.856 20.454 12.286 251.294 29
30 2.098 .4767 .0228 .0478 43.903 20.930 12.667 265.120 30

31 2.150 .4651 .0217 .0467 46.000 21.395 13.044 279.073 31
32 2.204 .4538 .0208 .0458 48.150 24.849 13.417 293.140 32
33 2.259 .4427 .0199 .0449 50.354 22.292 13.786 307.306 33
34 2.315 .4319 .0190 .0440 52.613 22.724 14.151 321.559 34
35 2.373 .4214 .0182 .0432 54.928 23.145 14.512 335.886 35

40 2.685 .3724 .0148 .0398 67.402 25.103 16.262 408.221 40
45 3.038 .3292 .0123 .0373 81.516 26.833 17.918 480.806 45
50 3.437 .2909 .0103 .0353 97.484 28.362 19.484 552.607 50
55 3.889 .2572 .00865 .0337 115.551 29.714 20.961 622.827 55
60 4.400 .2273 .00735 .0324 135.991 30.909 22.352 690.865 60

65 4.978 .2009 .00628 .0313 159.118 31.965 23.660 756.280 65
70 5.632 .1776 .00540 .0304 185.284 32.898 24.888 818.763 70
75 6.372 .1569 .00465 .0297 214.888 33.723 26.039 878.114 75
80 7.210 .1387 .00403 .0290 248.382 34.452 27.117 934.217 80
85 8.157 .1226 .00349 .0285 286.278 35.096 28.123 987.026 85

90 9.229 .1084 .00304 .0280 329.154 35.666 29.063 1 036.54 90
95 10.442 .0958 .00265 .0276 377.663 36.169 29.938 1 082.83 95
100 11.814 .0846 .00231 .0273 432.548 36.614 30.752 1 125.97 100
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3% Compound Interest Factors 3%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.030 .9709 1.0000 1.0300 1.000 0.971 0 0 1
2 1.061 .9426 .4926 .5226 2.030 1.913 0.493 0.943 2
3 1.093 .9151 .3235 .3535 3.091 2.829 0.980 2.773 3
4 1.126 .8885 .2390 .2690 4.184 3.717 1.463 5.438 4
5 1.159 .8626 .1884 .2184 5.309 4.580 1.941 8.889 5

6 1.194 .8375 .1546 .1846 6.468 5.417 2.414 13.076 6
7 1.230 .8131 .1305 .1605 7.662 6.230 2.882 17.955 7
8 1.267 .7894 .1125 .1425 8.892 7.020 3.345 23.481 8
9 1.305 .7664 .0984 .1284 10.159 7.786 3.803 29.612 9
10 1.344 .7441 .0872 .1172 11.464 8.530 4.256 36.309 10

11 1.384 .7224 .0781 .1081 12.808 9.253 4.705 43.533 11
12 1.426 .7014 .0705 .1005 14.192 9.954 5.148 51.248 12
13 1.469 .6810 .0640 .0940 15.618 10.635 5.587 59.419 13
14 1.513 .6611 .0585 .0885 17.086 11.296 6.021 68.014 14
15 1.558 .6419 .0538 .0838 18.599 11.938 6.450 77.000 15

16 1.605 .6232 .0496 .0796 20.157 12.561 6.874 86.348 16
17 1.653 .6050 .0460 .0760 21.762 13.166 7.294 96.028 17
18 1.702 .5874 .0427 .0727 23.414 13.754 7.708 106.014 18
19 1.754 .5703 .0398 .0698 25.117 14.324 8.118 116.279 19
20 1.806 .5537 .0372 .0672 26.870 14.877 8.523 126.799 20

21 1.860 .5375 .0349 .0649 28.676 15.415 8.923 137.549 21
22 1.916 .5219 .0327 .0627 30.537 15.937 9.319 148.509 22
23 1.974 .5067 .0308 .0608 32.453 16.444 9.709 159.656 23
24 2.033 .4919 .0290 .0590 34.426 16.936 10.095 170.971 24
25 2.094 .4776 .0274 .0574 36.459 17.413 10.477 182.433 25

26 2.157 .4637 .0259 .0559 38.553 17.877 10.853 194.026 26
27 2.221 .4502 .0246 .0546 40.710 18.327 11.226 205.731 27
28 2.288 .4371 .0233 .0533 42.931 18.764 11.593 217.532 28
29 2.357 .4243 .0221 .0521 45.219 19.188 11.956 229.413 29
30 2.427 .4120 .0210 .0510 47.575 19.600 12.314 241.361 30

31 2.500 .4000 .0200 .0500 50.003 20.000 12.668 253.361 31
32 2.575 .3883 .0190 .0490 52.503 20.389 13.017 265.399 32
33 2.652 .3770 .0182 .0482 55.078 20.766 13.362 277.464 33
34 2.732 .3660 .0173 .0473 57.730 21.132 13.702 289.544 34
35 2.814 .3554 .0165 .0465 60.462 21.487 14.037 301.627 35

40 3.262 .3066 .0133 .0433 75.401 23.115 15.650 361.750 40
45 3.782 .2644 .0108 .0408 92.720 24.519 17.156 420.632 45
50 4.384 .2281 .00887 .0389 112.797 25.730 18.558 477.480 50
55 5.082 .1968 .00735 .0373 136.072 26.774 19.860 531.741 55
60 5.892 .1697 .00613 .0361 163.053 27.676 21.067 583.052 60

65 6.830 .1464 .00515 .0351 194.333 28.453 22.184 631.201 65
70 7.918 .1263 .00434 .0343 230.594 29.123 23.215 676.087 70
75 9.179 .1089 .00367 .0337 272.631 29.702 24.163 717.698 75
80 10.641 .0940 .00311 .0331 321.363 30.201 25.035 756.086 80
85 12.336 .0811 .00265 .0326 377.857 30.631 25.835 791.353 85

90 14.300 .0699 .00226 .0323 443.349 31.002 26.567 823.630 90
95 16.578 .0603 .00193 .0319 519.272 31.323 27.235 853.074 95

100 19.219 .0520 .00165 .0316 607.287 31.599 27.844 879.854 100
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31/2% Compound Interest Factors 31/2%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.035 .9662 1.0000 1.0350 1.000 0.966 0 0 1
2 1.071 .9335 .4914 .5264 2.035 1.900 0.491 0.933 2
3 1.109 .9019 .3219 .3569 3.106 2.802 0.977 2.737 3
4 1.148 .8714 .2373 .2723 4.215 3.673 1.457 5.352 4
5 1.188 .8420 .1865 .2215 5.362 4.515 1.931 8.719 5

6 1.229 .8135 .1527 .1877 6.550 5.329 2.400 12.787 6
7 1.272 .7860 .1285 .1635 7.779 6.115 2.862 17.503 7
8 1.317 .7594 .1105 .1455 9.052 6.874 3.320 22.819 8
9 1.363 .7337 .0964 .1314 10.368 7.608 3.771 28.688 9

10 1.411 .7089 .0852 .1202 11.731 8.317 4.217 35.069 10

11 1.460 .6849 .0761 .1111 13.142 9.002 4.657 41.918 11
12 1.511 .6618 .0685 .1035 14.602 9.663 5.091 49.198 12
13 1.564 .6394 .0621 .0971 16.113 10.303 5.520 56.871 13
14 1.619 .6178 .0566 .0916 17.677 10.921 5.943 64.902 14
15 1.675 .5969 .0518 .0868 19.296 11.517 6.361 73.258 15

16 1.734 .5767 .0477 .0827 20.971 12.094 6.773 81.909 16
17 1.795 .5572 .0440 .0790 22.705 12.651 7.179 90.824 17
18 1.857 .5384 .0408 .0758 24.500 13.190 7.580 99.976 18
19 1.922 .5202 .0379 .0729 26.357 13.710 7.975 109.339 19
20 1.990 .5026 .0354 .0704 28.280 14.212 8.365 118.888 20

21 2.059 .4856 .0330 .0680 30.269 14.698 8.749 128.599 21
22 2.132 .4692 .0309 .0659 32.329 15.167 9.128 138.451 22
23 2.206 .4533 .0290 .0640 34.460 15.620 9.502 148.423 23
24 2.283 .4380 .0273 .0623 36.666 16.058 9.870 158.496 24
25 2.363 .4231 .0257 .0607 38.950 16.482 10.233 168.652 25

26 2.446 .4088 .0242 .0592 41.313 16.890 10.590 178.873 26
27 2.532 .3950 .0229 .0579 43.759 17.285 10.942 189.143 27
28 2.620 .3817 .0216 .0566 46.291 17.667 11.289 199.448 28
29 2.712 .3687 .0204 .0554 48.911 18.036 11.631 209.773 29
30 2.807 .3563 .0194 .0544 51.623 18.392 11.967 220.105 30

31 2.905 .3442 .0184 .0534 54.429 18.736 12.299 230.432 31
32 3.007 .3326 .0174 .0524 57.334 19.069 12.625 240.742 32
33 3.112 .3213 .0166 .0516 60.341 19.390 12.946 251.025 33
34 3.221 .3105 .0158 .0508 63.453 19.701 13.262 261.271 34
35 3.334 .3000 .0150 .0500 66.674 20.001 13.573 271.470 35

40 3.959 .2526 .0118 .0468 84.550 21.355 15.055 321.490 40
45 4.702 .2127 .00945 .0445 105.781 22.495 16.417 369.307 45
50 5.585 .1791 .00763 .0426 130.998 23.456 17.666 414.369 50
55 6.633 .1508 .00621 .0412 160.946 24.264 18.808 456.352 55
60 7.878 .1269 .00509 .0401 196.516 24.945 19.848 495.104 60

65 9.357 .1069 .00419 .0392 238.762 25.518 20.793 530.598 65
70 11.113 .0900 .00346 .0385 288.937 26.000 21.650 562.895 70
75 13.199 .0758 .00287 .0379 348.529 26.407 22.423 592.121 75
80 15.676 .0638 .00238 .0374 419.305 26.749 23.120 618.438 80
85 18.618 .0537 .00199 .0370 503.365 27.037 23.747 642.036 85

90 22.112 .0452 .00166 .0367 603.202 27.279 24.308 663.118 90
95 26.262 .0381 .00139 .0364 721.778 27.483 24.811 681.890 95
100 31.191 .0321 .00116 .0362 862.608 27.655 25.259 698.554 100
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4% Compound Interest Factors 4%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.040 .9615 1.0000 1.0400 1.000 0.962 0 0 1
2 1.082 .9246 .4902 .5302 2.040 1.886 0.490 0.925 2
3 1.125 .8890 .3203 .3603 3.122 2.775 0.974 2.702 3
4 1.170 .8548 .2355 .2755 4.246 3.630 1.451 5.267 4
5 1.217 .8219 .1846 .2246 5.416 4.452 1.922 8.555 5

6 1.265 .7903 .1508 .1908 6.633 5.242 2.386 12.506 6
7 1.316 .7599 .1266 .1666 7.898 6.002 2.843 17.066 7
8 1.369 .7307 .1085 .1485 9.214 6.733 3.294 22.180 8
9 1.423 .7026 .0945 .1345 10.583 7.435 3.739 27.801 9
10 1.480 .6756 .0833 .1233 12.006 8.111 4.177 33.881 10

11 1.539 .6496 .0741 .1141 13.486 8.760 4.609 40.377 11
12 1.601 .6246 .0666 .1066 15.026 9.385 5.034 47.248 12
13 1.665 .6006 .0601 .1001 16.627 9.986 5.453 54.454 13
14 1.732 .5775 .0547 .0947 18.292 10.563 5.866 61.962 14
15 1.801 .5553 .0499 .0899 20.024 11.118 6.272 69.735 15

16 1.873 .5339 .0458 .0858 21.825 11.652 6.672 77.744 16
17 1.948 .5134 .0422 .0822 23.697 12.166 7.066 85.958 17
18 2.026 .4936 .0390 .0790 25.645 12.659 7.453 94.350 18
19 2.107 .4746 .0361 .0761 27.671 13.134 7.834 102.893 19
20 2.191 .4564 .0336 .0736 29.778 13.590 8.209 111.564 20

21 2.279 .4388 .0313 .0713 31.969 14.029 8.578 120.341 21
22 2.370 .4220 .0292 .0692 34.248 14.451 8.941 129.202 22
23 2.465 .4057 .0273 .0673 36.618 14.857 9.297 138.128 23
24 2.563 .3901 .0256 .0656 39.083 15.247 9.648 147.101 24
25 2.666 .3751 .0240 .0640 41.646 15.622 9.993 156.104 25

26 2.772 .3607 .0226 .0626 44.312 15.983 10.331 165.121 26
27 2.883 .3468 .0212 .0612 47.084 16.330 10.664 174.138 27
28 2.999 .3335 .0200 .0600 49.968 16.663 10.991 183.142 28
29 3.119 .3207 .0189 .0589 52.966 16.984 11.312 192.120 29
30 3.243 .3083 .0178 .0578 56.085 17.292 11.627 201.062 30

31 3.373 .2965 .0169 .0569 59.328 17.588 11.937 209.955 31
32 3.508 .2851 .0159 .0559 62.701 17.874 12.241 218.792 32
33 3.648 .2741 .0151 .0551 66.209 18.148 12.540 227.563 33
34 3.794 .2636 .0143 .0543 69.858 18.411 12.832 236.260 34
35 3.946 .2534 .0136 .0536 73.652 18.665 13.120 244.876 35

40 4.801 .2083 .0105 .0505 95.025 19.793 14.476 286.530 40
45 5.841 .1712 .00826 .0483 121.029 20.720 15.705 325.402 45
50 7.107 .1407 .00655 .0466 152.667 21.482 16.812 361.163 50
55 8.646 .1157 .00523 .0452 191.159 22.109 17.807 393.689 55
60 10.520 .0951 .00420 .0442 237.990 22.623 18.697 422.996 60

65 12.799 .0781 .00339 .0434 294.968 23.047 19.491 449.201 65
70 15.572 .0642 .00275 .0427 364.290 23.395 20.196 472.479 70
75 18.945 .0528 .00223 .0422 448.630 23.680 20.821 493.041 75
80 23.050 .0434 .00181 .0418 551.244 23.915 21.372 511.116 80
85 28.044 .0357 .00148 .0415 676.089 24.109 21.857 526.938 85

90 34.119 .0293 .00121 .0412 827.981 24.267 22.283 540.737 90
95 41.511 .0241 .00099 .0410 1 012.8 24.398 22.655 552.730 95

100 50.505 .0198 .00081 .0408 1 237.6 24.505 22.980 563.125 100
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41/2% Compound Interest Factors 41/2%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient
Amount Worth Fund Recovery Amount Worth Uniform Present

Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG
n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.045 .9569 1.0000 1.0450 1.000 0.957 0 0 1
2 1.092 .9157 .4890 .5340 2.045 1.873 0.489 0.916 2
3 1.141 .8763 .3188 .3638 3.137 2.749 0.971 2.668 3
4 1.193 .8386 .2337 .2787 4.278 3.588 1.445 5.184 4
5 1.246 .8025 .1828 .2278 5.471 4.390 1.912 8.394 5

6 1.302 .7679 .1489 .1939 6.717 5.158 2.372 12.233 6
7 1.361 .7348 .1247 .1697 8.019 5.893 2.824 16.642 7
8 1.422 .7032 .1066 .1516 9.380 6.596 3.269 21.564 8
9 1.486 .6729 .0926 .1376 10.802 7.269 3.707 26.948 9

10 1.553 .6439 .0814 .1264 12.288 7.913 4.138 32.743 10

11 1.623 .6162 .0722 .1172 13.841 8.529 4.562 38.905 11
12 1.696 .5897 .0647 .1097 15.464 9.119 4.978 45.391 12
13 1.772 .5643 .0583 .1033 17.160 9.683 5.387 52.163 13
14 1.852 .5400 .0528 .0978 18.932 10.223 5.789 59.182 14
15 1.935 .5167 .0481 .0931 20.784 10.740 6.184 66.416 15

16 2.022 .4945 .0440 .0890 22.719 11.234 6.572 73.833 16
17 2.113 .4732 .0404 .0854 24.742 11.707 6.953 81.404 17
18 2.208 .4528 .0372 .0822 26.855 12.160 7.327 89.102 18
19 2.308 .4333 .0344 .0794 29.064 12.593 7.695 96.901 19
20 2.412 .4146 .0319 .0769 31.371 13.008 8.055 104.779 20

21 2.520 .3968 .0296 .0746 33.783 13.405 8.409 112.715 21
22 2.634 .3797 .0275 .0725 36.303 13.784 8.755 120.689 22
23 2.752 .3634 .0257 .0707 38.937 14.148 9.096 128.682 23
24 2.876 .3477 .0240 .0690 41.689 14.495 9.429 136.680 24
25 3.005 .3327 .0224 .0674 44.565 14.828 9.756 144.665 25

26 3.141 .3184 .0210 .0660 47.571 15.147 10.077 152.625 26
27 3.282 .3047 .0197 .0647 50.711 15.451 10.391 160.547 27
28 3.430 .2916 .0185 .0635 53.993 15.743 10.698 168.420 28
29 3.584 .2790 .0174 .0624 57.423 16.022 10.999 176.232 29
30 3.745 .2670 .0164 .0614 61.007 16.289 11.295 183.975 30

31 3.914 .2555 .0154 .0604 64.752 16.544 11.583 191.640 31
32 4.090 .2445 .0146 .0596 68.666 16.789 11.866 199.220 32
33 4.274 .2340 .0137 .0587 72.756 17.023 12.143 206.707 33
34 4.466 .2239 .0130 .0580 77.030 17.247 12.414 214.095 34
35 4.667 .2143 .0123 .0573 81.497 17.461 12.679 221.380 35

40 5.816 .1719 .00934 .0543 107.030 18.402 13.917 256.098 40
45 7.248 .1380 .00720 .0522 138.850 19.156 15.020 287.732 45
50 9.033 .1107 .00560 .0506 178.503 19.762 15.998 316.145 50
55 11.256 .0888 .00439 .0494 227.918 20.248 16.860 341.375 55
60 14.027 .0713 .00345 .0485 289.497 20.638 17.617 363.571 60

65 17.481 .0572 .00273 .0477 366.237 20.951 18.278 382.946 65
70 21.784 .0459 .00217 .0472 461.869 21.202 18.854 399.750 70
75 27.147 .0368 .00172 .0467 581.043 21.404 19.354 414.242 75
80 33.830 .0296 .00137 .0464 729.556 21.565 19.785 426.680 80
85 42.158 .0237 .00109 .0461 914.630 21.695 20.157 437.309 85

90 52.537 .0190 .00087 .0459 1 145.3 21.799 20.476 446.359 90
95 65.471 .0153 .00070 .0457 1 432.7 21.883 20.749 454.039 95
100 81.588 .0123 .00056 .0456 1 790.9 21.950 20.981 460.537 100
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5% Compound Interest Factors 5%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.050 .9524 1.0000 1.0500 1.000 0.952 0 0 1
2 1.102 .9070 .4878 .5378 2.050 1.859 0.488 0.907 2
3 1.158 .8638 .3172 .3672 3.152 2.723 0.967 2.635 3
4 1.216 .8227 .2320 .2820 4.310 3.546 1.439 5.103 4
5 1.276 .7835 .1810 .2310 5.526 4.329 1.902 8.237 5

6 1.340 .7462 .1470 .1970 6.802 5.076 2.358 11.968 6
7 1.407 .7107 .1228 .1728 8.142 5.786 2.805 16.232 7
8 1.477 .6768 .1047 .1547 9.549 6.463 3.244 20.970 8
9 1.551 .6446 .0907 .1407 11.027 7.108 3.676 26.127 9
10 1.629 .6139 .0795 .1295 12.578 7.722 4.099 31.652 10

11 1.710 .5847 .0704 .1204 14.207 8.306 4.514 37.499 11
12 1.796 .5568 .0628 .1128 15.917 8.863 4.922 43.624 12
13 1.886 .5303 .0565 .1065 17.713 9.394 5.321 49.988 13
14 1.980 .5051 .0510 .1010 19.599 9.899 5.713 56.553 14
15 2.079 .4810 .0463 .0963 21.579 10.380 6.097 63.288 15

16 2.183 .4581 .0423 .0923 23.657 10.838 6.474 70.159 16
17 2.292 .4363 .0387 .0887 25.840 11.274 6.842 77.140 17
18 2.407 .4155 .0355 .0855 28.132 11.690 7.203 84.204 18
19 2.527 .3957 .0327 .0827 30.539 12.085 7.557 91.327 19
20 2.653 .3769 .0302 .0802 33.066 12.462 7.903 98.488 20

21 2.786 .3589 .0280 .0780 35.719 12.821 8.242 105.667 21
22 2.925 .3419 .0260 .0760 38.505 13.163 8.573 112.846 22
23 3.072 .3256 .0241 .0741 41.430 13.489 8.897 120.008 23
24 3.225 .3101 .0225 .0725 44.502 13.799 9.214 127.140 24
25 3.386 .2953 .0210 .0710 47.727 14.094 9.524 134.227 25

26 3.556 .2812 .0196 .0696 51.113 14.375 9.827 141.258 26
27 3.733 .2678 .0183 .0683 54.669 14.643 10.122 148.222 27
28 3.920 .2551 .0171 .0671 58.402 14.898 10.411 155.110 28
29 4.116 .2429 .0160 .0660 62.323 15.141 10.694 161.912 29
30 4.322 .2314 .0151 .0651 66.439 15.372 10.969 168.622 30

31 4.538 .2204 .0141 .0641 70.761 15.593 11.238 175.233 31
32 4.765 .2099 .0133 .0633 75.299 15.803 11.501 181.739 32
33 5.003 .1999 .0125 .0625 80.063 16.003 11.757 188.135 33
34 5.253 .1904 .0118 .0618 85.067 16.193 12.006 194.416 34
35 5.516 .1813 .0111 .0611 90.320 16.374 12.250 200.580 35

40 7.040 .1420 .00828 .0583 120.799 17.159 13.377 229.545 40
45 8.985 .1113 .00626 .0563 159.699 17.774 14.364 255.314 45
50 11.467 .0872 .00478 .0548 209.347 18.256 15.223 277.914 50
55 14.636 .0683 .00367 .0537 272.711 18.633 15.966 297.510 55
60 18.679 .0535 .00283 .0528 353.582 18.929 16.606 314.343 60

65 23.840 .0419 .00219 .0522 456.795 19.161 17.154 328.691 65
70 30.426 .0329 .00170 .0517 588.525 19.343 17.621 340.841 70
75 38.832 .0258 .00132 .0513 756.649 19.485 18.018 351.072 75
80 49.561 .0202 .00103 .0510 971.222 19.596 18.353 359.646 80
85 63.254 .0158 .00080 .0508 1 245.1 19.684 18.635 366.800 85

90 80.730 .0124 .00063 .0506 1 594.6 19.752 18.871 372.749 90
95 103.034 .00971 .00049 .0505 2 040.7 19.806 19.069 377.677 95

100 131.500 .00760 .00038 .0504 2 610.0 19.848 19.234 381.749 100
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6% Compound Interest Factors 6%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG Given G

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.060 .9434 1.0000 1.0600 1.000 0.943 0 0 1
2 1.124 .8900 .4854 .5454 2.060 1.833 0.485 0.890 2
3 1.191 .8396 .3141 .3741 3.184 2.673 0.961 2.569 3
4 1.262 .7921 .2286 .2886 4.375 3.465 1.427 4.945 4
5 1.338 .7473 .1774 .2374 5.637 4.212 1.884 7.934 5

6 1.419 .7050 .1434 .2034 6.975 4.917 2.330 11.459 6
7 1.504 .6651 .1191 .1791 8.394 5.582 2.768 15.450 7
8 1.594 .6274 .1010 .1610 9.897 6.210 3.195 19.841 8
9 1.689 .5919 .0870 .1470 11.491 6.802 3.613 24.577 9

10 1.791 .5584 .0759 .1359 13.181 7.360 4.022 29.602 10

11 1.898 .5268 .0668 .1268 14.972 7.887 4.421 34.870 11
12 2.012 .4970 .0593 .1193 16.870 8.384 4.811 40.337 12
13 2.133 .4688 .0530 .1130 18.882 8.853 5.192 45.963 13
14 2.261 .4423 .0476 .1076 21.015 9.295 5.564 51.713 14
15 2.397 .4173 .0430 .1030 23.276 9.712 5.926 57.554 15

16 2.540 .3936 .0390 .0990 25.672 10.106 6.279 63.459 16
17 2.693 .3714 .0354 .0954 28.213 10.477 6.624 69.401 17
18 2.854 .3503 .0324 .0924 30.906 10.828 6.960 75.357 18
19 3.026 .3305 .0296 .0896 33.760 11.158 7.287 81.306 19
20 3.207 .3118 .0272 .0872 36.786 11.470 7.605 87.230 20

21 3.400 .2942 .0250 .0850 39.993 11.764 7.915 93.113 21
22 3.604 .2775 .0230 .0830 43.392 12.042 8.217 98.941 22
23 3.820 .2618 .0213 .0813 46.996 12.303 8.510 104.700 23
24 4.049 .2470 .0197 .0797 50.815 12.550 8.795 110.381 24
25 4.292 .2330 .0182 .0782 54.864 12.783 9.072 115.973 25

26 4.549 .2198 .0169 .0769 59.156 13.003 9.341 121.468 26
27 4.822 .2074 .0157 .0757 63.706 13.211 9.603 126.860 27
28 5.112 .1956 .0146 .0746 68.528 13.406 9.857 132.142 28
29 5.418 .1846 .0136 .0736 73.640 13.591 10.103 137.309 29
30 5.743 .1741 .0126 .0726 79.058 13.765 10.342 142.359 30

31 6.088 .1643 .0118 .0718 84.801 13.929 10.574 147.286 31
32 6.453 .1550 .0110 .0710 90.890 14.084 10.799 152.090 32
33 6.841 .1462 .0103 .0703 97.343 14.230 11.017 156.768 33
34 7.251 .1379 .00960 .0696 104.184 14.368 11.228 161.319 34
35 7.686 .1301 .00897 .0690 111.435 14.498 11.432 165.743 35

40 10.286 .0972 .00646 .0665 154.762 15.046 12.359 185.957 40
45 13.765 .0727 .00470 .0647 212.743 15.456 13.141 203.109 45
50 18.420 .0543 .00344 .0634 290.335 15.762 13.796 217.457 50
55 24.650 .0406 .00254 .0625 394.171 15.991 14.341 229.322 55
60 32.988 .0303 .00188 .0619 533.126 16.161 14.791 239.043 60

65 44.145 .0227 .00139 .0614 719.080 16.289 15.160 246.945 65
70 59.076 .0169 .00103 .0610 967.928 16.385 15.461 253.327 70
75 79.057 .0126 .00077 .0608 1 300.9 16.456 15.706 258.453 75
80 105.796 .00945 .00057 .0606 1 746.6 16.509 15.903 262.549 80
85 141.578 .00706 .00043 .0604 2 343.0 16.549 16.062 265.810 85

90 189.464 .00528 .00032 .0603 3 141.1 16.579 16.189 268.395 90
95 253.545 .00394 .00024 .0602 4 209.1 16.601 16.290 270.437 95
100 339.300 .00295 .00018 .0602 5 638.3 16.618 16.371 272.047 100
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7% Compound Interest Factors 7%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.070 .9346 1.0000 1.0700 1.000 0.935 0 0 1
2 1.145 .8734 .4831 .5531 2.070 1.808 0.483 0.873 2
3 1.225 .8163 .3111 .3811 3.215 2.624 0.955 2.506 3
4 1.311 .7629 .2252 .2952 4.440 3.387 1.416 4.795 4
5 1.403 .7130 .1739 .2439 5.751 4.100 1.865 7.647 5

6 1.501 .6663 .1398 .2098 7.153 4.767 2.303 10.978 6
7 1.606 .6227 .1156 .1856 8.654 5.389 2.730 14.715 7
8 1.718 .5820 .0975 .1675 10.260 5.971 3.147 18.789 8
9 1.838 .5439 .0835 .1535 11.978 6.515 3.552 23.140 9
10 1.967 .5083 .0724 .1424 13.816 7.024 3.946 27.716 10

11 2.105 .4751 .0634 .1334 15.784 7.499 4.330 32.467 11
12 2.252 .4440 .0559 .1259 17.888 7.943 4.703 37.351 12
13 2.410 .4150 .0497 .1197 20.141 8.358 5.065 42.330 13
14 2.579 .3878 .0443 .1143 22.551 8.745 5.417 47.372 14
15 2.759 .3624 .0398 .1098 25.129 9.108 5.758 52.446 15

16 2.952 .3387 .0359 .1059 27.888 9.447 6.090 57.527 16
17 3.159 .3166 .0324 .1024 30.840 9.763 6.411 62.592 17
18 3.380 .2959 .0294 .0994 33.999 10.059 6.722 67.622 18
19 3.617 .2765 .0268 .0968 37.379 10.336 7.024 72.599 19
20 3.870 .2584 .0244 .0944 40.996 10.594 7.316 77.509 20

21 4.141 .2415 .0223 .0923 44.865 10.836 7.599 82.339 21
22 4.430 .2257 .0204 .0904 49.006 11.061 7.872 87.079 22
23 4.741 .2109 .0187 .0887 53.436 11.272 8.137 91.720 23
24 5.072 .1971 .0172 .0872 58.177 11.469 8.392 96.255 24
25 5.427 .1842 .0158 .0858 63.249 11.654 8.639 100.677 25

26 5.807 .1722 .0146 .0846 68.677 11.826 8.877 104.981 26
27 6.214 .1609 .0134 .0834 74.484 11.987 9.107 109.166 27
28 6.649 .1504 .0124 .0824 80.698 12.137 9.329 113.227 28
29 7.114 .1406 .0114 .0814 87.347 12.278 9.543 117.162 29
30 7.612 .1314 .0106 .0806 94.461 12.409 9.749 120.972 30

31 8.145 .1228 .00980 .0798 102.073 12.532 9.947 124.655 31
32 8.715 .1147 .00907 .0791 110.218 12.647 10.138 128.212 32
33 9.325 .1072 .00841 .0784 118.934 12.754 10.322 131.644 33
34 9.978 .1002 .00780 .0778 128.259 12.854 10.499 134.951 34
35 10.677 .0937 .00723 .0772 138.237 12.948 10.669 138.135 35

40 14.974 .0668 .00501 .0750 199.636 13.332 11.423 152.293 40
45 21.002 .0476 .00350 .0735 285.750 13.606 12.036 163.756 45
50 29.457 .0339 .00246 .0725 406.530 13.801 12.529 172.905 50
55 41.315 .0242 .00174 .0717 575.930 13.940 12.921 180.124 55
60 57.947 .0173 .00123 .0712 813.523 14.039 13.232 185.768 60

65 81.273 .0123 .00087 .0709 1 146.8 14.110 13.476 190.145 65
70 113.990 .00877 .00062 .0706 1 614.1 14.160 13.666 193.519 70
75 159.877 .00625 .00044 .0704 2 269.7 14.196 13.814 196.104 75
80 224.235 .00446 .00031 .0703 3 189.1 14.222 13.927 198.075 80
85 314.502 .00318 .00022 .0702 4 478.6 14.240 14.015 199.572 85

90 441.105 .00227 .00016 .0702 6 287.2 14.253 14.081 200.704 90
95 618.673 .00162 .00011 .0701 8 823.9 14.263 14.132 201.558 95

100 867.720 .00115 .00008 .0701 12 381.7 14.269 14.170 202.200 100
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8% Compound Interest Factors 8%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG Given G

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.080 .9259 1.0000 1.0800 1.000 0.926 0 0 1
2 1.166 .8573 .4808 .5608 2.080 1.783 0.481 0.857 2
3 1.260 .7938 .3080 .3880 3.246 2.577 0.949 2.445 3
4 1.360 .7350 .2219 .3019 4.506 3.312 1.404 4.650 4
5 1.469 .6806 .1705 .2505 5.867 3.993 1.846 7.372 5

6 1.587 .6302 .1363 .2163 7.336 4.623 2.276 10.523 6
7 1.714 .5835 .1121 .1921 8.923 5.206 2.694 14.024 7
8 1.851 .5403 .0940 .1740 10.637 5.747 3.099 17.806 8
9 1.999 .5002 .0801 .1601 12.488 6.247 3.491 21.808 9

10 2.159 .4632 .0690 .1490 14.487 6.710 3.871 25.977 10

11 2.332 .4289 .0601 .1401 16.645 7.139 4.240 30.266 11
12 2.518 .3971 .0527 .1327 18.977 7.536 4.596 34.634 12
13 2.720 .3677 .0465 .1265 21.495 7.904 4.940 39.046 13
14 2.937 .3405 .0413 .1213 24.215 8.244 5.273 43.472 14
15 3.172 .3152 .0368 .1168 27.152 8.559 5.594 47.886 15

16 3.426 .2919 .0330 .1130 30.324 8.851 5.905 52.264 16
17 3.700 .2703 .0296 .1096 33.750 9.122 6.204 56.588 17
18 3.996 .2502 .0267 .1067 37.450 9.372 6.492 60.843 18
19 4.316 .2317 .0241 .1041 41.446 9.604 6.770 65.013 19
20 4.661 .2145 .0219 .1019 45.762 9.818 7.037 69.090 20

21 5.034 .1987 .0198 .0998 50.423 10.017 7.294 73.063 21
22 5.437 .1839 .0180 .0980 55.457 10.201 7.541 76.926 22
23 5.871 .1703 .0164 .0964 60.893 10.371 7.779 80.673 23
24 6.341 .1577 .0150 .0950 66.765 10.529 8.007 84.300 24
25 6.848 .1460 .0137 .0937 73.106 10.675 8.225 87.804 25

26 7.396 .1352 .0125 .0925 79.954 10.810 8.435 91.184 26
27 7.988 .1252 .0114 .0914 87.351 10.935 8.636 94.439 27
28 8.627 .1159 .0105 .0905 95.339 11.051 8.829 97.569 28
29 9.317 .1073 .00962 .0896 103.966 11.158 9.013 100.574 29
30 10.063 .0994 .00883 .0888 113.283 11.258 9.190 103.456 30

31 10.868 .0920 .00811 .0881 123.346 11.350 9.358 106.216 31
32 11.737 .0852 .00745 .0875 134.214 11.435 9.520 108.858 32
33 12.676 .0789 .00685 .0869 145.951 11.514 9.674 111.382 33
34 13.690 .0730 .00630 .0863 158.627 11.587 9.821 113.792 34
35 14.785 .0676 .00580 .0858 172.317 11.655 9.961 116.092 35

40 21.725 .0460 .00386 .0839 259.057 11.925 10.570 126.042 40
45 31.920 .0313 .00259 .0826 386.506 12.108 11.045 133.733 45
50 46.902 .0213 .00174 .0817 573.771 12.233 11.411 139.593 50
55 68.914 .0145 .00118 .0812 848.925 12.319 11.690 144.006 55
60 101.257 .00988 .00080 .0808 1 253.2 12.377 11.902 147.300 60

65 148.780 .00672 .00054 .0805 1 847.3 12.416 12.060 149.739 65
70 218.607 .00457 .00037 .0804 2 720.1 12.443 12.178 151.533 70
75 321.205 .00311 .00025 .0802 4 002.6 12.461 12.266 152.845 75
80 471.956 .00212 .00017 .0802 5 887.0 12.474 12.330 153.800 80
85 693.458 .00144 .00012 .0801 8 655.7 12.482 12.377 154.492 85

90 1 018.9 .00098 .00008 .0801 12 724.0 12.488 12.412 154.993 90
95 1 497.1 .00067 .00005 .0801 18 701.6 12.492 12.437 155.352 95
100 2 199.8 .00045 .00004 .0800 27 484.6 12.494 12.455 155.611 100
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9% Compound Interest Factors 9%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.090 .9174 1.0000 1.0900 1.000 0.917 0 0 1
2 1.188 .8417 .4785 .5685 2.090 1.759 0.478 0.842 2
3 1.295 .7722 .3051 .3951 3.278 2.531 0.943 2.386 3
4 1.412 .7084 .2187 .3087 4.573 3.240 1.393 4.511 4
5 1.539 .6499 .1671 .2571 5.985 3.890 1.828 7.111 5

6 1.677 .5963 .1329 .2229 7.523 4.486 2.250 10.092 6
7 1.828 .5470 .1087 .1987 9.200 5.033 2.657 13.375 7
8 1.993 .5019 .0907 .1807 11.028 5.535 3.051 16.888 8
9 2.172 .4604 .0768 .1668 13.021 5.995 3.431 20.571 9
10 2.367 .4224 .0658 .1558 15.193 6.418 3.798 24.373 10

11 2.580 .3875 .0569 .1469 17.560 6.805 4.151 28.248 11
12 2.813 .3555 .0497 .1397 20.141 7.161 4.491 32.159 12
13 3.066 .3262 .0436 .1336 22.953 7.487 4.818 36.073 13
14 3.342 .2992 .0384 .1284 26.019 7.786 5.133 39.963 14
15 3.642 .2745 .0341 .1241 29.361 8.061 5.435 43.807 15

16 3.970 .2519 .0303 .1203 33.003 8.313 5.724 47.585 16
17 4.328 .2311 .0270 .1170 36.974 8.544 6.002 51.282 17
18 4.717 .2120 .0242 .1142 41.301 8.756 6.269 54.886 18
19 5.142 .1945 .0217 .1117 46.019 8.950 6.524 58.387 19
20 5.604 .1784 .0195 .1095 51.160 9.129 6.767 61.777 20

21 6.109 .1637 .0176 .1076 56.765 9.292 7.001 65.051 21
22 6.659 .1502 .0159 .1059 62.873 9.442 7.223 68.205 22
23 7.258 .1378 .0144 .1044 69.532 9.580 7.436 71.236 23
24 7.911 .1264 .0130 .1030 76.790 9.707 7.638 74.143 24
25 8.623 .1160 .0118 .1018 84.701 9.823 7.832 76.927 25

26 9.399 .1064 .0107 .1007 93.324 9.929 8.016 79.586 26
27 10.245 .0976 .00973 .0997 102.723 10.027 8.191 82.124 27
28 11.167 .0895 .00885 .0989 112.968 10.116 8.357 84.542 28
29 12.172 .0822 .00806 .0981 124.136 10.198 8.515 86.842 29
30 13.268 .0754 .00734 .0973 136.308 10.274 8.666 89.028 30

31 14.462 .0691 .00669 .0967 149.575 10.343 8.808 91.102 31
32 15.763 .0634 .00610 .0961 164.037 10.406 8.944 93.069 32
33 17.182 .0582 .00556 .0956 179.801 10.464 9.072 94.931 33
34 18.728 .0534 .00508 .0951 196.983 10.518 9.193 96.693 34
35 20.414 .0490 .00464 .0946 215.711 10.567 9.308 98.359 35

40 31.409 .0318 .00296 .0930 337.883 10.757 9.796 105.376 40
45 48.327 .0207 .00190 .0919 525.860 10.881 10.160 110.556 45
50 74.358 .0134 .00123 .0912 815.085 10.962 10.430 114.325 50
55 114.409 .00874 .00079 .0908 1 260.1 11.014 10.626 117.036 55
60 176.032 .00568 .00051 .0905 1 944.8 11.048 10.768 118.968 60

65 270.847 .00369 .00033 .0903 2 998.3 11.070 10.870 120.334 65
70 416.731 .00240 .00022 .0902 4 619.2 11.084 10.943 121.294 70
75 641.193 .00156 .00014 .0901 7 113.3 11.094 10.994 121.965 75
80 986.555 .00101 .00009 .0901 10 950.6 11.100 11.030 122.431 80
85 1 517.9 .00066 .00006 .0901 16 854.9 11.104 11.055 122.753 85

90 2 335.5 .00043 .00004 .0900 25 939.3 11.106 11.073 122.976 90
95 3 593.5 .00028 .00003 .0900 39 916.8 11.108 11.085 123.129 95

100 5 529.1 .00018 .00002 .0900 61 422.9 11.109 11.093 123.233 100
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10% Compound Interest Factors 10%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.100 .9091 1.0000 1.1000 1.000 0.909 0 0 1
2 1.210 .8264 .4762 .5762 2.100 1.736 0.476 0.826 2
3 1.331 .7513 .3021 .4021 3.310 2.487 0.937 2.329 3
4 1.464 .6830 .2155 .3155 4.641 3.170 1.381 4.378 4
5 1.611 .6209 .1638 .2638 6.105 3.791 1.810 6.862 5

6 1.772 .5645 .1296 .2296 7.716 4.355 2.224 9.684 6
7 1.949 .5132 .1054 .2054 9.487 4.868 2.622 12.763 7
8 2.144 .4665 .0874 .1874 11.436 5.335 3.004 16.029 8
9 2.358 .4241 .0736 .1736 13.579 5.759 3.372 19.421 9
10 2.594 .3855 .0627 .1627 15.937 6.145 3.725 22.891 10

11 2.853 .3505 .0540 .1540 18.531 6.495 4.064 26.396 11
12 3.138 .3186 .0468 .1468 21.384 6.814 4.388 29.901 12
13 3.452 .2897 .0408 .1408 24.523 7.103 4.699 33.377 13
14 3.797 .2633 .0357 .1357 27.975 7.367 4.996 36.801 14
15 4.177 .2394 .0315 .1315 31.772 7.606 5.279 40.152 15

16 4.595 .2176 .0278 .1278 35.950 7.824 5.549 43.416 16
17 5.054 .1978 .0247 .1247 40.545 8.022 5.807 46.582 17
18 5.560 .1799 .0219 .1219 45.599 8.201 6.053 49.640 18
19 6.116 .1635 .0195 .1195 51.159 8.365 6.286 52.583 19
20 6.728 .1486 .0175 .1175 57.275 8.514 6.508 55.407 20

21 7.400 .1351 .0156 .1156 64.003 8.649 6.719 58.110 21
22 8.140 .1228 .0140 .1140 71.403 8.772 6.919 60.689 22
23 8.954 .1117 .0126 .1126 79.543 8.883 7.108 63.146 23
24 9.850 .1015 .0113 .1113 88.497 8.985 7.288 65.481 24
25 10.835 .0923 .0102 .1102 98.347 9.077 7.458 67.696 25

26 11.918 .0839 .00916 .1092 109.182 9.161 7.619 69.794 26
27 13.110 .0763 .00826 .1083 121.100 9.237 7.770 71.777 27
28 14.421 .0693 .00745 .1075 134.210 9.307 7.914 73.650 28
29 15.863 .0630 .00673 .1067 148.631 9.370 8.049 75.415 29
30 17.449 .0573 .00608 .1061 164.494 9.427 8.176 77.077 30

31 19.194 .0521 .00550 .1055 181.944 9.479 8.296 78.640 31
32 21.114 .0474 .00497 .1050 201.138 9.526 8.409 80.108 32
33 23.225 .0431 .00450 .1045 222.252 9.569 8.515 81.486 33
34 25.548 .0391 .00407 .1041 245.477 9.609 8.615 82.777 34
35 28.102 .0356 .00369 .1037 271.025 9.644 8.709 83.987 35

40 45.259 .0221 .00226 .1023 442.593 9.779 9.096 88.953 40
45 72.891 .0137 .00139 .1014 718.905 9.863 9.374 92.454 45
50 117.391 .00852 .00086 .1009 1 163.9 9.915 9.570 94.889 50
55 189.059 .00529 .00053 .1005 1 880.6 9.947 9.708 96.562 55
60 304.482 .00328 .00033 .1003 3 034.8 9.967 9.802 97.701 60

65 490.371 .00204 .00020 .1002 4 893.7 9.980 9.867 98.471 65
70 789.748 .00127 .00013 .1001 7 887.5 9.987 9.911 98.987 70
75 1 271.9 .00079 .00008 .1001 12 709.0 9.992 9.941 99.332 75
80 2 048.4 .00049 .00005 .1000 20 474.0 9.995 9.961 99.561 80
85 3 299.0 .00030 .00003 .1000 32 979.7 9.997 9.974 99.712 85

90 5 313.0 .00019 .00002 .1000 53 120.3 9.998 9.983 99.812 90
95 8 556.7 .00012 .00001 .1000 85 556.9 9.999 9.989 99.877 95
100 13780.6 .00007 .00001 .1000 137 796.3 9.999 9.993 99.920 100
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12% Compound Interest Factors 12%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.120 .8929 1.0000 1.1200 1.000 0.893 0 0 1
2 1.254 .7972 .4717 .5917 2.120 1.690 0.472 0.797 2
3 1.405 .7118 .2963 .4163 3.374 2.402 0.925 2.221 3
4 1.574 .6355 .2092 .3292 4.779 3.037 1.359 4.127 4
5 1.762 .5674 .1574 .2774 6.353 3.605 1.775 6.397 5

6 1.974 .5066 .1232 .2432 8.115 4.111 2.172 8.930 6
7 2.211 .4523 .0991 .2191 10.089 4.564 2.551 11.644 7
8 2.476 .4039 .0813 .2013 12.300 4.968 2.913 14.471 8
9 2.773 .3606 .0677 .1877 14.776 5.328 3.257 17.356 9

10 3.106 .3220 .0570 .1770 17.549 5.650 3.585 20.254 10

11 3.479 .2875 .0484 .1684 20.655 5.938 3.895 23.129 11
12 3.896 .2567 .0414 .1614 24.133 6.194 4.190 25.952 12
13 4.363 .2292 .0357 .1557 28.029 6.424 4.468 28.702 13
14 4.887 .2046 .0309 .1509 32.393 6.628 4.732 31.362 14
15 5.474 .1827 .0268 .1468 37.280 6.811 4.980 33.920 15

16 6.130 .1631 .0234 .1434 42.753 6.974 5.215 36.367 16
17 6.866 .1456 .0205 .1405 48.884 7.120 5.435 38.697 17
18 7.690 .1300 .0179 .1379 55.750 7.250 5.643 40.908 18
19 8.613 .1161 .0158 .1358 63.440 7.366 5.838 42.998 19
20 9.646 .1037 .0139 .1339 72.052 7.469 6.020 44.968 20

21 10.804 .0926 .0122 .1322 81.699 7.562 6.191 46.819 21
22 12.100 .0826 .0108 .1308 92.503 7.645 6.351 48.554 22
23 13.552 .0738 .00956 .1296 104.603 7.718 6.501 50.178 23
24 15.179 .0659 .00846 .1285 118.155 7.784 6.641 51.693 24
25 17.000 .0588 .00750 .1275 133.334 7.843 6.771 53.105 25

26 19.040 .0525 .00665 .1267 150.334 7.896 6.892 54.418 26
27 21.325 .0469 .00590 .1259 169.374 7.943 7.005 55.637 27
28 23.884 .0419 .00524 .1252 190.699 7.984 7.110 56.767 28
29 26.750 .0374 .00466 .1247 214.583 8.022 7.207 57.814 29
30 29.960 .0334 .00414 .1241 241.333 8.055 7.297 58.782 30

31 33.555 .0298 .00369 .1237 271.293 8.085 7.381 59.676 31
32 37.582 .0266 .00328 .1233 304.848 8.112 7.459 60.501 32
33 42.092 .0238 .00292 .1229 342.429 8.135 7.530 61.261 33
34 47.143 .0212 .00260 .1226 384.521 8.157 7.596 61.961 34
35 52.800 .0189 .00232 .1223 431.663 8.176 7.658 62.605 35

40 93.051 .0107 .00130 .1213 767.091 8.244 7.899 65.116 40
45 163.988 .00610 .00074 .1207 1 358.2 8.283 8.057 66.734 45
50 289.002 .00346 .00042 .1204 2 400.0 8.304 8.160 67.762 50
55 509.321 .00196 .00024 .1202 4 236.0 8.317 8.225 68.408 55
60 897.597 .00111 .00013 .1201 7 471.6 8.324 8.266 68.810 60

65 1 581.9 .00063 .00008 .1201 13 173.9 8.328 8.292 69.058 65
70 2 787.8 .00036 .00004 .1200 23 223.3 8.330 8.308 69.210 70
75 4 913.1 .00020 .00002 .1200 40 933.8 8.332 8.318 69.303 75
80 8 658.5 .00012 .00001 .1200 72 145.7 8.332 8.324 69.359 80
85 15 259.2 .00007 .00001 .1200 127151.7 8.333 8.328 69.393 85

90 26 891.9 .00004 .1200 224091.1 8.333 8.330 69.414 90
95 47 392.8 .00002 .1200 394931.4 8.333 8.331 69.426 95
100 83 522.3 .00001 .1200 696010.5 8.333 8.332 69.434 100
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15% Compound Interest Factors 15%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.150 .8696 1.0000 1.1500 1.000 0.870 0 0 1
2 1.322 .7561 .4651 .6151 2.150 1.626 0.465 0.756 2
3 1.521 .6575 .2880 .4380 3.472 2.283 0.907 2.071 3
4 1.749 .5718 .2003 .3503 4.993 2.855 1.326 3.786 4
5 2.011 .4972 .1483 .2983 6.742 3.352 1.723 5.775 5

6 2.313 .4323 .1142 .2642 8.754 3.784 2.097 7.937 6
7 2.660 .3759 .0904 .2404 11.067 4.160 2.450 10.192 7
8 3.059 .3269 .0729 .2229 13.727 4.487 2.781 12.481 8
9 3.518 .2843 .0596 .2096 16.786 4.772 3.092 14.755 9
10 4.046 .2472 .0493 .1993 20.304 5.019 3.383 16.979 10

11 4.652 .2149 .0411 .1911 24.349 5.234 3.655 19.129 11
12 5.350 .1869 .0345 .1845 29.002 5.421 3.908 21.185 12
13 6.153 .1625 .0291 .1791 34.352 5.583 4.144 23.135 13
14 7.076 .1413 .0247 .1747 40.505 5.724 4.362 24.972 14
15 8.137 .1229 .0210 .1710 47.580 5.847 4.565 26.693 15

16 9.358 .1069 .0179 .1679 55.717 5.954 4.752 28.296 16
17 10.761 .0929 .0154 .1654 65.075 6.047 4.925 29.783 17
18 12.375 .0808 .0132 .1632 75.836 6.128 5.084 31.156 18
19 14.232 .0703 .0113 .1613 88.212 6.198 5.231 32.421 19
20 16.367 .0611 .00976 .1598 102.444 6.259 5.365 33.582 20

21 18.822 .0531 .00842 .1584 118.810 6.312 5.488 34.645 21
22 21.645 .0462 .00727 .1573 137.632 6.359 5.601 35.615 22
23 24.891 .0402 .00628 .1563 159.276 6.399 5.704 36.499 23
24 28.625 .0349 .00543 .1554 184.168 6.434 5.798 37.302 24
25 32.919 .0304 .00470 .1547 212.793 6.464 5.883 38.031 25

26 37.857 .0264 .00407 .1541 245.712 6.491 5.961 38.692 26
27 43.535 .0230 .00353 .1535 283.569 6.514 6.032 39.289 27
28 50.066 .0200 .00306 .1531 327.104 6.534 6.096 39.828 28
29 57.575 .0174 .00265 .1527 377.170 6.551 6.154 40.315 29
30 66.212 .0151 .00230 .1523 434.745 6.566 6.207 40.753 30

31 76.144 .0131 .00200 .1520 500.957 6.579 6.254 41.147 31
32 87.565 .0114 .00173 .1517 577.100 6.591 6.297 41.501 32
33 100.700 .00993 .00150 .1515 664.666 6.600 6.336 41.818 33
34 115.805 .00864 .00131 .1513 765.365 6.609 6.371 42.103 34
35 133.176 .00751 .00113 .1511 881.170 6.617 6.402 42.359 35

40 267.864 .00373 .00056 .1506 1 779.1 6.642 6.517 43.283 40
45 538.769 .00186 .00028 .1503 3 585.1 6.654 6.583 43.805 45
50 1 083.7 .00092 .00014 .1501 7 217.7 6.661 6.620 44.096 50
55 2 179.6 .00046 .00007 .1501 14 524.1 6.664 6.641 44.256 55
60 4 384.0 .00023 .00003 .1500 29 220.0 6.665 6.653 44.343 60

65 8 817.8 .00011 .00002 .1500 58 778.6 6.666 6.659 44.390 65
70 17735.7 .00006 .00001 .1500 118 231.5 6.666 6.663 44.416 70
75 35672.9 .00003 .1500 237 812.5 6.666 6.665 44.429 75
80 71750.9 .00001 .1500 478 332.6 6.667 6.666 44.436 80
85 144316.7 .00001 .1500 962 104.4 6.667 6.666 44.440 85
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18% Compound Interest Factors 18%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.180 .8475 1.0000 1.1800 1.000 0.847 0 0 1
2 1.392 .7182 .4587 .6387 2.180 1.566 0.459 0.718 2
3 1.643 .6086 .2799 .4599 3.572 2.174 0.890 1.935 3
4 1.939 .5158 .1917 .3717 5.215 2.690 1.295 3.483 4
5 2.288 .4371 .1398 .3198 7.154 3.127 1.673 5.231 5

6 2.700 .3704 .1059 .2859 9.442 3.498 2.025 7.083 6
7 3.185 .3139 .0824 .2624 12.142 3.812 2.353 8.967 7
8 3.759 .2660 .0652 .2452 15.327 4.078 2.656 10.829 8
9 4.435 .2255 .0524 .2324 19.086 4.303 2.936 12.633 9

10 5.234 .1911 .0425 .2225 23.521 4.494 3.194 14.352 10

11 6.176 .1619 .0348 .2148 28.755 4.656 3.430 15.972 11
12 7.288 .1372 .0286 .2086 34.931 4.793 3.647 17.481 12
13 8.599 .1163 .0237 .2037 42.219 4.910 3.845 18.877 13
14 10.147 .0985 .0197 .1997 50.818 5.008 4.025 20.158 14
15 11.974 .0835 .0164 .1964 60.965 5.092 4.189 21.327 15

16 14.129 .0708 .0137 .1937 72.939 5.162 4.337 22.389 16
17 16.672 .0600 .0115 .1915 87.068 5.222 4.471 23.348 17
18 19.673 .0508 .00964 .1896 103.740 5.273 4.592 24.212 18
19 23.214 .0431 .00810 .1881 123.413 5.316 4.700 24.988 19
20 27.393 .0365 .00682 .1868 146.628 5.353 4.798 25.681 20

21 32.324 .0309 .00575 .1857 174.021 5.384 4.885 26.300 21
22 38.142 .0262 .00485 .1848 206.345 5.410 4.963 26.851 22
23 45.008 .0222 .00409 .1841 244.487 5.432 5.033 27.339 23
24 53.109 .0188 .00345 .1835 289.494 5.451 5.095 27.772 24
25 62.669 .0160 .00292 .1829 342.603 5.467 5.150 28.155 25

26 73.949 .0135 .00247 .1825 405.272 5.480 5.199 28.494 26
27 87.260 .0115 .00209 .1821 479.221 5.492 5.243 28.791 27
28 102.966 .00971 .00177 .1818 566.480 5.502 5.281 29.054 28
29 121.500 .00823 .00149 .1815 669.447 5.510 5.315 29.284 29
30 143.370 .00697 .00126 .1813 790.947 5.517 5.345 29.486 30

31 169.177 .00591 .00107 .1811 934.317 5.523 5.371 29.664 31
32 199.629 .00501 .00091 .1809 1 103.5 5.528 5.394 29.819 32
33 235.562 .00425 .00077 .1808 1 303.1 5.532 5.415 29.955 33
34 277.963 .00360 .00065 .1806 1 538.7 5.536 5.433 30.074 34
35 327.997 .00305 .00055 .1806 1 816.6 5.539 5.449 30.177 35

40 750.377 .00133 .00024 .1802 4 163.2 5.548 5.502 30.527 40
45 1 716.7 .00058 .00010 .1801 9 531.6 5.552 5.529 30.701 45
50 3 927.3 .00025 .00005 .1800 21 813.0 5.554 5.543 30.786 50
55 8 984.8 .00011 .00002 .1800 49 910.1 5.555 5.549 30.827 55
60 20 555.1 .00005 .00001 .1800 114189.4 5.555 5.553 30.846 60

65 47 025.1 .00002 .1800 261244.7 5.555 5.554 30.856 65
70 107 581.9 .00001 .1800 597671.7 5.556 5.555 30.860 70
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20% Compound Interest Factors 20%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.200 .8333 1.0000 1.2000 1.000 0.833 0 0 1
2 1.440 .6944 .4545 .6545 2.200 1.528 0.455 0.694 2
3 1.728 .5787 .2747 .4747 3.640 2.106 0.879 1.852 3
4 2.074 .4823 .1863 .3863 5.368 2.589 1.274 3.299 4
5 2.488 .4019 .1344 .3344 7.442 2.991 1.641 4.906 5

6 2.986 .3349 .1007 .3007 9.930 3.326 1.979 6.581 6
7 3.583 .2791 .0774 .2774 12.916 3.605 2.290 8.255 7
8 4.300 .2326 .0606 .2606 16.499 3.837 2.576 9.883 8
9 5.160 .1938 .0481 .2481 20.799 4.031 2.836 11.434 9
10 6.192 .1615 .0385 .2385 25.959 4.192 3.074 12.887 10

11 7.430 .1346 .0311 .2311 32.150 4.327 3.289 14.233 11
12 8.916 .1122 .0253 .2253 39.581 4.439 3.484 15.467 12
13 10.699 .0935 .0206 .2206 48.497 4.533 3.660 16.588 13
14 12.839 .0779 .0169 .2169 59.196 4.611 3.817 17.601 14
15 15.407 .0649 .0139 .2139 72.035 4.675 3.959 18.509 15

16 18.488 .0541 .0114 .2114 87.442 4.730 4.085 19.321 16
17 22.186 .0451 .00944 .2094 105.931 4.775 4.198 20.042 17
18 26.623 .0376 .00781 .2078 128.117 4.812 4.298 20.680 18
19 31.948 .0313 .00646 .2065 154.740 4.843 4.386 21.244 19
20 38.338 .0261 .00536 .2054 186.688 4.870 4.464 21.739 20

21 46.005 .0217 .00444 .2044 225.026 4.891 4.533 22.174 21
22 55.206 .0181 .00369 .2037 271.031 4.909 4.594 22.555 22
23 66.247 .0151 .00307 .2031 326.237 4.925 4.647 22.887 23
24 79.497 .0126 .00255 .2025 392.484 4.937 4.694 23.176 24
25 95.396 .0105 .00212 .2021 471.981 4.948 4.735 23.428 25

26 114.475 .00874 .00176 .2018 567.377 4.956 4.771 23.646 26
27 137.371 .00728 .00147 .2015 681.853 4.964 4.802 23.835 27
28 164.845 .00607 .00122 .2012 819.223 4.970 4.829 23.999 28
29 197.814 .00506 .00102 .2010 984.068 4.975 4.853 24.141 29
30 237.376 .00421 .00085 .2008 1 181.9 4.979 4.873 24.263 30

31 284.852 .00351 .00070 .2007 1 419.3 4.982 4.891 24.368 31
32 341.822 .00293 .00059 .2006 1 704.1 4.985 4.906 24.459 32
33 410.186 .00244 .00049 .2005 2 045.9 4.988 4.919 24.537 33
34 492.224 .00203 .00041 .2004 2 456.1 4.990 4.931 24.604 34
35 590.668 .00169 .00034 .2003 2 948.3 4.992 4.941 24.661 35

40 1 469.8 .00068 .00014 .2001 7 343.9 4.997 4.973 24.847 40
45 3 657.3 .00027 .00005 .2001 18 281.3 4.999 4.988 24.932 45
50 9 100.4 .00011 .00002 .2000 45 497.2 4.999 4.995 24.970 50
55 22644.8 .00004 .00001 .2000 113 219.0 5.000 4.998 24.987 55
60 56347.5 .00002 .2000 281 732.6 5.000 4.999 24.994 60
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25% Compound Interest Factors 25%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.250 .8000 1.0000 1.2500 1.000 0.800 0 0 1
2 1.563 .6400 .4444 .6944 2.250 1.440 0.444 0.640 2
3 1.953 .5120 .2623 .5123 3.813 1.952 0.852 1.664 3
4 2.441 .4096 .1734 .4234 5.766 2.362 1.225 2.893 4
5 3.052 .3277 .1218 .3718 8.207 2.689 1.563 4.204 5

6 3.815 .2621 .0888 .3388 11.259 2.951 1.868 5.514 6
7 4.768 .2097 .0663 .3163 15.073 3.161 2.142 6.773 7
8 5.960 .1678 .0504 .3004 19.842 3.329 2.387 7.947 8
9 7.451 .1342 .0388 .2888 25.802 3.463 2.605 9.021 9

10 9.313 .1074 .0301 .2801 33.253 3.571 2.797 9.987 10

11 11.642 .0859 .0235 .2735 42.566 3.656 2.966 10.846 11
12 14.552 .0687 .0184 .2684 54.208 3.725 3.115 11.602 12
13 18.190 .0550 .0145 .2645 68.760 3.780 3.244 12.262 13
14 22.737 .0440 .0115 .2615 86.949 3.824 3.356 12.833 14
15 28.422 .0352 .00912 .2591 109.687 3.859 3.453 13.326 15

16 35.527 .0281 .00724 .2572 138.109 3.887 3.537 13.748 16
17 44.409 .0225 .00576 .2558 173.636 3.910 3.608 14.108 17
18 55.511 .0180 .00459 .2546 218.045 3.928 3.670 14.415 18
19 69.389 .0144 .00366 .2537 273.556 3.942 3.722 14.674 19
20 86.736 .0115 .00292 .2529 342.945 3.954 3.767 14.893 20

21 108.420 .00922 .00233 .2523 429.681 3.963 3.805 15.078 21
22 135.525 .00738 .00186 .2519 538.101 3.970 3.836 15.233 22
23 169.407 .00590 .00148 .2515 673.626 3.976 3.863 15.362 23
24 211.758 .00472 .00119 .2512 843.033 3.981 3.886 15.471 24
25 264.698 .00378 .00095 .2509 1 054.8 3.985 3.905 15.562 25

26 330.872 .00302 .00076 .2508 1 319.5 3.988 3.921 15.637 26
27 413.590 .00242 .00061 .2506 1 650.4 3.990 3.935 15.700 27
28 516.988 .00193 .00048 .2505 2 064.0 3.992 3.946 15.752 28
29 646.235 .00155 .00039 .2504 2 580.9 3.994 3.955 15.796 29
30 807.794 .00124 .00031 .2503 3 227.2 3.995 3.963 15.832 30

31 1 009.7 .00099 .00025 .2502 4 035.0 3.996 3.969 15.861 31
32 1 262.2 .00079 .00020 .2502 5 044.7 3.997 3.975 15.886 32
33 1 577.7 .00063 .00016 .2502 6 306.9 3.997 3.979 15.906 33
34 1 972.2 .00051 .00013 .2501 7 884.6 3.998 3.983 15.923 34
35 2 465.2 .00041 .00010 .2501 9 856.8 3.998 3.986 15.937 35

40 7 523.2 .00013 .00003 .2500 30 088.7 3.999 3.995 15.977 40
45 22 958.9 .00004 .00001 .2500 91 831.5 4.000 3.998 15.991 45
50 70 064.9 .00001 .2500 280255.7 4.000 3.999 15.997 50
55 213 821.2 .2500 855280.7 4.000 4.000 15.999 55
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30% Compound Interest Factors 30%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.300 .7692 1.0000 1.3000 1.000 0.769 0 0 1
2 1.690 .5917 .4348 .7348 2.300 1.361 0.435 0.592 2
3 2.197 .4552 .2506 .5506 3.990 1.816 0.827 1.502 3
4 2.856 .3501 .1616 .4616 6.187 2.166 1.178 2.552 4
5 3.713 .2693 .1106 .4106 9.043 2.436 1.490 3.630 5

6 4.827 .2072 .0784 .3784 12.756 2.643 1.765 4.666 6
7 6.275 .1594 .0569 .3569 17.583 2.802 2.006 5.622 7
8 8.157 .1226 .0419 .3419 23.858 2.925 2.216 6.480 8
9 10.604 .0943 .0312 .3312 32.015 3.019 2.396 7.234 9
10 13.786 .0725 .0235 .3235 42.619 3.092 2.551 7.887 10

11 17.922 .0558 .0177 .3177 56.405 3.147 2.683 8.445 11
12 23.298 .0429 .0135 .3135 74.327 3.190 2.795 8.917 12
13 30.287 .0330 .0102 .3102 97.625 3.223 2.889 9.314 13
14 39.374 .0254 .00782 .3078 127.912 3.249 2.969 9.644 14
15 51.186 .0195 .00598 .3060 167.286 3.268 3.034 9.917 15

16 66.542 .0150 .00458 .3046 218.472 3.283 3.089 10.143 16
17 86.504 .0116 .00351 .3035 285.014 3.295 3.135 10.328 17
18 112.455 .00889 .00269 .3027 371.518 3.304 3.172 10.479 18
19 146.192 .00684 .00207 .3021 483.973 3.311 3.202 10.602 19
20 190.049 .00526 .00159 .3016 630.165 3.316 3.228 10.702 20

21 247.064 .00405 .00122 .3012 820.214 3.320 3.248 10.783 21
22 321.184 .00311 .00094 .3009 1 067.3 3.323 3.265 10.848 22
23 417.539 .00239 .00072 .3007 1 388.5 3.325 3.278 10.901 23
24 542.800 .00184 .00055 .3006 1 806.0 3.327 3.289 10.943 24
25 705.640 .00142 .00043 .3004 2 348.8 3.329 3.298 10.977 25

26 917.332 .00109 .00033 .3003 3 054.4 3.330 3.305 11.005 26
27 1 192.5 .00084 .00025 .3003 3 971.8 3.331 3.311 11.026 27
28 1 550.3 .00065 .00019 .3002 5 164.3 3.331 3.315 11.044 28
29 2 015.4 .00050 .00015 .3001 6 714.6 3.332 3.319 11.058 29
30 2 620.0 .00038 .00011 .3001 8 730.0 3.332 3.322 11.069 30

31 3 406.0 .00029 .00009 .3001 11 350.0 3.332 3.324 11.078 31
32 4 427.8 .00023 .00007 .3001 14 756.0 3.333 3.326 11.085 32
33 5 756.1 .00017 .00005 .3001 19 183.7 3.333 3.328 11.090 33
34 7 483.0 .00013 .00004 .3000 24 939.9 3.333 3.329 11.094 34
35 9 727.8 .00010 .00003 .3000 32 422.8 3.333 3.330 11.098 35

40 36118.8 .00003 .00001 .3000 120 392.6 3.333 3.332 11.107 40
45 134106.5 .00001 .3000 447 018.3 3.333 3.333 11.110 45
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35% Compound Interest Factors 35%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.350 .7407 1.0000 1.3500 1.000 0.741 0 0 1
2 1.822 .5487 .4255 .7755 2.350 1.289 0.426 0.549 2
3 2.460 .4064 .2397 .5897 4.173 1.696 0.803 1.362 3
4 3.322 .3011 .1508 .5008 6.633 1.997 1.134 2.265 4
5 4.484 .2230 .1005 .4505 9.954 2.220 1.422 3.157 5

6 6.053 .1652 .0693 .4193 14.438 2.385 1.670 3.983 6
7 8.172 .1224 .0488 .3988 20.492 2.508 1.881 4.717 7
8 11.032 .0906 .0349 .3849 28.664 2.598 2.060 5.352 8
9 14.894 .0671 .0252 .3752 39.696 2.665 2.209 5.889 9

10 20.107 .0497 .0183 .3683 54.590 2.715 2.334 6.336 10

11 27.144 .0368 .0134 .3634 74.697 2.752 2.436 6.705 11
12 36.644 .0273 .00982 .3598 101.841 2.779 2.520 7.005 12
13 49.470 .0202 .00722 .3572 138.485 2.799 2.589 7.247 13
14 66.784 .0150 .00532 .3553 187.954 2.814 2.644 7.442 14
15 90.158 .0111 .00393 .3539 254.739 2.825 2.689 7.597 15

16 121.714 .00822 .00290 .3529 344.897 2.834 2.725 7.721 16
17 164.314 .00609 .00214 .3521 466.611 2.840 2.753 7.818 17
18 221.824 .00451 .00158 .3516 630.925 2.844 2.776 7.895 18
19 299.462 .00334 .00117 .3512 852.748 2.848 2.793 7.955 19
20 404.274 .00247 .00087 .3509 1 152.2 2.850 2.808 8.002 20

21 545.769 .00183 .00064 .3506 1 556.5 2.852 2.819 8.038 21
22 736.789 .00136 .00048 .3505 2 102.3 2.853 2.827 8.067 22
23 994.665 .00101 .00035 .3504 2 839.0 2.854 2.834 8.089 23
24 1 342.8 .00074 .00026 .3503 3 833.7 2.855 2.839 8.106 24
25 1 812.8 .00055 .00019 .3502 5 176.5 2.856 2.843 8.119 25

26 2 447.2 .00041 .00014 .3501 6 989.3 2.856 2.847 8.130 26
27 3 303.8 .00030 .00011 .3501 9 436.5 2.856 2.849 8.137 27
28 4 460.1 .00022 .00008 .3501 12 740.3 2.857 2.851 8.143 28
29 6 021.1 .00017 .00006 .3501 17 200.4 2.857 2.852 8.148 29
30 8 128.5 .00012 .00004 .3500 23 221.6 2.857 2.853 8.152 30

31 10 973.5 .00009 .00003 .3500 31 350.1 2.857 2.854 8.154 31
32 14 814.3 .00007 .00002 .3500 42 323.7 2.857 2.855 8.157 32
33 19 999.3 .00005 .00002 .3500 57 137.9 2.857 2.855 8.158 33
34 26 999.0 .00004 .00001 .3500 77 137.2 2.857 2.856 8.159 34
35 36 448.7 .00003 .00001 .3500 104136.3 2.857 2.856 8.160 35
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40% Compound Interest Factors 40%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.400 .7143 1.0000 1.4000 1.000 0.714 0 0 1
2 1.960 .5102 .4167 .8167 2.400 1.224 0.417 0.510 2
3 2.744 .3644 .2294 .6294 4.360 1.589 0.780 1.239 3
4 3.842 .2603 .1408 .5408 7.104 1.849 1.092 2.020 4
5 5.378 .1859 .0914 .4914 10.946 2.035 1.358 2.764 5

6 7.530 .1328 .0613 .4613 16.324 2.168 1.581 3.428 6
7 10.541 .0949 .0419 .4419 23.853 2.263 1.766 3.997 7
8 14.758 .0678 .0291 .4291 34.395 2.331 1.919 4.471 8
9 20.661 .0484 .0203 .4203 49.153 2.379 2.042 4.858 9
10 28.925 .0346 .0143 .4143 69.814 2.414 2.142 5.170 10

11 40.496 .0247 .0101 .4101 98.739 2.438 2.221 5.417 11
12 56.694 .0176 .00718 .4072 139.235 2.456 2.285 5.611 12
13 79.371 .0126 .00510 .4051 195.929 2.469 2.334 5.762 13
14 111.120 .00900 .00363 .4036 275.300 2.478 2.373 5.879 14
15 155.568 .00643 .00259 .4026 386.420 2.484 2.403 5.969 15

16 217.795 .00459 .00185 .4018 541.988 2.489 2.426 6.038 16
17 304.913 .00328 .00132 .4013 759.783 2.492 2.444 6.090 17
18 426.879 .00234 .00094 .4009 1 064.7 2.494 2.458 6.130 18
19 597.630 .00167 .00067 .4007 1 419.6 2.496 2.468 6.160 19
20 836.682 .00120 .00048 .4005 2 089.2 2.497 2.476 6.183 20

21 1 171.4 .00085 .00034 .4003 2 925.9 2.498 2.482 6.200 21
22 1 639.9 .00061 .00024 .4002 4 097.2 2.498 2.487 6.213 22
23 2 295.9 .00044 .00017 .4002 5 737.1 2.499 2.490 6.222 23
24 3 214.2 .00031 .00012 .4001 8 033.0 2.499 2.493 6.229 24
25 4 499.9 .00022 .00009 .4001 11 247.2 2.499 2.494 6.235 25

26 6 299.8 .00016 .00006 .4001 15 747.1 2.500 2.496 6.239 26
27 8 819.8 .00011 .00005 .4000 22 046.9 2.500 2.497 6.242 27
28 12347.7 .00008 .00003 .4000 30 866.7 2.500 2.498 6.244 28
29 17286.7 .00006 .00002 .4000 43 214.3 2.500 2.498 6.245 29
30 24201.4 .00004 .00002 .4000 60 501.0 2.500 2.499 6.247 30

31 33882.0 .00003 .00001 .4000 84 702.5 2.500 2.499 6.248 31
32 47434.8 .00002 .00001 .4000 118 584.4 2.500 2.499 6.248 32
33 66408.7 .00002 .00001 .4000 166 019.2 2.500 2.500 6.249 33
34 92972.1 .00001 .4000 232 427.9 2.500 2.500 6.249 34
35 130161.0 .00001 .4000 325 400.0 2.500 2.500 6.249 35
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45% Compound Interest Factors 45%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.450 .6897 1.0000 1.4500 1.000 0.690 0 0 1
2 2.103 .4756 .4082 .8582 2.450 1.165 0.408 0.476 2
3 3.049 .3280 .2197 .6697 4.553 1.493 0.758 1.132 3
4 4.421 .2262 .1316 .5816 7.601 1.720 1.053 1.810 4
5 6.410 .1560 .0832 .5332 12.022 1.876 1.298 2.434 5

6 9.294 .1076 .0543 .5043 18.431 1.983 1.499 2.972 6
7 13.476 .0742 .0361 .4861 27.725 2.057 1.661 3.418 7
8 19.541 .0512 .0243 .4743 41.202 2.109 1.791 3.776 8
9 28.334 .0353 .0165 .4665 60.743 2.144 1.893 4.058 9

10 41.085 .0243 .0112 .4612 89.077 2.168 1.973 4.277 10

11 59.573 .0168 .00768 .4577 130.162 2.185 2.034 4.445 11
12 86.381 .0116 .00527 .4553 189.735 2.196 2.082 4.572 12
13 125.252 .00798 .00362 .4536 276.115 2.204 2.118 4.668 13
14 181.615 .00551 .00249 .4525 401.367 2.210 2.145 4.740 14
15 263.342 .00380 .00172 .4517 582.982 2.214 2.165 4.793 15

16 381.846 .00262 .00118 .4512 846.325 2.216 2.180 4.832 16
17 553.677 .00181 .00081 .4508 1 228.2 2.218 2.191 4.861 17
18 802.831 .00125 .00056 .4506 1 781.8 2.219 2.200 4.882 18
19 1 164.1 .00086 .00039 .4504 2 584.7 2.220 2.206 4.898 19
20 1 688.0 .00059 .00027 .4503 3 748.8 2.221 2.210 4.909 20

21 2 447.5 .00041 .00018 .4502 5 436.7 2.221 2.214 4.917 21
22 3 548.9 .00028 .00013 .4501 7 884.3 2.222 2.216 4.923 22
23 5 145.9 .00019 .00009 .4501 11 433.2 2.222 2.218 4.927 23
24 7 461.6 .00013 .00006 .4501 16 579.1 2.222 2.219 4.930 24
25 10 819.3 .00009 .00004 .4500 24 040.7 2.222 2.220 4.933 25

26 15 688.0 .00006 .00003 .4500 34 860.1 2.222 2.221 4.934 26
27 22 747.7 .00004 .00002 .4500 50 548.1 2.222 2.221 4.935 27
28 32 984.1 .00003 .00001 .4500 73 295.8 2.222 2.221 4.936 28
29 47 826.9 .00002 .00001 .4500 106279.9 2.222 2.222 4.937 29
30 69 349.1 .00001 .00001 .4500 154106.8 2.222 2.222 4.937 30

31 100 556.1 .00001 .4500 223455.9 2.222 2.222 4.938 31
32 145 806.4 .00001 .4500 324012.0 2.222 2.222 4.938 32
33 211 419.3 .4500 469818.5 2.222 2.222 4.938 33
34 306 558.0 .4500 681237.8 2.222 2.222 4.938 34
35 444 509.2 .4500 987795.9 2.222 2.222 4.938 35
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50% Compound Interest Factors 50%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.500 .6667 1.0000 1.5000 1.000 0.667 0 0 1
2 2.250 .4444 .4000 .9000 2.500 1.111 0.400 0.444 2
3 3.375 .2963 .2105 .7105 4.750 1.407 0.737 1.037 3
4 5.063 .1975 .1231 .6231 8.125 1.605 1.015 1.630 4
5 7.594 .1317 .0758 .5758 13.188 1.737 1.242 2.156 5

6 11.391 .0878 .0481 .5481 20.781 1.824 1.423 2.595 6
7 17.086 .0585 .0311 .5311 32.172 1.883 1.565 2.947 7
8 25.629 .0390 .0203 .5203 49.258 1.922 1.675 3.220 8
9 38.443 .0260 .0134 .5134 74.887 1.948 1.760 3.428 9
10 57.665 .0173 .00882 .5088 113.330 1.965 1.824 3.584 10

11 86.498 .0116 .00585 .5058 170.995 1.977 1.871 3.699 11
12 129.746 .00771 .00388 .5039 257.493 1.985 1.907 3.784 12
13 194.620 .00514 .00258 .5026 387.239 1.990 1.933 3.846 13
14 291.929 .00343 .00172 .5017 581.859 1.993 1.952 3.890 14
15 437.894 .00228 .00114 .5011 873.788 1.995 1.966 3.922 15

16 656.814 .00152 .00076 .5008 1 311.7 1.997 1.976 3.945 16
17 985.261 .00101 .00051 .5005 1 968.5 1.998 1.983 3.961 17
18 1 477.9 .00068 .00034 .5003 2 953.8 1.999 1.988 3.973 18
19 2 216.8 .00045 .00023 .5002 4 431.7 1.999 1.991 3.981 19
20 3 325.3 .00030 .00015 .5002 6 648.5 1.999 1.994 3.987 20

21 4 987.9 .00020 .00010 .5001 9 973.8 2.000 1.996 3.991 21
22 7 481.8 .00013 .00007 .5001 14 961.7 2.000 1.997 3.994 22
23 11222.7 .00009 .00004 .5000 22 443.5 2.000 1.998 3.996 23
24 16834.1 .00006 .00003 .5000 33 666.2 2.000 1.999 3.997 24
25 25251.2 .00004 .00002 .5000 50 500.3 2.000 1.999 3.998 25

26 37876.8 .00003 .00001 .5000 75 751.5 2.000 1.999 3.999 26
27 56815.1 .00002 .00001 .5000 113 628.3 2.000 2.000 3.999 27
28 85222.7 .00001 .00001 .5000 170 443.4 2.000 2.000 3.999 28
29 127834.0 .00001 .5000 255 666.1 2.000 2.000 4.000 29
30 191751.1 .00001 .5000 383 500.1 2.000 2.000 4.000 30

31 287626.6 .5000 575 251.2 2.000 2.000 4.000 31
32 431439.9 .5000 862 877.8 2.000 2.000 4.000 32
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60% Compound Interest Factors 60%

Single Payment Uniform Payment Series Arithmetic Gradient

Compound Present Sinking Capital Compound Present Gradient Gradient

Amount Worth Fund Recovery Amount Worth Uniform Present
Factor Factor Factor Factor Factor Factor Series Worth

Find F Find P Find A Find A Find F Find P Find A Find P

Given P Given F Given F Given P Given A Given A GivenG GivenG

n F/P P/F A/F A/P F/A P/A A/G P/G n

1 1.600 .6250 1.0000 1.6000 1.000 0.625 0 0 1
2 2.560 .3906 .3846 .9846 2.600 1.016 0.385 0.391 2
3 4.096 .2441 .1938 .7938 5.160 1.260 0.698 0.879 3
4 6.554 .1526 .1080 .7080 9.256 1.412 0.946 1.337 4
5 10.486 .0954 .0633 .6633 15.810 1.508 1.140 1.718 5

6 16.777 .0596 .0380 .6380 26.295 1.567 1.286 2.016 6
7 26.844 .0373 .0232 .6232 43.073 1.605 1.396 2.240 7
8 42.950 .0233 .0143 .6143 69.916 1.628 1.476 2.403 8
9 68.719 .0146 .00886 .6089 112.866 1.642 1.534 2.519 9

10 109.951 .00909 .00551 .6055 181.585 1.652 1.575 2.601 10

11 175.922 .00568 .00343 .6034 291.536 1.657 1.604 2.658 11
12 281.475 .00355 .00214 .6021 467.458 1.661 1.624 2.697 12
13 450.360 .00222 .00134 .6013 748.933 1.663 1.638 2.724 13
14 720.576 .00139 .00083 .6008 1 199.3 1.664 1.647 2.742 14
15 1 152.9 .00087 .00052 .6005 1 919.9 1.665 1.654 2.754 15

16 1 844.7 .00054 .00033 .6003 3 072.8 1.666 1.658 2.762 16
17 2 951.5 .00034 .00020 .6002 4 917.5 1.666 1.661 2.767 17
18 4 722.4 .00021 .00013 .6001 7 868.9 1.666 1.663 2.771 18
19 7 555.8 .00013 .00008 .6011 12 591.3 1.666 1.664 2.773 19
20 12 089.3 .00008 .00005 .6000 20 147.1 1.667 1.665 2.775 20

21 19 342.8 .00005 .00003 .6000 32 236.3 1.667 1.666 2.776 21
22 30 948.5 .00003 .00002 .6000 51 579.2 1.667 1.666 2.777 22
23 49 517.6 .00002 .00001 .6000 82 527.6 1.667 1.666 2.777 23
24 79 228.1 .00001 .00001 .6000 132045.2 1.667 1.666 2.777 24
25 126 765.0 .00001 .6000 211273.4 1.667 1.666 2.777 25

26 202 824.0 .6000 338038.4 1.667 1.667 2.778 26
27 324 518.4 .6000 540862.4 1.667 1.667 2.778 27
28 519 229.5 .6000 865380.9 1.667 1.667 2.778 28
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Continuous Compounding—Single Payment Factors

Compound Present Compound Present

Amount Worth Amount Worth

Factor Factor Factor Factor

ern e−rn ern e−rn

Find F Find P Find F Find P

Given P Find F Given P Given F
rn F/P P/F rn F/P P/F

.01 1.0101 .9900 .51 1.6653 .6005

.02 1.0202 .9802 .52 1.6820 .5945

.03 1.0305 .9704 .53 1.6989 .5886

.04 1.0408 .9608 .54 1.7160 .5827

.05 1.0513 .9512 .55 1.7333 .5769

.06 1.0618 .9418 .56 1.7507 .5712

.07 1.0725 .9324 .57 1.7683 .5655

.08 1.0833 .9231 .58 1.7860 .5599

.09 1.0942 .9139 .59 1.8040 .5543

.10 1.1052 .9048 .60 1.8221 .5488

.11 1.1163 .8958 .61 1.8404 .5434

.12 1.1275 .8869 .62 1.8589 .5379

.13 1.1388 .8781 .63 1.8776 .5326

.14 1.1503 .8694 .64 1.8965 .5273

.15 1.1618 .8607 .65 1.9155 .5220

.16 1.1735 .8521 .66 1.9348 .5169

.17 1.1853 .8437 .67 1.9542 .5117

.18 1.1972 .8353 .68 1.9739 .5066

.19 1.2092 .8270 .69 1.9937 .5016

.20 1.2214 .8187 .70 2.0138 .4966

.21 1.2337 .8106 .71 2.0340 .4916

.22 1.2461 .8025 .72 2.0544 .4868

.23 1.2586 .7945 .73 2.0751 .4819

.24 1.2712 .7866 .74 2.0959 .4771

.25 1.2840 .7788 .75 2.1170 .4724

.26 1.2969 .7711 .76 2.1383 .4677

.27 1.3100 .7634 .77 2.1598 .4630

.28 1.3231 .7558 .78 2.1815 .4584

.29 1.3364 .7483 .79 2.2034 .4538

.30 1.3499 .7408 .80 2.2255 .4493

.31 1.3634 .7334 .81 2.2479 .4449

.32 1.3771 .7261 .82 2.2705 .4404

.33 1.3910 .7189 .83 2.2933 .4360

.34 1.4049 .7118 .84 2.3164 .4317

.35 1.4191 .7047 .85 2.3396 .4274

.36 1.4333 .6977 .86 2.3632 .4232

.37 1.4477 .6907 .87 2.3869 .4190

.38 1.4623 .6839 .88 2.4109 .4148

.39 1.4770 .6771 .89 2.4351 .4107

.40 1.4918 .6703 .90 2.4596 .4066

.41 1.5068 .6637 .91 2.4843 .4025

.42 1.5220 .6570 .92 2.5093 .3985

.43 1.5373 .6505 .93 2.5345 .3946

.44 1.5527 .6440 .94 2.5600 .3906

.45 1.5683 .6376 .95 2.5857 .3867

.46 1.5841 .6313 .96 2.6117 .3829

.47 1.6000 .6250 .97 2.6379 .3791

.48 1.6161 .6188 .98 2.6645 .3753

.49 1.6323 .6126 .99 2.6912 .3716

.50 1.6487 .6065 1.00 2.7183 .3679



APPENDIX D

FUNDAMENTALS OF
ENGINEERING (FE) EXAM
PRACTICE PROBLEMS

This set of homework problems has been developed in themultiple-choice style of the Fun-
damentals of Engineering (FE) examination. Passing the FE is an important step toward
achieving professional licensure through the National Council of Examiners for Engineer-
ing and Surveying (NCEES). Problems have been divided by type and chapter to assist
the student in learning and mastering the material in preparation for the examination. Bold
italic signifies the topic covered in this book.

I. Engineering economy topic problems are found in the general morning session of the FE
exam, as well as in several of the discipline-specific afternoon session exams. Engineering
economy topics constitute 8% of the morning exam, and from 1 to 15% of some afternoon
exams. Afternoon exams that include engineering economy topics include Chemical, Civil,
Industrial, and Other Disciplines. The following listing of engineering economy topics
found in the FE exam is from NCEES publications for 2010 exams.

Morning Session: (all examinees complete this section; there are 120 questions in 12 topical
areas)

Topic VI. Engineering Economics (8% of questions)

A. Discounted cash flow (e.g., equivalence, PW, equivalent annual FW, rate of
return)

B. Cost (e.g., incremental, average, sunk, estimating)
C. Analyses (e.g., breakeven, benefit–cost)
D. Uncertainty (e.g., expected value and risk)

Afternoon Session: (examinees chose one of seven possible modules: Chemical, Civil,
Electrical, Environmental, Industrial, Mechanical, and Other Disciplines)
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Chemical Engineering Session (60 questions in 11 topical areas)
Topic VIII. Process Design and Economic Optimization (10% of questions)

A. Process flow diagrams (PFD)

B. Piping and instrumentation diagrams (P&ID)

C. Scale-up

D. Comparison of economic alternatives (e.g., net present value, discounted cash
flow, rate of return)

E. Cost estimation

Civil Engineering Session (60 questions in 9 topical areas)
Topic VIII. Construction Management (10% of questions)

A. Procurement methods (e.g., design–build, design–bid–build, qualifications based)

B. Allocation of resources (e.g., labor, equipment, materials, money, time)

C. Contracts/contract law
D. Project scheduling (e.g., CPM, PERT)

E. Engineering economics
F. Project management (e.g., owner/contractor/client relations, safety)

G. Construction estimating

Industrial Engineering Session (60 questions in 8 topical areas)
Topic I. Engineering Economics (15% of questions)

A. Discounted cash flows (equivalence, PW, EAC, FW, IRR, loan amortization)
B. Types and breakdown of costs (e.g., fixed, variable, direct and indirect labor,

material, capitalized)
C. Analyses (e.g., benefit–cost, breakeven, minimum cost, overhead, risk, incremen-

tal, life cycle)
D. Accounting (financial statements and overhead cost allocation)
E. Cost estimating
F. Depreciation and taxes
G. Capital budgeting

Topic V. Manufacturing and Production Systems (13% of questions)

A. Manufacturing systems (e.g., cellular, group technology, flexible, lean)

B. Process design (e.g., number of machines/people, equipment selection, line
balancing)

C. Inventory analysis (e.g., EOQ, safety stock)
D. Forecasting
E. Scheduling (e.g., sequencing, cycle time, material control)

F. Aggregate planning (e.g., JIT, MRP, MRPII, ERP)

G. Concurrent engineering and design for manufacturing

H. Automation concepts (e.g., robotics, CIM)

I. Economics (e.g., profits and costs under various demand rates, machine
selection)
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Other Disciplines Engineering Session (60 questions in 9 topical areas)
Topic IV. Engineering Economics (10% of questions)

A. Cost estimating
B. Project selection
C. Lease/buy/make
D. Replacement analysis (e.g., optimal economic life)

II. Engineering ethics topic problems are found only in the general morning session of
the FE exam. These questions constitute about 7% of the morning exam. The following list
of engineering ethics topics found in the FE exam is from NCEES publications for 2010
exams.

Morning Session: (all examinees complete this section; there are 120 questions in 12 topi-
cal areas)

Topic V. Ethics and Business Practices (7% of questions)

A. Code of ethics (professional and technical societies)
B. Agreements and contracts

C. Ethical versus legal
D. Professional liability
E. Public protection issues (e.g., licensing boards)

P R O B L E M S

Chapter 1

DecisionMaking

D-1 Engineering economic analysis provides useful
input in all of the following situations except which
one?

(a) Determining how much we should pay for a
machine that will provide a savings.

(b ) Determining the priority of investing our
company’s retained earnings.

(c ) Illustrating the economic advantages of one
alternative over other feasible choices.

(d ) Convincing management that one person
should be hired over another.

D-2 Engineering economic analysis can be described by
the following statement:

(a) Involves a systematic analysis of relevant costs
and benefits.

(b) Involves a comparison of competing alterna-
tives.

(c) Supports a rational economic decision-making
objective.

(d) All of the above.

D-3 To which of the following questions does an engi-
neering economy analysis provide useful input?

(a) Has the mechanical or electrical engineer cho-
sen the most economicalmotor size given func-
tional requirements?

(b) Has the civil or mechanical engineer chosen the
best thickness for insulating a building?

(c) Has the biomedical engineer chosen the best
materials for the company’s artificial knee prod-
uct?

(d) All of the above

D-4 Which of the following job functions potentially
conducts and utilizes engineering economic analy-
sis in decision making?

(a) Senior technical design engineer.

(b) Midlevel manager of business and finance.

(c) Senior management for new product develop-
ment.

(d) All of the above.

D-5 Engineering economic analysis can be described by
the following statement:
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(a) Involves a systematic analysis of relevant costs
and benefits.

(b) Involves a comparison of competing alterna-
tives.

(c) Supports a rational economic decision-making
objective.

(d) All of the above.

EngineeringEthics

D-6 Engineers are acting in the most ethical way in
which of these situations?

(a ) They are making sure the company’s interests
are protected.

(b ) They feel good about the decisions that they’ve
made.

(c ) They act to protect the interests of society in
general.

(d ) They ensure that their own best interest is pro-
tected.

D-7 To act as an ethical engineer, you should accept fees
for engineering work in which situation?

(a ) If you need the money to keep your business
open and thriving.

(b ) If you are competent to complete all aspects of
the job.

(c ) If the contract is a cost plus contract.

(d ) If there were no other engineers who bid on the
job.

D-8 A registered professional engineer (PE) has as a
primary obligation to protect which of the following
entities?

(a ) The government

(b ) The PE’s company

(c ) The PE’s country

(d ) The general public

D-9 Engineers should act in ethical ways for what
reason?

(a ) It creates a feel-good situation for them.

(b ) The engineering code of conduct requires it.

(c ) They may be considered for a raise because of
it.

(d ) They may be violating the law if they don’t.

D-10 A design engineer is responsible for an important
subelement of a large project at a firm. The project
has fallen behind schedule, and the important client
is very angry and threatening to sue. The boss is
expecting the engineer’s design review to go well
so that the project can be shipped by the end of
the week. The engineer notices during final design

review that an element of the design is wrong and
will create a major safety issue for the entire sys-
tem. To rework that portion of the design will take
several months. The engineer should do which of
the following?

(a ) Sign off on the drawings because of the
threatened lawsuit and because the project is so
far behind.

(b ) Do not sign off on the drawings, and let the
boss know what is found at the final design
review.

(c ) Tell the boss that to sign off on the design now,
the engineer must have an immediate raise.

(d ) Sign off and keep an eye on how construction
goes.Maybe the engineer can correct the safety
issues before the project is fully operational.

D-11 As team leader for your unit, you function as both
engineer and manager. One of your roles is to
approve major purchases, and you have been con-
tacted by a new supplier in your area. The new
company has invited you to expensive dinners, has
offered trips to vacation spots to attend “product
shows,” and has recently been sending to your pri-
vate address personal items such as collectible art,
coins, sports tickets, and golf club memberships.
You are unsure how to handle this situation. You
should do which of the following?

(a ) Accept all of the gifts because you know that
everyone else is doing it and that this is your
chance to get a share of the action.

(b ) Decline the gifts and other offers that would
be considered outside the scope of ordinary
business or professional contact.

(c ) Knowing that the gifts will not influence your
purchasing decisions, accept the items with no
guilt.

(d ) Accept the gifts but make sure that your boss
and others on your team share in the bounty.

Cost Problems

D-12 A company produces several product lines. One of
those lines generates the following annual cost and
production data:

Manufacturing/Materials costs $200,000
General/Administrative costs 50,000
Direct-labor costs 170,000
Other overhead costs 60,000
Annual production demand 10,000 units

The company adds 40% to its production cost in
selling to the retailer. The retailer in turn adds a 50%
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profit margin when selling to its customers. How
much would it cost a retailer to buy 100 units of the
product?

(a ) $4800

(b ) $6720

(c ) $7200

(d ) $1008

D-13 An agribusiness is deciding what crop to plant in
this area for the next growing season. The local
agricultural extension office has provided the fol-
lowing data (in $100):

Cost Income/acre Estimated

Crop per acre at 100% Yield Yield(%)

A $30 $45 80
B 45 75 65
C 15 25 90

Using a 200-acre plot as an example (subtract 10%
for unusable areas of the field), which crop should
be planted this year, and what is the total profit?

(a ) A; $108,000

(b ) C; $135,000

(c ) C; $150,000

(d ) B; $540,000

Use the data below for Problems D-14 to D-17.
A textbook publisher produces a textbook for $25
per book and sells a lot of 160 to the Campus
Bookstore for $50 per unit. The bookstore sells the
textbook new for $75 and used for $60. This edition
of the book is used for 2 years (4 semesters). The
bookstore sells all textbooks that it has at the begin-
ning each semester, and it repurchases 50% of those
at the end of each semester for $30.

D-14 What is the total cost to the textbook publisher?

(a) $25

(b) $50

(c) $4000

(d) $8000

D-15 What is the total cost to all parties (publisher, book-
store, students) over the life of this 160-unit lot of
textbooks?

(a) $12,000

(b) $20,400

(c) $32,400

(d) $36,900

D-16 What is the net profit for the bookstore (sales −
costs) over the life of this 160-unit lot of textbooks?

(a) $7900

(b) $11,600

(c) $11,900

(d) $14,000

D-17 What is the net profit for the publisher (sales −
costs) over the life of this 160-unit lot of text-
books?

(a) $4000

(b) $8000

(c) $11,900

(d) $12,000

Chapter 2

Cost Concepts

D-18 A firm bought a used machine 2 years ago for
$1500. When new, the machine cost $8000. Today
it could be sold for $500. Which of the following
statements is true?

(a ) The fixed cost for operating the machine can be
ignored in any analysis.

(b ) The $8000 purchase price is not included in the
analysis.

(c ) The $1500 paid 2 years ago is included in the
analysis.

(d ) The variable cost of ownership is the difference
between what was paid and what the machine
is now worth ($1500 – $500 = $1000).

D-19 When considering two alternatives that are
described only in terms of the cost of ownership,
the breakeven point cannot be described by which
of the following statements?

(a ) The difference in initial cost between the two
alternatives.

(b ) The level of production (or activity) of each
alternative under consideration is equivalent.

(c ) Fixed plus variable costs of each alternative are
equivalent.

(d ) A rational decision maker should be indifferent
between the two alternatives.

D-20 If JMJ Industries realizes a profit of $4.00 per
unit sold, what is the fixed-cost portion of their
production costs? Their variable costs are $1.50 per
unit, and they sell 1000 units per year at a price of
$6.00 per unit.

(a ) There are no fixed costs in this type of problem.

(b ) $250

(c ) $500

(d ) $2000
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D-21 Consider the following production data for
Alternatives A and B in a firm that uses a 10%
interest rate.

Alt. A Alt. B

Annual fixed cost per unit $2 million $3.5 million

Annual variable cost per unit 850 250

If the company is going to produce 4000 units
annually, which alternative should be chosen?

(a ) Neither alternative should be chosen because
the negative cash flows are greater than the
positive cash flows for both alternatives.

(b ) This problem cannot be solved because there is
not enough data given.

(c ) Alt. A
(d ) Alt. B

D-22 A company has annual fixed costs of $2,500,000
and variable costs of 0.15� c per unit produced. For
the firm to break even if they charge $1.85 for their
product, the level of annual production is nearest to
what value?

(a ) 375,000 units
(b ) 1,315,789 units
(c ) 1,351,351 units
(d ) 1,562,500 units

Estimating in EngineeringEconomy

D-23 Which statement is not true with respect to
estimating the economic impacts of proposed engi-
neering projects?

(a ) Order-of-magnitude estimates are used for
high-level planning.

(b ) Order-of-magnitude estimates are the most
accurate type at about –3 to 5%.

(c ) Increasing the accuracy of estimates requires
added time and resources.

(d ) Estimators tend to underestimate themagnitude
of costs and to overestimate benefits.

D-24 The Department of Transportation is accepting bids
for materials to provide “signage and safety” for
a new 25-mile section of a 4-lane highway. DOT
estimates are:

Lane paint $500 per mile per lane
Reflective lane markers $6 per 25 feet
Mile markers $18 per unit
Flexible roadside delineators $32 per unit; spaced at

1000 feet
Emergency boxes $500 per unit spaced

at 2.5 miles
Signage (various messages) $1000 per mile; based

on historical costs

The bids that DOT receives should be in what range
of costs?

(a ) Less than $100,000

(b ) Between $100,000 and $200,000

(c ) Between $200,000 and $250,000

(d ) Greater than $250,000

D-25 A 250-gallon reactor cost $780,000 when it was
constructed 20 years ago.What would a 750-gallon
model cost today if the power-sizing exponent
is 0.56 and the construction cost index for such
facilities has increased from 141 to 556 over the last
20 years? Choose the closest value.

(a ) $0.37 million

(b ) $1.66 million

(c ) $1.44 million

(d ) $5.69 million

D-26 A half-million-square-foot warehouse facility is
being considered by your company for a loca-
tion in Kansas City, KS. You have a bid for a
similar type 25,000-ft2 facility in Washington, DC,
at $4,375,000. If the warehouse construction cost
index value for KS is 0.75 and for DC it is 1.34,what
range should the KS bid fall into if you assume that
construction costs are linear across size?

(a ) Less than $30 million

(b ) Between $30 million and $60 million

(c ) Between $60 million and $100 million

(d ) Greater than $100 million

D-27 A company hasmajor clients in all 50 states. Fifteen
(15) of the states have 4 clients, 10 have 3 clients,
20 have 6 clients and 5 have 10. The total number
of clients the firm has is closest to what number?

(a) 23

(b) 50

(c) 250

(d) 260

Chapter 3

Simple Interest

D-28 Which of the following statements is not true?

(a ) Simple interest is to be used only in simple
decision situations.

(b ) Compounded interest involves computing
interest on top of interest.

(c ) Simple interest is rare in practical situations of
borrowing and loaning.

(d ) If the interest is not stated as being simple or
compounded, we assume the latter.
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D-29 If you borrow $1000 from the bank at 5% simple
interest per month due back in 2 years, what is the
size of your monthly payments?

(a ) $25

(b ) $50

(c ) $500

(d ) $1200

D-30 Your quarterly payments on a loan are $500 and
the interest that you are paying is 1% per quarter
simple interest. The size of the principal that you
have borrowed is closest to which value?

(a ) $5000

(b ) $12,500

(c ) $20,000

(d ) $50,000

D-31 The principal that you borrowed for a recent
purchase was $15,000. You will pay the purchase
off through a simple interest loan at 8% per year
due in 3 years. The amount that is due at the end of
3 years is closest to what value?

(a ) $1200

(b ) $3600

(c ) $16,200

(d ) $18,900

D-32 If $10,000 is borrowed today at 5% simple interest,
how much is due at the end of 10 years?

(a) $5000

(b) $10,000

(c) $15,000

(d) $16,289

CompoundInterest, Single Cash Flows

D-33 A savings account’s value today is $150 and it earns
interest at 1% per month. How much will be in
the account one year from today? Which of the
following is correct to solve for the unknownvalue?

(a ) P = 150(1+ 0.01)12

(b ) 150 = F(F/P , 12%, 1)

(c ) F = 150(1.12)−12

(d ) F = 150(F/P , 1%, 12)

D-34 To calculate how many years (n) an investment (P)
must be kept in an account that earns interest at i%,
in order to triple in amount, which of the following
expressions should be used?

(a ) n = −P + F(P/F , i%, n)

(b ) n = log(F/P)]/log(1 + i%)

(c ) n = ln(−P + F)]/ln i%

(d ) n = −F(1 + i%)P

D-35 If you invest $40,000 in a stock whose value grows
at 2% per year, your investment is nearest what
value after 5 years?

(a ) $40,800

(b ) $43,296

(c ) $44,164

(d ) $64,420

D-36 An account pays interest at 1.5% per month. If you
deposit $5000 at the beginning of this year, how
much could you withdraw at the end of next year?

(a ) $5151

(b ) $7148

(c ) $49,249

(d ) $265,545

D-37 A machine will need to be replaced 15 years from
today for $10,000. How much must be deposited
now into an account that earns 5% per year to cover
the replacement cost?

(a ) $1486

(b ) $4810

(c ) $6139

(d ) $10,000

D-38 You deposit $5000 into an account that will grow
to $14,930 in 6 years. Your rate of return on this
investment is closest to what value?

(a ) 18%

(b ) 20%

(c ) 22%

(d ) 25%

D-39 An investment company owns land now worth
$500,000 that is increasing in value each year. If the
land value doubles in 7 years,what is the yearly rate
of return nearest to?

(a ) 0.0%

(b ) 2.0%

(c ) 7.0%

(d ) 10.5%

D-40 Your friend withdrew $630,315 from an account
intowhich she had invested $350,000. If the account
paid interest at 4% per year, she kept her money in
the account for how many years?

(a ) 1.8 years

(b ) 6.5 years

(c ) 12.5 years

(d ) 15 years

D-41 Annual revenues in our company are $1.5 million
this year. If they are expected to grow at a compoun-
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ded rate of 20% per year, what will they be 10 years
from now?

(a ) $3.89 million

(b ) $9.29 million

(c ) $10.9 million

(d ) $57.51 million

D-42 A student inherits $50,000 and invests it in
government bonds that will average 3% annual
interest. What is the value of the investment after
50 years?

(a ) $67,195

(b ) $219,195

(c ) $355,335

(d ) $5,869,545

D-43 A zero-coupon bond has a face (par) value of
$10,000. The bond is sold at a discount for $6500
and held for 3 years, at which time it is sold. If an
annual rate of 10% is earned over that 3-year period,
how much was the bond sold for?

(a ) $8652

(b ) $13,310

(c ) $16,859

(d ) $25,937

Nominal and Effective InterestRates

D-44 A rate of 2% per quarter compounded quarterly is
closest to what annual compounded interest rate?

(a ) 2.00%

(b ) 8.00%

(c ) 8.24%

(d ) 24.00%

D-45 A nominal interest rate of “12% per year
compounded yearly” is closest to:

(a ) 1% per month effective rate

(b ) 3% per quarter effective rate

(c ) 6% per 6 months effective rate

(d ) 12% per year effective rate

D-46 An interest rate expressed as “1.5% per month” is
exactly the same as:

(a ) 4.5% per quarter effective interest

(b ) 18% effective interest per year

(c ) 18% per year compoundedmonthly

(d ) None of the above

D-47 A deposit of $50,000 is made into an account that
pays 10% compounded semiannually. How much
would be in the account after 10 years?

(a ) $81,445

(b ) $129,685

(c ) $132,665

(d ) $336,375

D-48 Amining firmmust deposit funds in a “reclamation”
account each quarter. The account must have $25
million on deposit when a project reaches its hori-
zon in 10 years. The accountpays interest at a rate of
2% per quarter. How much is the quarterly deposit?

(a ) $41,500

(b ) $172,575

(c ) $228,325

(d ) $414,000

D-49 A deposit of $1000 compounds to $2500 in 5 years.
The interest on this account compounds quarterly.
What is the closest nominal annual rate of return?

(a ) 2.50%

(b ) 4.70%

(c ) 18.75%

(d ) 20.11%

D-50 If your local bank indicates that it pays interest
on passbook savings accounts at a rate of 2.25%,
the nominal and effective interest rates are nearest
which the following?

(a) 2.25%, 2.25%

(b) 2.25%, 2.28%

(c) 2.25%, 27%

(d) 27%, 2.25%

ContinuousCompoundingInterest Rate

D-51 How long will it take money to triple in an account
if it pays interest expressed as 8% nominal annual
compounded continuously?

(a ) 13.73 years

(b ) 14.27 years

(c ) Your money will never triple.

(d ) None of the above

D-52 A deposit of $500 per year (beginning of year) is
made for a period of 2 years in an account that
earns 6% nominal interest compounded continu-
ously. How much is in the account after 2 years?

(a ) $917

(b ) $1062

(c ) $1092

(d ) $1095

D-53 A firm offers to sell a zero-coupon bond (no semi-
annual payments) to you today. When it matures



634 APPENDIXD: FUNDAMENTALS OF ENGINEERING (FE) EXAMPRACTICE PROBLEMS

in 5 years you will receive the par value of $10,000.
If the firm pays interest at 15% compounded con-
tinuously on the bond how much would you pay for
it today?

(a) $4724

(b) $4972

(c) $10,000

(d) $21,170

D-54 If $1000 is invested annually at 6%continuous com-
pounding for each of 10 years, how much is in the
account after the last deposit?

(a) $1822

(b) $10,000

(c) $13,181

(d) $13,295

Chapter 4

UniformCash Flow Series

D-55 You place $100 permonth into an account that earns
1% per month. Which of the following expressions
can be used to calculate the account’s value after 3
years?

(a ) P = 100(P/A, 1%, 3)

(b ) F = 100(P/A, 1%, 36)(F/P , 1%, 36)

(c ) F = 100(1+ 0.01)n − 1/0.01

(d ) F = 100(F/A, 12.68%, 3)

D-56 A machine must be replaced in 7 years at a cost
of $7500. How much must be deposited at the
end of each year into an account that earns 5% in
order to have accumulated enough to pay for the
replacement?

(a ) $471

(b ) $596

(c ) $791

(d ) $921

D-57 Winners of the PowerState Lottery can take $30
million now or payments of $2.5 million per year
for the next 15 years. These are equivalent at what
annual interest rate? The answer is closest to what
value?

(a ) 1%

(b ) 2%

(c ) 3%

(d ) 5%

D-58 You deposit $1000 in a retirement investment
account today that earns 1% per month. In addition,
you deposit $50 at the end of every month starting
this month and continue to do so for 30 years. The
amount that has accumulated in this account at the
end of 30 years is nearest to

(a ) $35,949

(b ) $42,027

(c ) $174,748

(d ) $210,698

D-59 Suppose $10,000 is deposited into an account that
earns 10% per year for 5 years. At that point in
time, uniform end-of-year withdrawals are made
such that the account is emptied after the 15th with-
drawal. The size of these annual withdrawals is
closest to what value?

(a ) $2118

(b ) $2621

(c ) $3410

(d ) $16,105

D-60 A manufacturer borrows $85,000 for machinery.
The loan is for 10 years at 12% per year. What is
the annual payment on the machinery?

(a ) $4843

(b ) $8500

(c ) $13,834

(d ) $15,045

D-61 How many years would you have to put $100 per
year into an account that earns 15% annually to
accumulate $6508?

(a ) 17 years

(b ) 21 years

(c ) 30 years

(d ) 65 years

D-62 A $10,000 face value municipal bond pays $1000
interest at the end of every year. If there are 12 more
years of payments, at what price today would the
bond yield 18% over the next 12 years?

(a ) $1372

(b ) $4793

(c ) $6165

(d ) $10,000

Gradient Cash Flows

D-63 Today $5000 is deposited in an account that earns
2.5% per quarter. Additional deposits are made at
the end of every quarter for the next 20 years. The
deposits start at $100 and increase by $50 each year
thereafter. The amount that has accumulated in this
account at the end of 20 years can be expressed as
follows.

(a) = 5000(P/F,2.5%,20) + 100(F/A,2.5%, 20%) + 50

(P/G, 2.5%, 20− 1)
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(b) = 5000(F/P,10%,80) + 150(P/G, 10%,80)

(F/P = 10%, 80)

(c) = 5000(P/F,10.38%,20) + 100(P/A, 10.38%,20)

+50(P/G, 10.38%,20)(P/F, 10.38%,1)

(d) = 5000(F/P,10.38%,80) + 100(F/A, 2.5%, 80)

+50(P/G, 2.5%, 80)(F/P, 2.5%,80)

D-64 An investment returns the following end-of-year
cash flows: Year 1, $0; Year 2, $1500; Year 3,
$3000; Year 4, $4500; and Year 5, $6000. Given a
10% interest rate, what is the present worth?

(a ) $5970

(b ) $6597

(c ) $9357

(d ) $10,293

D-65 A project’s annual revenues will be $50,000 the first
year andwill decreaseby $1500per year over its 20-
year life. If the firm’s interest rate is 12%, what is
the project’s present worth?

(a ) $305,998

(b ) $373,450

(c ) $384,654

(d ) $440,902

D-66 A cash flow series is described by the following:
$10,000 + $250(t), where t is the number of com-
pounding periods. The present worth of this series
at the end of five periods, where interest is 2% per
t, is nearest what value?

(a) $11,250

(b) $50,620

(c) $56,432

(d) $60,620

D-67 Revenue from sales of a training video for the first
year are estimated to be $350,000. In addition, rev-
enue is expected to decrease by $25,000 per year
over the life of the video (which is 10 years). If inter-
est is 10%, the presentworth of the revenue over the
life of the video is nearest what value?

(a) $100,000

(b) $125,000

(c) $1,578,475

(d) $2,723,025

Chapter 5

PresentWorthAnalysis

D-68 A project is being considered that has a first cost
of $12,500, creates $5000 in annual cost savings,
requires $3000 in annual operating costs, and has a
salvage value of $2000 after a project life of 3 years.
If interest is 10% per year, which formula calculates
the project’s present worth?

(a ) PW = 12,500(P/F,10%, 1) + (−5000+3000)
(P/A, 10%, 3) − 2000(F/P,10%, 3)

(b ) PW=−12,500+ (5000− 3000)(P/A, 10%, 3)
−2000(P/F,10%, 3)

(c ) PW = 12,500(F/P,10%, 3) + (5000 − 3000)
(F/A, 10%, 3) + 2000

(d ) PW = −12,500 + 5000(P/A,10%, 3) − 3000
(P/A, 10%, 3) + 2000(P/F,10%, 3)

D-69 A new packing machine will cost $57,000. The
existing machine can be sold for $5000 now and
the new machine for $7500 after its 10-year use-
ful life. If the newmachine reduces annual expenses
by $5000, what is the present worth at 25% of this
investment?

(a ) −$18,388
(b ) −$33,340
(c ) −$34,145
(d ) −$38,340

D-70 A vendor is offering an extended repair contract on
a machine. The firm’s experience is that this will
cover repair costs over the next 4 years of $200,
$200, $400, and $500. At 6%, what is the extended
repair contract worth now?

(a ) $1040
(b ) $1089
(c ) $1099
(d ) $1300

D-71 Annual disbursements for maintenance of critical
heavily used equipmentwill be $25,000 for the next
10 years, and then $35,000 into infinity. What is
the present worth of the maintenance cost cash flow
stream if interest is 15%?

(a ) $166,667
(b ) $183,147
(c ) $192,367
(d ) $233,334

D-72 Manufacturing costs from a scrapped poor-quality
product are $6000 per year. An investment in an
employee training program can reduce this cost.
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Program A reduces the cost by 75% and requires
an investment of $12,000. Program B reduces the
cost by 95% and will cost $20,000. Based on low
turnover at the plant, either program should be
effective for the next 5 years. If interest is 20%,
the present worth of the two programs is nearest
what values? (Consider cost reduction a positive
cash flow.)

(a ) A:−$25,460; B:−$37,049

(b ) A: $1460; B: −$2951

(c ) A: $5060; B: $1609

(d ) A: $13,460; B: $17,049

Chapter 6

AnnualWorthAnalysis

D-73 New product tracking equipment costs $120,000
and will have a $10,000 salvage value when dis-
posed of in 10 years. Annual repair costs begin
at $5000 in the fifth year and increase by $500
per year thereafter until disposed of. If interest is
10%, what is the closest equivalent annual cost of
ownership?

(a ) $21,505

(b ) $21,766

(c ) $21,844

(d ) $23,109

D-74 Your company is considering two alternatives:

Alt. I Alt. II

First cost $42,500 $70,000

Annual maintenance 6,000 4,000

Annual savings if implemented 18,500 20,000

Salvage value 12,000 25,000

Useful life of alternative 3 years 6 years

What is the annual dollar advantage of Alt. II over
Alt. I at an interest rate of 15%?

(a ) Alt. II has no annual advantage over Alt I.

(b ) $3020

(c ) $3500

(d ) $7436

D-75 Specialized bits (costing $50,000) used in the
mining industry have a useful life of 5000 hours
of operation and can be traded in when a new bit
is purchased for 10% of first cost. The drilling
machine that uses the bit is used 1000 hours per
year. What is the equivalent uniform annual cost of
these bits at 2.5%?

(a ) $8559

(b ) $9510

(c ) $9828

(d ) $10,920

D-76 Anew chemical remediation tank is needed.Current
technology tanks, which cost $150,000, must be
drained and treated every 2 years at a cost of
$30,000; the tanks will last 10 years, and each will
have a salvage value of 5% of first cost. A tank with
new technology has just come on the market. There
are no periodic maintenance costs, and a tank will
last 20 years. If the new tanks cost $325,000, what
minimum salvage value, as a percentageof first cost,
would be required for this technology to be a better
option? Use a 12% interest rate.

(a ) 10%

(b ) 36%

(c ) 57%

(d ) 72%

D-77 A beautiful bridge is being built over the river that
runs through a major city in your state. The cost of
the bridge is estimated at $600million. Annual costs
of the bridgewill be $200,000, and the bridge is esti-
mated to last a very long time. If accountants in city
hall use 3% as the interest rate for analysis, what is
the annualized cost of the bridge project?

(a ) $18 million

(b ) $18.2 million

(c ) $20,000 million

(d ) $219,500 million

Chapter 7

Rate of ReturnAnalysis

D-78 Which of the following equations canbe used to find
the internal rate of return (i) for a project that has
initial investment of P , net annual cash flows of A,
and salvage value of S after n years?

(a ) 0 = −P + A(P/A, i%, n) + S(P/A, i%, n)

(b ) (P − A)(P/A, i%, n) = S(P/F, i%, n)

(c ) −A = −P(A/P, i%, n) − S(A/F, i%, n − 1)

(d ) 0 = −P(F/P, i%, n) + A(F/A, i%, n) + S

D-79 The rate of return on an investment of $1500 that
doubles in value over a 4-year period, and pro-
duces a $300 annual cash flow, is nearest to which
value?

(a ) 15%

(b ) 20%

(c ) 25%

(d ) 30%
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D-80 The interest rate that makes Alternatives A and B
equivalent is in what range?

Year Alt. A Alt.B

0 −$1000 −$3000
1 100 500

2 100 550

3 100 600

4 200 650

5 200 700

(a ) Less than 2%

(b ) Between 2 and 5%

(c ) Greater than 5%

(d ) There is no interest rate that equates these two
cash flow series.

D-81 A corporate bondwith a face (par) value of $10,000
will mature 7 years from today (it was issued3 years
ago). The bond just after the 6th interest payment is
being sold for $6950. The bond’s interest rate is 4%
nominal annual, payable semiannually. The yield of
the bond if held to maturity is in what range?

(a ) Less than 4%

(b ) Between 4 and 6%

(c ) Between 6 and 10%

(d ) Greater than 10%

D-82 A firm borrowed $50,000 from a mortgage bank.
The terms of the loan specify quarterly payments for
a 10-year period. If payments to the bank are $3750
per quarter, what effective annual interest rate is the
firm paying?

(a ) Less than 1%

(b ) 7%

(c ) 28%

(d ) 31%

Chapter 8

Incremental Cash Flowsand Analysis

D-83 You are given the cash flow series for two projects,
Alt. A and Alt. B.

Year 0 1 2 3 4 5 6

Alt. A ($) −I1 X X X X X X+S1
Alt. B ($) −I2 Y Y Y Y Y Y+S2

Assume I2 > I1 and X, Y, S1, and S2 are positive;
the incremental rate of return (i) on the additional
investment in Alt. B can be calculated with the
following expression.

(a ) 0 = −I2 + Y(P/A, i%, 6) + S2(P/F, i%, 6)

(b ) 0 = −(I2 − I1) + (Y − X)(P/A, i%, 5)

+(S2 − S1)(P/F, i%, 6)

(c ) 0 = −(I2 − I1)(F/P, i%, 6)

+(Y − X)(F/A, i%, 6) + (S2 − S1)

(d ) 0 = −(I2−I1)+(Y−X)+(Y+S2)−(X+S1)

D-84 A firm is considering two mutually exclusive alter-
natives (i = 8%):

Alt. Alpha Alt. Omega

First cost $10,000 $30,000
Annual maintenance 2,800 2,000
Annual savings if 5,000 6,500

implemented
Salvage value 2,000 5,000
Useful life of alternative 4 years 8 years

If Alt. Alpha will be replaced with a “like
alternative” at the end of 4 years, what is the present
worth of the incremental cash flows associatedwith
going from an investment in Alpha to an investment
in Omega?

(a ) −$6201

(b ) −$5942

(c ) −$5028

(d ) $852

D-85 Project 1 requires an initial investment on $50,000
and has an internal rate of return (IRR) of 18%. A
mutually exclusive alternative, Project 2, requires
an investment of $70,000 and has an IRR of 23%.
Which of the following statements is true concern-
ing the rate of return on the incremental $20,000
investment?

(a ) It is less than 18%.

(b ) It is between 18 and 23%.

(c ) It is greater than 23%.

(d ) It cannot be determined from the data given.

D-86 Alternative Uno has a first cost of $10,000 and
annual expenses of $3000, whereas Alternative Dos
has a first cost of $35,000, annual expenses of
$2000, and a recurring cost of $5000 every 10 years.
If both alternatives have an infinite life, which of the
following equations can be used to solve for the rate
of return on the incremental investment?

(a) 0 = −$25,000+ $1000/ i − $5000(A/F, i, 10)

(b) 0 = −$25,000+$1000/ i+$5000(A/P , i, 10)/ i

(c) 0 = −$25,000+$1000/ i−$5000(A/F , i, 10)/ i

(d) 0 = +$25,000− $1000/ i + $5000(A/F, i, 10)

D-87 Compare two competing, mutually exclusive new
machines that have only cost data given and tell
which of the following statements is true regarding
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the present worth of the incremental investment at
your investment interest rate.

(a) If it is greater than zero,we chose the alternative
with the largest initial investment expense.

(b) The internal rate of return will always be equal
to the investment rate of return.

(c) Neither machine is chosen if there is only cost
data and the present worth is less than zero.

(d) If it is less then zero, we chose the alternative
with the smallest initial investment expense.

Chapter 9

FutureWorthAnalysis

D-88 The future worth of a project with initial cost P ,
positive annual cash flows of A, salvage value S,
and interest rate of i over a life of n years can be
calculated using which statement?

(a ) FW = −P(F/P, i%, n) + A(F/A, i%, n)
+S(F/P, i%, n)

(b ) FW = P(F/P,i%, n) + A(F/A, i%, n) + S

(c ) FW = −P(P/F, i%, n) + A(F/A, i%, n)
−A(P/A, i%, n) + S

(d ) FW = −P(F/P,i%, n) + A(F/A, i%, n) + S

D-89 A firm has been investing retained earnings to
establish a building fund. The firm has retained
$1.2 million, $1.0 million, and $950,000, respec-
tively, 3, 2, and 1 year ago. This year the firm has
$1.8 million to invest. If the firm earns 18% on
invested funds, what is the value of the project that
can be undertaken using the funds as a 25% down
payment?

(a ) $6.28 million

(b ) $7.42 million

(c ) $25.1 million

(d ) $29.7 million

D-90 A firm is considering the purchase of a soft-
ware analysis package that costs $450,000. Annual
licensing fees are $25,000 (payable at the beginning
of each year, starting in Year 1). The firm is bidding
on a large 4-year government project where the new
softwarewill be used. If the firm uses an interest rate
of 20%, what value for software costs should be put
in the bid?

(a ) $514,725

(b ) $527,650

(c ) $1,067,540

(d ) $1,094,346

D-91 Which of the following is a true statement regarding
the future worth of a single investment alternative?

(a) It will be equal to both the presentworth and the
annual worth if the same discounting interest
rate is used.

(b) Choose to invest if the calculated amount is less
than zero at the investment rate of return.

(c) It will yield a recommendation consistent with
the present worth and annual worth methods if
the same discounting interest rate is used.

(d) It cannot be used to evaluate single investment
alternatives.

D-92 Using the data for Uno and Dos from Problem 86,
where the lives of both alternatives is 10 years, give
the future worth on the incremental investment if the
interest rate used is 10%.

(a) −$20,000

(b) −$20,783

(c) −$43,910

(d) −$53,910

Benefit–CostRatio Analysis

D-93 The annual benefits associated with construction of
an outer belt highway are estimated at $10.5 mil-
lion by a local planning commission. The initial
construction costs will be $400 million, and the
project’s useful life is 50 years.Annualmaintenance
costs are $500,000with periodic rebuilding costs of
$10 million every 10 years. If interest is 2%, the
benefit–cost ratio is closest to what value?

(a ) 0.25

(b ) 0.75

(c ) 1.11

(d ) 1.35

D-94 A city needs a new pedestrian bridge over a local
stream. The city uses an interest rate of 5%, and
the project life is 30 years. The following data (in
millions of dollars) summarizes the bids that were
received.

BidA Bid B

Construction materials costs $4.20 $6.20
Construction labor costs 0.60 0.70
Construction overhead costs 0.35 0.03
Initial administrative and legal 0.60 0.01

costs
Annual operating costs 0.05 0.075
Annual revenue from operation Unknown 0.40
Other annual benefits to the city 0.22 0.25

What would the annual revenue of Bid A have to
be for the two projects to be equivalent? Choose the
closest value.
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(a ) 0.10

(b ) 0.20

(c ) 0.30

(d ) 0.40

D-95 When using the benefit–cost method of analyzing
a project, which of the following is a true state-
ment?

(a) It will always produce a recommendation con-
sistent with the simple payback period method.

(b) It will always produce a recommendation con-
sistent with present worth, future worth, and
annual worth methods.

(c) It can be used only to evaluate projects from the
public sector (such as bridges and roadways).

(d) None of the above.

D-96 Project A has a first cost of $950,000 and will pro-
duce a $50,000 net annual benefit over its 50-year
life. Project B costs $1,250,000 and produces an
$85,000 net annual benefit. If interest is 3% per
year, the benefit–cost ratios of Projects A and B are
nearest what values?

(a) 0.52, 0.67

(b) 0.74, 0.57

(c) 1.35, 1.75

(d) 2.63, 3.40

D-97 Using the data for Projects A and B in Problem 96,
the benefit-cost ratio on the incremental investment
is nearest what value?

(a) 0.17

(b) 0.33

(c) 3.00

(d) 5.83

Sensitivityand BreakevenAnalysis

D-98 BVM manufactured and sold 25,000 small statues
this past year. At that volume, the firm was exactly
in a breakeven situation in terms of profitability.
BVM’s unit costs are expected to increase by 30%
next year. What additional information is needed to
determine how much the production volume/sales
would have to increase next year to just break even
in terms of profitability?

(a ) Costs per unit

(b ) Sales price per unit and costs per unit

(c ) Total fixed costs, sales price per unit, and costs
per unit

(d ) No data is needed, the volume increase is
25,000+ 25,000(0.30) = 32,500 units.

D-99 Process A has fixed costs of $10,000 and unit costs
of $4.50 each, and Process B has fixed costs of

$25,000 and unit costs of $1.50 each. At what level
of annual production would the two processes have
the same cost?

(a ) 50 units
(b ) 500 units
(c ) 5000 units
(d ) 50,000 units

D-100 A seasonal bus tour firm has 5 buses with a capac-
ity of 60 people each. Each customer pays $25 for a
one-day tour. Records show $360,000 in fixed costs
per season, incremental costs of $5 per customer,
and an average daily occupancy of 80%. The num-
ber of days of operation necessary each season to
break even is closest to which value?

(a ) 50 days
(b ) 75 days
(c ) 100 days
(d ) 120 days

D-101 Alternative I has a first cost of $50,000, will pro-
duce an $18,000 net annual benefit over its 10-year
life and be salvaged for $5,000. Alternative II costs
$150,000 and has a salvage value of $50,000 after
its 10-year useful life. If interest is 15%, what is the
minimum amount of annual benefit that Alternative
II must produce to make it the preferred choice?

(a) This value can not be determined from the data
given.

(b) $23,500
(c) $31,450
(d) $35,708

D-102 Use the table to determine which project is best if it
is known for sure that annual sales will be $7 mil-
lion. All values are in millions (PW and Sales) of
dollers.

Ann.
Estimated PW ($M)

Sales Proj. 1 Proj. 2 Proj. 3

$ 0 −75 −10 0
5M 125 15 150

10M 325 40 300

(a) Project 1
(b) Project 2
(c) Project 3
(d) None, since Projects 1 and 2 have negative

values.

Chapter 10

Uncertaintyand Probability

D-103 An interest rate of 15% is used to evaluate a new
system that has a first cost of $212,400, annual
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operating andmaintenance costs of $41,200, annual
savings of $94,600, a life of 6 years, and a salvage
value of $32,500. After initial evaluation, the firm
receives word from the vendor that the first cost is
5% higher than originally quoted. The percentage
error in the system’s present worth from this is
closest to what value?

(a ) 5%

(b ) 15%

(c ) 100%

(d ) 300%

D-104 A machine has a first cost of $10,000 and annual
costs of $3500. There is no salvage value, and
interest is 10%. If the project’s useful life is
described by the following data, what is the annual
worth of costs?

Useful Life (years)

4 5 6 7

Prob. of life (%) 5 22 41 32

(a ) $3500

(b ) $5127

(c ) $5554

(d ) $5796

D-105 Three estimators have estimated a project with a
10-year life.

Estimate 1 Estimate 2 Estimate 3

First cost $10,000 $17,500 $15,000

Net annual 7,500 8,000 6,000
cash flows

Salvage value 3,500 0 10,000

Use an interest rate of 20% to determine the
project’s expected present worth. The value is clos-
est to which of the following?

(a ) $16,066

(b ) $16,612

(c ) $31,660

(d ) $31,607

D-106 The first cost (FC), life (n), and annual bene-
fits (A) for a prospective project are uncertain.
Optimistic (OP), most likely (ML), and pessimistic
(PS) estimates are given. If the interest rate is
25%, what is the present worth difference between
a total worst-case scenario and a total best-case
scenario?

Estimate

Most

Parameter Pessimistic Likely Optimistic

First cost $150,000 $100,000 $80,000
Annual cash 25,000 45,000 50,000

flows
Project life, 5 7 10

in years

(a ) $15.8

(b ) $42.2

(c ) $181.3

(d ) $282.5

D-107 Which of the following statements, related to the use
of decision tree analyses to model a problem and
recommend a solution, is not true?

(a) In modeling the decision, the sequence flows
from left to right, with later outcomes and deci-
sions shown to the right of earlier decision and
outcomes.

(b) Branches at a decision point are “pruned off” if
they maximize the benefit to the decisionmaker
relative to other choices.

(c) In analyzing the best path, sequenceflows from
right to left as inferior branches are pruned at
decision points.

(d) Expected value at outcome points is calculated
by multiplying the effect of each branch by the
probability of that branch event.

Chapter 11

Depreciationof Capital Assets

D-108 The correct percentage to use to calculate the
depreciation allowance for a MACRS 3-year prop-
erty for Year 2 is which of the following?

(a ) 14.4%

(b ) 32.0%

(c ) 33.3%

(d ) 44.5%

D-109 With reference to the straight-line depreciation
method, which statement is false?

(a ) An equal amount of depreciation is allocated in
each year.

(b ) The book value of the asset decrements by a
fixed amount each year.

(c ) The depreciation life (n) is set based on the
MACRS property classes.

(d ) The asset is depreciated down to a book value
equal to the salvage value.
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D-110 A 7-year MACRS property has a cost basis for
depreciation of $50,000. The estimated salvage
(market) value is $10,000 after its 10-year use-
ful life. The depreciation charge for the 4th year
and book value of the asset after the 4th year of
depreciation are closest to what values?

(a ) $5760; $44,240

(b ) $6245; $12,496

(c ) $6245; $15,620

(d ) $6245; $43,755

D-111 A $100,000 asset has a $20,000 salvage value after
its 10-year useful life. The depreciation allowance
using straight-line depreciation is closest to what
value?

(a ) $2000

(b ) $8000

(c ) $10,000

(d ) $12,000

D-112 The book value of an asset that is listed as a 10-
yearMACRSproperty is $49,500 after the first year.
If the asset’s estimated salvage (market) value is
$5000 after its 15-year useful life, what was the
asset’s original cost basis?

(a ) $50,000

(b ) $52,105

(c ) $55,000

(d ) $61,875

Chapter 12

Calculating IncomeTaxes

D-113 Which of the following is true?

(a ) Tax rates are based on two flat-rate schedules,
one for individuals and one for businesses.

(b ) When businesses subtract expenses, they
always include capital costs.

(c ) For businesses, taxable income is total income
less depreciation and ordinary expenses.

(d ) When quantifying depreciation allowance, one
must always divide first cost byMACRS 3-year
life.

D-114 If a corporation has taxable income of $60,000,
which of the following expressions is used to cal-
culate the federal tax owed?

(a ) Flat 15% of taxable income

(b ) Flat 25% of taxable income

(c ) $7, 500+ 25% over $50,000

(d ) $13, 750+ 34% over $75,000

D-115 This past year CLL Industries had income from
operations of $8.2 million and expenses of $1.8

million. Allowances for depreciated capital
expenses were $400,000. What is CLL’s taxable
income and federal taxes owed for operations last
year? Choose the closest values.

(a ) $6.0 million; $1.93 million

(b ) $6.0 million; $2.04 million

(c ) $6.4 million; $1.93 million

(d ) $6.4 million; $2.04 million

D-116 Annual data for a firm for this tax year are:

Revenues $45 million
Operating and maintenance costs 7 million
Labor/Salary costs 15 million
Overhead and administrative costs 3 million
Depreciation allowance 8 million

Next year the firm can increase revenue by 20%
and costs will increase by 2%. If the depreciation
allowance stays the same, what will be the change
in firm’s after-tax net profit? Choose the closest
answer.

(a ) $5.2 million

(b ) $5.4 million

(c ) $7.9 million

(d ) $13.3 million

D-117 Widget Industries erected a facility costing $1.56
million on land bought for $1million. The firm used
straight-line depreciation over a 39-year period; it
installed $2.5 million worth of plant and office
equipment (all classified as MACRS 7-year prop-
erty). Gross income from the first year of operations
(excluding capital expenditures) was $8.2 million,
and $5.8 million was spent on labor and materials.
How much did Widget pay in federal income taxes
for the first year of operation?

(a ) $680,935

(b ) $1,002,750

(c ) $1,321,815

(d ) $2,788,000

Chapter 13

ReplacementAnalysis

D-118 Which of the following is a valid reason to consider
replacing an existing asset?

(a ) It has become obsolete and does not perform its
intended function.

(b ) There is a newer asset available that is techno-
logically superior.

(c ) It has become very costly to keep the asset in
working order.

(d ) All of the above.
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D-119 The replacement of a typical existing asset
(defender) that is beyond its minimum economic
life with a new asset (challenger) should be done
when?

(a ) It should never be done because the existing
asset is working.

(b ) The defender’s marginal cost is greater than the
challenger’s equivalent annual cost.

(c ) The challenger’s average future cost becomes
less than the existing asset.

(d ) The defender’s equivalent annual cost equals
the challenger’s equivalent annual cost.

D-120 A factory asset has a first cost of $100,000, annual
costs of $15,000 the first year and increasing by
7.5% per year, and a salvage (market) value that
decreases by 20% per year over its 5-year life. The
minimum cost economic life of the asset is what
value? Interest is 10%.

(a ) 2 years
(b ) 3 years
(c ) 4 years
(d ) 5 years

D-121 The minimum cost life of a new replacement
machine is 6 years with a minimum equivalent
annual cost of $6000. Given the existing machine’s
marginal cost data for the next 4 years,when should
the existing machine be replaced?

Year Total Marginal Cost

1 $5400
2 5800
3 6200
4 8000

(a ) After Year 1
(b ) After Year 2
(c ) After Year 3
(d ) After 6 years

D-122 A material handling system was purchased 3 years
ago for $120,000. Two years ago it required
substantial upgrading at a cost of $15,000. It once
again is requiring an upgrading cost of $25,000.
Alternately, a new system can be purchased today
at a cost of $200,000. The existing machine could
be sold today for $50,000. In an economic analy-
sis, what first cost should be assigned to the existing
system?

(a ) $50,000
(b ) $65,000
(c ) $75,000
(d ) $80,000

Chapter 14

Inflation Effects

D-123 If the real growth of money interest rate for the past
year has been 4% and the general inflation has been
2.5%, the combined (market) interest rate is closest
to what value?

(a ) 1.5%
(b ) 6.5%
(c ) 6.6%
(d ) 10.0%

D-124 To convert actual (inflated) dollars to constant
purchasing power dollars (where n = difference in
time between today and purchasing base) that occur
at the same point in time, one must:

(a ) Multiply by (P/F , inflation rate%, n).
(b ) Multiply by (F/P , inflation rate%, n).
(c ) Multiply by (P/F , combined rate%, n).
(d ) Divide by (P/F , real interest rate%, n).

D-125 The cost of a material was $2.00 per ounce 5 years
ago. If prices have increased (inflated) at an average
rate of 4% per year, what is the cost per ounce now?

(a ) $2.04
(b ) $2.08
(c ) $2.43
(d ) $8.00

D-126 A deposit of $1000 is made into an account that
promises a minimum of 2% per year increase in
purchasing power. If general price inflation is 3,
1, and 5%, respectively, over the next 3 years, the
minimum value that will be in the account at Year 3
is closest to what amount?

(a ) $1061
(b ) $1092
(c ) $1157
(d ) $1177

D-127 The cost of materials was $1000 per lot when the
cost index is 145. Today the cost index is 210.What
is the cost per lot?

(a) $690
(b) $1000
(c) $1448
(d) Cannot be determined with the data given.

Chapter 15

Capital Budgeting

D-128 Which of these statements can be said of projects
considered to be mutually exclusive?

(a ) The projects are equivalent or mutual in terms
of their cash flows.

(b ) Neither alternative should be chosen.
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(c ) All projects can be chosen as long as they meet
minimum economic criterion.

(d ) The selection of one in the set eliminates selec-
tion of others in that same set.

Use the following data for Problems 129–131
A firm has identified four projects for possible
funding in the next budget cycle.

Project First Cost ($M) PW($M)

A 12 225
B 18 250
C 24 320
D 30 400

D-129 The projects are independent.What is the total num-
ber of possible investment strategies (combinations)
that the firm can use?

(a ) 4

(b ) 6

(c ) 10

(d ) 15

D-130 If the projects have the following contingencies,
what is the total number of possible investment
strategies (combinations) that the firm can use?
Project A can be invested in only by itself; Project
D is chosen only if Project B is chosen.

(a ) 0

(b ) 2

(c ) 4

(d ) 6

D-131 If the projects are independent, and the project
budget (capital limit) is $32 million, what invest-
ment combination maximizes PW?

(a ) A and C

(b ) D alone

(c ) Invest in all projects to maximize PW.

(d ) A and B

D-132 A firm is considering the “make vs. buy” question
for a subcomponent. If the part is made in-house, the
production data would be: first cost = $350, 000;
annual costs for operation = $45,000; salvage
value = $15,000; project life = 5 years; interest =
10%; and material cost per unit = $8.50. If annual
production is 10,000 units, the maximum amount
that the firm should be willing to pay to an outside
vendor for the subcomponent is nearest?

(a ) $10 per unit

(b ) $16 per unit

(c ) $22 per unit

(d ) $28 per unit

D-133 A firm is considering whether to buy special-
ized equipment that would cost $200,000 and have
annual costs of $15,000. After 5 years of operation,
the equipment would have no salvage value. The
same equipment can be leased for $50,000 per year
(annual costs included in the lease), payable at the
beginning of each year. If the firm uses an interest
rate of 5% per year, the annual cost advantage of
leasing over purchasing is nearest what value?

(a ) $2494
(b ) $8694
(c ) $11,200
(d ) $12,758

Chapter 17

Accounting

D-134 Which of the following summarizes a firm’s
revenues and expenses over a month, quarter, or
year?

(a ) Balance sheet

(b ) Statement of assets and liabilities

(c ) Income statement

(d ) None of the above

D-135 Which of the following financial ratios provides
insight into a firm’s solvency over the short term by
indicating its ability to cover current liabilities?

(a ) Acid-test ratio

(b ) Quick ratio

(c ) Current ratio

(d ) Net profit ratio

D-136 Which statement is most accurate related to an
activity-based costing (ABC) system?

(a ) ABC spreads the firm’s indirect costs based on
volume-based activities.

(b ) ABC seeks to assign costs to the activities that
drive those costs.

(c ) ABC gives an inaccurate view of a firm’s costs
and should never be used.

(d ) ABC is calledABCbecause it is an easymethod
to use.

D-137 A firm’s balance sheet has the following data:

Cash on hand $450,000
Market securities 25,000
Net accounts and notes receivable 125,000
Retailers’ inventories 560,000
Prepaid expenses 48,500
Accounts and notes payable (short term) 700,000
Accumulated liabilities 120,000

The firm’s current ratio and acid-test ratio are clos-
est to what values?
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(a ) 1.42; 0.73

(b ) 1.42; 0.79

(c ) 1.47; 0.73

(d ) 1.47; 0.79

D-138 Afirm’s income statementhas the following data (in
$10,000):

Total operating revenues $1200
Total nonoperating revenues 500
Total operating expenses 925
Total nonoperating expenses 125

If the firm’s incomes taxes were $60,000 what was
the net profit (loss)?

(a ) All necessary data is not given, one cannot
calculate net profit (loss).

(b ) −$53,500

(c ) $1,150,000

(d ) $6,440,000

D-139 Annual manufacturing cost data (1000s) for four
product lines are as follows:

Data Line 1 Line 2 Line 3 Line 4

Annual pro-
duction

4000 3500 9800 675

Cost of direct
materials

$800 $650 $1200 $2500

Cost of direct
labor

$3500 $3750 $600 $320

Rank the product lines from lowest to highest in
terms of manufacturing cost per unit. Total indirect
costs of $10.8 million are allocated based on total
direct cost.

(a ) 1-2-3-4

(b ) 3-1-2-4

(c ) 3-2-1-4

(d ) 3-4-1-2
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