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Preface

Supply chain management research has attracted a great deal of attention
over the last ten years. This research covers an enormous territory involving
multiple disciplines. It is carried out in the academia as well as by practitioners.
A number of interesting topics that are examined are coordination of supply
chains, supply chain design and re-engineering, competition of supply chain
players, information dynamics, and contracts and incentive design.

From cottage industries and corner stores to today’s search-engines in inter-
net commerce, obtaining information and sourcing merchandise have been a
major issue. Over the last 20 years, modern information technology has greatly
changed the landscape of acquisition and distribution of both product and de-
mand information. Companies have recognized the importance of learning
about their customers needs and obtaining advance information. In addition,
the progress in manufacturing technology, logistics services, and globalization
makes it possible for companies to satisfy their customers from sources with
different prices and lead times. Therefore, investigating ways to effectively dis-
tribute and obtain information, and to efficiently make use of different sources
of production and transportation have been and are important foci of supply
chain research.

With a careful analysis of real data collected from industry, we demonstrate
the dynamics of information in the forecasting process. Our approach consid-
ers the forecasting process as one analogous to peeling away the layers of an
onion—that is, the information at any given time has a number of sources of
uncertainties that are resolved one by one in successive periods. We study the
problem of supply chain decision making with such an information-updating
process. The models considered in this book are inventory decisions with mul-
tiple delivery modes, supply-contract design and evaluation, and a two-player
competitive supply chain. We formulate mathematical description of real prob-
lems, develop approaches for analysis of these models, and gain insights into
better supply chain management. Much attention is given to characterization of
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the solutions—that is, inventory decisions prior and subsequent to information
updates and the impact of the quality of information on these decisions.

Mathematical tools employed in this book involve dynamic programming and
game theory, This book is written for students, researchers, and practitioners
in the areas of Operations Management and Industrial Engineering. It can also
be used by those working in the arcas of Operations Research and Applied
Mathematics.

The models and applications of supply chain decision making with infor-
mation updates presented in this book are in their early stages of development.
There have been a series of advances, but there is still much to be done. There-
fore, many of the models addressed in the book could be further extended to
capture more realism.

We wish to thank Qi Feng, Xiang-Hua Gan, Art Hsu, Hong-Yan Huang, Ke
Liu, Ruihua Liu, Si-Tong Tan, and Hua Xiang, who have worked with us in the
area of inventory and supply chain decision making with information updates.
For their careful reading of the manuscript and able assistance at various stages
in the writing of this book, we also want to thank our students Yumei Hou, Hui
Li, Lijun Ma, Jun Wu, Jiankui Yang, and Haibo Yu. In addition we express
our appreciation to Barbara Gordon and Joyce Xu for their assistance in the
preparation of the various drafts of the manuscript.

This book is supported in part by the faculty research grants from School of
Management, University of Texas at Dallas, the RGC (Hong Kong) Competitive
Earmarked Research Grants, a Distinguished Young Investigator Grant from the
National Natural Sciences Foundation of China, and a grant from the Hundred
Talents Program of the Chinese Academy of Sciences. We are grateful for their
support.

Richardson, TX, USA, January, 2005 Suresh P. Sethi
Hong Kong, China, January, 2005 Houmin Yan
Beijing, China, January, 2005 Hangin Zhang
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Notation

This book is divided into eight chapters. In any given chapter, say Chapter 2,
sections are numbered consecutively as 2.1, 2.2, 2.3, 2.4, and so on. Subsections
and sub-subsections are also numbered consecutively as 2.4.1, 2.4.2, .. .and
24.3.1,243.2, ..., respectively. Similarly, mathematical expressions such as
equations, inequalities, and conditions, are numbered consecutively as (2.1),
(2.2), (2.3), . ... Figures, tables and propositions are numbered consecutively
as Figure 2.1, Figure 2.2, ..., Table 2.1, Table 2.2, ..., and Proposition 2.1,
Proposition 2.2,. . . . The same numbering scheme is used for theorems, lemmas,
corollaries, definitions, remarks, and examples.

We provide clarification of some frequently-used terms in this book. The
terms “surplus”, “inventory/shortage”, and “inventory/backlog” are used in-
terchangeably. The terms “control”, “policy”, and “decision” are used inter-
changeably.

We make use of the following notation in this book:
w.p.1 with probability one
ii.d. independent, identically distributed
= denotes “implies”

@) = [E e T
®~1(.)  the inverse function of ®(:)
1, z>0
o) = { 0, <0
Ip the indicator function of a set D
§  the empty set
O  end of a proof
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(Q,F,P)

P e)

E¢

Varé
(ar,...,a;) >0
(a1,...,a1) >0

a>b

ai N Aay
a1 V---Vaq
.t

the probability space

the probability distribution of a random variable &
the expectation of a random variable £

the variance of a random variable

meansa; > 0,...,a; >0

meansa; > 0,...,a; >0

means a — b > 0 for any vectors a and b

= min{ay, ..., qa;} for any real numbers a;, ¢ = 1,...,!
= max{ay,...,q;} for any real numbers a;, i = 1,...,!

= max{z, 0} for a real number x
= max{—xz, 0} for a real number z
the largest integer smaller than or equal to a real number z



Chapter 1

INVENTORY AND SUPPLY CHAINMODELS WITH
FORECAST UPDATES

1.1. Introduction

Most global companies deal with customers that have different degrees of
demand variability and forecasting ability. Companies with superior forecast-
ing abilities can afford to procure or produce a large fraction of their demand by
making use of slow production modes and inexpensive logistics services, pay-
ing a premium for faster production and logistics services only when demand
surges unexpectedly. Companies with irregular demands and inferior forecast-
ing ability have to pay dearly for using fast production modes to respond to
unexpected surges in demand.

Companies have recognized the importance of managing a portfolio of cus-
tomers with different needs and have recognized the value of learning about
customer demands in advance. As observed by Fisher, Hammond, Obermeyer,
and Raman [22] in the case of the apparel industry, regrouping forecasting
efforts from all sources (such as firm orders received, preseasonal sale informa-
tion, and the point-of-sales data) have been remarkably effective in obtaining
demand information in advance. Effective use of early demand information
has been a major initiative in many industries, such as the apparel industry
(Fisher, Hammond, Obermeyer, and Raman [22]; Iyer and Bergen [37]), the
toy industry (Bamnes-Schuster, Bassok, and Anupindi [5]), and the computer
and electronics industry (Tsay and Lovejoy [67]; Brown and Lee [9]; Yan, Liu,
and Hsu [72]).

In addition, the advances in manufacturing technology, logistics services,
and globalization make it possible for companies to satisfy their customer needs
from sources with different prices and lead times. The advance demand infor-
mation improves their understanding of customer demand. On the one hand, the
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ability to provide a better forecasting increases as the delivery date approaches.
On the other hand, the costs of products and logistics services increase as a
shorter lead time is required. Therefore, it is critical for companies to use ad-
vance demand information, different manufacturing technologies, and logistics
services to strike a balance between the quality of demand information and the
costs of production and logistics services.

In the last decade or so, supply chain management has attracted a great
deal of attention from people in academia and industry. Research in supply
chain management covers an enormous territory, involves multiple disciplines,
and employs both quantitative and qualitative tools. A wide range of topics
have been explored, and a great diversity of details of those topics have been
examined. Managerial introductions to supply chain management can be found
in Copacino [17], and Handfield and Nichols [32]. Simchi-Levi, Kaminsky,
and Simchi-Levi [62], and Tayur, Ganeshan, and Magazine [65] provide more
technical, model-based treatments of supply chain management.

In the literature, we see that the focus is primarily on methods for coordi-
nation and improving system efficiencies, supply chain re-engineering by de-
laying product differentiation, information dynamics and its impact on supply
chain performance, competition among supply chain players, and the design of
supply and purchase contracts and incentives. In these models, it is generally
agreed that information is critical in supply chain decisions and therefore that
it is important to explore advance demand information. However, the problem
of including demand-information updates in supply chain decisions remains
largely an open research area.

In the last four to five years, we have been modeling the problem of dy-
namic supply chain decision making with information updating. Our model
includes inventory decisions with multiple sources and delivery modes, supply
contracts design, and a competitive supply chain model. We mathematically
formulate real problems into tractable models, develop approaches for their
analysis, and present insights into better supply chain management. In this
volume, we provide a unified treatment of the above models, summarize our
major results, present a critique of the existing results, and point out potential
research directions.

1.2. Aims of the Book

Customer demands, supply conditions, sales, and raw-material prices are the
fundamental pieces of information that companies need to plan their operations
in stocking, production, and distribution. Market uncertainties, information
disparity and distortion, globalization, and shortening lead times make supply
chain planning a challenging venture.



Inventory And Supply Chain Models with Forecast Updates 3

Modern technologies for obtaining advance information and manufacturing
logistics provide companies with the means and tools that they need to deal
with the above challenges. However, the classical stochastic inventory models,
which provide information about when to buy and how many units to purchase,
do not take advance information and multiple alternatives in manufacturing
logistics into consideration. Therefore, our first task is to model the process of
obtaining advance information and its impact on inventory decisions.

We model the forecast-updating process as one analogous to peeling away
the layers of an onion (Sethi, Yan, and Zhang [61]). That is, the information
in any given period (hidden in the core of an onion) has a number of sources
of uncertainties (hidden in the layers of the onion), and these uncertainties are
resolved successively in periods leading to the period in which the demand
materializes (peeling the layers one by one to get to the core). With such
an information-updating process, it is possible for us to consider the optimal
inventory decisions with new information.

It is common that, for the same sets of goods, companies provide their cus-
tomers with a choice between different lead times or delivery alternatives. For
examples, Hewlett-Packard’s MODO boxes are assembled in its Singapore fac-
tory, but the factory allows HP’s distribution centers in Roseville (California),
Grenoble, Guadalajara,”and Singapore to choose between ocean and air ship-
ments (Beyer and Ward [7]). These differences in lead times and delivery alter-
natives may result in different charging schemes. It is generally assumed that
the faster delivery modes are more expensive than the slower ones. So a com-
bination of multiple delivery modes and information updating will doubtlessly
present an efficient approach to coordinating the supply chain and mitigating
the distortion of demand and price information. To take advantage of multiple
delivery modes, we likened the forecast-updating process to that of peeling an
onion. In a model with multiple delivery modes, we explore the form of an
optimal policy.

A supply contract is an agreement between a buyer and a supplier that stip-
ulates the terms of the purchase in an environment of incomplete information
and possible reaction alternatives. Different forms of contracts have received
a great deal of attention recently from practitioners and researchers. Research
in this area focuses mainly on contract management and incentive design. The
former tackles an optimization problem, while the latter addresses an issue of
supply chain coordination. However, the main incentive to having both the
buyer and the supplier to get some form of contract is that the contract provides
the buyer with an option to revise its decision with incomplete information in
addition to some degree of certainty to the supplier in allocating its capacity.
Therefore, it is critical for both parties to understand the potential of new infor-
mation before designing and executing a contract. This brings us to the second
task—information updating and contract design, execution, and management.
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For contract management, we pursue research in two directions: quantity-
flexibility contract models and competitive models. Quantity-flexibility con-
tracts allow the buyer in a supply chain to postpone some of his purchases to a
later date and at a favorable price after an improved forecast of customer demand
becomes available. Thus the contract provides the buyer with a cushion against
demand uncertainty. The supplier, on the other hand, benefits from having a
smoother production schedule as a result. Here we focus mainly on quantity-
flexibility contracts that involve one demand-forecast update in each period and
a spot market with or without a fixed exercise price. With regard to competitive
models, there is a body of research work on the supply-contract context that
investigates channel performance through the competitive-behavior study of the
supply chain. Information updating adds another dimension to both speculative
and reactive decisions. Therefore, our last task is to investigate the competi-
tive behavior of supply chain players with respect to the impact of information
updating.

Before closing this section, we want to point out that for some forms of con-
tracts, it takes months from the signing to the execution of the contract. There-
fore, it is problematic to consider such criteria as expected profit maximization
or expected cost minimization particularly when profit and cost variances and
the uncertainty in information are large. This brings us to the risk analysis of
supply contracts with information updating. In the fields of economics and
finance, agents are often assumed to be risk-averse, and they maximize a con-
cave utility of wealth (von Neumann and Morgenstern [68]). A simple opera-
tional approach to dealing with risk aversion is that of mean-variance analysis
(Markowitz [50]). There have been a few attempts in the inventory and sup-
ply chain management literature to deal with risk aversion. Lau and Lau [42]
study a single-supplier, single-retailer supply chain, where both the retailer and
the supplier use objective functions that increase with the expected profit and
decrease with the variance of profit. Note that while they consider aversion to
risk, their objective function is not a von Neumann-Morgenstern-type utility in
general. Chen and Federgruen [14] revisit a number of basic inventory models
using the mean-variance approach. They conclude that for risk-averse decision
makers, the optimal order quantity is less than the one that corresponds to max-
imizing the expected profit. Gan, Sethi and Yan [26, 27] consider supply chains
with risk-averse agents. They provide a general definition of coordination for
such supply chains. They obtain coordinating contracts explicitly ina number of
cases. In a case with utility-maximizing agents, they also show that the contract
yields a Nash bargaining solution. Buzacott, Yan and Zhang [10] study a class
of commitment and option supply contracts in the mean-variance framework
with demand-information updating. It is shown that a mean-variance trade-
off analysis with advance reservation can be carried out efficiently. Moreover,
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Yan, Yano and Zhang [73] consider multiperiod inventory models in which the
risk aversion is measured by a probability constraint to a target performance
index. They prove that the optimal policies are threshold-control type and not
base-stock type. Further work on this topic is currently in progress.

To summarize, we present in this book our research results in inventory and
supply chain management that involve information updates. The topics span
from the stochastic dynamic inventory models with different delivery modes,
contracts with exercise prices, quantity-flexibility contracts accompanied with
spot-market purchase decisions, to competitive supply chains. The rest of this
chapter reviews the related literature and highlights our modeling approaches
and main results.

1.3. Information Dynamics in Supply Chains

Sourcing and obtaining information have been major ventures since the earli-
est form of trading and commerce. Over the past 20 years, modern information
technology has greatly improved the efficiency of obtaining and distributing in-
formation. Examples of these technologies include continuous-replenishment
programs (CRPs) based on electronic-data-exchange technology (at Procter &
Gamble) and vendor-managed-inventory (VMI) systems based on point-of-sale
data technology (at Wal-Mart). Massive investments in information technology
have been made by manufacturers, distributors, and retailers with the hope of
achieving supply chain coordination. Investigating ways to effectively distrib-
ute and use information in a supply chain have been a centerpiece in supply
chain management research.

The information we refer to is primarily about demand and price. Demand
information has a direct impact on production scheduling, inventory control,
and delivery plans of individual members in the supply chain. At the same time,
price information affects the buyers’ allocation of their purchasing quantities,
which in turn affects the demand. Since demand information is a key factor in
supply chain management, we review various demand models and ways that
demand affects supply chain management. The key objective for supply chain
management is to better match supply with demand to reduce the costs of inven-
tory and stockout. Researchers have found that disparities in supply and demand
result partially from distorted demand and price information. On the norma-
tive side, the combination of sell-through data, inventory-status information,
order coordination, and simplified pricing schemes can help mitigate informa-
tion distortion. To overcome this shortcoming, the information-updating and
information-sharing processes deserve thorough investigation. Many compa-
nies have embarked on initiatives that enable more demand information sharing
between their downstream customers and their upstream suppliers. Research
on the effects of information on supply chain management has focused on three
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issues—information distortion, information sharing, and information updat-
ing. To better understand the importance of obtaining advance information and
making use of information updates, we believe that it is necessary to review
the literature on information distortion and on information sharing and to recall
recent initiatives and practices from various industries.

1.3.1 Information Distortion in Supply Chains

It is commonly agreed that meeting customer demand is the primary goal of
a supply chain. Therefore, information about customer demand should be the
basis for decision making by a supply chain manager. However, the orders at
the upstream of a supply chain have been observed to exhibit a higher level of
variability than those at the downstream, which is nearer to the customer. The
phenomenon of information distortion, popularly known as the bullwhip effect,
is one of the early finds in the study of the information dynamics of a supply
chain. If companies make their supply chain decisions based on their orders
instead of on customer demand, the bullwhip effect leads companies to make
inaccurate demand forecasts, acquire excessive inventory, and be less efficient
in capacity utilization. Lee, Padmanabhan, and Whang [43, 44] systemati-
cally investigate the cause of the information distortion within a supply chain.
They conclude that demand-signal processing, rational games, order batching,
and price variation are the major causes. Remedies for these causes are also
provided.

Following the work of Lee, Padmanabhan, and Whang [43, 44], there is
a large body of work that explores the causes of the bullwhip effect as well
as methods for controlling its impact. Metters [51] establishes an empirical
lower bound of detrimental effect that the bullwhip effect may have. His results
indicate that reduction of the bullwhip effect can improve profitability in a
dramatic fashion. Chen, Dreaner, Ryan, and Simchi-Levi [13] identify the
causes and quantify the increase in variability due to demand forecasting and
lead times. They further extend their results to consider the impact of centralized
demand information on the bullwhip effect. Methods for reducing the impact
of the bullwhip effect are also proposed. These methods include reducing the
variability that is inherent in the customer demand process, reducing lead times,
and establishing strategic partnerships.

1.3.2  Information Sharing in Supply Chains

By reducing lead times (information delays), multiple data entries, and the
bullwhip effect, information technology has had a substantial impact on sup-
ply chains. Many industries have embarked on information sharing efforts to
improve the efficiency of their supply chains. Scanners collect sales data at
the point of sale, and electronic data interchange (EDI) allows these data to
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be transmitted and broadcasted immediately to individuals in the supply chain.
The application of information technologies, especially in the grocery industry,
has substantially helped better match supply with demand to reduce production
and delivery lead times, and the costs of inventory and stockout. Sharing in-
formation among parties in a supply chain has been viewed as a major strategy
for countering difficulties such as inaccurate demand forecasts, low capacity
utilization, excessive inventory, double marginalization, and poor customer ser-
vice. For example, letting the supplier have access to retailers’ sale data can
help ameliorate the detrimental effects of demand distortion. The benefits of
information sharing in the supply chain also motivate industrial application pro-
grams like vendor-managed-inventory (VMI), continuous-replenishment pro-
grams (CRPs), and quick-response programs (QRPs).

In coordinating supply chain models with information sharing, some mem-
bers of the supply chain are happy with improved information, while others
believe that its benefit does not justify its cost (see Takac [64]). Thus, while
information is beneficial in general, it is interesting to quantify the value of
information sharing between members of a supply chain. Bourland, Powell,
and Pyke [8], Cachon and Fisher [11], Gavirneni [28], Gavirneni, Kapuscinski,
and Tayur [29], Lee, So, and Tang [46], Li and Zhang [47], Moinzadeh [53],
and Simchi-Levi and Zhao [63] are some works dealing with the value of in-
formation sharing in a supply chain. Bourland, Powell, and Pyke [8] examine
the case in which the review period of the manufacturer is not synchronized
with the retailer. Similarly, Cachon and Fisher [11] show analytically how the
manufacturer can benefit from using information about the retailer’s inventory
levels when the retailers use a batch-ordering policy. Also studied in [8, 11]
is the value of resolving a part of uncertainty by obtaining some information
about the retailer’s demand. Gavirneni [28], and Gavirneni, Kapuscinski, and
Tayur [29] consider two cases of information sharing between manufacturer
and retailer. In the first case, the manufacturer obtains information from the
retailer about the parameters of the underlying demand and the cost of the (s, S)
ordering policy adopted by the retailer. In the second case, the manufacturer
obtains additional information from the retailer about the period-to-period in-
ventory level. Under various types of demand distributions, they compare the
optimal costs associated with these two cases. Conditions under which gaining
information about the retailer’s inventory is beneficial are also explored. Li
and Zhang [47] study the relationships among demand variability, inventory
management, and information sharing in a supply chain consisting of one re-
tailer as well as multiple retailers. The retailers have private information about
their customer demands and may share it with the supplier. They prove that the
strategic reactions of the retailers change the values of information as well as the
supplier’s inventory decisions. Moinzadeh [53] considers a supply chain model
consisting of a single product, one supplier, and multiple retailers. The supplier
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has online information about the demand and inventory activities of the prod-
uct at each retailer and uses this information when making ordering decisions.
Numerical work is carried out to identify the parameter setting under which
information sharing is most beneficial. Simchi-Levi and Zhao [63] consider
a single-product, periodic-review, two-stage production-inventory system with
a single capacitated supplier and a single retailer facing independent demand
and using an order-up-to inventory policy. For this supply chain model, they
solve the problems that arise when information sharing provides significant cost
savings and address how the supplier can use this information most effectively
in make-to-stock production systems.

Lee, So, and Tang [46] use a serially correlated demand model to explore the
value of information sharing in a two-stage supply chain. They also examine the
impact of the correlation coefficient and the lead times on expected inventory
reduction.

1.3.3 Information Updates in Supply Chains

Related research has been carried out in the area of inventory management
with demand-information updates. It is possible to classify this line of research
into the following three categories.

The first category is to use time series to update the demand forecast. This
approach is very powerful when there is a significant intertemporal correlation
among the demands of consecutive periods (see Johnson and Thompson [39],
and Lovejoy [49]). They model the demand process as an integrated autoregres-
sive moving-average process and show the optimality of myopic policies under
certain conditions. Recently, Aviv [3] has formulated the underlying demand
process of a supply chain in a linear state-space framework. As a result, the
demand realization during each period can be written as a linear function of
a state vector that evolves as a vector autoregressive time series. Employing
the Kalman filter technique, the minimum mean-square error forecast of future
demands at each location of the supply chain can be obtained, and an adaptive
inventory order policy can be given.

The second category is concerned with forecast updates. This approach
is developed by Hausmann [33], Sethi and Sorger [60], Graves, Meal, Dasu,
and Qiu [30], Heath and Jackson [35], Donohue [18], Yan, Liu, and Hsu [72],
Gurnani and Tang [31], Barnes-Schuster, Bassok, and Anupindi [5], Huang,
Sethi, and Yan [36], and Gallego and Ozer [25]. Hausmann [33] models the
evolution of the forecast as a quasi-Markovian process and provides optimal
decision rules for sequential decision problems. Sethi and Sorger [60] formu-
late a fairly general model that allows for unrestricted forecast updates at some
forecast cost. They also provide an optimality framework for the usual prac-
tice of rolling-horizon decision making. They develop dynamic programming
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equations to determine optimal rolling horizons, optimal forecast decisions,
and optimal production plans. While their model represents a significant con-
ceptual advance, the computation of optimal decisions suffers from the curse
of dimensionality. Graves, Meal, Dasu, and Qiu [30] and Heath and Jackson
[35] use a martingale to model the forecast evolution. They analyze economic
safety-stock levels for a multi-product, multi-facility production system. Yan,
Liu, and Hsu [72] obtain the optimal order quantity in a single-period, two-stage
model with dual supply modes and demand-information updates. Foruniformly
distributed demand forecasts, they show further that an optimal solution can be
myopic, if some regularity conditions are satisfied. Donohue [18] considers
a risk-sharing supply contract between a buyer and a supplier. She discusses
pricing issues when the demand-information update is perfect. For a bivariate
normal demand, Gurnani and Tang [31] provide an explicit solution in the cases
of worthless and perfect information updates. Barnes-Schuster, Bassok, and
Anupindi [5] consider a single-period, two-stage model with updating infor-
mation arriving at the beginning of the second stage. They provide structural
properties of the objective functions of the buyer and the supplier. The issue
of channel coordination is also discussed. Huang, Sethi, and Yan [36] consider
a single-period, two-stage supply contract model with both fixed and variable
costs and demand-information updates. The information updates can vary from
being worthless 1o being perfect. For a uniformly distributed demand forecast,
they are able to provide an explicit solution. The explicit nature of the solution
leads to important insights into a better supply-contract management. Gallego
and Ozer [25] model the forecast evolution as a supermartingale and prove the
optimality of a state-dependent (s, .S) policy.

The third and last category is Bayesian analysis. Bayesian models are first
introduced in the inventory literature by Dvoretzky, Kiefer, and Wolfowitz
[19]. In this framework, the demand distribution is chosen from a family of
distributions whose parameters are not specified with certainty. Bayes’s rule
defines a procedure to update this distribution as new information becomes
available. Scarf [58] characterizes an adaptive optimal order policy, which
depends on the past history, for the case of exponential family of distributions.
Azoury [4], and Lariviere and Porteus [41] extend the work of Scarf [58] to
other classes of distributions. Eppen and Iyer [21] analyze a quick-response
program in a fashion-buying problem by using Bayes’s rule to update demand
distributions.

Here we emphasize two approaches with the Bayesian analysis framework.
One models the demand process as a normal distribution with a known variance.
The other employs a normal distribution with an unknown variance to investigate
the dynamics of demand updating. We elaborate them in what follows.

Iyer and Bergen [37] analyze a quick-response system in the fashion industry
by using the Bayesian method to update demand distribution. In a quick-
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response system, demand is modeled as a normal distribution with unknown
mean and known variance. Then there are two folds of demand uncertainty:
one arises from the demand itself; the other results from the uncertain mean.
With a Bayesian updating mechanism, they show there is a decrease of demand
variance as information updating is introduced. Many papers in the literature
assume that demand variance is known. Then the decrease of demand variance
through updating demand information before the selling season is reasonable
and practicable. Therefore, a lot of literature further explores the value of
information updating in supply chain performance, especially the use of a dual
mode of supply to improve the efficiency of supply contract. However, if
the variance of demand itself is also uncertain, we are interested in what the
demand-uncertainty structure is.

Based on the analysis of the data obtained from an electronic company, we
make an interesting observation. The company uses a rolling horizon method to
update its forecast. The data provides us an opportunity to observe the evolution
of the forecasting process and the forecast-error process. We observe that
the forecast error decreases as more demand information comes in. However,
when compared with the initial forecast, the updated forecast exhibits a larger
variance. We provide our analysis and interpretation of this observation in
Chapter 2.

1.4. Inventory and Supply Chains with Multiple Delivery
Modes

Starting with Fukuda [24], several researchers have investigated inventory
problems with limited or no information updating on the ordering costs and
demands. Most studies focus on two delivery modes with different costs and
lead times separated by one review period. For two delivery modes, Fukuda
[24] shows that the optimal policy is similar to those of the dynamic inven-
tory problem with a single-procurement mode—that is, a base-stock type of
inventory-control policy with a stock order-up-to level for procurement mode.
Under a similar framework, Hausmann, Lee, and Zhang [34] study an inven-
tory system with two procurement modes for a stationary demand. They derive
an explicit formula for the optimal order quantities, assuming linear inventory
holding and shortage costs. Whittemore and Saunders [71] consider air and sur-
face delivery modes with lead times of 7 and (7+1) review periods, where 7 is
any positive integer. They allow for fixed and variable ordering costs associated
with ordering placements. Rosenshine and Obee [57] examine a standing-order
inventory system, where a regular order of constant size is received every period
and an emergency order of fixed size may be placed once per period and arrives
immediately.
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Chiang and Gutierrez [15] analyze a different periodic-review inventory sys-
tem with a faster supply channel and a slower supply channel, using both the
dynamic programming approach and the approach of minimizing the average
cost per unit of time. They allow lead times to be shorter than a review period.
At each review epoch, the manager must decide whether to place a regular
order or an emergency order. In a sequel paper, Chiang and Gutierrez [16]
consider a problem where multiple emergency orders can be placed at any time
within a review period, including the time of the regular order. Scheller-Wolf
and Tayur [59] study a periodic-review nonstationary Markovian dual-source
production inventory model with stochastic demand and holding and penalty
costs (all state-dependent). It is shown that under certain ordering cost and
demand conditions, there exists an optimal policy indexed by the state of the
Markov chain. However, for the general case, an optimal policy is not easy to
be constructed.

For three or more delivery modes or for two modes separated by more than
one review period, the problem becomes much more complex. To our knowl-
edge, Fukuda [24] and Zhang [74] are the only papers that address the three-
procurement-mode problem. Fukuda [24] investigates a three-procurement-
mode problem under the assumption that orders can be placed only in every
other period. He shows that, under this assumption, the problem is equivalent
to a two-procurement-mode problem. Zhang [74] extends Fukuda’s work to
three procurement modes with infinite horizon and discounted cost. Assuming
that the difference between the lead times is one period and that the inventory-
holding and shortage costs are linear, she analyzes two cases and obtains the
structure of the optimal order policy. In the first case, explicit formulas to calcu-
late the optimal order-up-to levels are derived. In the second case, she discusses
some structural properties and proposes a newsvendor-based heuristic policy.

The models investigated in Chapters 3, 4, and 5 of this book, as has al-
ready been mentioned, consider both advance demand information and multi-
ple supply sources. Chapter 3 is concerned with the case of two consecutive
delivery modes without set-up costs for each supply source. We show that
state-dependent (dependent on the observed information) base-stock policies
are optimal for finite-horizon problems as well as for discounted infinite-horizon
problems. Such policies are defined by a pair of numbers—one for the fast mode
and the other for the slow mode. These numbers are known as the base-stock
levels. Chapter 4 is related to the case of two consecutive delivery modes: with
a set-up cost for each supply source, the (s, 5)-type policies can be proved
to be optimal. Chapter 5 is devoted to the case of three consecutive delivery
modes (fast, medium, and slow) without set-up costs for each supply source.
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It is shown that in all cases, there is a base-stock policy for fast and medium
modes that is optimal. Furthermore, the optimal policy for the slow mode is
not a base-stock policy in general. At the same time, we also investigate why
the base-stock policy is or is not optimal in different situations.

1.5.  Supply Contracts

It is well documented that imperfect demand information influences the
buyer’s decision about order quantity and the manufacturer’s decision about
production plan, especially when production lead time can be significantly
large. To facilitate the tradeoff between production lead time and imperfect
demand information, various forms of supply contracts exist in industries. A
contract provides flexibility either in absolute order size or in combination of
different products or provides a so-called downside risk for buyers. In the last
few years, supply contracts have attracted much attention.

Bassok and Anupindi [6] analyze a single-product periodic-review inventory
system with a minimum-quantity contract, such that the cumulative purchase
over a multiple periods must exceed a minimum quantity to qualify for a price-
discount schedule. Bassok and Anupindi [6] are able to demonstrate that the
optimal inventory policy for the buyer is an order-up-to type and that the order-
up-to level can be determined by a newsvendor model. Anupindi and Bossok
[2] further extend their previous work to the case of multiple products. For the
case of multiple products, the supply contract requires that the total purchase
over different products exceeds a minimum dollar amount to obtain the price
discount. Tsay [66] studies incentives, causes of inefficiency, and possible
ways of performance improvement over a quantity-flexibility contract between
abuyer and a supplier. In particular, Tsay [66] investigates the quantity revision
in responding to demand-information revisions, where the information is the
location parameter of the demand distribution.

Similar to the structure of quantity-flexibility contracts, a form of minimum
commitment or take-or-pay provision has been used in many long-term natural-
resources and energy-supply contracts (Tsay [66]). A take-or-pay contract is
an agreement between a buyer and a supplier. A take-or-pay contract often
specifies a minimum volume that the buyer must purchase (take) and a maxi-
mum volume that the buyer can obtain (pay) over the contract period. Brown
and Lee [9] note that the problem of capacity-reservation agreements in the
semiconductor industry has a similar structure. Brown and Lee [9] examine
how much capacity should be reserved (take) and how much capacity should
be reserved for the future (pay). In a general case of a minimum-commitment



Inventory And Supply Chain Models with Forecast Updates 13

contract, Anupindi and Akella [1], Moinzadeh and Nahmias [54], Bassok and
Anupindi [6], and Anupindi and Bassok [2] study the optimal order policy for
finite horizon problems.

In a buy-back contract, the supplier specifies his selling price and promises
to take the unsold goods back at a predetermined price. Therefore, the buy-
back contract establishes the responsibility for unsold inventory. One can make
an analogy between a buy-back contract and a quantity-flexibility contract, in
that both structures lay out ground rules to compensate the buyer for a decision
that was made prior to the demand realization. However, a subtle difference
exists such that the buy-back takes effect after demand is observed, whereas the
execution takes place when demand uncertainty may still remain.

An analytical treatment of a buy-back contract was first carried out by Paster-
nack [55]. His model deals with one supplier and one retailer in a supply chain.
The result shows that if a setting can be manipulated to look like a newsvendor
problem, it can be successfully decentralized through a system of linear prices.
Pasternack determines that coordination of the channel can be achieved by a
buy-back contract that allows a full return at a partial refund and that the efficient
prices can be set in a way that guarantees Pareto improvement. Kandel [40]
covers much of the same ground as Pasternack [55]. In particular, he empha-
sizes the incentive for a supplier to implement a consignment policy. He also
notes that if the demand distribution depends on the retail price, coordination
cannot be achieved through buy-backs unless the supplier can impose resale
price maintenance.

Gurnani and Tang [31] and Yan, Liu, and Hsu [72] study the effect of in-
formation updates on the decision making of the buyer in a dual-mode supply
chain. More specifically, Yan, Liu, and Hsu [72] study how an updated fore-
cast affects a buyer’s commitment with a supplier, and Gurnani and Tang [31]
assume that there is an uncertain unit-purchasing cost faced by the buyer at the
second stage—namely, a high one and a low one. They investigate the impact
of uncertain cost and forecast updating in a supply chain from the perspective
of the buyer.

In Chapter 6, we develop a model that analyzes quantity-flexibility contracts
in a setting with single or multiple periods involving one demand-forecast up-
date in each period and a spot market. We obtain the optimal order quantity
at the beginning of a period and order quantities on contract and from the spot
market at the prevailing price after the forecast revision and before the demand
materialization. The amount that can be purchased on contract is bounded by
a given flexibility limit. We discuss the impact of the forecast quality and the
level of flexibility on the optimal decisions and managerial insights behind the
results.
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In Chapter 7, we study a supply contract with a fixed exercise price. The
purchase contract provides the buyer with an opportunity to adjust an initial
commitment based on an updated demand forecast obtained at a later stage.
An adjustment, if any, incurs a fixed as well as a variable cost. We formulate
the buyer’s problem as a dynamic programming problem. We derive explicit
optimal solutions for a class of demand distributions including uniform distri-
butions. In addition, we obtain the critical value of the fixed contract-exercise
cost, below (or above) which the buyer would (or would not) sign the contract.
Our results lead to valuable insights into better supply chain management.

1.6. Competitive Supply Chains

Competitive study is another body of research that investigates the efficiency
of supply chain management. In this book, Chapter 8 is concerned with the
pricing issue and the value-of-information issue based on game theory.

The behaviors of the decision makers are locally rational and are often in-
efficient from a global point of view. The attention of some researchers has
turned to mechanisms for improving the efficiencies of the entire supply chain.
Contractual arrangements and information sharing fall mainly into this area.
It is understood that no single agent has control over the entire supply chain.
Therefore, no agent has the power to optimize the entire supply chain. It is
also reasonable to assume that each agent will attempt to optimize his own
preference, knowing that all of the other agents will do the same.

The methodological tool employed in this field is game theory. The modeling
of a game can be either static or dynamic, with or without complete information,
in settings of supply chain management. With game theory, the behavior of
players can be determined when they seek to maximize their own welfare. The
key issues include whether there exists a Nash equilibrium, the uniqueness
of the equilibrium, and whether the optimal policies belong to the set of Nash
equilibria. The most interesting part is finding whether competitive and optimal
behavior coincide, assessing which party would benefit, and examining cases
where the supply chain coordination is a matter of interest.

In a single-period setting, Lippman and McCardle [48] extend the standard
newsboy problem to a competitive setting, where the random demand is split
between two or more firms. Suppliers compete with others to maximize their
own profits. The authors examine the effect of competition on industry in-
ventory and the relation between equilibrium inventory levels and the splitting
rule.

A number of papers provide more detailed models of supply chain inven-
tory management with information updates and collaborative decision making
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within two independent parties. Recent examples include Tsay [66], Cachon
and Zipkin [12], Barnes-Schuster, Bassok, and Anupindi [5], and Donohue [18].
Of these four, the last one is the most relevant to our model, as described below.
For those papers considering supply-contract issues in inventory management
with prior demand information, see Tsay [66] for a detailed review. Tsay
[66] investigates quantity-flexibility contracts in a multiparty supply chain: the
buyer purchases no less than a certain percentage below the forecast, whereas
the supplier delivers up to a certain percentage above. He focuses on the im-
plications of quantity-flexibility contracts for the behavior and performance of
both parties and for the supply chain as a whole.

Cachon and Zipkin [12] analyze channel competition and cooperation in a
supply chain with one supplier and one retailer. Inaone-period setting, the Nash
equilibrium of the game, between the supplier and the retailer, is derived through
choosing their individual order quantity to their own objectives. The optimal
solution is derived if the objective is to minimize total supply chain costs. They
emphasize the contracting issues in realizing the value of cooperation. They
also provide a Stackelberg model in the same setting, which is different from
ours mainly in that we consider a two-stage problem with information updating
within a period.

Barnes-Schuster, Bassok, and Anupindi [5] provide a two-period correlated-
demand model for analysis of the role of options in a buyer-supplier system. In
the first period, while the buyer decides profit-maximizing order quantities for
both periods, as well as the options that would be exercised partially or totally
in the second period, the supplier makes decisions on the profit-maximizing
production quantity. Inthe second period, the buyer chooses to exercise quantity
options based on the observed demand in a previous period. The authors give a
numerical evaluation of the value of options and coordination as a function of
demand correlation and the service level offered.

Donohue [18] investigates a supply-contract problem in which a manufac-
turer and a buyer are involved in a two-stage problem. She designs a centralized
system where the manufacturer decides the production quantities in both peri-
ods and faces the demand in the market directly, which means only one player
in the channel. With this centralized system as a benchmark, the decentralized
system includes the two players in the two-stage problem. The contract pricing
scheme is fixed—that is, (w;, wa, b) where w; is the wholesale price in stage 4
and b is the return price for excess product at the end of the season. For the issue
of supply-contract pricing, Emmons and Gilbert [20], Monahan [52], L.ee and
Rosenblatt [45], and Rosenblatt and Lee [56] investigate supply contracts with
quantity-discount schemes. In innovative works from a marketing perspective,
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Jeuland and Shugan [38] and Weng [69, 70] consider the impact of pricing in
channel coordination.

Chapter 8 focuses on a problem that can be stated as follows: the production
lead time of the manufacturer requires a buyer to make purchase decisions with-
out accurate demand information. The buyer is aware that improved demand
information will be available at a later time. A purchase contract that allows
the buyer to modify its initial order quantity before a specific date with both
fixed and variable penalties provides volume flexibility to the buyer and brings
additional income to the manufacturer (supplier). To the buyer, the problem is
how to make initial orders and how to react to the demand information obtained
in the later stage to minimize total cost. To the supplier, the problem is how to
design the contract to maximize profit.
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Chapter 2

EXAMPLES FROM INDUSTRY

2.1. Introduction

Forecasting demand is a management function that is a key contributor to
corporate success. Thus, a thorough understanding of the demand variations and
forecast errors is essential. The research in this area has seen a renewed interest
in the study of supply chains. Multistage forecasting mechanisms allow better
accuracy of demand forecasts. This research work is based on our consulting
work with a Hong Kong electronics manufacturer. Our motivation is to explore
the dynamics of demand uncertainty and what are its main drivers.

Consider the case of a single-manufacturer single-retailer supply chain in
which the retailer observes customer demand and places orders with the man-
ufacturer. To determine how much to order from the manufacturer, the re-
tailer must forecast customer demand. Generally, the retailer uses its historical
customer-demand data and standard forecasting techniques to perform the fore-
casting.

As reviewed in Section 1.3, forecasting analysis can go in two directions.
One school assumes that the variance of the market demand is known; the other
assumes it to be unknown. The former is popular in the literature. But in
many applications, the variance of demand is unknown. For real data collected
from the electronics company, we have observed the following interesting and
surprising phenomenon: as the forecasting horizon decreases, the variances of
forecasts increase, and the variances of forecasting errors decrease.

The closer that the forecasting horizon is to the end, the larger the fluctuation
in demand displays is, and the more accurate the forecast is. This seems to
be counterintuitive. It certainly deserves closer investigation. Focusing on
this problem, this chapter examines the real data and attempts to provide an
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explanation. Understanding the phenomena will lead to the design of optimal
supply chains and various other management practices. The chapter can be
summarized as follows:

1. We examine the dynamics of a multistage forecasting process. Using the
Bayesian decision theory, we model the forecasting process as a stochastic
process and we observe that the forecast changes with the variation of de-
mand. At each stage, the forecast estimates the demand. After Bayesian
updating, the forecast fluctuates more than the initial forecast, but more
accurately corresponds to the end demand.

2. For a single node in a supply chain, we examine four sources that contribute
to variances in demand forecasts-—price promotion, lot sizing, new-product
introduction, and make-to-stock policy.

In this chapter, Section 2.2 presents data from industry. The analysis of the
data is carried out with statistical tools. In Section 2.3, we adopt the Bayesian
decision theory to investigate the dynamics of multistage-demand forecasting.
We prove that under the multistage-demand-forecasting structure, forecast vari-
ances and precisions both increase, which supports our observation. Section 2.4
concems the operational factors that cause the demand forecasts to fluctuate and
approach real demand over stages—price promotion, lot sizing, new-product
introduction, and pre-confirmed orders. In Section 2.5, the managerial impli-
cations developed in this chapter for the design of a supply chain are described,
and the chapter is concluded.

2.2, Industry Observations

A major security-system manufacturing company produces and distributes
security systems for military, residential, commercial, and industrial applica-
tions. It has a design center in California, a manufacturing center in Asia, and
three regional distribution centers in San Francisco, Amsterdam, and Singa-
pore. The company sources components and subassemblies around the world,
The management objectives are to improve the response time to meet market
demand, to reduce inventory, and to shorten lead time (including the time for
manufacturing and distribution). In the security-system market, customers ex-
pect to have the required device or system within one month. Therefore, given
long lead times in procurement and production, the manufacturing operation
relies largely on forecasts.

From a practical point of view, forecasts are never accurate, and the company
updates its demand forecasts until the real demand is realized. When too little
raw material is ordered, the company has to pay a higher price to secure them
or use air shipment to expedite them (if these options are feasible). When too
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many raw materials and subassemblies are ordered, the company has to keep
them in inventory. These materials often become obsolete. These updates in
forecasting also make it difficult for the company to allocate its production
capacity efficiently.

A key component in security systems is the microcontroller, which makes up
30% to 40% of the total materials cost. A microcontroller is a central processing
unit (CPU) chip with a built-in memory and interface circuits. The read-only
memory (ROM) contains permanent data (program code). See Spasov [5] for
a discussion of related concepts about microcontrollers and their technology.
The company can order microcontrollers with user-supplied data requirements.
If user-supplied data is provided, the semiconductor manufacturing includes
a process known as custom photo masking in the wafer-fabrication process.
Alternatively, the company can purchase microcontrollers with a programmable
ROM such as one-time-programmable (OTP) read-only memory or erasable
programmable read-only memory (EPROM). The company inputs the data into
these programmable microcontrollers after the chips are received. To order
custom-masked chips, the users are required to provide the data (program code)
prior to manufacturing, and a significant lead time is required. On the other
hand, since programmable ROMs are generic, these microcontrollers can be
produced with a considerably shorter lead time. However, the OTP chips are
about twice as expensive as custom-masked chips and EPROM chips are even
more expensive. The company must decide how to order both custom-masked
and OTP chips.

The company uses a half-year rolling window for demand forecasting. These
forecasts are made and updated monthly by the regional offices. The headquar-
ter coordinates the forecasts and passes them to its logistics and manufacturing
functions. Procurement decisions are made based on the demand forecast and
the lead time required by its vendors. The company divides the raw materials
into two classes: critical and regular. The components that have fewer sources,
and have a higher value content, and require a longer lead time are classified
into their critical materials. Microcontrollers are a typical example.

In what follows, we first analyze the demand-forecast data. We assume
that the forecast data are arranged in a rolling K -stage horizon, where the first
(K — 1) updates are forecasts, and the last one represents the realized demand.
The major security-system manufacturing company (see Yan [7]) provides us
with two years of data for seven products. Based on these data, using the
Bayesian theory, we establish the demand forecast.

For the seven products investigated by us, the logistics and manufacturing
functions of the company receive a monthly demand update. In the six-month
rolling horizon (K = 6), the first five updates are forecasts, the last one is the
real demand. We obtain the data from February 1996 to September 1997. Our
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purpose is to investigate the dynamics of forecast and forecast error and the
possible managerial decisions and implications.

We depict the demand and forecast in the scatter charts shown in Figures 2.1
and 2.2, where the x-axis is the actual demand and y-axis is the forecasted de-
mand. In both figures, a star represents actual demand. Therefore, the demand
data are scattered on the 45 degree line. In Figure 2.1, a circle represents the
forecast when the forecasting horizon is five months. When the circle is above
the 45 degree line, it indicates that the forecast is higher than the real demand;
on the other hand, when below the 45 degree line, it indicates that the forecast
is lower than the real demand. Similarly, in Figure 2.2, a black dot represents
the relationship between the forecast and actual demand.

It is easily observed that the later forecasts are much closer to actual demand.
We study forecast errors and their variances, which are given in Table 2.1. Note
that the numbers listed are scaled from the real data for the sake of confidential-
ity. In the table, errors and standard deviations of the five-month, three-month,
and one-month forecasts with respect to the real demand are tabulated. We
also calculate the percentage of the standard deviation changes in percentage
with respect to the standard deviations of the five-month forecast. As we have
discussed earlier, the variance (or the standard deviation) is used to measure the
accuracy of the demand forecast. From Table 2.1, comparing the latest and the
earliest forecasts, the latter improves remarkably for most of the products. The
phenomenon of decreasing forecasting errors can be further demonstrated by
the indicator of mean absolute deviation (MAD). We provide the MAD values
in Table 2.2. Further, for all seven products, we notice that the forecast variance
increases as the forecast horizon decreases. In addition, the variance of demand
is larger than the variance of its each stage forecast.

Denote S’i2 and Sgi as sample variance of 4-month forecast and forecast error,
where 7 = 1,---,5. We study forecast variances and forecast errors. Table
2.3 provides values of F'-statistic Fy, which is defined as fjy = 512 / SJZ, where
7> j,and 4,7 = 1,3,5. Again, let the significance level o be 0.1. We find
that F1(19,19) = 0.549, and with exception of 236UL, other products’ Fp
values in the second hypothesis are all less than F (19, 19). We reject Hg and
conclude that the variance of a one-month forecast is obviously greater than that
of a five-month forecast (refer to Table 2.3). Second, we study the variances of
forecast errors. Table 2.4 contains values of F'-statistic Fy, which is defined as
Fy = 58%/S2;, where i < j,and4,j = 1,3,5.

The hypotheses tests that are carried out above check whether our observa-
tions on forecast variances and forecast errors are significant. In conclusion,
our observations and analysis reveal that forecasts become more accurate as the
forecast horizon becomes shorter. In addition, demand fluctuates much more
than initially thought.
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Five-Month Forecast Three-Month Forecast One-Month Forecast
Products | Average | St. Dev. | Average | St. Dev. | Changes % | Average | St. Dev. | Changes %
Product 1 -21.5 64.7 -20.3 62.1 40 -30.2 60.3 6.8
Product 2 -52.0 208.6 225 250.9 20.3 -28.8 78.0 62.0
Product 3 33.0 1211.0 5.0 819.0 324 -139.8 366.3 69.8
Product 4 30.0 275.8 42.5 266.9 32 12.5 72.9 73.6
Product 5 -53.5 2349 -73.5 139.9 40.4 -50.8 70.6 69.9
Product 6 | -162.0 487.0 -90.0 528.0 8.4 -42.0 201.4 58.6
Product 7 86.0 962.0 -24.0 737.0 23.4 -47.5 4439 539
Table 2.1.  Forecast errors and improvements
Seven Products
Forecasts 23161 | 2316UL | 236UL | 238UL | 2316TL | 236TL | 238TL
Five months 106.00 | 280.00 1720.50 | 441.00 | 399.00 | 778.00 | 1632.50
Three months | 96.50 284.00 1090.50 | 390.00 | 240.00 | 744.00 | 1062.50
One month 68.50 72.50 414,50 60.00 123.60 | 258.00 | 487.00 |

Table 2.2. Mean absolute deviation: An indicator of forecast improvements
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Seven Products
Hypothesis 23161 2316UL 236UL 238UL 2316TL 236TL 238TL
o2 S 52
Ho U% - Ué 1.067280 | 1.793970 | 1.600610 | 0.912340 | 0.748418 | 0.677037 | 0.674127
Hi:03 <07
Hy:0:2 > 0%
5 5 | 0457407 | 0.273383 | 1.615550 | 0.317203 | 0.539510 | 0.422045 | 0.269064
H, 05 <oy
Ho: 05 >0}
2 5 | 0428573 | 0.152390 | 1.009340 | 0.347680 | 0.720867 | 0.623370 | 0.399129
Hi:05 < o3
Table 2.3.  Tests of hypotheses on forecast variances
Seven Products
Hypothesis 23161 2316UL 236UL 238UL 2316TL 236TL 238TL
") 7
Ho: UZI 2 033 0.942869 | 0.096647 | 0.200363 | 0.074603 | 0.254668 | 0.158790 | 0.362773
Hl 1061 < Oeg
Ho 121 > Ue25
5 5> | 0.868613 | 0.139817 | 0.091492 | 0.079963 | 0.090332 | 0.171026 | 0.212922
Hy:05 <oz
Ho:02% > 0%
5 5 | 0921244 | 1.446681 | 0.457382 | 0.936502 | 0.354707 | 1.175466 | 0.586928
Hl O3 < Oe5

Table 2.4. Tests of hypotheses on the variances of forecast errors
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2.3.  Multistage Forecasts

For a multistage forecast, in each cycle the demand forecast is updated several
times. At the beginning of the forecasting cycle, the mean and the variance of
the demand are unknown. As the demand information is updated, the demand
forecast evolves until the end of the cycle. A multistage forecasting process can
be described as a stochastic process. For a fixed time, the forecast is a random
variable, which estimates demand according to existing information. With the
fixed sample point, demand is a function of time. To catch up with the changing
demand, the forecast experiences fluctuation. In what follows, we first analyze
the dynamics of the forecast updating. Then we analyze the uncertain factors
that cause fluctuations in forecasts.

2.3.1 Dynamics of Forecast Updates

We denote the densities of a univariate normal and an inverse Gamma dis-
tribution by fn () and f-1(+), respectively, with
1

2y _(y—ﬂ)z
fN(y|ru70 )“ \/%exp< 252 )J/ER,

and

1 1
fa-1(yle, B) = WGXP (‘5—3/) , ¥y =20,

where o, § > 0 (see Berger [1], pp. 559-561). Assume that the demand X
follows a normal distribution with mean § and variance V. Because of the
uncertainty inherently present in the market, both the mean and the variance
of the demand are unknown. To estimate them, forecast is performed. Under
the Baysian framework, as information about the demand is accumulated, the
forecast undergoes Bayesian updates.

Using the Bayesian decision theory (Chapter 4 in Berger [1] and Chapter
17 in Pratt, Raiffa, and Schlaifer [4]), we assume that the joint distribution of
(8, V) is a normal inverted-Gamma distribution with density

fng-1(0,V) = fn@lp, V) - fa-1(V]ea, Br), 2.0

where 71 = 1/n and n is the sample size. The data about uncertain demand
collected are used to form d, an estimate of the demand. This d can be used to
generate a posterior distribution of the demand. Then the prior joint distribution
of @ and V in(2.1) is updated to obtain the posterior joint distribution of (¢, V'|d),
which is also a normal inverted-Gamma distribution with density

Inveg-14a0,VId) = fn(0|lp(d), V) - fa-1(V]a, Ba), (2.2)
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where the parameters in the prior and posterior distributions satisfy

_p+Td
I’L(d) - - +1 1
1 1
— =41,
T sl + (23)
2 = 1,
1 1 (d—p)?

B B 2+

To illustrate that the update decreases the uncertainty of demand, we need to
investigate the forecast dynamics further. The marginal distributions of variance
and precision are derived as follows.

2.3.2  Marginal Distribution of the Variance of Demand

It is straightforward to show that the marginal distribution of variance V' is
an inverted-Gamma distribution (see Berger [1], p. 288) with density

fe-1 (V) = fa-1(V]u, B1). 2.4

In addition, given the forecast update, the conditional distribution of V' follows
an inverted-Gamma distribution with parameters (g, B2 )—that is,

fe-1(V]d) = fe-1(V]ag, Ba).
It follows that the mean of V and the mean of V' conditioned on d are

. 1 1
-~ Bilag — 1) Ba(ag — 1)

respectively. By virtue of (2.3), we have as = a1 and (35 < (1. Thus,

E[V] and E[V|d] =

E[V|d] > E[V].

That is, the conditional mean of the variance is larger than the mean of the
variance.

2.3.3 Forecast Precision

The forecast precision, denoted by J(X), is defined as the reciprocal of the
variance of X—that is, J(X) = 1/V. Note that the precision of X is a random
variable that represents the amount of information about X contained in the
distribution of X (see Pratt, Raiffa, and Schlaifer [4]). When the forecast is
carried out, J(X) needs to be updated as well.
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Since the marginal distribution of V' is inverted-Gamma, 1/V follows a
Gamma distribution (see Berger [1]), whose density can be expressed as

fa (%) = fa (TI/- 041,51) :

Similarly, 1/V conditioned on d follows a Gamma distribution with parameters

(OZQ, ﬁg)——thal is,
ag, 52) .

fcd (Tl;‘d) = fe (%

Therefore, we obtain both unconditional and conditional variances of 1/V" as

1 1] ]
Var [V] = a1 0%, Var {'\7 d_ = .

Again, by using (2.3), ag = g, and 82 < ), we have
1 1] ]
Var [V] > Var {V dl| .

In terms of J(X), Var[J(X)] > Var[J(X)|d]. Therefore, the variance of the
precision of X decreases as the forecast of the demand is updated. That is, the
estimation of precision becomes increasingly accurate, and 1/V conditioned on
d contains more information about uncertain demand than 1/V. We summarize
the above results in the following proposition.

PROPOSITION 2.1 [In a multistage forecast, as the forecast horizon is short-
ened, the forecast variance and the forecast precision both increase.

2.4.  Operational Factors Affecting Forecasting Process

For a global supply chain scenario, a firm must redesign its own operations
and coordinate with its upstream and downstream partners. The uncertainty
that exists longitudinally within a single firm and the uncertainty that exists
in the whole supply chain (known as a bullwhip phenomenon) increase the
variance of demand information. Here we examine the uncertain factors that
exist longitudinally within a single node in the supply chain.

2.4.1 Price Promotion

Let d'’ denote the forecast when the price is high, and d” denote the forecast
when the price is low. In Lee, Padmanabhan, and Whang [2, 3], it is proved
that faced with the price variations, the retailer’s optimal inventory policy is as
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follows. At a low price get as close as possible to the stock level d¥, and at a
high price bring the stock level to d*/, where d”f < d”. 1t has been pointed
out that price promotion gives rise to the distortion of demand. To proceed, we
give an exact expression of the variance of demand forecast that is produced by
a price promotion, in connection with the stage in which the price promotion
takes place and the depth (d¥ — d”) of the price promotion.

To examine the forecast variance, we assume the probability that the down-
stream location meets the price promotion conducted by an upstream location
is  at stage <. At the ith stage, the expectation and variance of demand forecast
d; can be calculated as follows:

Eld;] = d*¢+d" (1), (2.5)
Var[d;] = E[d?] - E*[d}]

= [(@)’¢+ (@)’ (1= Q)] - [a5¢ +d (1 - ¢)]

[¢ = ¢%] (d")* = 2¢(1 - ¢)a a*
+[(1-¢) = (1= 7] (¢7)°
= (1-¢) (a7 —a¥)?. 2.6)

It is observed that the variance is proportional to ¢ and that the depth of the
price promotion is (d¥ — dt).

Assume that the forecasting cycles of downstream and upstream locations
are K; and K, stages, respectively. For both K, > K; and K,, < K, we
could divide ¢ into two parts. The first part is that promotion will happen in the
forecasting cycle, and the second is that the promotion will happen at the ith
forecasting stage. Thus,

LOES
[(141(l7

C —
k m k m+1
-2 ym,k if K, < K

( m)m+m1q"“<“

2

if Ky 2 K,

1
= K 2.7
where we use the fact that for K, < K|,
Ki=mK,+k, 0<k<K,.
Consequently, using (2.6) and (2.7), we get
1 1

Var[d;] = e <1 - E) (dH — dk)2,
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Observe that for 0 < ¢ < 1, the function ((1 — () first increases in (, attains
its maximum at { = 0.5, and decreases in ( thereafter. On the other hand, as
¢ =1/K,, when K, = 1, we have ( = 1; when K,, > 2, we have ¢ < 0.5.
Hence, for K, = 1, (1 = ¢) = 0; for K, > 2, (1 — ) is decreasing in K.
For K,, > 2, it is obvious that Var[d;] is a monotone decreasing function of
K, and its upper bound is (1/4)(d* — d")2, which is reached when K, = 2.
Decreasing 1/K,,, which means decreasing the frequency of price adjustment,
could lead to a decrease in the variance. For K, = 1, which means that the cycle
of price promotion is one unit of time, the variance caused by price promotion

will disappear.

PROPOSITION 2.2 The variance of a forecast that is caused by price fluc-
tuation is proportional to the product of ¢ and the depth d" — d¥ of price
promotion. The variance increases with the decrease of the price-promotion
cycle of an upstream location K,,. When K, = 2, the variance will reach its
maximum. On the other hand, an everyday-low-pricing (EDLP) strategy (that
is, Ky = 1) can eliminate the effect of a distorted demand forecast caused by
a price promotion.

Decreasing the frequency and depth of a price promotion at an upstream
location could mitigate the demand variance caused by price promotion. Lee,
Padmanabhan, and Whang [2] noted: “One way to control the bullwhip effect
due to price fluctuation is to reduce the frequency and depth of the manufac-
turer’s trade promotions”. Undoubtedly, the expression tells us that the best
way to eliminate the variance caused by price promotion is to use an EDLP
strategy.

24.2 Lot Sizing

Economies of scale in the order quantity (lot size) occur whenever a fixed set-
up cost is incurred for each order that is not depending on the lot size. Suppose
that N retailers give orders to the manufacturer. Retailer j will give an order ¢;
in a forecasting cycle, where {£;} is a sequence of independent and identically
distributed (i.i.d.) random variables satisfying

&=n;Q+1;, Lelo, Q1]

Here, @ is the lot size. Without loss of generality, we assume that /; is a
uniformly distributed random variable within the interval [0, @ — 1] and that

P{g:l}:%, le, Q-1



36 INVENTORY AND SUPPLY CHAIN MODELS WITH FORECAST UPDATES

At the beginning of the forecasting cycle, the orders are aggregated to form the
forecast denoted by

ij Z rLjQ+lj).

7=1

Atthe end of the cycle, the aggregated order is lot-sized to the last-stage demand
forecast represented by

N
= Z Y
j=1
where s; is an integer-valued function controlled by & € [0, 1], s; is lot-sized
ton;Qif0 < {; <eQ,andto (n; + 1)Q if e@Q < l; < Q, with
{ 0 for 0<U; <eq,

Q for eQ@<;<Q~-1

Sj——-

Therefore,

MZz

(n;Q + s;5).
=1

Then we can get the variance of d, conditioned on d,—that is,

Var[do|dy] = E[(de — d)?]
~
= ZE[(SJ
j=1
Note that
leQIA(Q-1) 1 Q-1 1
El(s; = 4,)?] = > 52'5+ > (Q-07- ‘0
=0 e=([eQ)+1)A(Q-1)
| [le@in@-D Q-1
_ 2
= 6 Z /< + Z
=0 (=({eQ[+1)A(Q-1)

Therefore,

AGIRCR Q-1
Var[deldb]za- oo P+ > Q-0?%].
J+DAQ-1)

=0 t=(|eQ]+1
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The range of variance is the interval

N [Q/2] Q-1 i
Sl e+ > -0, 527,
Q £=0 2=Q/2]+1 Q £=0

obtained as ¢ ranges over [0, 1].
When € = 1 or (), the variance reaches its maximum,

g
= g2>
P>

which equals approximately (1/3)N Q2. As a result if we use a policy that
lotsizes any order &; to n;Q or to (n; + 1)@, respectively, no matter what the
size is, the variance caused by price promotion reaches its maximum. When
€ = 1/2, the variance reaches its minimum,

N [Q/2] Q-1
ol Zez > o@-07],
0=(Q/2]+1

which equals approximately (1/ 12)N Q2. Itis apparent that decreasing lot size
@ or setting € = 1/2 could alleviate the variance caused by lot sizing.

PRrROPOSITION 2.3 The lot-sizing policy controlled by €, as defined above,
will cause fluctuation of demand forecast. When ¢ = 1 or 0, the variance
reaches its maximum, (N Q) Z?:_ol 2. When € = 1/2, the variance reaches
its minimum,

N [Q/2] Q-1
o 262 2. Q-7
=Q/2|+1

Moreover, the variance is proportional to the number of retailers N and the
square of lot size Q.

2.4.3 New-Product Launch

The number of introductions of new products has exploded in recent years.
Frequent introductions of new products reduce the average lifetime of products.
With shortened life cycles, many products are either at the beginning or at the
end of their lives. When a retailer knows that a new product will be launched
in the near future, it has no reason to order or to keep the old product in stock
with full capacity. Consequently, demand forecast becomes more difficult and
dynamically changing over time.
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To demonstrate how the new-product launch influences the dynamic of de-
mand forecasting, we first investigate the accuracy of forecasting for new-
product launches. Then we prove that improved forecasts for new-product
introductions increase the variance of demand forecasting.

2.4.3.1 Forecasting for Introduction of a New Product

Denote the development cycle of a new product by r, which is assumed to
be normally distributed with mean 7; and variance o2 or with a normal density
fn(r|n, o?). Under the Bayesian framework, the mean of the development cycle
n is modeled as a normal distribution with mean x and variance 72 or with a
normal density fn(n|y, 72). This implies (see Berger [1]) that r also follows
a normal distribution with mean x and variance (0% + 72) or with a normal
density fa(r|p, 02 +72).

Snpm(rin) = fa(rin,o?) is the conditional density of r given n. fn(r) =
I (r|p, 0 +72) is the unconditional density of r. This is the so-called normal
process with an unknown mean and a known variance. The technique we use
in Section 2.3 is a normal process with an unknown mean and an unknown
variance (see Pratt, Raiffa, and Schlaifer [4], Chapters 16 and 17).

To account for the effect of information updating about r, consider a stochas-
tic process {r;, ¢ = 1,--- , M }. Beginning from the first stage, r; is obtained
and used to update the estimate of u. Then the forecast of ry is produced. The
round is repeated again and again until a terminal time M. The distribution
of r; depends on the observed values of r1, - -- ,7;_1, since these observations
affect the estimation of n and the forecast of r;.

Given 71, the posterior distribution of 7 (see Pratt, Raiffa, and Schlaifer [4],
p. 383)is

I (lr1) = f (VY‘M(H), —1—),

1

where
(ry) = p/m%+11/0?
Nk 1/724+1/0?
and
1 1
=zt
Similarly,

Fans (i) =:faf(n(p<ro,—1—),

o
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where
o plrio1) +1ifo?
,LL(Ti) — p”f’z_l ,u’( 1 1) l/ , (2_8)
pT'i
i 1
After observing r1, - - - , r;—1, the distribution of r; is given by
9 1
In(ricr) = fn | rigr|p(r), o° + o) (2.10)
T

By (2.9), it is straightforward that p,,, , > p,,. Thus,
Var(ris1] < Var[r;]. (2.11)

With information gathering, the forecast variance decreases. This illustrates
that more accumulated information results in more accurate forecasting about
the introduction of new products. This relationship will be used in the following
section to demonstrate the effect of new-product launches on demand forecast.

2.4.3.2 Variances of Demand Forecasts due to New-Product Launches

We denote by Ry the cycle of forecast. Starting from time zero, we anticipate
that there will be a new-product launch in the market. Thus, it is reasonable to
assume

Ry < u < 2Ry, (2.12)

If some information is available about the new-product launch, the forecasts at
this stage are relevant to the existing product as it approaches the end of its life.
Then the company will defer some orders to the next stage. We assume that
ad is deferred to the next stage, where « is the fraction of the order that will be
deferred to next stage because the new product is anticipated to be introduced
into market. Consequently, the forecast is reduced to dy, which equals (1 —a)d
and follows the same distribution as d. The variance caused by the information
about new-product launch at the ith stage is

Var[dy|di] = E[(dn — d;)?] = o?d®p;,

where p; is the ¢th estimate of the probability that there is promotion at the next
stage. As r; follows normal distribution (see (2.10)), p; can be calculated as the
sum of probability that r; falls within [R;, 2R]. Here, the left-tail cumulative
function of a standard normal distribution, which is denoted as Fiy-(-), is used
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to compute Var[dy |d;] as follows:

Varldy|d;] = o*d® - P(r; € [Ry, 2Ry]|rs—1)

2 2Ry — plric1) \ _ o By = plric1)
= o {FN*( Var(r;) ) Fy ( Var(r;) )}

In view of (2.11), it is noted that the distribution of r; is more and more
concentrated around p(r;) over time. As the length of the summation range is
fixed, the value of the expression

2Ry — plri-n) N _ o By —plric1)
FN*( Var(r;) ) N ( Var(r;) )

increases as the forecasting procedure approaches the end of the cycle. Hence,
E[Var[dn|d;]] > E[Var[dn|di-1]].

That is, as information about the new product accumulates, the variance of
demand forecast increases.

PROPOSITION 2.4 [n the forecasting window, as information about the new-
product launch accumulates, the increasing accuracy of the forecasting about
new-product launch causes increasing variance of demand forecast.

2.4.4 Pre-confirmed Orders

A make-to-stock policy is a generally employed inventory management pro-
cedure that implies that there is limitation on the capacity of the inventory.
Under such a situation, if a pre-confirmed order is accepted by the firm, which
should arrive in the next stage, it will definitely have an influence on the demand
forecast.

Assume that the make-to-stock level is S and that the order confirmed in ad-
vance is Sp. We assume that the pre-confirmed order S, is normally distributed
with mean pg and variance o,—that is,

IN(Sp) = fn(Splus, 0s)-

Due to the limitations of the capacity of the inventory, the real demand forecast
reduces to S — 5y, That is, the pre-confirmed order will result in a large variation
of demand forecast. We can show that the variance caused by the pre-confirmed
order is

Var[S — 5,|S] = Var[Sy] = 02 > 0.
PROPOSITION 2.5 Under a make-to-stock policy, an order is confirmed in

advance, and the variance of demand forecast is proportional to the variance
of the uncertain pre-confirmed order.
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2.5. Concluding Remarks

The volatile demand may cause inaccurate forecasts, which is one of the
main sources of backlogs and markdowns. As companies attempt to produce
at a fast pace, they frequently require more advanced forecasting techniques to
meet demand at the lowest possible cost. Based on the analysis provided here,
companies should understand the dynamics of demand first and investigate the
main factors in their own operation that cause the fluctuation. To cope with
variance in the variety and volume of demand, companies should redesign their
planning processes so that they incorporate fluctuation into their manufacturing
planning.

The requirement for flexibility in manufacturing arises from volatile cus-
tomer demand. To eliminate the effects of variance that exist in demand fore-
casts, many strategies have been proposed, such as mass customization, accurate
response, quick response, and postponement. To eliminate the effects of fluc-
tuation in the volume of demand, we recommend that the planning processes
be reengineered.

Since late forecast involves more information about uncertain demand, it is
more accurate. It appears that a quick-response strategy is reasonable. Pro-
duction should be triggered as late as possible. A late forecast involve a larger
variance, especially for those products requiring long production cycles. The
large variance results in large quantities of either stockout or markdowns. On
the other hand, when production is planned according to a late forecast, there
will be production gaps. This is not beneficial for smooth production planning.
To limit production capacity and to cope with increasing variance, the planning
processes should be reengineered. Based on this idea, at a late stage, unpre-
dictable factors become more certain. Hence, an accurate response approach is
reasonable and practicable.

This chapter gives a mathematical explanation for the fluctuations and vari-
ations of the demand forecast. Moreover, we show that to cope with the uncer-
tainty in demand, the forecasting, planning, and production process should be
reengineered. More specifically, we provide an illustration of the phenomena.
The uncertainty factors existing in practical operations also are examined.

Our research in supply chain decision making with forecast revision is mo-
tivated in part by our collaboration with industry. In this chapter, we present a
real-life example to highlight some of the opportunities in this area. The exam-
ple is the procurement of microcontrollers by a major security manufacturer.
With data obtained from the company, we demonstrate the nature of forecast
revision and the urgent needs for decision-making methodologies. In the fol-
lowing chapters, given the precise relationships among the data, the demand,
and the price, we investigate how information affects the optimal policy and the
minimum (maximum) cost (profit) in the supply chains.
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2.6. Notes
This chapter is based on Xiang and Yan [6] and Yan and Zhang [8].
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Chapter 3

INVENTORY MODELS WITHTWO CONSECUTIVE
DELIVERY MODES

3.1. Introduction

In this chapter, we consider a periodic-review inventory system with fast and
slow delivery modes and demand-forecast updates. A fast order made at the
beginning of a period is delivered at the end of the period, whereas a slow order
issued at the beginning of a period is delivered at the end of the next period.
Fast orders are naturally assumed to be more expensive than slow orders. The
sequence of events is depicted in Figure 3.1. At the beginning of each period,
the inventory or backlog level is reviewed, and the forecast of the demand to
be realized at the end of the period is updated. Also known at the time is the
slow order issued in the previous period—an order that would be delivered at
the end of the current period. With these data in hand, the decisions regarding
the amounts to be ordered by slow and the fast modes are made. At the end
of the period, the slow order issued in the previous period and the fast order
issued at the beginning of the current period are delivered. The demand for the
current period materializes, which determines the inventory or backlog level at
the beginning of the next period.

Quantities ordered by slow and fast delivery modes in each period determine
the total cost of ordering, inventory holding, and backlogging. The objective
is to make the ordering decisions to minimize the total cost over the problem
horizon.

One update of the forecast of each period demand and two delivery modes
are assumed in this chapter. The analysis in the chapter carries through when
multiple updates of the demand forecast are made. A mode! with this extension
above with multiple delivery modes is studied in Chapter 5. The process of
multiple forecast updates is modeled in a way that is analogous to peeling
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multiple layers of an onion. The simplified version examined in this chapter
could be termed a two-layered-onion model.

It is common that for the same sets of goods, companies provide their cus-
tomers with choices of different lead times and delivery methods. These dif-
ferences in lead times and delivery alternatives may result in different charging
schemes. It is generally assumed that the faster delivery modes are more ex-
pensive than the slower ones.

The models investigated in this chapter consider both advanced demand
information and multiple supply sources. We show that the state-dependent
base-stock policy is optimal for finite-horizon problems as well as for discounted
infinite-horizon problems. This policy is defined by a pair of numbers—one
for the fast mode and the other for the slow mode. These numbers are known
as the base-stock levels.

The remainder of this chapter is organized as follows. In Section 3.2, we
provide the required notation and the model formulation. Dynamic program-
ming equations for the problem are developed in Section 3.3. In Section 3.4, we
obtain the characterization of the optimal policy for the finite-horizon problem.
Section 3.5 is devoted to extending the optimality results to the infinite-horizon
case. In Section 3.6, we give an example to illustrate the results obtained in
Sections 3.3 and 3.4 and develop more insights on the demand-information up-
dates. The chapter is concluded in Sections 3.7 and 3.8. A technical appendix
is provided in Section 3.9.

3.2. Notation and Model Formulation

Consider a discrete-time, single-product, periodic-review inventory system.
The dynamics of the system contain the material flows and the information
flows. The inbound material flows come from two supply sources (fast and
slow), and the outbound material flows to customers. After they are ordered at
the beginning of a period, materials from the fast and slow sources arrive at the
end of the current period and at the end of the next period, respectively. The
information flows include the initial demand forecast, regular forecast updates,
and the realized customer demand. At the beginning of each period, the forecast
of the demand, which will materialize at the end of the period, is updated. When
the realized customer demand occurs at the end of the period, the customer is
satisfied if there is sufficient available inventory, and the excess is carried over
to the next period. Otherwise, the customer demand is partially satisfied, and
the unsatisfied demand is fully backlogged.

The decision variables are the quantities ordered from the fast and slow
sources at the beginning of each period. The decisions are made based on the
current inventory position and the current (updated) demand information, where
the inventory position at the beginning of the period is on-hand inventory plus
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iz, observed iy observed i%4 Observed
Demand Dy,_; realized Demand D, realized Demand Dy, realized
+
Review of inventory X}, Review of inventory X1 Review of inventory Xy,
I{lventory position X + Si_1 Inventory position Xy + Sk
i}, observed i}, Observed
Demand Dy, updated Demand Dy, ; updated
Decision Fy made Decision F},.; made
Decision Sy made Decision Sy ; made
= Period k Period k + 1
Fast-order Fj._; arrives Fast-order Fj, arrives Fast-order Fy,.1 arrives
Slow-order Si._o arrives Slow-order S;_1 arrives Slow-order Sy, arrives

Figure 3.1. A time line of a periodic-reviews inventory system
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the amount already on order to be delivered at the end of the period. A time
line of the system dynamics and the ordering decisions is illustrated in Figure
3.1

We introduce the following notation to formulate our model:

(I, N) = {1,2,...,N}, the time horizon,

Fp, = the nonnegative fast-order quantity in period &£, 1 < k < N;
S, = the nonnegative slow-order quantity in period &,
1<k N-1;
C’,f (v) = the cost of fast-order « > 0 units in period k;
Ci(u) = the cost of slow-order v > O units in period k;
I ,i = the first determinant (a random variable) of the demand in
period k observed at the beginning of period £;
I f = the second determinant (a random variable) of the demand
in period k observed at the end of period k;
v, = the third determinant (a constant) of the demand in
period k;
Dy = the demand in period £ modeled as a function
ge(IE, T2 i)
X = the inventory level at the beginning of period &;
Y. = X+ Si—1 = the inventory position at the beginning of
period k;
Xni+1 = theinventory level at the end of the last period N
Hy(x) = the inventory holding or backlog cost when X}, = x;

Hyi1(z) = the holding cost when X 4; = = > 0 or penalty cost
when Xy41 =z < 0.

For notational convenience, let I = 4} be a deterministic constant. We impose
the following assumptions on I} and IZ:

{(I{, 13,1 < k < N} is a sequence of independent random vectors.
3.1

Let us define Fy1, & > 1, to be the sigma algebra or o-field generated by the
random variables I}, I7,1 < £ < k, and I}, ,—that is,

Frep1=o{(I}, I}),1 <0<k Il ), 1<E<N-1L (3.2)
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Let Fo = F1 = {0,Q} and Fny41 = F. It is clear that demand D is an
Fi+1-measurable random variable. We assume further that

E[Di]l = Elgr(l}, I}, vp)] < o0, 1< k<N, (3.3)
We also suppose that for each k, the cost functions
C’,f(u) and Cj(u) are increasing, nonnegative and convex (3.4)

and that the inventory-cost functions Hy(x) satisfies

Hy(z) is convex and 3.5)
|Hp(z) — Hi(2)| < e le—2], 1<k<N+1, '
for some ¢y > 0. Furthermore, we assume that
C;{(t) + E[Hp1 (¢t — gk(I,%,Ig,vk))] — 00 as t — 00, (3.6)
C(t) + E[Hp1(t — ge(I}, I, vk))] — oo as t — oo. 3.7

Throughout this chapter, we assume that (3.1) and (3.3)—(3.7) hold.
The inventory-balance equations are defined as

X1 = Xp+ Fp+Sko1— Dy
= Xip+ Fo+ Sk—1— gu(Ig, I ve), 1< k<N, (38)

where Sj is an outstanding slow order to be delivered at the end of period 1,
and

X1 = x1, initial inventory level. 3.9)

Furthermore, the decision F}, is adapted to the o-field 7}, and the decision Sy .1
is adapted to the o-field F;_,. From (3.8), therefore, we can see that X} is
an J-measurable random variable and Xy, is an F-measurable random
variable, since Dy = gx(I}, I, vi) is Fi1-measurable.

Before going further, let us explain the dynamics (3.8) in words. At the
beginning of period k, we can observe the value xj, of the on-hand inventory
Xy and the value i} of the random variable /}. This provides us with the
updated forecast gy (i}, I?, vx) for the kth-period demand Dy,. We also know
the inventory position Yy, = Xy + Si_;, where S;_; is the amount to be
delivered at the end of period £ as a result of the slow-order decision made in
period (k—1). Given these and the future demand forecasts D;, k+1 < j < N,
we can decide on the slow-order Sy, and the fast-order Fj.. Since F}, is to be
delivered at the end of the period, the total quantity available to meet the k‘*-
period demand Dy, is Xy + Si_; + Fi. At the end of period &, the value
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z’% of the random variable I ,f is observed, which is tantamount to the demand
Dy, = gi (i}, 12, vi) to be observed. The difference of Xy + Si—1 + Fj and
Dy, is the on-hand inventory X}, at the beginning of period (k + 1). This last
statement represents a sample path of the dynamics (3.8). For the last period
N, on-hand inventory Xy and the value Z}V of the random variable 1 }V become
available. Since any ordering from the slow source would not be delivered
before the end of the problem horizon, it is obvious in view of the ordering cost
given in (3.4) that

Sy =0. 3.10)

The objective is to choose a sequence of orders from the fast and the slow
sources over time to minimize the total expected value of all the costs incurred
during the interval (1, N). Thus, the objective function is

J](fL'l,S(),Z‘},(F, S))

N
= o)+ E[ 3 (G0 + C(50) + Hea (X)) |
=1

(3.11)

where
(F,S)=((f1,...,Fn),(S1,....,.57)) (3.12)

is a sequence of history-dependent or nonanticipative admissible decisions—
that is, (Fy, Sy ) is a positive real-valued function of the history of the demand
information up to period (k — 1), which is given by {(1},12),0 < ¢ < k —1}
and I; F is a positive real-valued function of the history of the demand
information up to period (N — 1), which is given by {(1},13),0 < ¢ < N—1}
and / ]1v§ and s is an outstanding slow order to be delivered at the end of period
1 and has the same meaning as .Sy given by (3.8) with & = 1.

Finally, we define the value function for the problem over (1, N) with the
initial inventory level z; to be

Vi(zry,sg,i1) = _ inf {Jl(xl,so,i},(F, S))}, (3.13)
(F',8)eA

where A1 denotes the class of all history-dependent admissible decisions for the
problem over (1, N). Note that the existence of an optimal policy is not required
to define the value function. Of course, once the existence is established, the
“inf” in (3.13) can be replaced by “min”.

Note that we use a general form gi (I}, I, v;) to represent the process of
demand-information updates and demand realizations. This representation cov-
ers some specific models in the literature. For example, let g (I}, IZ, vx) equal
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v+ 1 ,i + I2, where T ,i and [ ,f are nonnegative random variables. If we let 1 ,i
be a deterministic constant, our system reduces to the Scheller-Wolf and Tayur
[12] model of two sources of deliveries without demand-information updates.
If there is only one source for ordering, our system reduces to the advanced
demand-information model of Gallego and Ozer [7].

In addition, we would like to point out the role of vy when g (I ,1, I,?, Uk)
takes some special forms. If gy ([ ,%,I ,f,vk) is a multiplicative form—that is,
ge(I}, IE,v) = vpILI?, where I} and I} are random variables with values in
interval [0, 1]—then vy is the upper bound of the demand in period k. On the
other hand, if gy (I}, I7, vi,) = vy + I} + I?, where I} and I? are nonnegative
random variables, then vy is the lower bound of the period-£ demand and [ ,i
and / ,f are components of demands observed one period apart. In particular, vy,
could represent a contracted periodic demand and I} could represent the firm
orders received at the beginning of period k to be filled at the end of period
k. Finally, [ ,f represents the demand that arrives at the end of period & to
be immediately filled (subject to a backlog situation if the inventory position
Xy + Sk—1 is not sufficient to cover vy, + I} + I?).

3.3. Dynamic Programming and Optimal Nonanticipative
Policy

In this section, we use dynamic programming to study the problem. We
verify that the cost of the nonanticipative policy obtained from the solution of
the dynamic programming equations equals the value function of the problem
over (1, N). First, we define the problem over (n, N). Let

JTL (xna Sn—~1, 2717,7 (F7 S))

= Hp(z,) + E{i (C[(Fe) + C7(Se) + HE+1(XIZ+1:|> ]7
t=n

3.14)

where
(F,8)=((Fn,.... Fn),(Sn, ..., SN))

is a history-dependent or nonanticipative admissible decision for the problem
defined over periods (n, N). That is, given =,, s,_1, and i} as constants,
(Fy, Sy) is a vector of nonnegative constants, (Fy,Sg) (n < k < N) are
positive real-valued functions of the history of the demand information from
period n. to period k, givenby {(If, 1, 17),n < £ < k—1},k =n+1,..,N—1,
and Fy is a nonnegative real-valued function of the history of the demand
information up from period n to period (N — 1), given by {(I},I2),n < £ <
N—1}and I }v Here s, has the same meaning as sg and is an outstanding
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slow order to be delivered at the end of period n. Define the value function
associated with the problem over periods (n, N) as follows:

Va (xm Sn—1, Zrlz) = (F,;isl})fe.An {Jn (-Tny Snwlai}w (F7 S)) }7 (3.15)

where A, denotes the class of all history-dependent admissible decisions for
the problem over (n, N). We have the following theorem on the property of
the value function V;,(zp, $p—1,%5).

THEOREM 3.1 Assume that (3.1) and (3.3)~(3.7) hold. Then the value func-
tion Vi (1, 80,41 ) is convex and Lipschitz continuous in x1 on (—oo, +00), and
the value functions Vi, (T, 8n_1,3%) (2 < n < N) are convex and Lipschitz
continuous in (T, $p_1) on (—oo, +00) x [0, +00).

Proof To prove the convexity, it suffices to show that for any 0 € [0,1],
(Zny 8p—1) € (=00, +00)%x [0, +00),and (I, §p-1) € (—00, +00)x[0, +00),
we have

Vi (02, 4+ (1 = 0)dn, 0501 + (1 — 0)8n_1,15)
<0 Vo (T, 8n-1,15) + (1= 0) - Vi (&n, 8n-1,75) - (3.16)

We note that for any two admissible decisions (', §) and (F S) of the > problem
over (n, N), the convex combination (§F + (1 —0)F,68 + (1 —6)8) is also
an admissible decision. It follows from (3.4), (3.5), and (3.14) that

T (Hﬁ':n + (1= 0)dn, 08n_1 + (1 — 0)3n_1, i,
<9F +(1—0)F,08+(1- 0)3) )
<9, (mn,sn i <F S))
F(1-8) T, (.'En,én_l,i,l“ (F S)) , (3.17)

which, in turn, implies (3.16).

The proof for V;(x1, so,4]) can be similarly established Here we give the
proof of the Lipschitz continuity for V;,(zy, s,_1,i5). To prove the Lipschitz
continuity, it is sufficient to show that there exists a constant I, > 0 such that
for any (xnvsn—1)7 (i'nagn-—l) € (—OO, +OO) x [O, +OO),

‘J Tn,Sn—-1,1 na(F S)) (xnasn 1,7 na(F S))i
SL"\|$n_$n|+‘5n——l “Sn—1|)- (3.18)
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Note that from (3.5),
’Jn(xnv Sn—1, 7;717,3 (F,8)) = Jn(Zn, -§n—172.71p (F, S))'

<cpy- (|xn - i‘n' + 'Sn~l - §n~1|)

N
+ZCH ' (|1'n - i‘n| + |5n—1 - §n——1|),
{=n

(3.19)

which implies (3.18) in view of N < oc. O

REMARK 3.1 Inclassical inventory models with convex cost, the value func-
tion is convex in the initial inventory level (see Bensoussan, Crouhy, and Proth
[2]). Theorem 3.1 states that this classical result remains valid for the problem
with dual delivery modes and forecast updates.

In view of (3.14), we can write the dynamic programming equation corre-
sponding to the problem as follows:

U (24, 8¢-1,7¢)

= Hy(x) + inf {c{ (¢) + Ci (o)

UED
+E [Ue—i—l (CL‘@ + ¢ + 8¢-1 — ge(’L%,IZQ,Ug),O’, IZ1+1) :| }7
£=1,.,N—1, (3.20)

Un (TN, SN-1,1)

= Hx(ew) + 1af {C(9) + Cilo)

>0

+E [HNJrl (zn + sn-1+ ¢ — gn(in, IR, vw)) ] }
(3.21)

REMARK 3.2 In the dynamic programming equations (3.20)+3.21), the in-
ventory cost is also charged for the initial inventory level. In some inventory
literature, this cost for the initial inventory level is not charged. This means that
Hy(z¢) and Hn(zn) would be absent from (3.20)~(3.21), respectively. But
this charge is of no consequence.

Next, we state the following theorem, which gives the relationship between
the value function and the dynamic programming equation,
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THEOREM 3.2 Assume that (3.1) and (3.3)—(3.7) hold. Then the value func-
tions Vk(ack,sk_l,i}c),l < k < N, defined in (3.13) and (3.15), satisfy the
dynamic programming equations (3.20)—(3.21).

Proof It follows from the definition of Viy (zn, sy -1, z}\,) that it satisfies the last
equation in (3.20)—(3.21). Suppose that V;(z¢, s¢_1, 1}) (¢ =k+1, ..., N)satis-
fies (3.20)—(3.21). Now we show that V. (zk, sp—1,4}.) and Vi1 (Teg1, Skaigy ()
also satisfy the first equation in (3.20)—(3.21). That is,

‘/k (-TkHSk laillc)
= Hy(wx) + inf {c () + Ci (o) + E[Vk.H (Xyt1,0, Ié+1)]},

c7>0

(3.22)

where
Xpr1 = Tk + Sp—1 + ¢ — ik, 12, vi).

By the definition of Vi (z, sk—1,%) and the history dependence of (F, S), we
have

Vk (:Ckn Sk—1, leg)

N
= Hy(xy) +(F,i§)fe,4k{ [2 (Ce Fg) + C7(Se)

+Hé+1(X€+1))] }

= He(ze)+ _inf  {CI(E) +Ci(S
o)+ inf {ClE) + Cisy

N

FE[Hin(Xap) + 2 (CH(R) + Ci(S0) + Hen(Xen)) |}
{=k+1

(3.23)

It follows from (3.1) that

N
E[Hk+1(Xk+1) + ) (C{(Fg) + C{(Se) +He+1(Xz+1))}
Skt

= E{E{HIH—I(XIHJ)

+ i (C{(Fg) + C§(Se) + He+1(Xé+1)> ‘Ugafliﬂ)”
=t 1
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= E{Hk+1(Xk+1) + O (Fip1) + Cf 1 (Sks1) + Hyyo(Xii2)

+E[§f(Cﬂ&)+cﬂ&y+Hmeuﬁﬂuim+ﬂ}.
O=k+2

By the induction on the index (k + 1),

inf ElH.. (X,
(F,S)eAk{ [ k1 ( Xkt 1)

n i (c{(Fg) + C7(Se) +He+1(Xf+1))]}

f=k+1
= E [Vt (Xir1, ks Tig1) ] - (3.24)
Therefore, (3.23) and (3.24) complete the proof. O

REMARK 3.3 Compared with the dynamic programming equation of the rolling-
horizon problem studied by Sethi and Sorger [14], the dynamic programming
equations (3.20)~(3.21) have one more decision variable s;_;—that is, order-
ing from the slow source. On the other hand, compared with the dynamic pro-
gramming equations of the dual-source production-inventory problem studied
by Scheller-Wolf and Tayur [12], the dynamic programming equations (3.20)—
(3.21) have one more state variable ¢ e} —that is, the updated demand information.

Next, we discuss how an optimal solution of our periodic-review inventory
model with fast and slow orders and demand-information updates could be
found.

Assumptions (3.6)—(3.7) imply that there exists an upper-bound order quan-
tity @@ > O such that

nt {cf(6)+ cito

HE Vit (re 6+ s~ b TEv, 01110 |

_ f s
= ogg,lang {Ce (@) +Ci(o)

+E [W-f—l (xf + ¢ + S¢—1 — 95(2%7137 v@)a a, Ifl—{-l)] }
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for{=1,..,N —1,and

. f s

] { Ch(#) + Ci (o)

a>0

+E [Hyi1(zn + w1+ ¢ — gn (il I, vw))] }

- . f 5
= int { @)+ Ciio)
VE [Hyaa (o + sno1 +6 — gn (i, I on))] }

By Theorem 3.9 in the appendix to this chapter and Theorem 3.1, in view
of the discussion leading to (3.10), there exist Borel-measurable functions

én(zN,sn—1,1Y) and &N (TN, sv—1,1k)(= 0) such that
Cl(n(zn, sn-1,ik)) + C(0)
+E[Hyi1 (v + sn—1 + on(@n, sv—1,iy) — gn (i, IR, o)) ]
— f s
= it {cf®)+ i)

+E [Hyt1 (v + sv—1 + ¢ — gn(in, Ix vw)) ] },
(3.25)

and there exist Borel-measurable functions

(Ge(xe, 80-1,13),Fe(Te, 80-1,75)), 1 <L N1, (3.26)
such that

Cf (Be(e, s0-1,i1)) + C§(Ge(we, se-1,i4))

+E [Verr (@ + delwe, se-1,97) + se-1 — ge(ig, I3, ve),

6f($fa S¢—-1, Z%)’ IZ]—H)]

= inf {Cg(¢)+c;(a)

0<d,0<Q

+E [Vega (ze + ¢ + 501 — 9e(3g,13,v¢), 0,141 )] }
(3.27)
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Define
X, = =, (3.28)
Fi = (1, 50,%1), (3.29)
S = ai(z1,80,91), (3.30)
and

Xe = X+ Foa+Seo— g, I qyve), (331
Fr = ¢u(Xe,Se-1,13), (3.32)
Se = 64(Xe,Se_1,1}), (3.33)
for2 < £ < N — 1, where Sy = s¢. Finally, define
Xy = Xno1+ Fyvo1+Svoa —gva1( 1, TR, ov-1), (3.34)
Fy = én(Xn,Sn-1,1y), (3.35)
Sy = 0. (3.36)

Using the dynamic programming equations (3.20)—(3.21), we can prove the
following result.

THEOREM 3.3 (VERIFICATION THEOREM) Assume that (3.1) and (3.3)~
(3.7) hold. Then

(Fy, -, Fn), (S1, -, SN))
given in (3.28)—(3.36) is an optimal solution to the problem. That is,
N — — —
o) + €| 3 (C/R) + CE(80) + Hen (Xe) |

(=1
= Vi(z1, 50,%}). (3.37)

REMARK 3.4 Theorems 3.2 and 3.3 establish the existence of an optimal
nonanticipative policy—that is, there exists a policy in the class of all history-
dependent policies whose objective function value equals the value function
defined in (3.13), and there exists a nonanticipative policy defined by (3.28)-
(3.36) that provides the same value for the objective function.

Proof of Theorem 3.3 By (3.27) we know that
((ﬁl, eny FN), (S’l, ,SN)) c A
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—that is, it is a history-dependent policy. Next, we show that equation (3.37)
holds. It suffices to show that for any

((£1, . FN), (S1,..,.9N)) € Ay,

we have

1(z1) + E[i (Cg Fy) + Cj(Se) + He+1(Xe+1)) J
=1

N

> (o) + €[ 3 (G + €8+ Heaa(Xr) |
=

1 (3.38)

where X, (1 < ¢ < N) is defined to be the same as X, in (3.31)~(3.33) and
(3.34)—(3.35) with the exception that F, and S, are replaced by F; and Sy,
respectively. By the definition of (7, 51) and (3.27), it is possible to obtain

C{(F) + C3(81) + E [Va(X3, 51, 13)]

< Cf(F) + C5(S1) + E [Va(Xo, 51, 13)] - (3.39)

Furthermore, from the history-dependent property of the decisions, we know
that Fy, 51, F1, and S are constants and that (Fy, S3) and (Fy, S2) are depen-
dent on {IZ, I1}. Thus by (3.27),

Vo (X2, 51, 13)

= Hy(Xa) + _inf_ {Cf(6) +C5(0)

+E [Vs (X2 + ¢+ 51— g2(13, 13, v2), 0, I3) ((112:[21)] }
< Hy(Xo) + Cf (Fy) + C§(S2) + E [Va (Xo, 50, 13) |(12,13)]
(3.40)
and
Vo (X2,51,13)
= Hy(%o) + Cf(Fy) + C5(32) + B Vi (X, 5o, 1) |17, 1D)]
(3.41)
Therefore, it follows from (3.41) that
E[Va(X2, 51, 13)]
= E{ Ha(Xs) + Cf(Fy) + C3(50) + E [Va(Xs, $a, T)| (12, 1H)]
(3.42)
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and from (3.40) that

E[Va(X2, S1,13)]
<E {HQ(XQ) + CI (1) + C3(S2) + E [VS(X3,52,131)‘(I12,I21)] } :

(3.43)
Combining (3.39) and (3.42)-(3.43) yields
2 _— - —
Hyen) +E |3 (Cl(F) +C2(50) + HQ(X»}
=1
+E [Vg(X3, Sa, 13)]
2
<H1 l‘l +E Z< Fg —f—CZ(Sg)) +H2(X2):|
=1
+E [VS(XB,SQ,I3)] . (3.44)
Repeating (3.42) and (3.43), we finally prove that (3.38) holds. ]

3.4. Optimality of Base-Stock Policies

For a further analysis of the problem, it is convenient to recast the dynamic
programming equations (3.20)—+3.21) involving order quantities ¢ and o as
decision variables to those involving order-up-to levels y and z as decision
variables. Such a transformation is standard in the inventory literature (see
Fukuda [6], and Whittemore and Saunders [17], for example). Moreover, since
the ordering decisions ¢ and ¢ in any period £ will turn out to depend on z, and
s¢_1 through their sum z; + s;_1, known as the inventory position in period ¢
(denoted by g in the following), the dynamic programming equations (3.20)—-
(3.21) can be rewritten in terms of the state variables g, and z} replacing the state
variables z,, sp_; and z‘}. Finally, since Hy(x) in (3.20)~(3.21) is outside the
infimum operation, it is possible to modify the dynamic programming equations
(3.20)—(3.21) as follows:

Ur(ar,iy)
= ot {CLl - a0+ CEG = 1)+ E [Hinly - ulih 72 w0)]
Sy
+E {Uk+1(z - gk(z‘,i,f,?,vk>,f,i+1)] } (3.45)

k=1,..,N~—1,
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Oxtamiy) = ot {Chty—a) + Gl w
22y

+E [Hy11(y — gn (i, I3, 0w )] } (3.46)

Let Vk(qk, z,lc) (1 <k < N) be a solution of (3.45)-(3.46). In a way similar
to Theorem 3.1, it is possible to show that Vk(qk, z,lg) (1 <k < N)isconvex in

gx. Furthermore, by the fact that the set {(y, 2)|y > g and z > y} is a convex
set, it follows from (3.45)—(3.46) that there exist minimizing functions

Sr(ar,iy) (1 <k <N, (3.47)
and
elae,ig) (1 <ELLN) (3.48)
such that fork =1,...,N — 1,
Vilawih) = CL(ulaih) — a) + Ci(ou(an, it) — drlan, ik))
+E | Hiqa (Cbk ey k) — gk(i}c,f;f,vk)ﬂ

[ 1(Gk(qr, k) gk(i}mf/?,vk)7fli+1)] ;

(3.49)

and
Vvlan,in) = Cllén(an,ik) — an) + Cu(on(an,in) — dnlan,ik))
+E | Hy1(én(gn,in) = gn(in, I o)) - (3.50)

In view of (3.46), we know that
nlgn,in) = on(an, i)
Let

g = Z1+ S0
gk = a—k~1(qk——la1k1:~l) - gk—1(11£—~1,113~1>vk—1)7 k= 27 7N

Define

B = ¢ilq, 1) - au, (3.51)
S; = 61lq, Ii) — d(q, I7), (3.52)
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and
Fk = (ng(Qk,I;%)‘“Qk, k:27"'aN7 (353)
Sg = &K(ijél) - ék(kal—%L {= 27 )N - ]-7 (354)
Sy = 0. (3.55)

From Theorem 3.3 and the revised dynamic programming equations (3.45)-
(3.46), we have the following theorem.

THEOREM 3.4 Assume that (3.1) and (3.3)—(3.7) hold. Then
VT, sn1,18) = Vi (Tp + 8n_1,15) + Hu(zn), n=1,..., N,
and
((Fl, FN> , (5’1, SN)) (3.56)
is also an optimal policy for the problem over (1, N).

REMARK 3.5 Theorem 3.4 states that the dynamic programming equations
given by (3.45)-(3.46) are equivalent to those given by (3.20)—«(3.21). Hence,
to derive the optimal nonanticipative policy, it is sufficient to solve the dynamic
programming equations (3.45)—(3.46).

Proof of Theorem 3.4 First we show that
Vv (@n, sn—1,i%) = Hy(zn) + Vi (zy + sn-1,7k)- (3.57)
From the definition of VN(qN, i), we have
Vy (zn + sN_l,i}\,)

_ : fo — S (o —
= it {Chy—(en +sv-1) + Civ(z —)
2y

+E [HN+1 (y - QN(i}Vajl%fva))] }

= inf {C(4) + C3,(0)

+E [Hys1 (zy +sy-1+ ¢ — QN(Z'}V,I?\/,UN))] }

= Hy(an) + inf {ch@) + Cilo)

>0

+E [HN+1 (IN +sy-1+¢— gN(i}v» 112\7,’()]\[))] } —~ Hy(zN)

=V (zn,sn-1,ix) — Hn(zN), (3.58)
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which is equivalent to (3.57). Furthermore, from the second equality of (3.58)
and the definitions of ¢x (zn, SN—1, z}v) and ¢n(zn + SN-1, z}\,) (see (3.25)
and (3.50)), we have

dn(xNn, sn-1,i%) = onlzy +sn-1,ih) — (@n +sx—1),  (3.59)
Gn (TN, sn-1,ik) = On(Ty + sn-1,18) — dn (TN + Sn—1, 1K)
(3.60)

Now suppose that for j = N, ...,k + 1,

Vi(zjs5-154)) = Vilay + sj-1,45) + Hy(x), (3.61)
$i(zjys5-1,1)) = bilzs+s51,1)) — (zj + 55-1), (3.62)
5j(zj,8-1,17) = &5(x;+s5-1,1)) — &;(x; + 55-1,1)), (3.63)

where ¢;(zj,s;-1,%}) and & (z, s;-1,i;) are given by (3.25)and (3.27), re-
spectively. Then we show that (3.61)~(3.63) hold for j = k. By the definition
of Vi(qr, ;)

Vi (zk + Sk-1,1%)

y2x+sg_ 1
z2y

= _inf {C,{(y—xk—sk_l)—i—Cjz(z-—y)

+E [Hit1 (v — gu (k. I, v)) ]

+E I:Vk+1 (z = gr(ik, I, vi), [1%+1)} }
= inf {CI{@)) + Ci(o)

$>0
a>0

+E [His1 (2 + sp—1 + ¢ — ge(ig, 12, vi)) ]
+E |:‘>;€+1 (Ik: + Sg—1 ¢ - gk(illca I}?)“k) + o, I]%—f—l)] }

- nt { ¢l + Ci0)

o>0

+E [Vier1 (zi + sem1 + & — gein, 13, ve), 0, Ly )] }
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— Hia) + int {01(6) + G200
0'50
+E [Vier1 (mr + sk—1 + & — gilig, I, vi), 0y iy )] } — Hy(xy)
= Vi (g, Sk—1, 1) — Hi(zx), (3.64)

where in establishing the third equality of (3.64), we have applied the first
equation of (3.61)~(3.63) for j = k& + 1. Thus, we obtain the first equation
of (3.61)~(3.63) for j = k. At the same time, from the second equality in
(3.64), we have the second and the third equations of (3.61)—3.63) for j = £.
Therefore, by induction, the theorem is established. 0

Let (¥k, Zx) be a minimum point of the function
Cl(y — 2 — sp-1) + Ci(z — y) + E [Hep (y — g (ik, 12, vx))]
HE [Vipa(z — gk(i,lc,f,%,vk),f,iﬂ)] (3.65)

on the region {(y, z) : ¥ > =k -+ sg—1 and z > y}. Based on Theorem 3.4, we
have the following corollary.

COROLLARY 3.1 Assume that (3.1) and (3.3)-(3.7) hold. If the initial inven-
tory level at the beginning of period k is xy, the slow-order quantity in period
(k— 1) is denoted by sy_1, and the observed value of I} is i}, in period (k — 1),
then the optimal fast-order quantity fi, and the optimal slow-order quantity sy,
in period k can be expressed as follows:

(firsk) = (Tk — Tk — Sk—1, 2k — k-

Proof Note that from (3.47)(3.48),
I = Or(Tr + Sk-1,%4)s 2k = Op(Th + S5—1,%}). (3.66)

Hence, using the definitions of Fk and S’k given by (3.53)—(3.55) and the as-
sumptions of the corollary, we have

Uk — Ty — Sp—1 = Fi, Zi, — Yp = Sk

Consequently, the corollary follows from Theorem 3.4. I
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The corollary says that there are two inventory levels—fast and slow—with
the fast-level §jx being smaller than the slow-level Z. The optimal policy is to
order up to g via the fast mode and to order an additional amount from g, up
to Zj via the slow mode. In particular, when the inventory position is strictly
smaller than 7, and 4, < Z, both slow and fast orders will be given. When the
inventory position is equal to i, but strictly smaller than Zj, then only the slow
order will be issued. When the inventory position is strictly smaller than g and
Uk = Zi, then only the fast order will be issued. Finally, when the inventory
position is equal to Zzj, no orders—fast or slow—will be given.

It is worth noting that solving for (¥, Zx) is a two-variable optimization
problem, which, in general, is more complicated than a single-variable opti-
mization problem. In a particularly important case, it is possible to reduce the
problem to solving a pair of single-variable optimization problems and obtain
a modified base-stock policy. In this case, we make the assumption that the
ordering costs are linear—that is,

cl) ol t, ¢l >0, 1<k<N, (3.67)

Cit) = ¢t 0<ci<cl,,, 1<SESN-1. (368
In view of (3.67)(3.68), (3.45)~(3.46) can be written as

Gulawsit) = ot {el (=) + s = ety
>y

+E [Hir1(y — ge(ig, 13, ve))]
#E [Ouna(e = ulit 72w 1) 369

k=1,.,N -1,

Oxtawsih) = juf {eh- = ax) + k(2 -0)
2

+E [Hnt1(y — gnlin, T o)) }
(3.70)
Let Vi(gx,i%) (1 < k < N) be a solution of (3.69)~(3.70), and let y% be
the value of y that minimizes

chy + E[Hn11(y — gn (i, I3 on))),

and let y;; be the value that minimizes the function

cly — iy + EHe (v — ge(ih, I, v))]
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in y. Define

Li(t) = {C}; (t—ap — Sp—1) —cit +E [Hk+1(t — gk(i}c,flg,vk))]
N Y O Sk
(Ck Yk — Tk — Sk-1) — CRY
FE [ 47— axlik )] ) } 602 - 1)

+cpt +E [Vkﬂ(t — glig, 12, vr), L%—H)] -

Let z; be a minimum of L(t). Then the optimal policy can be written as
follows. Of course, the base-stock levels y; and z;; depend on the current
forecast information z}» but independent of (xj + sp_1).

THEOREM 3.5 Assume that (3.1), (3.3)~(3.5), and (3.67)~(3.68) hold. If the
initial inventory level at the beginning of period k is xy, the slow-order quantity
in period (k— 1) is denoted by s_1, and the observed value of I ,1 is1 i in period
(k — 1), then the optimal fast-order quantity f; and the optimal slow-order
quantity s}, in period k are given by the following expressions:

(i) when yi, < zj,

(Vi — 2k — sp—1, 25 — W), I xk + sp—1 < R,
(fivse) = (0,25 — mp — sk—1), if yp <zp+sk-1< 7,
(0,0), if 2 < mp + Sp-1;
(ii) when y;, > 2},
(2f =z — $x—-1,0), if xp+ sk < 2,
(fr,sp) = (0,0), if zf <zp+sp—1 <Y,
(0,0), if yi <+ k-1
Proof First we show (i). Here we consider the case zx + sy—1 < g} < z;. The

other cases in (i) can be treated in a similar way. It suffices to show that for all
Yy 2 g+ Sg-1and z > y,

cf - (y— zx — sk—1) + cyz — iy + E [Hip1 (y — ge(ih, 12, 0r)]
+E [Virs (2 = guhy 12, 00), L)
> o] (yh —ak— k1) + ¢zt —

+E [Hk+1(y1: - gk(illelg, Uk))]

+E Vi (e = 9u6h 22, 00). I (3.71)
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By the definition of z};, we have for ¢ € (y}, o0),

it + E Vi (t = guib, 1, 00) I )|

>ciop +E [Vkﬂ(z;; — gulik, 12,0, 1,§+1)] R

From the convexity of ¢t + E[Vig1(t — gi (i}, T2, v), I}, )], we know that
the point z}; also minimizes the function

cit+E [vk+1(t - gk (ks Iﬁ,vk),fém]

on the interval [0, +00) at the same time. Thus from the definition of y}, we
have (3.71).

Now we take up case (i) when y} > z;. We give the proof only for the case
T+ sk—1 < zj. The proof for the other cases is similar. To this end, it suffices
to show that forall y > zp + s,_1and z > y,

of - (y = wx — sp1) + chz — y + E [H (v — gu(ik, 12, v0))]
FE | Vicra (2 = gk, 17, 00, L)
> o+ (2 = @n — sk-1) + E [Hes1 (2 — gu(ik, T2, v0)]
E (Vi (2 = gn(ih 12, 00), 2 10)] (373)
First, we have that for ¢t < y7,
of - (2 =z = sk-1) + E [Hyra (2 — gelik, I, vr))]
+E [Vk—H( — gr ik, I, v), Ik+1)}
= {c£ (2 — K — Sp—1) — chzp + E [Hk+]( gk(zk,fk, uk))]
—(cf - (g — 2k — sk-1) — cLu
+E [Hes1 (Wi — gr (i 17, vi))] )}
+ciz; + E [Vk+1( — g (i, I, o), Ik+l)]

+ (Ci (g — Tk — sp—1) — pyp +E [Hk+1( — gk ik Ik» Uk))])
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< {c,{ (t—xp—sp_1)—cpt + E [H;H_l(t — gk(z',lc,l,f,vk))]

(e - (i — 1 — s11) =

E [His (i — 9u(ih T, 0))] ) }

+ept+ E {Vk+l(t ~ gty IE, 0), I/$+1)}

+ (C£ (Y — x — s6-1) — Rk + E [Hera (95 — gk(i}g,f;?»vk))])
= c,J: (t—zk — $p-1) + E [Hk.+1(t - gk(i}c,f,g, vk))]

E [Vers (¢ = gy 17, 00), 2L, (3.74)

where the above inequality makes use of the definition of z;. Let (g, Z) be
defined by (3.65) with

C;{(!/—l"k—sk-l) = Cﬁ'(?/—ﬂ%—&cﬂl)y
Cilz—y) = c-(z—y).

There are two cases to consider: z, < yi and z; > y;. Later, we prove that
the second case z; > y; does not arise. Thus to complete the proof, it suffices
to consider the case z < y;. Using (3.74) with ¢ = %,

el (zk — o — sp1) + E [Hyp1 (35 — g (ih, I, 0p))]
+E [Vkﬂ(zl’é - gk(illc»[g7vk)ulls1;+1)]
<+ (Zk — @k — sk-1) + E [Hip1 (B — gulik, I, 0))]
+E [VHl(zk — gr(il, 12, vp), I,§+1)] . (3.75)
Since
of - (y = xp = sk-1) = chy + E [Hert (v — 9wk, I, v0))]
is a convex function of y, we know that (Zx, Z;) also minimizes
ch (Y= ok = sk-1) + ¢hz — iy + E [Hiya (y — gk ik, I, vi)]

+E [{/IH-I(Z - gk(illcvllgavk)7lli+l):| .
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This indicates that for all y > xy + s and z > y,

o (y—x — sp—1) + iz — cy + E [Her1(y — gilih, I, ve))]
+E [VkJrl(z — gilik, I3, k), [1%+1)}

Z C£ . (514 — L — Sk—l) + E [ch—i—l(zk — gk(illg71137vk))]
+E [Vk+1(zk —gk(i,ﬁ,lg,uk),f,gﬂ)} . (3.76)

Combining (3.75)3.76), (3.73) is established.
Finally, we show that z; > y; does not arise. If z; > yp, by the convexity
of

cly — iy + E [Hini(y — grlin, I2,0e))]

we know that (y}, Z;) also minimizes
cly+ci(z =)+ E [Hep1(y — g (id, I, 00))]
+E [Vk+1<z - gk(iilc>fzz,?)k)»fli+1>}

on the region {(y,2) : y = zp + sx—1 and z > y}. By the convexity of
it + E[Viy1 (¢ — g (ig, 17, i), 14, 1)] and the nonnegativity of

C/j: (t =z — sp—1) — it + E [Hpa (t — gr(ig, 17, vi))]
(e - (i = on = k1) = chi + E [Honr (v — 96 IR, 00))] )

Z, would minimize ¢t + E[Vk+1(t — gk {iz, I2, vy, I,i_H)] over [0, o). This
would mean that for all z € [0, o0),

sz +E {Vkﬁ'l(z - gk(illc’ [Ig! Vi), [I%—H)]
> ¢z + E {Vkﬂ(fk — gi(ip, I2, o), I;iﬂ)} : (3.77)
On the other hand, by the definition of 2z}, z; minimizes

C}zt + E[Vlﬂ-l(t - gk(i}m Il?? Uk)? I/%-H)]

over [y, 00). That is, for all Z; € [y}, o),
ik +E [Vhna(zf — gulib I, v), Iy

< Czék +E |:‘7k+1(2k - gk(illcyllgavk):Ili—kl):l ’
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which contradicts (3.77). As a result, the case 25, > y;, does not arise. O

The theorem says that in case (i), there are two base-stock levels—fast and
slow—with the fast base-stock level y;; being smaller than the slow base-stock
level ;. Moreover, when the inventory position is too low (that is, smaller than
Y}), then we order up to y; via the fast mode and order an additional amount
from y; up to z;; via the slow mode. On the other hand, when the inventory
position is too high (that is, larger than z}), then we order nothing. Finally, if
the inventory position is neither too low nor too high (that is, when it is between
the levels yf and z}), then we simply order up to z;; via the slow mode. In case
(i1), there is only one base-stock level 2}, and if the inventory position is too
low (that is, smaller than 2}), then we order up to z}; via the fast mode and order
nothing via the slow mode. On the other hand, if the inventory position is too
high (that is, larger than z}), we order altogether nothing.

3.5. The Nonstationary Infinite-Horizon Problem

We now consider an infinite-horizon version of the problem formulated in
Section 3.2. By letting N = oo and (F, S) = ((Fn, Sn), (Fnii1,Snt1)s )
the extended real-valued objective function of the problem is

Jgo(ajnv sn—lyi}w (F7 S))

= Hn(zn) + Y o*"E [CL(FL) + Ci(Sk) + asr (Xusn)]
k=n
(3.78)

where « is a given discount factor, 0 < a < 1,
Xn41=2Tn + Sn_1 + Fy — ( mIm )

and X, (k > n+ 1) are defined by (3.8). Similar to (3.20)—(3.21), the dynamic
programming equations for the infinite-horizon problem are

Uy?o (J:’na Sn—1, Z};)

= Ha(an) + int { CL0) + C3(0)
on
+ak [Un+l(l‘n+3n 1+¢) gn( nvI )70711:’12,-1—1)] }7
n=12, .. (3.79)

In what follows, we show that there exists a solution of (3.79) that is continuous
and convex in z,. Furthermore, similar to Theorems 3.2 and 3.3, we show that
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the value function of the infinite-horizon problem is a solution of (3.79) and the
decision that attains the infimum in (3.79) is an optimal nonanticipative policy.
Our method is that of successive approximation of the infinite-horizon problem
by longer and longer finite-horizon problems.

Let us, therefore, examine the finite-horizon approximation Jy, ;. (Zr, $n-1,
z}l) of (3.78), which is obtained by the first k-period truncation of the infinite-
horizon problem. The objective function for this problem is to minimize

Jn,k(xny Sn—1, Z'}la (F) S))

n+k
= Hy(wn) + Y, o' "B [Cf(F) + C3(S0) + aes 1 (Xey) -

{=n

(3.80)

Let Vy, k(@n, Sn—1,4.,) be the value function of the truncated problem—that s,

V;z,k(mm Sn—-l7i711) = inf {Jn,k(icmsn—hi}u(Fas))}- (3.81)
(F,S)E.An,k

Since (3.80) is a finite-horizon problem on the interval (n, n+ k), we can apply
Theorem 3.2 to prove that Vj, x(zp, sn—1,1,) satisfies the dynamic program-
ming equations

.1
Un+é,k—€(wn+€’ Sn+e—1, Zn—H?)

- n+€($n+€) + leg {07{4.(((;3) + CfL—FZ(U)

o>0

+aE [Un+8+1,k~l41(Zn+Z+l(xn+€ +¢), 0, Iﬁ%ﬂ)] },

0=0,...k—1, (3.82)

]
Un+k,0($n+k7 Sn4+k—1, Zn+k’)

= Hp 1k (Tp k) + }ﬁg(f) {ng(‘ﬁ) + Cryrlo)

o>0

+ak [Hn+k+l(Zn+k+l(xn+k + ¢))} }, (3.83)

where

Zno1(8) = t+ Sn10-1 = Gnit (g Io s Vnpe)
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To get the optimal policy for the infinite-horizon problem, we assume that
there exist constants ¢ > Q0 and M > 0O such that forall £ > 1,

cl(@) - Cl(@a)| < e for = al, (384
|Ci(z1) — Cilwa)| < ¢+ [z — w2, (3.85)
\Hi(21) = Hy(22)] < - |1 — 22], (3.86)
E [ge (I3, I7,v)] < M. (3.87)

Furthermore, we assume that
CL(t) + E [Hip(t — gu(IL, 12, 0))] — 00 as t — 00,  (3.88)
Ci(t) + E [Hys1(t — ge(I}, IR vi))] — 00 as t — o0,  (3.89)

uniformly hold with respect to k.
It follows from (3.84)—(3.89) that for any (x,, sp—1) and (Zn, 1),

’Jn,k(wm sn——laiqlm (F7 S)) - Jn,k(inv §n—-lai71w (F, S))‘

n-+k
<c: |$n - jn( + Zae—n—l—l (C : |$n - in‘ +c- |5n—1 - 3'n——l‘)
f=n
c A N
< 1—a (|wn_mnl+|3n~l *‘Sn—ly)- (3.90)

Therefore, we have

‘Vn,k(mm Sn—1, @711) - Vn,k(inv Sp—1, 'L:l)‘
< _C_ |’
T l—-a
THEOREM 3.6 Assume that (3.1), (3.4)3.5), and (3.84)—(3.89) hold. Then
the limit of Vy k(Tp, Sn—1,15) exists as k — oo. Letting the limit be denoted
by V.®(xy,, 8y 1,iL), we have
(i) V,(zy, sn_1,1L) is convex and Lipschitz continuous in (T, Sp—1) on
(—-OO, +OO) x [07 +OO);
(ii) V,°(xp, sn_1,i)) is a solution of (3.79),
(iti) there exist functions Fy,(xp, $n_1,iL) and Sp(xy, spn—1,15) which pro-
vide the infima in (3.79) with US® (2, 8p—1,i%) = V,2°(2p, $n_1,1i}), and

(Fa S) = {(Fn(l‘m Sn—1, Z»}L)a Sn($n7 Sn—1, Z}L))a nz 1}
is an optimal nonanticipative policy—that s,

Vloc(mlvsmz}) = Jloo(l‘lvsoviiv(ﬁ‘as))

In — -fi'n| + |3n—1 - §n—1|) . (3.91)

= inf J®(xy, 80,1}, (F, S }
(F,S>GA{ (a1, 50,11, (F, S))
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Proof First we show that there exists a function V,%°(z,,, s,-1,7,,) such that

klim Vde(@ny $n1,73) = Vi (Tny Sn1, i) (3.92)
~>00

Let

U]I

nk)

n,ks
(( :L‘ﬂ?sn 1,2 )7 F ($n+k95n+k 1,% n+k)>

(F

(Sﬁ (znv Sn—1, 2711), ey §I£+k (w7l+k7 Sn+k—1, Z.Tll+k)>>
(3.93)

attain the infimum on the right-hand side of (3.82)—(3.83). Note that

ak -1
Sn+k (-'L'n—{-k, Sntk—1, Zn-Hc) = 0.

Thus,
Vik(@ns $n-1,1%) = Juk(@n, Snetyin, (Fr, Snik))
> Jpk-1(Tn, Sne1,9n, (Frk-1, Snk-1))
> inf {Jn,k~1($n,5n—17i71m(Fvs))}

(F .S)eAa
= Vyk-1(ZTns Sn1,1p), (3.94)

which implies that for fixed z,,, sp,—1, and i}, Vi, & (Zn, $n—1, %)) is an increasing
sequence in k. On the other hand, for any k&,

Vn k(xﬂ.?sn 17 n) < '] ("I“’H,7STL-17Z"}”O)3 (395)

where O is a policy of ordering nothing at each period by both fast and slow
modes. From (3.86) and (3.87), J°(zy, 8p—1,15,0) < oo. Consequently,
(3.92) follows from (3.94).

By Theorem 3.1, we know that for each &, V,, x(2p, Sp—1, il ) is convex and
Lipschitz continuous in (z,, sp—1) on (—oo, +00) X [0, +00). Hence (i)
follows from (3.92).

Next, we show that V,>°(z,,, s,,_1, 4% ) is a solution of (3.79). Using Theorem
3.2,

Vn,k:(xna Sn—1, 2111)

= Hy(wa) + inf {C1(#) + C3(0)

020

+aE [Vn+l k— 1(1'71 +Sp—1+ @ — gn( naI vn),a, [}H-l)] }
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< Hp(xy) + CL(¢) + Cy(0)
+akE [Vn+1 k-1 ('Tn +Sp—1+ ¢ — gn( n,In, )707 I}H—l)] .

(3.96)
Taking limits on both sides of (3.96) with respect to k, we get
Vi (2, Sn—1, ’L;ll)
< Ho(an) + inf {CL(9) + Ci(0)
e>0
+aE [Vi 1 (@n + 5no1 + & — gulin, I, vn), 0, In )] }
3.97)
Using (3.88)-(3.89), there exists a () > 0 such that for all n and &
Frve(@nie snve-1inge) S Q, 0S <K, (3.98)
SE . (Tntty Snpe—1,ib1e) € Q, 0<E< k1, (3.99)

where F +€(.’En+g, Sntb—1, n+£) and Sn+e($n+£> Spte—1, n+€) are defined by
(3.93). Funhermore by (3.94), for any ¢ < k,

Vn k(ajn» Sp—1, Z,}L)

= Hy(n) + C (¥ (@n, $n1,18)) + C3(Sh (2, 801, 13)

+(1E l:VTH-l,k—-l (‘TTL + Sn—1 + Frlf(xna Sn—lyi'}t) ( TL’ In» )

Sk(l‘n,snwhi}z)alrlz—i—l)
> Hy(@n) + CL(FS (@n, $n-1, 1)) + C3 (85 (@n, 50-1,i}))

+ak [Vn-H,é (xn + 8p—1 + Fr]f(xm Sn—1, 1711) - gn(irln IEL» Un)a

Sﬁ(.’l,'n, Sn—1, Z}),)y I%+l)i| .
(3.100)

Fixed ¢ and let £ — oo. In view of (3.98) and (3.99), we can, for any given n,
Ty, Sn_1, and i}, extract a converging subsequence

(F:(.’En, Sp—1, 2711)7 Sﬁ(xna Sn—1, Z}z)) .
Let
lim (F‘,f(mn,sn_l,z'}l),b_’ﬁ(a:n,sn_l,z}lb))

k—oo

= (F(2n, 8n-1,13), S (Tn, Sn-1,11)) - (3.101)
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From the uniform integrability of

Vor10(@n + Sne1 + & — gn(in, I2,vn), 0,1} 1) (see (3.91)),

we can pass to the limit on the right-hand side of (3.100). We obtain (noting
that the left-hand side converges as well)

Vn,k(mna Sn—hii)
= Hn(rn) + Orfl(pr?o(mm Sn—1, 2711)) + sz(ggo(mm Sp—1, 2111))
+aE |:Vrn,+l,f (xn + S$p—1 -+ Foo(x'nnsn—lairlz) - ( tn In’ )

S (xnasn 1,72 )Il-H’]
(3.102)

Furthermore,
Hy(n) + CLE (%0, $n-1,8)) + O (S5 (@ -1, 1)
+aE [Vn+1’g (xn + 8p_1 + E°(zn, sn_l,il) gn( iy [n, n)s
S (2, Sn—1, '1) [,Ilﬂ)]
= Hp(@a) + CL(FX (Tn, sn-1,00)) + CS (ST (%, Sn-1, 1))
+aE [ViRy (@n + st + F (@, snety i) = gn(in, I vn),s
52 (T, Sn—1,%0), In11)]

> Halan) + nf {C1(0) 4 C2(0)

o>0
+ak [Vn+1 (CCn + Sp-1+ (b gn( % [n’ ) In+1)] }
(3.103)
Therefore, by (3.102) and (3.103),

VnOO(mn, Sp—1; 2711)

2 o) + inf { () + C2(0)

>0
+aE [Vi2y (2n + sn1+ ¢ — gn(i iny Iy Vn), 0, Irlz+1)] }v
(3.104)

which and (3.97) imply (ii) of the theorem. (iii) can be proved along the line of
the proof of Theorem 3.3. The detail is omitted here. 0
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REMARK 3.6 Theorem 3.6 does not imply that there is a unique solution of
the dynamic programming equations (3.79). In addition, it is possible to show
that the value function is the minimal positive solution of (3.79). Furthermore,
it is also possible to obtain a uniqueness proof, provided that the cost functions
C,’:(-), C3(+) and H,(-) are subject to additional conditions.

To derive the optimality of a base-stock policy in the same way as in Section
3.4, we still make assumptions (3.67)-(3.68). Let

Gu(l) = 05 (b= @p = sn—1) — cpt + E[Hnia(t — gn(i mIm )l
Let y* be a minimum of the function G, (t). Furthermore, let
L (t) - C t + E[ n+1( ( 7L7In> ))] + [Gn(t) - Gn(y;)] 5(3/;, - t)v

and let z be a minimum of the function L, (t). Similar to Theorem 3.5, we
have the following result.

THEOREM 3.7 Assumethat(3.1), (3.4)—(3.5), (3.67)-(3.68), and (3.86)—3.87)
hold. Then the policy (f},sk) given by the following is an optimal nonantici-
pative policy:

(1) when y;, < 2,

(y; — Tpn — Sp-1, Z:L - y;’;)7 lf Tn + Sn—1 S y:zv
(f;:>5:;) = (Oa Z;; - Tp 5n—1)> if y?{ <Zp+sp-1< Z;:
(an)a if z;; < ZTp + Sn-1;

(ii) when y} > z;,

(z = Tn — 87-1,0), if Tp+sp-1 < 2,
(f';:3 S;’;) = (0,0)7 lf 2; < Tp + Sp-1 < y;;a
(0,0), if yp <xp+sp-1.

REMARK 3.7 When Cf(u) = ¢/ - wand C(u) = ¢} - u with ¢, > 0 and
c;, > 0, (3.84)~(3.85), and (3.88)—(3.89) hold. Thus we do not need to specify
that (3.84)—(3.85), and (3.88)—(3.89) hold in the theorem.

Proof of Theorem 3.7 The proof is similar to the proof of Theorem 3.5, and
is omitted. [
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3.6. An Example

In this section, we use an example to illustrate the structure properties of the
cost function and solutions in detail. For simplicity, we consider N = 2,

0, ifu=0,
Ciw)y=cb-u, gi(i},1%,01) =0, (3.106)

C’lf(u) = { oo, ifu>0, Ci(u) =} u, (3.105)

and

Hy(x) = Ha(z) = Hs(z)

_ {hx, ifz >0,

e, ifz <0, (3.107)

Suppose that z; = 5o = 0. '

Let information I} be uniformly distributed within the interval of width a
centered at vg with vy > a. Formally, the density function denoted by Aa(43)
is given by

a a
- =1 .108
S v+ 5] (3.108)
For an observed i € [vy — a/2, vy + a/2), the conditional density function of
ga(i3, 12, v) denoted by 12 (i2]i3) is given by

. T
Aa(iz) = o iz € [Uz -

L, ifdefij—%, i+,
Ga(Bid)y = ¢ = s€li= 3 i+ g (3.109)
0, otherwise,
where 0 < ¢ < 1.
With these given parameters, (3.11) can be written as
J1(0,0, 11, (F1, F2), S1))
= E [C{(R) + C{(S1) + Ha(Xa) + C{(F) + Hs(X3)| ,

3.110)

where

Xy = =z +s0+F—gi1(i1, 11, v1)
= Fl7
and

X3 = Xo+ 81+ Fy — g2(I3, IZ,03).
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Similarly, (3.45)—(3.46) can be written as
Ul(qh Z%)
= inf {Cfy-a)+Ciz ) + E [Haly — : (1, I 0)]

22y
—I—E[(72(,2—91(1'},[12,111),]21)} } G.111)
[72(‘]2725)
= inf {Cl(y~ ) +E[Hsly — o}, )]} G112)
Yy=q2
Let
p=P=%
p+h

Now we find the optimal order quantity for the fast order at period 2 when I3
is observed with I3 = 4. To this end, solving equation

OE[H3(y — g2(i3, 12, v2))]
Oy

o+ =0, (3.113)

we get the solution
1
y =cea- (8- "2")+i5~

Hence, the optimal order quantity for the fast order when I3 is observed with
I} =4}, is as follows:

(3.114)

f*_{ ea-(B—3)+ib—q, ifea-(B-1)+i}>q,
-

0, otherwise.

In (3.114), the optimal order quantity for the fast order at period 2, f5, is a
piecewise function of the observed information 7 and the inventory position
g2. Therefore, the value function Vg((]g,i%) is also a piecewise function of
g2. By (3.114), the manufacturer needs to make a fast order at period 2 only
when the inventory position is lower than the ordering point—that is, f5 > 0
if g2 < ea(B — 1/2) + i3; otherwise, f5 = 0. Further, in view of (3.108)
and (3.109), g2 (i3, I3, v2) < 43 + €a/2 w.p.1 when I} is observed; therefore,
no penalty cost arises if the quantity of the inventory position is sufficiently
large—that is, go > i3 + €a/2. Thus, we present the value function in the
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following cases:
Va(ga, i3)
—his+ R g if i < gy — 52,
ML) + Yilge) - ih + Ya(q),
if go— 5 <iy<qp—ea(f—3),
o iy—cf @ty if g-ea(f-3) <il,

(3.115)

where Y71(g2), Y2(g2) and Y are defined as

—h h+p
Yi(g2) = ?_2__ 0

h+p h—p h+p
Valg) = - (02)" + ~5~ 2 + T

h3? + p(1 - B)?
2

1
Y = ca cg'(5—§)+

Based on Vg(qg, z%) given by (3.115), we find the optimal fast-order quantity
f{ and the optimal slow-order quantity s} at period 1. First, it follows from

C{(u) = oo that
fT=0.
Let

Gi(2) = ¢ - = + E[Va(z, 13)],

and

ar=p+h, az=p-dcf.

It follows from (3.115) that if 0 < 2 < vy — —§+sa(ﬁ— %), taking the derivative
of G1(z), then g3 > 0 and

— =] — Cy; (3.116)
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1
ifvg—g—+sa(ﬁ—§)_<_z<v2—g—(1—5),then

dGi(z «@ 1
dlz( ) = 28;2 24+ 522 [aa; + eala) — 2a0) — 2aqv9)2
o
+2€12 v3 W[-aal +ea(p —h) — 25ac£]v2
ol
s_Gtp efar cop a1 cor
T 2 2 "1 TE T
(3.!17)
1
if vy — E(1—5) <z<uve+ El~+5—:a(ﬁ— =), then
2 2 2
dGi(z) h+c£ h«}—cg EO&Q(h+C£) 2c] —{—h—cﬁ
= Z - vy — -+ )
dz a a 2001 2
(3.118)
1f++(ﬁ1)<<++th
(29} 5 ga (2 5 B en
dGi(z) a ar o
4z = 25a2 24 —2 [2v9 4+ a + ca)z = 5q2 V2
eay  4ci+3h—p o
_n et Fm o e 2
25 Gl el g ' 4 8¢’
3.119)
andif z > vy + § + &, then
vot+§ —t
Gi(z) = c§z+h/ te —dt. (3.120)
v2—%
This implies that
dGl(Z)
o c§ + h.

To demonstrate the cost function graphically, we depict the cost function
with three sets of parameters, where the parameters are for the base case, h =
0.1,p = 53,¢8 = 1.0,ch = 2,a = 15,6 = 0.5,vp = 50; for the higher
holding cost, A = 0.5; and for the higher penalty cost, p = 5.5. The graphs
appear in Figure 3.2.

Now we discuss some insights into the relationship of the optimal order
quantity and other parameters. By Theorem 3.1, we know that the cost function
G1(z) is convex in z. Therefore, it is sufficient to find the optimal order quantity
from the first-order condition.
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Figure 3.2. Sample cost curves with different cost parameters

LEMMA 3.1 Assume that (3.105)—(3.109) hold. Then we have
(i) when ci > cé, s} = 0 is optimal,
(i) when ¢§ < cg, the optimal s§ > vy — & +ea(B — 3).

Proof First we prove (i). By (3.116), we get dG1(z)/dz > 0. Therefore, the
optimal (minimum) value is achieved at the extreme point zero.

Next we establish (ii). The cost function is convex. In addition, dG1(z)/dz
< 0; therefore, in the interval [0, vo — a/2 4 €a (8 — 1/2)], the minimum lies
on the right boundary—that is, s7 > v — a/2 + a(8 — 1/2). O

Lemma 3.1 indicates that actions must be taken at period 1 when the unit slow-
order cost is less than the fast-order cost at period 2. From the point of view of
just-in-time production, no material should be ordered at period 1. Similarly,
the quick-response program rejects ordering materials at this time. In other
words, just-in-time production and a quick-response program apply only for the
cases where there is no per unit order cost difference between different supply
sources. This observation is corroborated by other researchers. For example,
Fisher, Hammond, Obermeyer, and Raman [5] observed that “to address the
problem of inaccurate forecasts, many manufacturers have turned to one or
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another popular production-scheduling system. But quick-response programs,
just-in-time (JIT) inventory systems, manufacturing resource planning, and the
like are simply not up to the task.” Lemma 3.1 provides an analytical example
of why manufacturers need a better system than a pure just-in-time approach.

Further, it is interesting to consider scenarios with capacity constraints where
only one source of raw material is available and the lead time and price are
constant. The just-in-time production strategy suggests that no decision on
raw-material order quantity or production commitment be made until the latest
stage. In many industrial settings, especially in the quick-response systems,
the available capacity limits the production lead time. If the production lead
time can be reduced, the demand forecast is more accurate at a later time.
Lemma 3.1 suggests that decisions on raw-material ordering and production
commitments can be made earlier. With some earlier productions, precious
capacities could be reserved at a later stage when the forecasts become more
accurate. This coincides with the findings of Cohen and Mallik [3]. They argue
that by holding excess capacity, a firm has an option to respond to uncertain
events and may be able to take advantage of arbitrage opportunities.

We summarize results in this section into the following theorem.

THEOREM 3.8 Assume that (3.105)+3.109) hold. For any setting of parame-
ters, we have

1) if ¢ > cg, then s = 0;

(i) if c§ = cg, then s} = x, for any x that satisfies 0 < x < vy — a/2 +
ea(B—1/2);

(iit) let

1
a::vg—g—i—ea(ﬂ— 5)—!—\/L_1 25(05 —c3),

if vo—a/2+ea(f—-1/2) <x<vy—a/2+ (ca)/2, then s] = x;

(iv) let

ol £a
T =vy— fal + f“ [c£~h]+—7——[hp——c£(h—a2)},
¢y +h  2(cy;+h) 2(cy +h)ay
if va—a/2+ea/2<z<vo+a/2+¢ea(B—1/2), then st = x;
V) let
T = Vo + — +_€_G~L
29T 9 T Jar
ifva+a/2+ea(8—1/2) <@ < vy +a/2+ a2 then s} = x;
(vi) else, sT = vy +a/2 + ea/2.

2e(c§ + h),

It can be proved that the optimal order quantity is a linear function with
respect to either a or €. Figure 3.3 provides examples of the changes of cost
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Figure 3.3.  Sample cost curves with different forecasting-improvement factors

function with respect to the changes in . The smaller ¢ is, the less that the
stage 1 order quantity will be. We find that, similar to the ¢, the larger variance
requires a larger order quantity. We demonstrate this feature in Figure 3.4, where
the larger the variance is, the higher the cost and the larger the order quantity
are. On the other hand, it seems that the order quantity is more sensitive to the
degree of improvement than the variance itself.

REMARK 3.8 If a is sufficiently small, for the case of ¢ < cg, 8] = vy is

nearly optimal.

The analysis given above reveals the existence of optimal purchase policies
with respect to cost parameters and demand information. These findings an-
swer questions such as how well the manufacturer can forecast and what the
optimal expenditure is. However, the manufacturer would be interested to know
the value of information updates and, further, the opportunities for continuous
improvement. In this section, we explore these managerial implications by
marginal cost/benefit analysis.

It is reasonable to assume that the manufacturer does not have control over
cost parameters in the short run. After knowing the optimal material-purchase
policies, the manufacturer would look for other directions of further improve-
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Figure 3.4.  Sample cost curves with different forecasting errors

ment, such as improving its demand forecast. Intuitively, improving either
stage 1 and stage 2 forecasts results in the cost reduction. The marginal costs of
information updates with respect to £ and a provide indications on the value of
information updates. Specifically, the marginal benefit of information updates
can be expressed as follows. If vg—1/2+¢ea(8—1/2) < s} < vo—a/2+¢€a/2,

0G1(s7)  _ (hed(h—c)H(cf i) _ V3
Oe - 2(p+h)

0Gy(sh) _ h-cf _ va(d-e)¥? e
da 2 3 Vo+h \/67

ifvg —a/2+ea/2 < st <vy+a/2+cea(f—1/2),

V3 (ef—c)¥? va

3 VBth Ve

(3.121)

8G3(s1)  _ (htef)Pe | (—c))(h+es)
Je  12(p+h)2a 2(p+h)
0Gi(s)  _ _ (tehde? (] —ep)(hie))
a T AEHTE T ahge])

(3.122)
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and if vg + a/2 + ae(f — 1/2) < s7 < vy +a/2 + (ae)/2,

9Gi(s}) _ hitcf _ _\/_§(h+cf)3/2 Va
Ot -2 3 Vpth Ve
0GI(s1) _ hbef ﬁ(h-{-cf)s/z Ve
da - 2 3 Vp+h a’

(3.123)

Based on equations (3.121), (3.122), and (3.123), the manufacturer is able
to determine the impact that one unit of demand forecast improvement in either
stage 1 or stage 2 has on its cost structure and further to determine whether its
effort in improving demand information is worthwhile. From these equations,

when cg is large, improving the first-stage forecasts would yield a larger payoff;

similarly, when the difference of ¢j and cg is small, improving the second-

stage forecasts would be much beneficial. More important, the notion of equal
principle (Samuelson and Nordhaus [11]) suggests that the company should
put its last dollar to the place where a higher return is expected. Equations
(3.121), (3.122), and (3.123) provide formulas for calculating marginal return
with respect to demand-forecast improvement. Comparing 9G7(s})/0a and
0G7(s})/0¢e indicates the potential return. For example, if 0G5(s})/0a >
0G5 (s1)/0¢, the manufacturer should concentrate its effort to improve the
demand forecasting at stage 1.

3.7.  Concluding Remarks

In this chapter, we consider a discrete-time, periodic-review inventory system
with dual supply modes and demand-information updates. We demonstrate that
the optimal inventory-replenishment policy is a base-stock policy for both finite
and discounted infinite-horizon problems. Recently, Gallego, Sethi, Wang,
Yan, and Zhang [8] have developed an algorithm to compute the optimal base-
stock level with dual-supply modes but without demand-information updates.
Extension of their work to the demand-information updates is still in progress.
Our model generalizes several special cases in the literature. The extension of
our model to include fixed order cost is discussed in the next chapter.

3.8. Notes

The main material in the chapter is based on Sethi, Yan, and Zhang [15].
The example in Section 3.6 is based on Yan, Liu, and Hsu [18].

Bensoussan, Crouhy, and Proth [2] consider an inventory model with two
supply modes—one instantaneous and the other with a one-period lead time.
They allow for fixed as well as variable costs associated with ordering deci-
sions. They obtain an optimal policy, which represents a generalization of the
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well-known (s, S) policy. Hausmann, Lee, and Zhang [10] study an inven-
tory system with two supply modes—fast and slow—under the assumption of
stationary demand. Explicit formulas for optimal ordering decisions are devel-
oped. Scheller-Wolf and Tayur [12] study a Markovian dual-source production
inventory model but without the consideration of advance-demand information.
They prove the optimality of a state-dependent base-stock policy. For other in-
stances of state-dependent policies, see Scheller-Wolf and Tayur [12], Song and
Zipkin [16], and Sethi and Cheng [13].

The distinctive feature of our model is the treatment of a multiperiod in-
ventory model allowing for both information updates and multiple sourcing
partners. It differs from Fisher, Hammond, Obermeyer, and Raman [5], Haus-
mann, Lee, and Zhang [10], Scheller-Wolf and Tayur [12] in the sense that
we make use of demand-forecast updates in making decisions. In contrast to
Barnes-Schuster, Bassok, and Anupindi [1], Yan, Liu, and Hsu [18], Dono-
hue [4], and Gurnani and Tang [9], we consider an N-period inventory model,
N < oo. Furthermore, our model of the demand-updating process covers, as
a special case, the additive demand-updating process employed in Gallego and
Ozer [7].

3.9. Appendix

In this appendix, we introduce the selection theorem that is used to establish
the existence of the optimal nonanticipative policy. First, we introduce the
definition of lower semicontinuous functions.

DEFINITION 3.1 Let J(-) be a function defined on R™. We say J(-) is lower
semicontinuous if for any * € R",

liminf J(z,) > J(x).

In—
THEOREM 3.9 (SELECTION THEOREM) Let J(x,y) be a function on R"™ X
R™, lower semicontinuous, and bounded from below, and let K be a compact

set of R™. Then there exists a Borel-measurable function B(x) defined on R"™
such that

Iz, B(=)) = inf {J(=,)}.

REMARK 3.9 We can weaken the condition of lower semicontinuity of both
variables by imposing Lebesgue measurability. In this book, however, the
lower semicontinuous condition is enough for us to carry out the existence of
the optimal nonanticipative policy. For a proof, see Bensoussan, Crouhy, and
Proth [2].
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Chapter 4

INVENTORY MODELS WITH TWO
CONSECUTIVE DELIVERY MODES
AND FIXED COST

4.1. Introduction

In this chapter, we introduce fixed order costs in the model studied in Chapter
3. Thus, we consider forecast updates, two delivery modes, and a fixed cost
associated with each delivery mode in a periodic-review inventory system. The
demand in any one period (hidden in the core of an onion) has a number of
sources of randomness (layers of the onion), and these uncertainties are resolved
successively in periods leading to the period in which the demand materializes
(peeling the layers to get to the core). Two delivery modes are fast and slow.
A fast order that is issued at the beginning of a period is delivered at the end of
the period, whereas a slow order that is issued at the beginning of a period is
delivered at the end of the next period. In addition to fixed order costs, there
are variable costs. Fast orders are assumed to be more expensive than slow
orders. In words, at the beginning of each period, the inventory or backlog
level is reviewed, and the forecast of the demand to be realized at the end of
the period is updated. Also known at the time is the slow order that was issued
in the previous period—an order that will be delivered at the end of the current
period. With these data in hand, decisions are made about the amounts to be
ordered this period by fast and slow modes. At the end of the period, the slow
order issued in the previous period and the fast order issued at the beginning
of the current period are delivered. Then the demand for the current period
materializes, and the inventory or backlog level, or simply the inventory level,
at the beginning of the next period gets determined. The total cost in each period
consists of procurement costs and inventory or backlog costs. The objective is
to make ordering decisions that minimize total costs over the problem horizon.
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The remainder of this chapter is organized as follows. In Section 4.2, we
provide the required notation and the model formulation. Dynamic program-
ming equations for the problem are developed in Section 4.3. In Section 4.4,
we obtain the optimality of an (s, S) type policy for the finite-horizon prob-
lem. Section 4.5 looks into some monotonicity properties of the optimal policy
parameters. Section 4.6 is devoted to extending the optimality results to the
infinite-horizon case. The chapter is concluded in Sections 4.7 and 4.8.

4.2. Notation and Model Formulation

As described in Chapter 3, the dynamics of the system contains two parts:
the material flows and the information flows. The inbound material flows come
from two supply sources (fast and slow), and the outbound material flows go
to customers. Orders are made at the beginning of a period. An order from
the fast source arrives at the end of the current period, whereas an order from
the slow and possibly cheaper source arrives at the end of the next period.
The information flows include the initial demand forecast, periodical demand-
forecast updates, and the realized customer demand. The decision variables are
the quantities ordered from the fast and slow sources at the beginning of each
period. The decisions are based on the past history, although we show that it is
sufficient to decide on the basis of the current inventory position and the current
(updated) demand information. A time line of the system dynamics and the
ordering decisions is illustrated in Figure 3.1.

In addition to the notation introduced in Chapter 3, we also use the following
notation in this chapter:

K ,{ = the fixed fast-order cost in period k;
K; = the fixed slow-order cost in period k;
Ag(-) = the distribution function of I;
O(-) = the distribution function of gy (I}, 12, vg);
Wr(-lig) = the conditional distribution function of g (I}, IZ, vk)

: 1 _ .1
given I, = ij.

For notational convenience, let

be a deterministic constant. We make the following assumptions in this chapter:

{(I},I}),1 < k < N} is a sequence of independent random vectors, (4.1)

E[Di) = E [ge (I}, If ve)] < o0, 1<k <N, (4.2)
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C,{ (u) and C}(u) are increasing, nonnegative and convex, (4.3)

{ Hy(x) is convex and @.4)

|Hi(z) — Hy(2)| S e le— 2, 1<k N+,
for some ¢y > 0, and
min{K/, K{} > max{K], |, K1}, k=1,.,N-1  (45)

REMARK 4.1 Assumption (4.1) does not preclude the case in which I,f de-
pends on [ }f Assumption (4.5) is similar in spirit to those used in Sethi and
Cheng [15] and Beyer, Sethi, and Taksar [3].

Similar to (3.6) and (3.7), we assume that
CL(t) + E[Hp1(t — gr(IL, 12, 0p))] — 00 as £ — o0,  (4.6)
Ci(t) + E[Hg41(t — ge(I}, IZ, vi))] — o0 as ¢ — oo. 4.7
The inventory-balance equations are defined as
Xp1 = Xp + Fr+ Sp — oL, Iy we), 1< k<N, (4.8)
where Sy = sp, a possible existing slow order to be delivered in period 1, and
X = xj, the initial inventory level. (4.9)

The objective is to choose a sequence of orders from the fast and slow sources
over time to minimize the total expected value of the costs incurred during the
interval (1, N'). Thus the objective function is

Jl(l'lys()»i}v (F7S))
N

— () + €| Y (K] -60) + L)
=1

+K7 - 8(Se) + Cj(Se) + Hg_H(Xg_H))] ,
(4.10)

where x, is the initial on-hand inventory at the beginning of period [, sg is an
outstanding slow order to be delivered at the end of period 1, and (F', S) =
((F1,...,Fn),(S1,...,SN)) with Fy and Sy being fast-order and slow-order
quantities in period k. The decisions (F', S) are history-dependent or nonan-
ticipative to be admissible—that is, (F}, Si) are nonnegative real-valued func-
tions of the history of the demand information up to period (k — 1) given by
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{(1},1%),0 < £ < k—1}and I}, and Fyy and Sy are a nonnegative real-valued
functions of the history of the demand information up to period (N — 1) given
by {(I},1}),0 < ¢ < N —1} and I}, Tn view of (3.10), we still have Sy = 0
here.

Let A; denote the class of all admissible decisions for the problem over
(1, N). Then the value function for the problem over (1, N) with the initial
inventory level ; can be defined by

Vi(z1, s0,43) = _inf {J 1, S0,%5, (F, S } 4.11
1(21, 80,%7) F S, 1 (21, 80,11, ( )) 4.11)

Note that the existence of an optimal policy is not required to define the value

function. Of course, once the existence is established, the “inf” in (4.11) can
be replaced by “min”.

4.3. Dynamic Programming and Optimal Nonanticipative
Policy

In this section, we first give the dynamic programming equation satisfied
by the value function. We then provide a verification theorem that states the
cost associated with the nonanticipative policy obtained from the solution of
the dynamic programming equations equals the value function of the problem
on (1, N).

As in Section 3.3, we define the problem over (n, N). Let

Jn(a:m Sn—lvig-n (Fa S))

N
~ Ha(an) + €| Y- (K om0 + €/ ()

{=n

FK - 8(Se) + C3(Se) + He+1(Xe+1)>} ,
4.12)

where

(F,S)=((Fn,...Fn),(Sn, -, SN))
is a history-dependent or nonanticipative admissible decision for the problem
defined over periods (n, N) (see Section 3.3). Here s,,_1 has the same meaning
as so and is an outstanding slow order to be delivered at the end of period 7.
Define the value function associated with the problem over periods (n, N) as
follows:

Vn(wnasn—lai};) = (F,g’l)feAn {Jn ("Em Sn—l»iylp (F, S)) }) (4.13)
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where A,, denotes the class of all history-dependent admissible decisions for
the problem over (n, N). We have the following theorem on the property of
the value function V,,(xp, sp_1,iL).

Using the principle of optimality, we can, accordingly, write the following
dynamic programming equations for our problem:

Up(e, S¢-1,13)
= Hy(zy) + inf¢§8 {Kéf -0(o) + C[(fb) + K} -6(0) + Cj(0)
+E [Ug+1 (11312 + ¢+ S¢—-1 “ge(iéz-[[?ﬂ)ﬁ%o-? I€1+1)] }’
=1, N—1,

Un(zn, Sn—1,1%)
= Hyn(zn) + inf¢§8 {K]j:, -0(d) + C]{,(¢) + K3 - 6(0)

+C3 (o) +E [HN+1 (-’FN +8sy-1+ ¢~ gN(i}Va IJZVv UN):'] }
(4.14)

Note that if IZ2 depends on I@l, then the expectation on the right-hand side
will be understood to be conditional expectation given I; = 4}. The dynamic
programming equations (4.14) involve three variables, namely, x;, s¢—;, and
i;, (inventory level, slow order made in the previous period, and the demand-
information update).

We now state the relevant existence results in the following two theorems.
The methodology and the technique of proving these theorems are quite similar
to those in the previous chapter, which deals with the case of multiple supply
modes and demand-information updates without a fixed order cost. Hence, we
omit their proofs and direct the interested readers to Theorems 3.1 and 3.3.

THEOREM 4.1 Assume that (4.1)(4.7) hold. Then the value function Vi(zx,
S0, 1) is convex and Lipschitz continuous in x1 on (—o0, +00), and the value
Sunctions Vy(zy, Sg_l,z}), 2 < ¢ < N, are Lipschitz continuous in (xg, S¢_1)
on (—oo, +00) x [0, +00). At the same time, they are also the solutions of
the dynamic programming equations (4.14). Moreover, there exist functions
(dN(zN, SN-1,1L),0) that provide the infimum in the last equation of (4.14),
and functions

(be(xe, 50-1,13),Ge(Te,50-1,43)), 1< LS N -1,

that provide the infima in the first (N — 1) equations of (4.14) with Ug(x¢, s¢_1,
Z%) = ‘/g(.’lfg, Se—-1, Z[})
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To solve the problem of minimizing J1(z1, so, 1, (F, S)), we use ¢;(-) and
4(+) of Theorem 4.1 to define

X1 =,

Fy = ¢1(z1, s0,41), (4.15)
S = 51(321,30,2'%),
and
Xe=Xe 14 Fioy+ Seca— gea (I, 121, v0-1),
Fy = ¢o(Xe, Se-1, 17), (4.16)
Sp = 6¢(Xe, Se—1,1}),
for2 < £< N — 1, where Sy = s¢ and
XN =Xn_1+Fno1+ Svee— g1y T3 vwv—1),
Fy = ¢n(Xn, Sn-1, 1), 4.17)
Sy = 0.
THEOREM 4.2 (VERIFICATION THEOREM) Assume that (4.1)-4.7) hold.

Then B ) ) )
((Fl, o BN, (ST, SN))

described in (4.15)—~(4.17) is an optimal solution to the problem. Hence, the
minimum cost Vy(z1, So,4}) is

N
M) +E| S (IKf -8(R) + Cl(F) + K 680
=1

+CF(Se) + Hep1(Xeq1)) |- (4.18)

Theorems 4.1 and 4.2 establish the existence of an optimal nonanticipative
policy. Specifically, there exists a nonanticipative policy defined by equations
(4.15)+«4.17), which provides a value of the objective function equal to the
value function.

4.4. Optimality of (s, S) Ordering Policies

For a further analysis of the problem, it is convenient to recast the dynamic
programming equations (4.14) involving order quantities ¢ and o as decision
variables to those involving order-up-to levels y (= zy + sp—1 + ¢) and z (=
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z¢+8¢—1+ @+ o) as decision variables. Moreover, since the ordering decisions
¢ and o in any period ¢ depend on x4 and sy_; through their sum x; + s¢_1,
known as the inventory position y; in period ¢, the dynamic programming
equation (4.14) can be, similar to Section 3.4 in Chapter 3, rewritten as follows
in terms of the state variables y, and z’}, instead of the state variables x,, s¢_3
and z}:

Us(ye, i})

= intz { K] 80— 90) + Oy =)+ K7 60— )
+Ci(z —y) + E [Hogr (y — 9e(if, 17, ve)) ]
+E [UH-I (z — 95(7%71427’03)7121—;_1):' },

0=1,.,N—1,
= infyzgy {1480 = ) + Ol = ) + K% -3 = )
z2Y

1G4z~ y) + E [Hy i (y - on ik, 13, 00)] }
4.19)
Let Vy(ye,4}) be the solution of (4.19). By the fact that the set {(y, 2)|y >

ye and z > y} is convex, using the selection theorem (see Theorem 3.9), it is
straightforward to get the following Theorem 4.3,

THEOI}EM 4.3 Let the assumptions (4.1)H(4.7) hold. Then there exist func-
tions (pn(yn, iy ), 6 (yn,ix)) that provide the infimum in the last equation of
(4.19) and functions

(Bewerid), delun, b)), 1< LN -1,

that provide the infima in the first (N — 1) equations of (4.19) with Uy (ye, i) =
Ve(ye,ip)-

It follows from Theorem 4.3 that
Velye,iy) = K] -6 (e(ye,i}) — Cl ( be(yesit) —
(e, ig) 7 Ge(ye,ip) —ye ) +C;p | de(ye,ip) — ye

+Kj -6 ((h(yé,ié) - éz(yeﬁ))
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+C} (@(ye,ib - ¢e(ye,ié))
+E [He+1 (Qge(ye»ié) — ge(ig, 122,’02))]

+E {‘73—{-1 (56(’%72}) _g€<2%7 ]érzﬂvf)v [l}ﬁ-l):‘
f=1,..N—1, (4.20)

Vn(yn,in) = K -0 (fN(yN,izlv) - yN) +Cf (CEN(?JNJ'}V) - yN)
+K} -6 (5N(yN,i}v) = qu(Z/NJ%v))

+C (onuw,ik) = b lum i)

+E [Hwsa (In(yw i) —gn (i, Rom)) |- @2D)

Let

Y1 =y1 =21+ so,
Vi = 8kc1(Yem1, I} ) —gn1 (i, Iy vk—n), k=2,.., N,

Define
By = fity, 1Y) -1,
. . (4.22)
Sl = &1(y17I11) - ¢1(y11[]1)7
and
Fy = max{¢x(Ye, I}) = Y3, 0}, k=2,..,N,
szﬁe(nalgl)_qgf(nalil)a ¢=2,.,N-1, (4.23)

Sy =0.

Formally, (4.19) is derived from (4.14) by taking Uy (¢, 8¢_1,%¢ ) — He(2g) =
Ug(yg,z}) in (4.14). Note that Uy(xy, s(g_l,z%) — Hy(x¢) involves three state
variables x,, z} and sy_q, while Ug(yg, z}) involves only two state variables y,
and ié. Hence in this sense, (4.19) is a simplified version of (4.14). In the next
theorem, we show that the policies (4.22) and (4.23) derived from the simplified
dynamic programming equation (4.19) also provide an optimal policy.

THEOREM 4.4 Assume that (4.1)-(4.7) hold. Then
Vi(z1, 80,41) = Vi(z1 + s0,i1) + Hy(z1),
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and
((FlFN><SlsN>) (4.24)
given in (4.22)+4.23) is an optimal policy for the problem over (1, N).

Proof Let {Vy,(2n, $n-1,1%);1 <n < N} and {Vi,(yn,iL);1 < n < N} be
functions defined by (4.13) and (4.20)-(4.21), respectively. First, we show that

VN(.TN, SN_l,i}v) = HN(.TN) + VN(.TN —+ SN—-1, Z}V) (4.25)
From the definition of VN(yN, L}V), we have

Vi (a5 + sn-1,ik)

YTy +SN_
22y

= _ inf {K]{['(;(y_ len + sy—1]) + CH v — (an + sv-1))

+K3 - 0(z —y)+ Cl(z — )

FE (et (v 906k, )] |

= int { Kk 500) + CL0) + K 8(0) + CR(0)

+E [Hyy1 (zn + sn-1 + 6 — gn (i, Iy, o)) }
— y(en) + inf {1k -000) + CL0) + K- 8(0) + CR(0)
+E [Hyi1 (on + sn—1+ ¢ — gn (i, 15, vw)) ] }
—HN(.I‘N)

= Vi (zn,sn—1,iy) — Hy(zN), (4.26)

which is equivalent to (4.25). Furthermore, from the second equality of (4.26),
we have

on (TN, SN-_1,iN) = dNn(ZN + sn_1,iN) — (en + sy_1),  (427)

where ¢y (TN, sn—1,1%) is given by Theorem 4.1. Now suppose that for
j=N, . k41,

V; (xj,sj_l,ijl-> = ‘A/] (:Ej + S]‘_l,ijl-> + H]’(CL‘j),
3 (xj,sj_l,ijl.) =4, (xj +sjo1,0)) = (a5 + SH) , (4.28)

= Ca. 1Y 5 ) , 1Y 4 ) ) 1
0 (a:],sj_l,zj) =G (x] 4+ s]_l,zj) ?; (m] + 3]_1,2]) ,
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where q;j(xj, 85-1, zjl) and 5;(x;, 851, zjl) are given by Theorem 4.1. Next we
show that (4.28) holds for j = k. By the definition of Vi (yx, L),

~

Vi (zk + sk—1,%4)

inf  {K{ -6 (y—xp— sk
yZzirisk—l { k (y T Sk 1)
22y

+C,{ (y—ap —sp—1) + Kj - 6(z—y) + Ci(z —y)
+E [Hyr (v — gr(ig, 17, vie)) ]

FE [P (= auGh o) 44)] |

it { K/ -6(6) + 0L() + K -00) + Cie)

+E [Hip1 (25 + sp—1 + & — g, i, vi)) ]

+E [Vk+1 (zk + sk—1 + & — g (if, IE, ve) + 0, I/i+1)} }

it { i/ -306) + CL(0) + K -30) + o)

+E [Virs (e + si—1 + 6 — g (ik, I, i), 0, Iy )| }

Hiau) + int { K[ -80) + CL(9) + K -(0) + (o)

UEO
+E [Vig1 (@r + sp—-1+ ¢ — (i, IR, vE), 0, L)) }
—Hy(zy)

= Vk (ajk,Sk_l,i]lc) - Hk?(xk‘)7

(4.29)

where in establishing the third equality of (4.29), we apply the first equation of

(4.28) for j

= k + 1. Thus, we obtain the first equation of (4.28) for j = k.

At the same time, from the second equality in (4.29), we have the second and
the third equations of (4.28) for j = k. Therefore, by induction, the theorem is

established.

O
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For an (s, S) type policy to be optimal, we assume that the slow- and fast-
order cost functions C}(-) and C,{ (+) are linear—that is,

clity=c-t, Ci(t)=c -, k=1,..,N, “30)
c,{Zcz_l, 2<k<N.

Furthermore, we assume that for k =1, ..., N,

Jtim {(ef Ak )y + E[Hin (v - geih Iho)] | = o0 @31)

with ¢§ = 1.

REMARK 4.2 Condition (4.31) rules out some trivial or unrealistic cases. It
requires that both holding and ordering costs are not negligible. Thus with
(4.31), placing an infinitely large order from either the slow or the fast mode
cannot be optimal. Condition (4.31) extends a similar condition required in
Sethi and Cheng [15], which, in turn, generalizes the classical assumption of a
strictly positive unit holding cost made by Scarf [13].

Next we define K -convex functions required for further analysis of the prob-
lem. Some well-known results on K -convex functions are collected in Lemma
4.1.

DEFINITION 4.1 A function h(x) : R — R is said to be K-convex if it
satisfies

h(y) — h(y —
K+ bz +y) > hiy) + =) w(y %)
foranyy e R, z > 0and x > 0.

LEMMA 4.1 (i) Ifh(z) : R — Ris K-convex, itis M -convexforany M > K.
In particular, if h(x) is convex—that is, 0-convex—it is also K-convex for any
K >0

(ii) If hi(x) is K-convex and ho(x) is M-convex, then for a > 0 and b > 0,
ahi(zx) + bho(x) is (aK + bM)-convex.

(iii) If h(x) is K -convex and & is a random variable such that E|h(x —&)| <
oo, then E[h(z — §)] is also K-convex.

Proof Their proofs can be found in Bensoussan, Crouhy, and Proth [2]. Here
for the completeness, we present the proofs. (i) is trivial from the definition.
For (ii), note that forany y € R, z > 0 and = > 0,

)Zhﬂw+ﬁhdw—hﬂy—$% 4.32)

K+hi(z+y -
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and

M+ ho(z+y) > hg(y)+zh2(y)_h2(y—x). (4.33)

T

Consequently,
(aK +bM) +[a-hi(z+y) +b-ha(z +y)]
> [a-hi(y) +b- ha(y)]

Lle @) +b-ha(y)] = oMy = 2) +b-haly = 2)]

which implies that a - hy(z) + b - ha(z) is (aK + bM)-convex.
(iii) follows directly from

(-8 -hly-z-€

K+h(2+y—€)2h(y—§)+zh

T
0
Let
h*= inf  h(x).
—oo<r<+x0
Define s and S with s < § as follows:
inf{z : h(z) = h*}, if{z: h(x)=h*}#0,
S =< Foo, if {x : h(z) = h*} = 0 and h(—o0) # h*,
—00, if {x : h(z) = h*} = 0 and h(—o0) = h*,
and
inf{z : h(z) = K + h(S) and z < S},
5= if {z:h(z) =K+ h(S)andz < S} # 0,
—00, otherwise,
where
h(4+00) = liminf h(z) and h(—o0) = liminf h(z). (4.34)
*——+00 =00

Then we have the following lemma, which represents an extension of Proposi-
tion 4.2 of Sethi and Cheng [15] requiring a stronger condition limy_, 1 o A(y)
= +00.

LEMMA 4.2 If h(x) is a continuous K -convex function, then
(1) h(S) = inf{h(x)} with the convention given in (4.34) when S = +o0
or S = —o0;
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(i) h(z) < K + h(y) forany z and y with s <z < y;
(iii) the function

m(z) = inf {K-é(y—a:)+h(y)}

y>z

_ K+ h(S), for z<s,
h(x), for x>s,

is also K-convex.
Furthermore, if s > —o0, then we have
(iv) h(s) = K + h(S);
(v) h(-) is strictly decreasing on (—oo, s).

Proof From the definitions of S and s and the continuity of A(-), it is easy to
see that (i) and (iv) hold. Now we prove (ii). Let us consider all possible cases

as follows:
Caseii.l: [S = —o0]

In this case, clearly we have s = —o0. If —0c0 = s = § < z < y, then from
the definition of S, there exists a z with z < z, such that
h(z) < h(z). (4.35)

By the K-convexity of h(-),

K +h(y) 2 h(z) + 2= (@) - h(z)].

Therefore, using (4.35) we get
h(z) < h(y) + K, (4.36)
which is (i1).
Caseii.2: [S > —occand s = —o0]
The proof for this case is divided into two subcases according to z < .S and
x> 5.

Subcase ii.2.1: [z < 5]
We first show that for any z < .5,

h{z) < K + h(S). (4.37)
Noting that s = —o0, we know that if
{x:h(z) =K+ h(S)andz < S} =0,
then forall x < S,
h(z) < K + h(S), (4.38)
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and if
{2 :h(z)=K+h(S)andz < S} # 0, (4.39)

then
lim inf h(w) < K + A(S). (4.40)

Thus to prove (4.37) from (4.38), it suffices to show that (4.37) holds under
(4.39). Suppose to the contrary that under (4.39) there is an g with g < S,
such that

h(zo) > K + h(S). @.41)

It follows from the continuity of A(-) and (4.40) that there are Z (< x¢) and
Zo (> xg) such that

h(mo) > h(fo) > K+ h(iﬁo) (4.42)

Using (4.42) and the K -convexity of A(-), we have

h(zo) > K + h(fio) > h(zo) + 22 [h(zg) — h(zo)].  (443)
o — Tp
Consequently,
((i‘o - if‘()) : h(.f‘()) > (i?o - 3—30) . h(ZL'()), (4.44)

implying that

which contradicts (4.42). Therefore, we have (4.37) under (4.39). Hence if
x < S, by the definition of S and (4.37),

hz) < K + h(S) < K + h(y), (4.45)
which is (ii).
Subcase ii.2.2: [S <z < y]
By the K-convexity of h(-),

K+ h(y) 2 h(z) + 2 [Alx) = h(S)].

Again by the definition of S, we have
h(z) < K + h(y), (4.46)
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which is (ii).

Combining Subcases ii.2.1 and ii.2.2, we know that (ii) holds in Case ii.2.

Case ii.3: [s > —o0]

The proof of (ii) in this case is divided into two subcases according to S =
+ooand S < +o0.

Subcase ii.3.1: [S = +o0]

For any given z (z > s), from the definition of S, there exists a sequence
{yn : n > 1} such that

yn > x, foralln >1,
limp o0 Yn = +00,
h(yn) = h(S) + 5.

It follows from the convexity of A(-) and the definition of s that for all n > 1,

h(s) + —2-1,; = K + h(yn) > h(z) + y;‘_—: [h(z) — h(s)].  (447)

Consequently, for all n > 1,

> h(z), (4.48)

which implies that
h{z) < h(s). (4.49)
Therefore,
h(z) < K 4+ h(S) < K + h(y).
This is (ii).
Subcase ii.3.2: [S < +o0]
The proof for this subcase is the same as the proof of (2.12) in Bensoussan,

Crouhy, and Proth [2], p.318. For the completeness, here we present it. It holds
whenz = y, or x = s, or z = 5. So it suffices to consider

S<z<yors<zr<S.

If S <z <y,by K-convexity,

K+hly) 2 hiz)+ Z<[h(z) = h(S)]
> h(x).

Hence (ii) holds.
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If s < x < S, by again K -convexity,

h(s) = K+ h(5)
S—zx

>
> hfa)+

[h(z) — h(s)];

which implies

h(s) - (1+S_w) _>_h(:l;)-(1+5~x>.

r—S r—3S8

Consequently, k(s) > h(z). Therefore,
h(z) < K + h(S) < h(y) + K,

this is equivalent to (ii).

With (ii) in hand, the proof of (iii) is similar to the proof of Proposition 2.2 in
Bensoussan, Crouhy, and Proth [2], p. 319. The following is a proof basically
borrowed from Bensoussan, Crouhy, and Proth [2].

If s = —o0, forany y > z,

K+ h(y) > K + h(S) > h(z).

Thus, m(z) = h(z), this gives the K-convexity of m(z). So it suffices to
consider s > —oo. If x < s, we have

g(z) > K + h(S).

But S > z; therefore,

inf {K Sy —x) + h(y)}

yzz
= inf {K oy —x) + h(y)}. (4.50)
Yy>x
It follows from the definition of S that
igf {K-(S(y—:r)+h(y)} = K + h(S). 4.51)
y x

If > s, it follows from (ii) that

inf {K Oy —x) + h(y)} = h(z). (4.52)

y>z

Combining (4.51)~4.52) we get the first part of (iii).
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Now we show the K -convexity of m(-). By the definition of K -convexity,
it suffices to show that forany y € R, z > Oand z > 0,

K+m(z+y) > mly) + 278 = Zl(y —2). (4.53)

The proof will be divided into three cases.
Caseiii.l: [y > 5]
If y—x > s, then

m(z +y) = h(z +y), my)=h(y), my—=)=h(y—=).

This clearly implies (4.53) by the K -convexity of h(-).
If y — x < s, then (4.53) is reduced into

K+h@+yﬁ2MW+zﬂw§£EL (4.54)

On the other hand, it follows from the K'-convexity of h(-) and (ii) that

4 M) = hls) (4.55)
y—s
K+ h(y+2) > h(y). (4.56)

K+ h(z +y) 2 h(y)

Thus if h(y) > h(s), then (4.54) follows from = > y — s and (4.55). If
h(y) < h(s), then (4.54) directly follows from (4.56).
Caseiii.2: [y + 2z > s > y]
Note that
K+ h(y+2z) > K+ h(S) = h(s),

and
m{z +y) =z +y), m(y) =h(s), m(y—=z)=h(s).

These obviously imply (4.53).
Case iii.3: [y + z < 5]
Note that

m(z +y) = h(s), m(y) = h(s), mly—z) = h(s).

Then (4.53) amounts to
K + h(s) > h(s).

This is trivially true.
Finally, we prove (v). It suffices to show that for any z and y with —o0 <
r<y<s,

h(z) > h(y). (4.57)
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It follows from the K -convexity of () that forany z < y < s,

K+ h(S) > h(y) + ‘; :i’ [h(y) — h(z)] . (4.58)

On the other hand, by the definition of s we have that if y < s,
h(y) > K + h(S). (4.59)

Consequently, by (4.58) and (4.59), we know that if z < y < s, then (4.57)
holds. Hence to prove (4.57), it suffices to show that if x < y = s, then

h(z) > h(s). (4.60)

Similar to (4.58), we have

S —s

§—T

K+ h(8) > h(s) + [h(s) — h(z)]. @.61)

Thus from the definition of s, we obtain that if s # .5, then (4.60) holds.
However, if s = S, then h(:) is convex. Consequently, we also have (4.60).
Therefore, we get (v). OJ

In view of (4.30), (4.19) can be written as
—inf (L0l =) o [ il + K6 )

z2y

+Ci ’ [Z - y] +E [H}C+1 (y _gk(zllwllgvvk))]

+E [0k+l (2 —gk(illca[gv”k)vlliJrl)] }’
k=1,.,N—1,
= infyzyy KL 6ty —yn) + ek Iy — un)
z2Y
+KY 8z —y) + iy [z — ]

+E [Hy11 (y = gn (i, I3, vw)) ] }

(4.62)

Let Vi (yk, i1) be the solution of (4.62). Then we have the following result.
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THEOREM 4.5 Assume that (4.1)-(4.5), and (4.30)(4.31) hold. Assume that
the initial inventory level at the beginning of period k (1 < k < N — 1) is zy,
the slow-order quantity in period (k—1) is sy _1, and the observed value of I ,} is
i} in period (k—1). Then there exist numbers ¢y, Py, oy, and Ly, with ¢y, < By,
and oy, < Xy, which do not depend on the inventory position xy + Sg-.1, Such
that the optimal fast-order quantity Fy, and the optimal slow-order quantity Sy,
in period k can be determined by the following expressions:

P P — (zk + 55-1), I Tkt Sk-1 < dr,
T 1o if ok sko1 > G,

F: Sk — (Tk + skp-1 + F),  if xp+ sp_1 + B < oy,
k= ~
0, if zp+ sp_1+ £y > op.

Finally, if the initial inventory level at the beginning of the last period is x , the
slow-order quantity in period (N — 1) is sy_1, and the observed value of I}V
is z}v in period (N — 1), then there exist numbers ¢ and @ y with ¢ < Dy,
which do not depend on the inventory position x n + sy -1, such that the optimal
Jfast-order quantity in the last period is given by

- Oy — (zn +sn-1), If zn+snv-1 < o,
Fy = )
0, if zn+sN-1> dnN.

Proof First, we consider period N. By (4.4) and Lemma 4.1, we know that the
function

chy+E [Hni1(y — gn(ify, T3, vw )]

is convex in y. Furthermore, from (4.31),

yﬂffw (C{v y+E [Hyy(y — gn(in, IJZV»UN))]) = +o00. (4.63)

By the last equation of (4.62),
1% W) = —cl inf 4§ KJ oy — !
N (Y in) eyyn + inf | Ky (y —yn) +eyy

+E [HN—H (y - gN(i}V?I]zV"UN))] }’
(4.64)
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where yy = zn + sy—1. It follows from (4.63) and Lemma 4.2 (iii) that there
are ¢y and O with oy < ®p < 00, which are independent of y, such that

inf {K[(, Oy —yn) + iy +E [Hy41(y - QN(Z'}V,IJZV,UN))]}
Y2YN

K+ oy +E [Hyn (DN — gy (il T, on))]

iny < ¢N7
C{VyN +E [HN-H(Z/N —gN(Z]lv, []2\]7UN))] )
if yv > on.

(4.65)

Therefore, from (4.64) and Theorem 4.4, we have that the optimal fast-order
quantity Fy in period N is given by

(4.66)

- N —yn, if yv < on,
Fy = .
0, otherwise,

and
Vn (yw, i)
KI{/ -+ c{v APy —yn)+E [HN+1(‘I>N — gN(i}v»I?VvUN))] )
if ynv < én,
E [HN—I-l(yN _QN(i}Va'[]%th))] )

if yv > én.
(4.67)

This proves the theorem in period /N. At the same time, by Lemma 4.2 we also
know that

VN(y, i) is a nonnegative, continuous K ]{,—convex function of y. (4.68)

By (4.65) we know that ¢ and @, depend on z}\, When we need to stress
this dependence, we sometimes write ¢ and @y as ¢y (ily) and @y (ik),
respectively.

Now consider period (N — 1). First, by (4.67)—(4.68),

lim (o2 +E [Va(e = gvet (ks Beoyy ow-) I0)] )

2—+00



Inventory Models with Two Consecutive Delivery Modes and Fixed Cost 109

=t (0@
+E{(5 ([ — gn-10ifv_1, T3r—1,on=1)] — én(IN)) -
E[Hny1 (2 = gn-1(in_1, Thoy, vn—1)

~on (I, T3oow) | (B, T4)]
+{6(on (k) = [z = gn-1(h—1, Thor ow-1)] )
(K]J:/ +cf - [@N(I}v) — [z = gn-1(if—1, i1, o8 -1)] J

E [Hy 1 (@n (1) = gn (T, B ow))| (o 1] ) })

> lim (C}g\]_lz

2—+00
+E{(5([z —gn-10N_1, Ty, on-1)] — ¢N(111v)) :
E[Hyn41 (2= gvo1(iy_p, IRy, vv—1)

—gn (N, IR on)) | TReo 1, IN)] })

+o0
> lim (cfv_lz+/ dAn(3)-

2—+00 —00
z—¢n (i) — 1
- / E [Hys (2 — 2 — g (i, I3, vx))] d® o1 (zlil_y)
0

+00 2~|¢n ()]
> lim dAN(z’){/ (C?v_l [z —a]
0

z2—+00 —oo

+E [Hy1 (2 = 2 = gn (i, Iy on))] )d¥na(alile 1)

= +oo (by (4.31)). (4.69)

Consequently, Lemma 4.2 gives that there are o_1 and 2 y_1 withoy_1 <
Y n—1 < 400, such that

inf {K]sv_l 0z —y)+cv_17
z2y

+E {VN (z - 9N-1(?311v_1,112vv1,?)1v—1)7Izlv)] }
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([ K}ty Enva

+E [VN (Enoy — QN—l(i}v_l,112\7_1,1)1\/—1),—711\{)] ,
= < if y<on_i,

cy-1v+E [VN (v — gn-1(ify_1, TR 1 ov—1); [flV)] ’

otherwise.
(4.70)

We write the left-hand side of (4.70) as Ly _1(y, i}v_l). Then by (4.5), (4.68),
and Lemma 4.1, we know that

L-1(y,ik_1) is also a nonnegative, continuous

K3§,_,-convex function of y. 4.71)

Furthermore, oy _1 and Y y_1 also depend on i}V»—l’ written sometimes as
on-1(i%_,) and Ty _1(i},_,), respectively. Then

A {(C{v_l — o) Y+ E[HN (y—gn-1(in_1, IR -1, vn-1))]

+Ln_1(y, i}v—1)}

> lim {(C{V—l —ch-1)Y

T y—+too

+E[Hn (y — gn-1(iy_1. T3r_ 1, vn-1))]
+6(y —on-1) - LN—l(yyi}V—l)}

= lim {C{v_ly‘*‘E{HN (y — gn-1(j_1, TR_1 vn—1))

y—+oo

+VN (y —gN—l(i]lV—17I]2\/~1’UN—1)>IIIV):I}

> lim {cfv_ly+E[HN (y“QN—l(i}V—bI]z\f—lyvN—l))]}

T y—+too

= +oo (by (4.31)).
(4.72)
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Consequently, Lemma 4.2 implies that there exist o y_; and ® 1 with¢ny_1 <
®n_1 < 00, such that

it Eh 0~ o) + Gy = )y L)

+E [HN (y - gN—l(i}V—hI]QV-h'UNwl))] }

K]J:/—l + (CfN——l — 1) Pn-1 F Ly (Py-y,iy_y)
+E [HN (®n—1—gn—1(y_1, TR 1 unv—1))],

if yv—1 <oy,
(C{V—l —cy_1) " Yn-1+ Ln_i(ynv—1,iy_y)

+E [Hy (ynv—1 —gn-1(x_1. IR, ov-1)) ],

otherwise,
(4.73)

where yy_1 = axny_1 + sy—go. Clearly, ¢n_1 and ®p_1 also depend on
in_1- When we need to stress this dependence, we write ¢ _1 and ®y_; as
N 1(2’}\,_1) and y_ (z’}v_l), respectively. Note that from the first equation
of (4.62)fork=N -1,

Vn-1(ynv—1,iN—1)

— —~C{v_lyN—l + y>i;11§_1 {K]{7~l . 5(y — yN—l)

+(chy — o)y
+E [Hy (y - gn-1(EN -1, []2\/»1>UN—1)>]
+inf {KG_y 8z y) + iy

22y

+E [VN (z — 9N~1(i}v_1,112\7_1,’UN—1),]]1\/)} }}
4.74)

By Theorem 4.4, (4.70), and (4.73), we have that the optimal fast- and slow-
order quantities (Fy_1,Sn-1) in period (N — 1) are given, respectively, by

B Oy —yn-1, i ynv_1 < oy,
Fyoi = (4.75)

otherwise,

i
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and

otherwise.

7

~ En-1— (yn—1+ FN~1)7 if yv_1 4+ Fn_1 < on-1,
SN-1=

(4.76)

Consequently, we get the required result for period (N — 1). Repeating this
procedure, we can get the theorem for any period £ (1 < k < N — 2). O

The following corolilary is an immediate consequence of Theorem 4.5.

COROLLARY 4.1 Assume that (4.1)<(4.5), and (4.30)—(4.31) hold. Further-
more, assume that KIf\, = 0 and K,{ =K;=0k=1,..,N—1 Then

¢k:q>k and Ukzzk, k‘=1,...,N—1,
and
on = Pn.

Hence, ifthe initial inventory level at the beginning of period k (1 < k < N—-1)
is Ty, the slow-order quantity in period (k — 1) is sy_1, and the observed value
of I} is i} in period (k — 1), then the optimal fast-order quantity Fy. and the
optimal slow-order quantity Sk in period k can be determined by the following
expressions:

Fj, = max{®y — (zp + sp—1), 0},
Sk = maX{Ek - (:L‘k + Sp—1 + Fk),()}.

If the initial inventory level at the beginning of the last period is xy, the slow-
order quantity in period (N — 1) is sy_1, and the observed value of I}, is ik in
period (N — 1), then the optimal fast-order quantity in the last period is given

by
FN = rnax{q)N — (.’L‘N -+ SN_1),0}.

REMARK 4.3 The corollary states the optimality of the base-stock policy for
fast and slow orders when there are no set-up costs. The base-stock levels
and 3 are independent of the inventory position xy + $x—1. Note that the
optimal policy given by the corollary is the same as the one given in Theorem
3.5.

It is illuminating to observe that with respect to the inventory position yg,
the fast-order policy is an (s, S)-type policy with s = ¢ (i}) and S = @y (i}).



Inventory Models with Two Consecutive Delivery Modes and Fixed Cost 113

The policy for the slow order is also an (s, S)-type policy but with respect to
the “slow-order inventory position” yy + F,. Here s = o4 (i1) and S = Xy (i1).
Note that the slow-order quantity Sy, is decided after the fast-order quantity F,
has been determined.

REMARK 4.4 It is easy to extend the model to allow (I,f, I/i+1) to depend on
(I?_,1}). This extension would require a state variable ¢7_, representing the
value of 1 2_1 in addition to the already existing state variables v, and z}c in the
dynamic programming equation (4.19). Furthermore, extending the model to
multiple updates, while straightforward, increases the dimension of the state
space and makes the problem computationally more difficult.

From the proof we know that £ (i} ) is independent of c,{ , K ,f and K but
depends on ¢ ; oy (i}) is independent of c£ and K ,{ but depends on ¢, and K}
@y (4}) is independent of K/ but depends on ¢/; and ¢ (i) depends on c£ and
K ]{ . Furthermore, we have the following monotonicity result.

THEOREM 4.6 Assume that (4.1)~4.5), and (4.30)~4.31) hold. Fix k. Let
@i (i}) and Ty (L) be the minimum possible order-up-to levels specified in The-
orem 4.5. For these @ (i}) and £ (i}.), let ¢y (i}) and oy (i}.) be the minimum
possible reorder quantities specified in Theorem 4.5. Then

(i) @k(i}c) and Xy, (z,lc) are nonincreasing in ci and cj, respectively,

(i) for K > K}, ¢x (i) is nonincreasing in the fast-order fixed cost K, and
for K > K ,{ 1 Ok (i}) is nonincreasing in the slow-order fixed cost K.

Theorem 4.6 (i) presents the intuitive notion that an increase in the fast-order
unit cost decreases the fast order-up-to level. The same holds for the slow mode.

Theorem 4.6 (ii) says that an increase in K ,{ decreases the fast-reorder point in
period k, while a decrease does the opposite provided that the decreased value
of K ,{ is not below K. This qualification is required to preserve the required
K ,f~convexity property of the kth period value function. A similar observation

applies for the slow mode, but in this case K should not fall below K ,{ 4 for
the result to hold.

Proof of Theorem 4.6 Here we give only the proof for £ (i}) and o (¢}). The

proofs for @ (4},) and ¢ (4},) are similar.
From the proof of Theorem 4.5 and (4.62), we know that (7} ) satisfies

¢y - Se(iy) +E [Vkﬂ (Ze(iy) — gk(illcvjlg7vk)>[%+1)]

= d)gfo {czw +E [Vk+] (w - gk(i,lc, I,?,’Uk),fé+1)} } , @77
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and
on(i) = inf {w < Sk(0h) : E [Virs (w — (i, 12, 00), )|
tejw = K + ¢ - Sk (i})
E (Vi (Se(ih) = gu(ib 12, 00), T |} -
(4.78)

Furthermore, c§w + E[Viq1(w — gr (i, I2, vk), It 1)] is decreasing on (—oo,
0k (i})). Fore > 0, let £5(i},) be the minimum value satisfying

(Cz + 5) ’ Zi(Zi,) +E [f/lﬁ-l (22(21{) - gk(illw 11377)16)7‘[/1“—}-1)]

= ’L})Iéf;) {(Cz + E)'UJ +E [{/lﬁ-l (w - gk(i%:a Ilza Uk)’ I/%-Fl):l } )
(4.79)
and let 0% (i} ) satisfy

of(ih) = inf {w < Th(ih) + E [Viu (w = 9o b T2, 00) ) |

+cjw = (K§+¢€) + ¢ - Bu(4))
+E [Vk+1 (Zk(ip) — gk(i}m[;%ﬂ’lc),fli+1)} } :
(4.80)
We need to show that
SH(6) < Th(ih) and of(ih) < onlih). 481)

If Zk(z}c) also satisfies (4.79), then the first equation of (4.81) holds. On the
other hand, if £ (i;) does not satisfy (4.79), then

(ci +€) - TRk + E Vi (SEGE) — gn(ik, 12, v0), Thy)|
< (¢} +e) - Shliy) +E [Vk-l—l (Tr(ix) - gk(ii,fg,vk),féﬂ)] :
(4.82)
This means that
{ TR0 + E [Tu (R0) — nCil, 100, T | |
—{et - Za(ih) + B [Vis (B) — gnCih, 1200, T | }

< e [Erliy) — S53i)] - (4.83)
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But from (4.77), we know that the left-hand side of (4.83) is nonnegative.
Therefore, (4.83) implies the first equation of (4.81). The second equation of
(4.81) follows from the monotonicity of ¢f w+E[Viy 1 (w—gi (it IZ, vg), Iih)l
on (—oo, ok (it)). O

4.5. Monotonicity Properties

In this section, we show that the policy parameters ¢ (4}), k(i1 ), ok (i}),
and X k(z}ﬂ) are monotone with respect to z'}c, the realization of the first determi-
nant / ,i of the demand. In addition to its intuitive appeal, this behavior can be
used in numerical analysis of the optimal policy (see Brown and Lee [4]). To
proceed, we introduce the notion of a stochastic order (for a detailed discussion,
see Ross [12] and Shaked and Shanthikumar [17]).

DEFINITION 4.2 Let (Zy, Za) be a two-dimensional random vector, and let
U(z3]z1) be the conditional distribution function of Zs, given Z1 = z—that
1s,

\I/(ZQ|21) = P(Zg S ZQ’Zl = Zl) .

Then Zs is said to be conditionally stochastically decreasing with respect to Z,
if for z1 < Z1, we have W(z9|z1) < W(z2|21) for any zo. Likewise, Zy is said
to be conditionally stochastically increasing with respect to Z1 if for zy < 21,
we have W (zq|z1) > W(z9|2)) for any zo.

Thus, if gx (I}, IZ, vg) is additive—that is, if
gL, IR o) = v + IE + TP
—then gp(I ,%, I ,?, vg) is conditionally stochastically increasing with respect to
I}. However, if gy (I}, I2, vy) is given as
gk (Lgs Iy o) = o/ (L+ Iy + 1),
then gy (7 ,i, I ,3, v ) is conditionally stochastically decreasing with respect to 1 ,%

We have the following monotonicity result.

THEOREM 4.7 Assume that (4.1)-(4.5), and (4.30)—~(4.31) hold. Consider a
period nin {1, ..., N}. Let y, be the initial inventory position at the beginning
of period n, let il and 5,11 be two of the possible realizations of I} with i} < 5,11
Ifgn(I}, I2, vn) is conditionally stochastically increasing with respect to I},
then
(i) forn = N, we have ¢ (i) < dn(i}y) and D (i) < Dy (i}) and
(i) forn # N, if KL, = K] = K =0,k =n,.., N — 1, we have

Dn(in) = $nlin) < Pulin) = Pnliy)
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and

En(zi) = Un(i}z) < En(%}z) = Un(%}z)-

If gn(I}, I2,vy,) is conditionally stochastically decreasing with respect to
I}, then

(i) for n = N, we have ¢n (i) > dn(ik) and D (ik,) > By (i}), and

(iv) forn # N, ifK}:, = KI{ =K;=0k=n,..,N —1, we have

and

A

En(%lz) = Un(iylz) 2 En(%vlz) = Un(%]l)

REMARK 4.5 This result is consistent with intuition. Since a higher value
of I} signals an increased demand, it results in higher order-up-to levels and
reorder points. Likewise, the opposite is true when a higher value of I signals
a decreased demand.

To prove Theorem 4.7, we need the following two lemmas.

LEMMA 4.3 Let H(u) be aconvex function suchthat |H(u)| < Cpr-(1+|u|*)
for some Cyy > 0 and kg > 0. Let g(I', I?) be a nonnegative function of two
random variables I' and I? with E[g(i', I*)]* < +c0 for any observed value
it of I'. If g(I', I?) is conditionally stochastically increasing with respect to
I, then

dE[H (u — g(i, 1%))] _ dE[H (u— g(i", I*))]
du - du

(4.84)

for any i' < i', whenever both derivatives exist. Likewise, if g(I',1%) is
conditionally stochastically decreasing with respect to I', then

dE[H (u— g(i1, I%))] _ dE[H(u— g(i', I%)]
du - du

(4.85)

for any it < i1, whenever both derivatives exist.

Proof First, we should note that the integrals appearing below are understood
to be in the Lebesgue sense and are therefore well defined on account of the
convexity of H(-). With U(-|3!) as the conditional distribution of g(I', I?)
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given I! = 5},
E[H(u—g(i',1?))] = /OOO H(u —7)dWU(r]il)

_ _AwHW_Twa—www»

B e (RGN
0 dr
+/0 [1-W(rli")] ——dH(:T_ D

= H(u)+/0°°[1—q:(r|¢l)]§[(—;‘;—@d7.

Taking a derivative, we have

dE[H (u — g(¢', I%))]
du

” o0 2 -7
- -@di_) - /0 - \p(r|¢1)]d—§%2———)d7.

(4.86)

From the convexity of H(-), we get that if g(I', I?) is stochastically increasing
in I!, then

1 d2H (u— 1) s d2H (u~7)
1wty D gy ST
4.87)
and if g(I', I?) is stochastically decreasing in I*, then
G d?H(u —7 4 dQH(U—T)
B e s e I ot
(4.88)

Result (4.84) follows from (4.86) and (4.87). Similarly, Result (4.85) follows
from (4.86) and (4.88). 1

LEMMA 4.4 Let Wy (u) and Wo(u) be continuous and almost surely differ-
entiable K-convex functions with limy,_, oo Wi(u) = +00, i = 1,2. Assume
that

dWi(w) _ dWa(u)

4.89
du du ( )
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whenever both derivatives exist. Let s; and S; be such that fori =1, 2,
S; = inf{r: Wi(r) = nf{W;(u)}}, (4.90)
si = inf{u:Wi(u) = K + Wi(S;) and u < S;}. (4.91)
Then s1 < sy and S1 < 55,

Proof By the K -convexity, we know that

Wi(u) is strictly decreasing on (—oo0, s;), and (4.92)
Wz(’u,1) < K+ I/Vi(UQ), S < up < ug. (4.93)
The proof of the lemma is trivial if §; = —oo. Therefore, in what follows

we consider only the case when 57 > —cc.

First, we prove that S; < Sy. This is trivial if So = +oo or Wi(S,) =
inf{W;(u)}. Thus we need to prove only that 57 < Sy when Sz < 400 and
W1(S2) # inf{W;(u)}. Suppose to the contrary that S; > Sy. By (4.90),
Wl(Sz) + WQ(Sl) > Wl(Sl) + WQ(SQ). Since W (SQ) =,£ inf{W1 (u)}, we
have

W](SQ) — WQ(SQ) > Wl(Sl) — Wg(Sl). (4.94)

On the other hand, for any & < S2, we have from (4.89)

51 Sa
[ awitn) = wa) 2 [ dwiw) - wa(wl

This implies that W7 (S1) — Wa(S1) > W1(S2) — Wa(S,). Consequently, we
get a contradiction with (4.94). This proves S; < Ss.
To prove 51 < s9, we note from (4.89) and (4.92) that

S dW1i(u) > dWs(u)
- du T du

The proof is trivial if s; = —oc. Thus, we need to prove s; < s2 only when
81 > —o0. This proof is in two parts. In part 1, we consider that

0 for almost everywhere u € (—o0,s1).  (4.95)

81
/ dWs(u) = 0 for some o < s7. (4.96)
o
This and (4.95) imply that
51
/ dWi(u) =0 forsome o < s7. (4.97)
[e3

From (4.91) and (4.97), we have
Wl(Oc) = Wl(Sl) =K -+ W1(51).
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Since & < s1, this contradicts with the definition of s; in (4.91). This proves
81 < sy in part 1. In part 2, we need only to consider the case when

81
/ dWs(u) < 0 forall o < s7. (4.98)

Suppose to the contrary that s; > so. From (4.89), (4.90), and the fact S < Sy,
we have

S 51 51
0> / dWa(u) and / awiw) > [ dWa(w).  (4.99)
s

1 S1 81

It follows from (4.98) with & = s and (4.99) that
S S1 51 So
/ dWi(u) > / dWa(u) + / dWo(u) + / dWa(u)
8 S

1 2 S1 S
S
= [ amw) (4.100)
s2

On the other hand, by (4.91) we have

Sl SZ

- [ am) =K == [ awa),
S1 §2

which contradicts with (4.100). This proves s; < s9 in part 2. O

Proof of Theorem 4.7 We consider only parts (i) and (ii)—that is, when
gr (I}, IZ, vg) is conditionally stochastically increasing with respect to I. Parts
(iii) and (iv) can be similarly treated.
When n = N, from (4.84) of Lemma 4.3,
0 (cfpu+ E [Hysa(u = gn (il 13, on))] )
ou
0 (chut E [Hyi(u—gn (i, I ow))])
> .
- ou
Using this and Lemma 4.4, we have part (i) of the theorem.
Now we prove part (ii). Since set-up costs are zero in period n and subse-

quent periods, we know that V.1 (w, 7}, ) is convex, ®,(i}) = ¢n(i}), and
(i) = o,(il). 1t follows from (4.84) of Lemma 4.3 that

OE [Vn+1(w = gn(in, I3, vn), Iéﬂ)}
ow
OE [Vn+1(w — gn(ih, I3, vn), I7£+1)}
ow

S
cp +

>+ (4.101)
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From Lemma 4.4, therefore, ¥, (i1) < %,,(i}). Let
Lo(u,il) = i}réfu{c w + E[ Vo1 (w — gnli ,l,[,“vn),LlL_H)} } (4.102)
From (4.101), £,,(i}) < £,,(:}), and the convexity of
cpw +E [Vnﬂ(w — gnlin, 12, vn), [rlL-i—l)] ,

we have that

dLn(u,ip) _ dLa(u,y)

=0 whenu € (—o0, I,(il)),

du du
(4.103)
dL L (u, 1} .
nltin) o o 2 dEnltn)  pen e (5061), BaGL),
du du
(4.104)
and
dLn(u,i,]l) o OE [VM— (w gn( n,fmvn),fﬁﬂ)]
du = Gt ow
. OE [Vn—i—l(w - gn( %) nv )v Irlwrl)}
> ¢+ e
1
W foru € (Sp(il), +o0).  (4.105)
Using (4.84) of Lemma 4.3 and (4.103)-(4.105), we have
8 ((cz: —¢3)u+ E [Hnsa(u — ga(id, I2,v0))] + Ln(u,z-,g))
ou
(e = et B [ Hoatu = galif T2 on)| + Latw, i)
> 50 .
Then it follows from Lemma 4.4 that ®,,(i}) < ®,,(i}). O

REMARK 4.6 Result (ii) of Theorem 4.7 can be obtained for positive fixed
costs, provided we specialize ¥,,(-|i}), the conditional distribution of the de-
mand D,, given I} = il, as in the followmg If I is the location parameter of

gn(I}, T2, vy), then it is clear that for il >l

n? n7
U (xfil) = Up(z — 2. + in|i,}l) (4.106)
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(see Chapter 8, Huang, Sethi, and Yan [10], or Law and Kelton [11] for a detailed
discussion on the location parameter distribution). That is, g, (I}, I2,v,) is
conditionally stochastically increasing in I}. With K} > 0, (4.102) should
have been

Ln(u,il) = inf {Kﬁ-é(w—u)—{—cﬁw

w>u

+E {Vn“(w Gn (s I vn), ”“)] }

From this and (4.106), we can conclude that Lo(il) = B, (62) 4 (5L —il) and
on(il) = on(il) + (21 — il). Similarly, it is possible to show that

(i) = (i) + (in — ip) and én(in) = dn(in) + (i — iz).

REMARK 4.7 From the proof of Theorem 4.7, it is easy to see that in part (ii)
the property ¥, (i) < ¥,,(1L) does not require K and K to be zero, and the
property ®, (i) < ®,(il) does not require K3, to be zero. Similar statements
hold true for part (iv).

4.6. The Nonstationary Infinite-Horizon Problem

We now consider an infinite-horizon version of the problem formulated in
Section 4.3. By letting N = oo and (F, S) = ((Fn, Sn)s (Fnt1, Snt1)s )
the extended real-valued objective function of the problem is

I (Zn, Sn-1, iy, (F, S))

= Hy(e)+ Y abE {K{ 8(F) + C(Fy)
k=n

+ K} - 6(Sk) + Cp(Sk) + aHpy1(Xi41) |
4.107)

where « is a given discount factor, 0 < o < 1,
Xnt1 = Tp+ Spo1+ Fp — (mIn’ )

and Xy (k > n+ 1) are defined by (4.8). We make the following assumptions
on the costs C£(~), C5(-), and H, () and demands g,, (I}, 2 v,): there exist
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constants ¢ > 0 and M > 0 such that forall n > 1,

Cﬂ:(:cl) — Cﬂ:(a:g) <c- |z = zal, (4.108)
‘Cg(.’l])—-crsl(l‘g” S C: |.T1 —1‘2|, (4.109)
lHn(.’lIl) - Hn(’Lg)l S [ |.’L‘1 - (L'zi, (4.110)
Elgn (L}, I2,v,)] < M < oo. 4.111)

Furthermore, we assume that
CA(t) + E [Hog1(t — gn(I}, 12, v))] — 00 as t — 00, (4.112)
Ci(t) 4+ E [Hppa(t — gn(L}, 12, vn))] — 00 as t — o0,  (4.113)

uniformly hold with respect to n.
Similar to (4.14), the dynamic programming equations for the infinite-horizon
problem are

Uso(ff'm Sn—1, 231)

= Ha(en) + it {78000 + Ct0) + 3 6(0) + €200
UEO
+ak [Uy?il(a:n +sp-1+¢— gn(irlu Irzu Un)a O, Irll—;-l)] }7
n=12..
4.114)

Similar to Chapter 3, let us first examine the finite-horizon approximation
Jn i (Tn, $p—1,4L) of (4.107), which is obtained by the first k-period truncation
of the infinite-horizon problem. The objective function for this problem is to
minimize

Jn,k(l‘na Sn—1, Zin (Fa S))

n+k—1
= Hp(zn) + Y az‘"E[K{-cs(Fe)ﬂLC;{(Fe)
{=n

+Kj - 5(Se) + C7(Se) + aHe+1(X€+1)}

+0"E [K - 0(Fus) + CL i (Fas) + @it (Xngi) ]
4.115)

Let V, x(zn, Sn—1,7L) be the value function of the truncated problem—that is,

Vo (Tn, Sn—1,n) = inf {Jn,k(xn,sn_l,i}l,(F,S))}. (4.116)
(F.S)eA, x
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Since (4.115) is a finite-horizon problem on the interval (n,n + k), we can
apply Theorem 4.1 to prove that V;, x(y,, sp—1, %) satisfies the dynamic pro-
gramming equations,

1
Untt,ko—t(Tnpe, Snte—1,n4p)

~ Husaloned) + 08 { KL 50) + CLeolo)

a20

+HKpig 0(0) + Cppplo)
+0E [Untet 1 jmt=1(Zntos1(Tnse + 0),0, Lo ))] },

0=0,..k-1, A.117)

.1
Un+/c,0($n+ka Sptk—1s Zn+k»)

= Hupalonse) + inf {60 + L)

+aE [Hy k1 (Zngis1 (Zngn + )] }’
(4.118)

where
-1 2
Zn—%—@—!—l(t) =1+ Spte—1— gn+€(7'n+e> [n+l7 U'rH—Z)-

The following results can be proved by the method of successive approx-
imations of the infinite-horizon problem by longer and longer finite-horizon
problems as in Chapter 3. The proof is similar to Theorem 3.6, and is therefore
omitted.

THEOREM 4.8 Assume that (4.1), (4.3)(4.4), and (4.108)—(4.113) hold, and
min{K], K§} > max{K/, |, K} 1}, k=12 ... (4.119)

Then the limit of Vy, k(Tp, Sn—1, 1) exists as k — oc. Let the limit be denoted
by V(2 8n—1,1L). Then

() V,®(xp, $p—1,4% ) is Lipschitz continuous in (Ty,, $n_1) on (—00, +00)x
[0, 4+00);

(ii) V,°(xp, Sn_1,1L) is a solution of (4.114);

(iii) there exist functions Fy,(Tn, Sn—1,1%) and Sp(xn, sp_1, L) which pro-
vide the infima in (4.114) with U (T, Sp—1,45) = V.®(Tn, $n_1,4%), and

(F’S) = {(Fn(xn’sn—lyiyll)’sn(mnySn—lairll))a n 2z 1}
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is an optimal nonanticipative policy—that is,

Vloo(xlvsoyi%) = Jfo(l‘l,SQ,i},(F,S))

= (Flg'{).E_A {Jix}(xlv SOai%v (Fa S))}

With Theorem 4.8 in hand, the optimal policy in the infinite-horizon case
corresponding to Theorem 4.5 can be proved similarly as in the finite-horizon
case. Here we present it without the proof.

THEOREM 4.9 Assume that (4.1), (4.3)«(4.4), (4.30)—(4.31), and (4.110)-
(4.111) hold. Furthermore, let (4.119) hold. For each period k, the initial
inventory level at the beginning of period k is xy, the slow-order quantity in
period (k—1) is si_1, and the observed value of I} is i}, in period (k—1). Then
there exist two sequence of pair numbers { (¢, Pr), k > 1} and {(ok, Zp), k >
1} with ¢ < @y and oy, < Ly, which do not depend on the inventory position
T + Sp—1, such that the optimal fast-order quantity Fy(xy, Sk, Z}C) and the
optimal slow-order quantity Sy(zy, sp—1, i}) in period k can be determined by
the following expressions:

Fr(2h, $k-1,14)

) = (metsk—1), I T+ Sk-1 S @y
0, if xp + sp—1 > ¢,

Sk(@ky Sk—1,1})

Sk — (ke +spo1 + F(), i an 4+ spoy + F(0) <o,
0, if xk+5k—l+Fk(')>0k-

4.7. Concluding Remarks

In this chapter, we have studied a periodic-review inventory model with fixed
order costs, dual supply modes, and demand-forecast updates. We show that the
optimal policies for both fast and slow orders are of (s, S)-type. For fast orders,
the initial inventory position in any given period includes the slow order issued in
the previous period. For slow orders, the (s, .S) policy is based on a slow-order
inventory position, which includes also the fast order issued during the period.
We show that the policy parameters behave in an intuitive fashion with respect
to changes in the cost parameters. We show also that the policy parameters
depend on the most recent forecast update but not on the inventory position.
We show further that the policy parameters exhibit monotonic behavior with
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respect to the forecast update. This behavior is consistent with our intuition,
in the sense that an update indicating an “increased” demand implies higher
order-up-to levels and reorder points. The chapter generalizes several existing
results in the literature. One potential extension is to develop the algorithm
to compute the optimal policies. For a classical inventory model with a fixed
cost, see Zheng and Federgruen [21] and Feng and Xiao [6]. Another future
extension could incorporate Markovian demand as in Song and Zipkin [18]
and Sethi and Cheng [15] and promotion policies influencing the demand as
in Sethi and Cheng [15]. In the latter extension, the optimal promotion policy
would depend on the current forecast updates, while at the same time it could
influence future forecast updates and future demands. It is also of interest to
consider more than two delivery modes. Research dealing with three delivery
modes with no fixed order costs is discussed in the next chapter.

4.8. Notes

This chapter is based on Sethi, Yan, and Zhang [16].

Results in this chapter differ from the dual delivery source models of Haus-
mann, Lee, and Zhang [9] and Scheller-Wolf and Tayur [14] in the sense that
we make use of demand-forecast updates in making decisions. In contrast with
two-stage or two-period models of Yan, Liu, and Hsu [20], Barnes-Schuster,
Bassok, and Anupindi [1], Donohue [5], and Gurnani and Tang [8], we consider
N-periods, 1 < N < oo. The demand process in our model is nonstationary,
whereas Toktay and Wein [19] consider a stationary demand. Our forecast-
updating process covers as a special case, the additive demand-information
updates employed in the single-delivery-source model of Gallego and Ozer [7].

For the inventory models involving multiple delivery modes and fixed costs,
Bensoussan, Crouhy, and Proth [2] consider an inventory model with two supply
modes—one instantaneous and the other with a one-period lead time. They
obtain an (s, S)-type optimal policy. Huang, Sethi, and Yan [10] consider a
single-period, two-stage supply-contract model and a fixed cost of ordering via
the fast mode at the second stage. For a uniformly distributed demand, they
are able to provide an explicit solution of the (s, S)-type. The explicit nature
of their solution enables them to obtain some important insights into a better
supply-contract management.
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Chapter 5

INVENTORY MODELS WITH THREE
CONSECUTIVE DELIVERY MODES

5.1. Introduction

In this chapter, we consider a periodic-review inventory system with three
delivery modes and two demand-forecast updates before demand is realized.
We denote the three delivery modes as fast, medium, and slow. Fast, medium,
and slow orders made at the beginning of a period are delivered at the end of
the current period, at the end of the next period, and at the end of the second
next period, respectively. In other words, fast, medium, and slow orders have
lead times of one, two, and three periods, respectively. Fast orders are more
expensive than medium orders, which, in turn, are more expensive than slow
ones.

The sequence of events is as follows. At the beginning of each period,
the inventory or backlog level is reviewed, and forecasts are updated for the
demands to be realized at the end of the next three periods, counting the current
period as the first period. In addition, the size of the slow order issued two
periods ago and the size of the medium order issued in the previous period are
also known. With these data in hand, decisions regarding the amounts to be
ordered by slow, medium, and fast modes are made. At the end of the current
period, the slow order issued two periods ago, the medium order issued in the
previous period, and the fast order issued at the beginning of the current period
are delivered. Then the demand for the current period materializes, which
determines the inventory or backlog level at the beginning of the next period.
Quantities ordered by slow, medium, and fast modes in each period determine
the total cost of ordering, inventory holding, and backlogging. The objective
is to make ordering decisions that minimize the total cost over the problem
horizon.
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In this chapter, we prove the existence of an optimal policy for the model
that allows three delivery modes as well as forecast updates. We show this
for finite-horizon and discounted-cost infinite-horizon problems. We show that
there exist optimal base-stock levels for the fast and medium delivery modes.
These levels are independent of the inventory level and the outstanding slow
and medium orders to be delivered at the end of the current period. But these
levels depend in general on the outstanding slow order issued in the previous
period to be delivered in two periods hence and on the observed forecast updates.
Moreover, under the optimal policy, the slow mode does not follow a base-stock
policy in general.

Given the inventory position (relevant for the fast mode), the fast-mode level
acts like the traditional base stock. Once the fast order is decided, it is added to
the inventory position along with the slow order issued in the previous period
to come up with the “inventory position relevant for the medium mode.” Given
this position and the medium-mode base-stock level, one can easily obtain
the medium-order decision. This decision is added to the medium inventory
position to obtain the “inventory position relevant for the slow mode.” With
that, we can obtain the slow-order decision.

The dependence of the optimal base-stock levels, as mentioned above, on
the outstanding slow order issued in the previous period is a critical departure
from the results obtained in single- and two-delivery-mode systems. Because
of the presence of the inventory position and an outstanding order as two of
the states of the system, there is a priori every reason to expect that any policy
expressed in terms of order-up-to levels (which, it should be noted, can always
be done) would have these levels depend on those two states. Such levels cannot
be considered base stocks, and therefore, there is no a priori reason to expect
that there is an optimal base-stock policy. Thus, obtaining a structure of the
optimal policy in the three mode case represents a contribution to the inventory
literature. This discussion is further elaborated in Section 5.4.

The remainder of this chapter is organized as follows. In Section 5.2, we
provide the required notation and formulate the model. In Section 5.3, we
develop dynamic programming equations, and prove that an optimal Markov
policy exists for the problem. In Section 5.4, we examine the structure of the
optimal policy. Section 5.5 is devoted to extending the results to the infinite-
horizon case. The chapter is concluded in Sections 5.6 and 5.7.

5.2. Notation and Model Formulation

We consider a discrete-time, single-product, periodic-review inventory sys-
tem. The dynamics of the system consists of two parts: the material flows and
the information flows. The inbound material flows come from three supply
sources (fast, medium, and slow), and the outbound material flows go to cus-
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tomers. The information flows include the initial forecast of demand for each
given period, its first forecast update, its second forecast update, and its realiza-
tion at the end of the given period. When the demand realizes, it is satisfied if
there is sufficient available inventory on hand, and the excess is carried over to
the next period. Otherwise, the demand is partially satisfied, and the remainder
is backlogged.

In what follows, we use the word inventory to mean inventory when positive
and backlog when negative. The decision variables are the quantities ordered
from fast, medium, and slow sources at the beginning of each period. Decisions
in a period are based on the inventory level, all outstanding orders, and all
observed forecast update parameters.

We introduce the following notation and precisely formulate the model under
consideration;

(1,N) = {1,2,..., N}, the time horizon;

Fy, = the nonnegative fast-order quantity in period £,1 < k < N;
M = the nonnegative medium-order quantity in period k,
1<k<N-1;
S = the nonnegative slow-order quantity in period &,
1<kE<N-2
C,{ (u) = the cost of fast order u > 0 units in period k;
Ci*(u) = the cost of medium order w > 0 units in period k;
Ci(u) = the cost of slow order v > 0 units in period k;
I ,} = the first determinant (a random variable) of the demand
in period k;
I} = the second determinant (a random variable) of the demand
in period k;
1 }3 = the third determinant (a random variable) of the demand
in period k;
D; = the nonnegative demand in period k£ modeled as a function
ok (I8 I3, 13);
Xy = the inventory level at the beginning of period k;

Yo = Xp+ Si_o+ M| = the inventory position at the
beginning of period k;
Xn4+1 = the inventory level at the end of the last period V;
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Hy(x) = the inventory cost when X = z;
Hpyyi(z) = the inventory cost when Xy =2 >0
or penalty cost when Xy =z < 0.

REMARK 5.1 The demand at period % is given in Chapters 3 and 4, but for
the sake of notation convenience, we write it here as

gk(Iliv Il?ajlg)
We impose the following assumptions on I}, IZ, and I}

{(I,i, I2I),1<k< N} s a sequence
of independent random vectors, (5.1)

Without loss of generality, we may assume that I = 5}, I? = 42, and I} = 4}
are given constants. Letusdefine 1,k > 1, tobe the sigma algebra or o-field
generated by the random variables {(1},I7,1I}),1 < £ <k}, (I}, ,I? ), and
I} ,—thatis, for 1 <k < N -2,

Fry1=0 {(Iela IE,IE), 1<8<k, (II%—H’ [13+1)711%+2} y  (5.2)
and
Fn=0{(I},1},1}),1 <E<N—1,(Iy, 1)} . (5.3)

Let 7o = F1 = {0,9Q} and Fn41 = F. Itis clear that the demand Dy, is an
Fi+1-adapted random variable. We assume further that

E[Dy] = E [ge(I}, 12, I})] < 00, 1<k < N. (5.4)
We also suppose that for each &,
C,{ (u), C{*(u) and Cj;(u) are increasing, nonnegative and convex. (5.5)

Furthermore, the inventory-cost function Hy(x) satisfies

5.6
|Hp(z) — He(2)| <cp-|le—2], 1<k<N+1, (5-)

{ Hy(x) is convex and
for some ¢y > 0. Similar to (3.6) and (3.7), we assume that
CL () + ElH s (t = gu(T}, T3, I2))] = o0 as £ — oo,
CiH(t) + E[He 1 (t — g (T3, I}, IR))] — 00 as ¢ — oo, (5.7

C(t) + E[Hps1(t — gulIL, 12, 9)] = 00 as ¢ — oo,
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Throughout this chapter we assume that (5.1) and (5.4)—(5.7) hold.
The inventory-balance equations are defined as

X1 = Xg + Sp—2 + My—1 + Fy — ge(IL, IE 1Y), 1<k <N,
(5.8)

where X1 = x; is the initial inventory level, and
M[) = my, 5_1 = S_1, and So = Sy (59)

are inherited orders at the beginning of period 1 that are still outstanding. Specif-
ically, mo and s_; will be delivered at the end of period 1, and sy will be
delivered at the end of period 2.

Furthermore, since the decision F}, is adapted to the o-field F, the decision
M. is adapted to the o-field F_1, and the decision Si_» is adapted to the
o-field Fj_o, we can see from (5.8) that X, is an Fj-adapted random variable
and that Xy is an F41-adapted random variable.

Let us explain the dynamics (5.8) with the help of Figure 5.1. At the begin-
ning of period k, we observe the value zj, of the inventory level X, the value i%
of the second determinant [ ,? of Dy, and the value L,]C 11 of the first determinant
1?2, of Dy41. These observations provide updated forecasts g (i, iz, I7) and
Gr1(thpq, 1215 I, ) of Dy and Dy, respectively. We know the inven-
tory level X and outstanding orders S_s, My_1, and Si..1. The amount
Yy = Xy + Sk_o + Mj_1 is the inventory position available to meet the de-
mand in period k, where Si_o is the amount delivered in period k as a result
of the slow-order decision made in period (k — 2) and M_ is the amount
delivered in period (k + 1) as a result of the medium-order decision made in
period (k—1). In addition, we know Sj_1, the amount to be delivered in period
k+ 1 as aresult of the slow-order decision made in period (k —1). Given these,
we can decide on the slow-order Sy, the medium-order M}, and the fast-order
Iy, Since Fj, is to be delivered at the end of the period, the total quantity
available to meet the kth period demand Dy, is (Xy + Sk—o + My_1 + F). At
the end of period &, the value zi of the random variable Ig is observed, which
is tantamount to observing the demand Dy, = gi (i}, 43,4} ). The difference of
(X, + Sg—o+ M1+ Fy) and Dy, is the inventory level Xy, at the beginning
of period (k + 1). This last statement represents a sample path of the dynamics
(5.8).

The objective is to choose a sequence of orders from the fast, medium, and
slow sources over time to minimize the total expected value of all the costs
incurred in periods (1, N). Thus, the objective function is
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Jl (mlys—lammSOaihi%:i%? (F7M7 S))

N
—e{ 3 [ (F) + OP () + C3(50) + Hena(Xes)] |
=1
+Hq(z1), (5.10)

where
(F,M,S)=((Fy,..., Fn), (M1, ..., Mn), (51, ..., SN)) (5.11)

is a sequence of history-dependent or nonanticipative admissible decisions.
That is, (Fk, My, Sk) is adapted to the o-field 7, 1 < k < N. Inother words,
each of Fj, My, and S, with 1 < k£ < N — 1 is a nonnegative real-valued
function of the history of the demand information given by {(/, él, I 82, 1 ? ),0 <
¢ < k—1}, (I}, 12),and I} ;, and (Fiy, My, Sy) is a nonnegative real-valued
function of the history of the demand information given by {(I}, 1?,1}),0 <
¢ < N—1}and (1%,1%).

Let .A; denote the class of all history-dependent admissible decisions, and
define the value function for the problem over (1, N) with the initial inventory
level x; to be

Vi ($175—19m07507i%vi%)7:é)
= inf Jl .Tl,S__l,mo,So,il,Z'Q,Z’l, F,M,S) .
ok, 11, 2, )}
(5.12)

Note that the existence of an optimal policy is not required to define the value
function. Of course, once the existence is established, the “inf” in (5.12) can
be replaced by “min.”

It is important to note here that since the horizon length is N periods and the
orders My, Sy—1, and Sy will not be delivered during the problem horizon, it
is obvious in view of the ordering costs given in (5.5) that

My =8Sv-1=5yv=0 (5.13)

is any optimal solution. So in what follows, we still allow these orders in
any feasible solution, but we set them to zero in any optimal solution. This
is equivalent to a situation in which these orders are not altogether issued in
practice.
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5.3. Dynamic Programming and Optimal Nonanticipative
Policies

In this section, we use dynamic programming to study the problem. We
verify whether the cost of a nonanticipative policy obtained from the solution
of the dynamic programming equations equals the value function of the problem
over (1, N). First, as usual, we define the problem over (n, N). Let

12 .1
Jn (mny371—27mn—1,5n~177'n72m@n+17 (F, M, S))
N

=€ 3" [ef (R + Cp () + G350 + Hea(Xer)] |
f=n
+Hn(2n). (5.14)

where, with a slight abuse of notation,
(F,M,S) = ((Fn,... Fn), (Mp, ... Mn),(Sn, ..., SN))

the history-dependent or nonanticipative admissible decisions for the prob-
lem defined over periods (n, N). That is, given xp, Sp—2, Mp—1, Sn—1, l%
i2, and 5} 41 as constants, (Fy,, My, Sy,) is a vector of nonnegative constants,
(Ey, My, Sk) (n < k < N) are nonnegative real-valued functions of the history
of the demand information from period n to period k, given by

(I I)n<e<k—1,(I}, 1)), I}, (5.15)

(Fn, My, Sy) is a positive real-valued function of the history of the demand
information from period n to period (N — 1) given by {(I},I7,I}),n < £ <
N — 1} and (I}, I%). Define the value function associated with the problem
over (n, N) as follows:

1 02 1
Vn (mrn Sp—2,Mp—1, Sn—laznazn)zn—f—l)

= inf {J Ty Sn—2, Mn—1, Sn—1,
(F,M,S)EAH n(n n—2 n—1y9n—1

nl

#iﬁQHAFJLSn}, (5.16)

where A, denotes the class of all history-dependent admissible decisions for
the problem over (n, N).
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In view of (5.14), we can write the dynamic programming equations corre-
sponding to the problem as follows:

d 2 -1
U (@, Se—2,Me—1, S0—1,14,%7,1p11)

= Hiteo + jut {Cl(5)+ Cpon + €9

M>0

350
+E[UZ+1 (ZZ+1(F)7 Sg—1, M7 Sa i%+17122+17[€1+2) ] }7
=1, N—1, (5.17)

Un (TN, SN=2, MN—1, SN—1,i5, Tars i1 1)
= Hy(zy) + inf {C,{,(F) + CT(M) + O3 (M)

M30
s3>0

+E [HN+1 (ZNH(F))] } (5.18)

where the notation Z,1(-) is defined as

Z€+1(F) =2+ Sg2+mp1 + F— gé@}a'l?a]g)) (= 13 "'-7N7
(5.19)

and F', M, and S are arguments for minimization in (5.17)»-(5.18).

REMARK 5.2 In the dynamic programming equations (5.17)—(5.18), the in-
ventory cost is also charged for the initial inventory level. As in Chapter 3, this
charge is of no consequence.

Based on the dynamic programming equations, we state the following theo-
rem.

THEOREM 5.1 Assume that (5.1) and (5.4)—(5.7) hold. Then the value func-
tions

Vk (xk7 Sk—2,Mk—1, s/ﬂ—lvillg; Z]%;? illc+1) 3 1 S k S N7
defined by (5.16), satisfy the dynamic programming equations (5.17)~(5.18).

Proof It follows from the definition of Vi (zn, sN_g,mN_l,i}V,i?V,i}\,H)
that it satisfies the last equation in (5.18). Now we use induction. Suppose that
‘/Z(J:fa 8¢—2,MMg—1, 8¢—1, Zé, Z%, i%—i—l)’ ¢=k+1,..,N, forany given k< N-1,
satisfy (5.17) and (5.18) for £ < N — 1 and ¢ = N, respectively. Then we show
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that Vi (zy, sk_g,mk_l,sk_l,z'}c,ii,i}cﬂ) satisfies (5.17). It suffices to show
that

1.2 ]
Vi (ﬂﬁk, Sk—2, ME—1, 5k—1, %k, Lk>@k+1)

= o)+ inf {f(r)+ op(n) + O

M>0
S>0

+E [Vier1 (Zes1 (F), sk—1, M, S, b3y, Tn iy Iiyn)] }
(5.20)

From the definition of Vi (zk, sg—2, Mk—1, Sk—1, Z'}c, ii, illg—}-l) for any given
k < N — 1 (see (5.16)) and the history-dependence of decisions (F, M, S),
we have

12 .1
‘@Z($k>Sk—?yrnk—lySk—lazkazkazk+1)

N
= Hy(zp) + inf {E[ (ch + C(M,
k() FM e Z:Zk 2 (Fe) + Cf* (M)

+C7(Se) + He+1(X£+1)>] }

— Hu(z) + inf {ch 1+ CM(M,) + CE(S
k(zr) (F,Mr,ls)eAh i (Fy) + C (M) + CR(Sk)

+E {Hk+l(Xk:+1)

N
b 3 (GHE) + O+ G + Hen(Xes) | |
t=kt1
(5.21)

It follows from the definition of the o-field Fj .1 that

N
€| Hin(Xu) + 3 (C/m)+ Cr o)
{=k+1

+Cj(Se) + He+1(X£+1))]
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= E{E[Hii1(Xis)

+ ﬁv: (G (Fe) + C(My) + C3(S0) + Hers (Xenn) ) [P | }
{=k+1

= E{Hk+1(Xk+1) + Oy (Fern) + Cf (Micy1) + G4y (Sk)

+E | Hypo(Xira) + Z (¢! F) + cir(me)
b=k+2

+C7(Se) + Hé+1(Xe+1)> ’karl} }
(5.22)

By induction on the index (k + 1),

inf E|Hp41(X
(F,M,S)eAkH{ [ k1 (Xp41)

N
+ Y () +op () + CE(50 + Hea(Xer) ||
t=kt1

= E [Vis1 (Xat1, Sk—1, Mi, Sty ii15 Tn1o Ina)] -
(5.23)

Then (5.21)~5.23) complete the proof. [

Next we discuss how we can obtain an optimal solution for our inventory
model. It follows from (5.7) that there exists an upper bound order quantity
@ > 0 such that

inf {CI(F)+Cp (M) +C3(S)

M>0
$>0

FE[Vers (Zesa (P oo, M, S,k Ty Thio) |}

_ T m .
B OSF,lAr/lI,ngQ {Cf (F) + C* (M) + C{(S)

+E{Ve+1 (Zes1(F), 801, M, S, ip 1, I3, I} 10) } }7

¢=1,..,N -1,
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and
VN (:L‘NvSN—Q,mN-l)‘SN—lv?:}Vvi?V)i}V—kl)
= inf {CL(F) + CROM) + C3(5) + E [y (Zn 11 (F))]}

M>0
S>0

_ . 7 m .
- OSF,IJ{}ESSQ {CN(F) + CN (M) + CR(5)

+E[Hn11(Zn+1(F))] }

By a well-known selection theorem (see Theorem 3.9), there exist Borel-
measurable functions

o . <1 .2 01

bo = e(@e, Se—9,my_1,80-1,%}, 72, igp1), 1<L<N,
— T3 1 22 01

He = Mf(xfy8€~27m€—1755~1a167Z[7Zé’+1)7 1<¢< N7

- = 122 1
0¢ = U[(IIJ@,Sl_g,m,g__l,Sg_l,le,lé,le+1), 1<e< N,

such that
Cf (o) + O () + Ci(5)

+E [VHI (ﬂﬂe + g2+ me_1 + G — gelif, 15, 1), Se—1, ey Ges
ity I Ie1+2)]

— ; f m s
o ()SF,IAI/IESSQ {Cé (F) + Cg (M) + Cg (S)

+E [W+1 (ZZ+1(F)75€—17M7 57 7;%+17[€2+17]€1+2)] }a

¢=1,...,N -1,
(5.25)

and
VN (TN, SN—2,MN—1, 8N—1, i}, 5, iN41)
= C{(én) + CR(An) + C3(@n)
+E [Hyy1 (zn 4+ sv_2+ my—1+ by — gn(in, ik, IR))]
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= : f - .
B OSF,IJ\%SSQ {CN(F) + CN (M) + CR(S)

YE[Hy1(Zna1 (F))] } (5.26)
Note also that in view of the discussion leading to (5.13), in (5.24) we have
En() =dn-1() =an() =0. (5.27)

Next we show that the minimizers (5.24) of the dynamic programming equa-
tions give rise to optimal solution. Define

)—_—(1 = ?h _
Fl - (z)l(Xl,S_l,mO,SO,’L},Z’%,Z‘%),
(5.28)

Ml = [Ll(Xl,5_1,m0780,7:%,l.%,lé),
5’1 = 51(X1aS—l’m())SOvi%)i%?i%)a
andfor{=2,--- /N,
Xo=Xp1+Se—3+ Mg+ Foy — 9@4([}“1,152_17 -7?4)7
Fe = QEZ (Xeagf—-%M€—17§f~13121>1é27‘[£1+1) )
Mf = [y (X£75€-27 M£~17§€—1a]-[}7 Ié{zv Ie1+1) )
Se=6¢(Xe,Sems M1, Se-1, I3 T2, 1))
(5.29)

where S_1 = s_1, Sp = s, and My = mg. Using the dynamic programming
equations (5.17)—(5.18), we can prove the following result.

THEOREM 5.2 (VERIFICATION THEOREM) Assume that (5.1) and (5.4)—
(5.7) hold. Then

(1_77]\_4',5') = ((Fh aFN) ) (Mh --'>MN) ’ (gla 751\/))
given in (5.28)~(5.29) are optimal decisions to the problem. That is,
N
fr e M A SO v
Hy(z1) + E[Z (Cg (Fe) + C7* (M) + C7(Se) + Hz+1(Xe+1)> }
(=1

1 2 1
= Vl (xla 8_1,TVL0,80721,7,1,22) .
(5.30)
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REMARK 5.3 Theorems 5.1 and 5.2 establish the existence of an optimal
nonanticipative policy. That is, there exists a policy in the class of all history-
dependent policies whose objective function value equals the value function
defined in (5.12), and there, in turn, exists a nonanticipative policy defined by
(5.28)—(5.29), which provides the same value for the objective function.

Proof of Theorem 5.2 By (5.25)(5.26), we know that

((Fl,...,FN),(Ml,.. ) (Sl,..., )) € A

—that is, it is a history-dependent policy. Next we show that equation (5.30)
holds. It suffices to show that for any

((F], ey FN), (M], ey MN)), (S], ey SN)) & ./41,

with the corresponding X, (1 < ¢ < N) obtained from (5.8), we have

N
Hian) + €| Y (G + OP (M) + CY(5D) + Henn(Xen)|
£=1

N
2 E[Z (Cz{(FP) + CP (M) + CF(Se) + He+1(X£+1)) }
=1
+H1(£1). (5.31)

By the definition of ([, My, S1) and (5.25) with £ = 1, it is possible to obtain

CL(F) + CP (M) + C{(Sh)
+E [Va (X, So, My, 51,15, 13, I3) |
< C{(F) + O (My) + C5(Sh)
+E [V2 (X27507M178171-211[§7I%):’ . (532)

Furthermore, from the history-dependent property of the decisions, we know
that (F1, M1, S1) and (£, My, S1) are constant vectors and that (£y, My, So)
and (Fy, M3, S5) are dependent on only {I3, 1%, 13,1}, I2, I3} (= F). Thus,
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by (5.25) and (5.29),

Va (X2, So, My, 84,13, 13, 13)

= Hy(Xo)+ inf {cg (F) + C/(M) + C3(5)

0<F,M,5<Q

+E{V3 (X2 + So+ M1+ F - go(13, 13, 13),
$1,M, 8,13, I3, 1}) | ) }

< Hy(Xy) + C{(F2) + C3*(Mz) + C5(S2)
+E|:V3 (X3751>M2>S2’I§9]§7I4%) ‘fQJa

and

VZ (XQ)EO’]\_ILS'I)I%?IQZ? IZ’})
= Hy(X3) + Cf (Fy) + C5* (Mz) + C5(S3)
+E[V3 (X3,§17M2,52,I§,I§,Ii) ’FQ}

Therefore, it follows from (5.34) that

E [VQ (XQ,S’O,MI, 5'1,[21,]??,[3}”
_ E{HQ(XQ) + CL(Fy) 4+ O (M) + C5(Sy)

+E [V3(X3, glv M27 527 Ié’ I§7 Ij)}f,?] }7
and from (5.33) that

E [Va (X2, So, M1, 81,13, 13, 13) ]
< E{H(Xs) + C{(Fy) + C(M3) + C3(S))

+E[Vv3 (XJaSIvM2a327I§)I32’IA%) |f2] }

143

(5.33)

(5.34)

(5.35)

(5.36)
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Combining (5.32)—(5.36) yields

2
S (Cl(R) + opit) + G3(30) + H2<X2>]
=1

+E [VS (X37517M27‘§2,I§7 IgaIi)]

H](ﬂ?l) + E

2
< Hi(m)+E|) (Cef(Fé) + C7(Me) + CE(Sg)) + Hz(Xz)]
=1

+E [Vs (X3, 81, My, So, I3, I3, 1) | -

(5.37)

Repeating (5.35) and (5.36), we finally prove that (5.31) holds. 0

5.4. Optimality of Base-Stock Type Policies

For a further analysis of the problem, the dynamic programming equations
(5.17)~(5.18) involving order quantities F', M, and S as decision variables
traditionally are recast as variables involving respective inventory positions that
would be attained after the respective orders are delivered. Thus, we replace
Fby ¢ —ys, M by p— (¢ + s¢_1), and S by 0 — p in (5.17)~(5.18), so
that ¢, u, and o are the postorder inventory positions after the delivery of
fast, medium, and slow orders, respectively. When there are only two delivery
modes, this transformation of variables changes the problem into a standard
one-delivery-mode problem. As a result, such a transformation has been used
widely to analyze problems with two delivery modes (see, e.g., Chapters 3 and
4; Scheller-Wolf and Tayur [8]; and Sethi, Yan, and Zhang [10]).

However, when there are more than two delivery modes, the transformation
does not reduce the problem to a single-delivery mode problem. Thus, the
methodology developed in Chapter 3 or in Sethi, Yan, and Zhang [10, 11]
does not work. However, to get the optimal policy, it is possible to directly
analyze natural constraints that are required on the minimizers of the convex
cost functions resulting from fast, medium, and slow orders.

Before we write the dynamic programming equations in terms of ¢, 1, and
o, we make another simplification. From (5.17) and (5.19), one can see that it is
possible to replace (g + s¢—2+my_1) by yg, called the inventory position. This
is because in the infimand (the expression inside the inf operation) of (5.17), the
terms xy, s¢—2, and my_1 appear only as their sum. Thus, the decisions £, M,
and S depend on x4, sy_o, and m,_1 only through their sum (xg+sg_o+me—1).
The same simplification holds for (5.18). With these observations, the dynamic
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programming equations (5.17)-(5.18) can be modified as follows;
Uf (yza S¢—-1, 7%3 l%a i%+1)

Zinf uey, {c{ (6 —ye) + CP (i — (& + se1))
H24H>'8e~1
o>

+C(0 — ) + E [Hepa (6 — 903}, 33, 1}))]

+E {U£+1 (b= 9033, 63, I7) 0 — 1y iy, I Iel+2)] }’

0=1,..N—1,
(5.3%)
Un (yNaSN—lai}vyi%\hi}w_l)
—inf ooy {cfv(as )+ OB~ (& + sv))
pZP+spy_q
o u
O3 (0 — 1)+ E [Hysn (6 — g (i, 2 13))] }
(5.39)

Let Vi(ye, se-1,15, 1%, i¢,1) be the solution of (5.38)~(5.39). Similar to the
discussion preceding Theorem 5.2, there exist feasible minimizing functions

e (ve, se—1,i3,i5,ih,,) (LS LS N),
/lf (y€95€—17ié7i§7i}+1) (1 < 14 < N)a (5.40)
G¢ (Yo se-1,43, 7, 9341) (LS LS N),
such that
VE (yfa Sﬂ—laz‘é)igvié‘{—l)
= Cf (e — yo) + CF(e — (e + se-1)) + C3 (8¢ — fie)
+E [Hé-f-l (éé’ - gé(léﬂalg))]
+E [V(.’Jrl (ﬂe - gg(ié,i?,[,}o’),&g - ﬂzai%ﬂv [eQ+1> I£1+2)} )
0=1,.,N -1,
Vv (Yns SN—1, 0N, 05, i 1)
= C]{I (¢N - yN) + C¥ (ﬂN — (N + 3N—1)>

+OJSV (é’N —ﬂN) +E {HNJFI (¢2N ‘gN(iIIV)i?VaI%/>} .
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Note that just as in (5.27), in (5.40) we have
An() = dNn(), dv-1() = An-1(), and Gn () = dn (). (54D
Let 69 = mo + s—1 and fig = mg + s_1 + S0, and let
( Vi=uy,
Vo = in (Yi,00 ~ o, b, 3,38) — 91 (1,33, 13)
Ve = fie— (%—1,66»2 - ﬂE—Z»Iel_pIe?hl,Igl)
“96—1(161—1’-7624’]?#1)7
£=3,..,N.

Define with a slight abuse of notation, for/ =1,-.- | N,
y = ¢y (Y’e,&e—l — /1£~17]e1alz2711}+1) - Yy,
My = fig (f’e,&eq — fu—1, 1}, 1}, I}H)
- (Ye +6e—1 — -1+ Fe) ;
Se= ¢ (f’e,&eq - /:L€~17161;1527Ig1+1)

- (f’z+5e—1 — po1 + Fy +Me) .

s

(5.42)
THEOREM 5.3 Assume that (5.1) and (5.4)—<5.7) hold. Then
(F,M,S) = ((Fla 7FN> 3 (Mla >MN> ) (glv :SN)>
(5.43)
defined in (5.42) are optimal decisions for the problem over (1, N).

Proof The proof follows the dynamic programming equations (5.38)—(5.39)
in the same way as the proof of Theorem 5.2 follows from the dynamic pro-
gramming equations (5.17)—(5.18). O

To obtain the optimality of a base-stock type policy, we assume that the
order-cost functions are linear—that is,

(clty=clt, >0,
Cr(t)=clt, >0,
Cilt) =« - ¢, ¢k >0, (5.44)
CZSC?+1SC£+27 k=1, ,N-2,
cR_) < c{v.
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Then (5.38)-(5.39) can be written as
UZ (y& S¢—1, 2} ) 1?, Z}_{,l)

=inf 4>y, {—cg-yg—cZ”-Sg_1+[c£~cZ”]~¢
u2o+sp_q
oz

Hlet = gl - pt o + B [Her (& = 92 (13,37, 7))

HE O (o= 00 (12 9) 0 = ik, B )] |
¢=1,..,N—1,
(5.45)

and

5 12 1
Un (YN, SN=1,EN S i 1)

=inf sxyy {—cva-yN—C%-SN-1+[c1fv—c]"\}]-¢
HZo+sN_1
o2p

R — el -t e o+ E [Hyi (6 — gw (i, i3, 13))] }
(5.46)

Let Vi(ye, so-1,%},43, i4,1) be the solution of (5.45)~(5.46). We have the
following result on the optimality of a base-stock type policy.

THEOREM 5.4 Assume that (5.1), (5.4), (5.6) and (5.44) hold. At the begin-
ning of period k, k = 1,..., N, suppose that the observed values of I, I ,f
and I ,ﬁ 4y are 111; 2% and z,lc 11 Tespectively, the initial inventory position is yy,
and the slow-order quantity ordered in period (k — 1) is sx—1. Then there are
base-stock levels Fy, (independent of yy, but dependent on sy,_1, zi zi and i}C +1)
and M, (independent of yy, but dependent on sj,_), z,lc @% and z,lc 1) Such that
the optimal fast-order quantity F}; and the optimal medium-order quantity M}
in period k are as follows:

Fg:(p&_yk)+7k:17"'7Na (5.47)
MP=(My—yp—sp1— ), k=1,...N—-1, M =0.""

REMARK 5.4 In view of the fact that the base-stock levels F}, and M, depend
on Sg_1, i,lc, ii, and z',lH_l, from the definitions of ¢k (yk, Sk—1, z'}c, i,%, iIJH—l) and

fiie(Yk» Sk—15 i U2, Gy, 1) given by (5.40),

ék(yk7sk—l3illcvilivillg+1) - Fk vyk7 k= 17 .. 'aNa
ﬂk(yk,sk_1,illc,i]2€,ili+1) = Mk vV (Fk V yg + 3}@-—1), k=1,...,N.
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These, with a slight abuse of notation, are the same as those given in (5.42).

The proof of Theorem 5.4 needs an important lemma, which we prove after
some general discussion on base-stock policies.

A fundamental characteristic of the optimal base-stock level in the classical
single-delivery-mode inventory problem is that the level is independent of the
inventory position. Since any ordering policy can be converted to an order-
up-to policy simply by adding the order quantity to the inventory position, the
proof of the optimality of a base-stock policy requires, therefore, that we can
find order-up-to levels that are independent of the inventory position.

While the base-stock level must be independent of the inventory position, it
may depend on time if the problem is nonstationary or one with a finite horizon
and on the states other than the inventory position if the system behavior is
influenced by these, usually exogenous, states (see Sethi and Cheng [9] and
Song and Zipkin [12]). In such cases, the system is sometimes referred to as
world-driven and the optimal policy as the state-dependent base-stock policy,
even though it must be independent of the state called the inventory position.

Since the inventory position is also a state variable, the terminology state-
dependent base-stock levels is not quite correct. Our preference is, therefore,
to use the term order-up-to levels if the levels can depend on time or any of
the state variables including the inventory position and use the term base-stock
levels if the levels are independent of the current inventory position.

A number of papers cited earlier prove also that the base-stock policy remains
optimal with two consecutive delivery modes, provided that the ordering cost
is linear (see Sethi, Yan, and Zhang [10], for example).

When we move from two modes to three modes, the issues become substan-
tially more complicated because now there is an additional endogenous state
variable—namely, the slow order placed in the previous period. From (5.40),
we see that the order-up-to levels or postorder inventory positions ¢y, 17, and
o, depend, in general, on yg, s¢—; and the observed demand signals. However,
in Theorem 5.4 we show that there are levels F; and My, such that F} is inde-
pendent of the inventory position y, and that M, is independent of 1, + s¢_1.
It is easily seen from (5.47) that F; acts like the base-stock level in the single-
mode case. Once the fast-order F} is placed, the “inventory position relevant
for the medium order” is yy + sg_1 + Fy. If it is less than the level iy, we
order M. Otherwise, we do not (that is, M, ¢ = 0). This behavior is the natural
generalization of the single-mode base-stock policy to the case of three modes.
And since these levels are independent of their corresponding relevant inven-
tory positions, £y and M, can be called the base-stock levels for the first and
the second modes, respectively.

LEMMA 5.1 Let g(-) and h(-) be convex functions with T and Z as their respec-
tive unconstrained minima—that is, g(&) = ming g(x) and h(Z) = min, h(z).
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For given b > 0, let & minimize g(z) + h(z + b)—that is,
g{a) + h(a+0b) = rnxln[g(m) + h{z + b)).
Then for any a,
min [g(z) + h(z)]

z>a

2>a+b
9(z) + h(Z2), f &>a, 2>&+0b Case (i)
_J gla)+R(Z2), if Z<a, 2>a+b Case (it)
] g(a) +h(a+1), if Z<a, 2<a+b Case (iii)
glava)+h((GvVa)+b), ifT>a, 2<I+b Case(iv)

:{ g(aV &)+ h(zV (a+b), ifZ>2+b, Casel (5.48)

glava)+h((ava)+b), ifz<z+b, Casell,

where in Case I, we can always choose a so that z — b < a < . In other
words, t* = (aV ) and z* = ((a + b) V Z) in Case  and z* = (4 V a) and
z* = ((aV a) + b) in Case Il minimize g(x) + h(z) subject to the constraints
rz>aandz > x+b.

Furthermore, if we define

| (&% in Case I,
(z,2) = { (a,a+0b) or (a,Z) inCasell, (5.49)
then x* and z* can be expressed as
¥ = a+(Z-a)t, (5.50)

7 = (@b + -2
= a+b+@-a)f+(z-a-b-(F-a)")T. (551

Finally, (Z, %) is independent of a.
Proof Let us denote the feasible set for minimization as
D= {(z,z)|lxr > a, z>x+b}.

We prove the results for each of the four cases, shown also in Figure 5.2. Note
that a is not restricted to be positive.

Case(i): [T>aand Z > T + b]

Since (Z, Z) € D, the result holds trivially.

Case (ii): [T <aand Z > a + b]

For any (z,z) € D, we have x > a > Z. By convexity of g(-) and the
definition of Z, it is obvious that

gla) + h(Z) < g(a) + h(2) < g(x)+ h(z).
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)

Case (i)

Case (iv)

1
1
1
i
i
|
, |
I
1
]
1
1
]
l

7" Case (iiib)
b

3

]

I

3

|
-
a

Figure 5.2. Cases (i)—(iv) and details of Case (iv)

Case (iii): [Z < aand Z < T + b]
Forany (z,z) € D,wehavez >a>Zandz > x+b > a+b > Z. Then

g(a) + h{a+0b) < g(z) + h(z).

Case (iv): [Z > aand Z < a + b]

It is easy to see from Figure 5.2 that a line joining any (z, z) € D and (%, Z)
will intersect the line z = = + b, which is the 45 degree line passing through
the point (a,a + b). Let (£, & + b) denote the point of intersection. Certainly,
(2,2 +b) € D. Moreover, depending on the location (see Figure 5.2) of (z, z),
eithere >t >Zorz <z <, andeitherz > +b>Zorz<z+b<z
That is, Z is in the middle of z and %, and £ + b is in the middle of z and Z.
Therefore, we have an (&, & + b) for each (z, z) € D such that

9(2) + h(2 +b) < g(z) + h(z). (5.52)
There are two cases to consider. When é > a, then (&, @ + b) is feasible and

g(a) + h{a+b) < g(2) + h(2 +b). (5.53)
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)
z

b &

Figure 5.3.  Solutions in Cases [ and II

When & < a, then in view of the convexity of g(x) 4+ h(z + b) in z and the fact
that (@, a + b) is in the middle of (&, & + b) and (&, & + b), we have

g(a) + h{a +b) < g(z) + h(z + b). (5.54)

Case (iv) follows from (5.52)—(5.54).

We now derive the second equality in (5.48). For this, we observe that Case
I consists of Cases (i), (i), and (iiia) and that Case II consists of Cases (iiib)and
(iv), where Case (iiia) is the part of Case (iii) above and including the line
z = z + b and Case (iiib) is the remaining part of Case (iii). We then need to
show that z — b < ¢ < 7 in Case I (see Figure 5.3).

To show that Z — b < & < Z, note that for any (x,z + b) with x > &, we
have Z < & +b < z + b. Thus, h(Z + b) < h(xz + b), and therefore

9(Z) + h(z +b) < g(z) + h(z + b). (5.55)



152 INVENTORY AND SUPPLY CHAIN MODELS WITH FORECAST UPDATES

Likewise, for any (z,z + b) with z < Z — a, we have z < Z — b < Z. Thus,
g(Z —a) < g(x), so that

g(Z —a)+ h(Z) < glz) + h(x +b). (5.56)
Inequalities (5.55) and (5.56) show that we can always choose an & such that
z—-b<a<z.
Next, we show (5.49), (5.50),and (5.51).
Casel: [z > T + ]

We have
r* = IVa=a+(@-a)t=a+(z-a)T,
z¥ = EVia+b)=zv(@+bVie+b)=zV((ZVa)+b)
ZV(z*+b) = (z*+b) + [z —2* - b]".
Casell: [ z <z + 0]
We have
¥ = aVa=a+(a—a)t =a+(x—a)",
z¥ = ava+b=(a+b)V(a+b).

Ifwetake z =a+b,thenz* =2V (a+b) = 2V ((aVa)+b) = Z(z* +b),
and (5.51) follows from the derivation in Case I. If we take Z = Z, we know from
previous discussions that 7 < a+binthiscase. Thus, z* = 2V(a+b)V(a+b) =
zv{({(ava)+b)=zV(z*+D).

Finally, for either Case I or Case II, it is obvious that Z and & do not depend
on a, and therefore, 7 as defined in (5.49) is independent of a. ]

LEMMA 5.2 Let g(x) and h(z,w) be two convex functions with & and (Z, )
as their respective unconstrained minima. There exist reals T, Z, and W
(independent of a) such that the solution to

min{g(z) + h(z,w)| z > a,z >z + b,w > z}

is given by
¥t = aVi, (5.57)
z¢ = (Z"+b)Vz (5.58)
w' = Z*Vw, (5.59)
if <2z

Proof Define w°(z) = arg min,{h(z, w)|w > z}. Then

h(z,w°(z)) = m>in h{z,w) is a convex function in z. (5.60)
w>z
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This will be proved at the end.

We take (Z, Z) as suggested in Lemma 5.1 equation (5.49). Then the optimal
solution (z*, z*) satisfies (5.57) and (5.58). Moreover, from the proof of Lemma
5.1, we have zZ > z. Together with the fact that z* > z and Z > w , we deduce
that z* > . Note that for each fixed z* > @, h(z*,w) constrained on
{w > z*} is convex in w with constrained minimizer w®(z*) = z*. If we take
w = w, then (5.59) holds.

Finally we show (5.60). For each § € [0, 1], we have

§ - h(z1,w(z1)) + (1 = 8) - h(ze, w(22))
=¢§ - inf h(z,w)+ (1 =9)- inf h(ze,w)
1 w>zgy

> h (621 + (1= 8z, 60°(z1) + (1 = 6)w(22))

inf ~ h(S 16
wZézllf(]-(g)zZ (621 +( )22, w)

=h(dz1 + (1 — 8)z9,w (621 + (1 — 0)z2)) .

IV

O

REMARK 5.5 Going along the same lines of the proof, we can prove that if
b < 0, Lemma 5.2 still holds.

Proof of Theorem 5.4 First, we show (5.47) for period N. We know from
(5.6) that

c{vqb +E [HN+1(¢ — gN(i}V,i?V,IIS\,)] is convex in ¢ (5.61)

and that it attains its unconstrained minimum. Let this be attained at Fy,
which is clearly independent of y. Then the minimizer of (5.61) on the region
[yn, +o0) is given by

NN, i, i%) = , _ (5.62)
YN, lf YN > FN

In view of this and (5.39), (5.47) for period NV follows from (5.46).
Next, we prove (5.47) for period (N — 1). It follows from (5.46) and the
convexity of Hy(-) and Hy41(-) that

gn-1(9) = [chy_1 —cR_1]- &

+E [Hn (¢ — gv— (iN_1, %1 I%_1)] is convex in ¢,
(5.63)
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and

hn-1(p) = c_1p
+E | Viv(i = gn-1(iv_1, iv-1, 1)y i, IN) | s convex in .

(5.64)

Let Fiy_1 and My _1 be unconstrained minimizers of gx_1(¢) and hy_1(p),
respectively. Consider, as in Lemma 5.1, two cases:

Case L MN—l > ﬁN—l + sy-9,
Case II. MN—l < FN—I + Sy—29.

Then by Lemma 5.1,

. i1 -2 1y r
{ ¢*N—1(y1\7~17‘SN—277'N_]7ZN_1aLN)"yN—l\/FN—la

w1 (Un—1, SN2, i _1, %1 i) = (Un—1 + Sn_2) V Mn_y
(5.65)

minimize gy_1(¢) + hv—1 () on the region {(¢,p) : ¢ = yy-1 and u >
¢+ sy—g} in Case 1. Therefore, by Theorem 5.3 and (5.45), we have the result
for period (N — 1) with

Fy_1=Fy_; and My_; = My_, in Case I. (5.66)

Now consider Case IL Let Fy_; minimize gy_ (¢) + hn_1(¢ + sn—2).
Then by Case II of Lemma 5.1,

A AN (f
1 (YN=1,8N-2, i y_1,i%_1sin) = (FN-1 VYN-1) + SN2

(5.67)

-1 ) 1N
{ ¢*N_1(9N—1,SN—2,1N_1,2N~1>ZN) =Fy_1Vyn-1,

minimize gy-1(¢) + hn—1(p) on the region {(¢,p) : ¢ > yn—1 and p >
¢ + sn—2} in Case II. Consequently, by Theorem 5.3 and (5.45), we have the
result for period (N — 1) with

Fn_1=Fn_1 and My_; = Fyx_1 + sy_o in Case IL. (5.68)

Combining Cases I and II, we get (5.47) for period (N — 1).



Inventory Models with Three Consecutive Delivery Modes 155

Next, we prove (5.47) for period (N — 2). We rewrite (5.45) as

¥, -1 -2 -1
VN—Q (yN—2a SN—3,,LN_27?’N——2”LN_1)

=inf 4oyy_s { - c{\,_g "YN—2 — CN\f_g " SN-3
HZOFSN 3
o> u

+E [Hy 1 (¢ — gn-2(iy_g ia_g TN _2))]

+[C{V—2 DR o (o e VP Y T e

+E[‘7N—1 (= gv—2(iy 0 N0 TN _3),0 — 1,
i T 1) |}

— f m
=—Cy_9 YN-2—CN_9 " SN-3

4+ inf { el —em ]
SSUN 2 [N_.z N 2] (b
puZo+snN_3

+E [Hy-1(6 — g2}y, 1r-2) [Rr—2))]
+leN_g — C_g] 1t
+££ (C§V—2U + E[VN—I (u - 9N~2(i}\/—2>ﬁv-2a Iz%r—z)v

g - au‘77;}\7~17-[]2v—~17]]1\7> ])}
(5.69)

Let §N_g(u) (dependent on p, write S‘N_g(u)) be the minimizer of

E I:VN—I (M - gN—Z(Z']lV—%iIQV«?a 1]%'—2)70 — M Z.]1\7—17][2\/—17j]l\f)]

S
+CN_2 -0

with respect to . Then

;gli {C‘fv—za +E [VN—l (k= gn—2(iN 9, -2, T _2);

O—_Mai}\/—hIJZ\fwl’[]lV)}}
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= g (Sn—2(p)V p)
E[ Vv (1= gv—alily o, o Bro), (Sw-2(p) = )",

e B 1) |
(5.70)

Since the infimand is jointly convex in (o, 1), it is easy to show that the right-
hand side of (5.70) is convex in L.
Now let

gn-2(d) = Iy =l o] ¢

+E [HN—l (¢ - 9N—2(i11\f—2ai?\fﬁ2,fz?<r—2))] )
(5.71)

and

hy-a(p) = [cR—g = ch_o] 1+ cX_g - (Sn-2V 1)

+E [VN—l (M — gn—2(th_o, i —0, TR_9), (Sn—a — )™,

Z'IIV—I’IIQV—DIJIV)]
(5.72)

Since gn—o(-) and hy_o(-) are convex, let Frn—o, My, and F'nx_o be the min-
imizers of gnv_2(#), hy—2(1), and gn_2(¢) + hy—2(¢ + sy—_3), respectively.
Note that these minimizers are independent of yy_o. If

My_2 > Fyn_g + sn-3, (5.73)
then by Case I of Lemma 5.1, we know that
o= BN _o(UN=2, SN_3, TN _g: Ta—2:iN_1)
=YN-2V Fy_2,
/u‘?\/’.—2 = M?V—Z(yN—Qv SN-3, i}VwQ’ Z.]2\/«2) (L.]l\f—-l)

= (yn_o +sn_3)V Mn_o
(5.74)

minimize gy _2(¢) + hy—2(s) on the region {(¢, ) : ¢ > yv2 and pu >
¢ + sy—3}. Consequently, it follows from (5.70) that (¢} _o, N9, ON_2)s
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with
oN_a = (yn-2+5n—3)V My_2
+ (SN—Z(MN—2> - [ﬁffv—g vV SN _a(yn-2 + 5N~3)} )+ :

is a solution of (5.69). Therefore, by Theorem 5.3 and Lemma 5.1, we know
that if (5.73) holds, then

Fy_g=Fn_3, My_2 = Mpn_3, Sy_1(-) = Sn_2("). (5.75)
If
My o < Fn_a+sn_s, (5.76)
then, by Case II of Lemma 5.1, we know that
¢7\/—2 = ¢7\/_2(yN-27 SN——3)Z.}V_27 Z‘12v..2> i}v_1>
=yn-—2V Fn_y,
P (5.77)
Ko = Hn_o(UN—2,SN-3,iy_2,I%—2) in_1
= (Fv—2V yn-2) + Sn-3

minimize gn_2(¢) + hn—2(p) on the region {(¢, ) : ¢ > yn—o and p >
¢ + sn-3}. Consequently, it follows from (5.70) that (¢} _o, UN—02, ON_2)
with

ON_y = My_2+ (SN—2 (ﬁN—Z + SN—3>

+
- {M}‘V_Q V Sy_a(yn—2 + SN—S)] ) :

is a solution of (5.69). Once again, by Theorem 5.3 and Lemma 5.1, we know
that if (5.76) holds, then

Fy_o=Fn_g, My_2=Fn_2+sn-3, Snv-a() = Sna("). (5.78)

Combining (5.75)and (5.78), we have the result (5.47) fork = N 2. Repeating
this procedure, we can prove the theorem for any period £ (1 < ¢ < N — 3).00

REMARK 5.6 Thus, we have found a structural form of the optimal inventory-
replenishment policy with three delivery modes and demand-forecast updates—
that is, the optimal ordering decisions for fast and medium delivery modes are
characterized by critical numbers known as the base stocks. The base stocks
for these modes are independent of the inventory position. However, for period
k, the base-stock level for slow mode is a function of the slow-delivery decision
made in period (k — 1). In general, the optimal order policy for the slow mode
is not a base-stock policy (see Feng et al. |4] for details).
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5.5. The Nonstationary Infinite-Horizon Problem

We now consider an infinite-horizon version of the problem formulated in
Section 5.2. By letting N = oo and

(F7 M7 S) = ((Fna Mn,, Sn), (Fn-i—l ) M?‘H—lu S?H-l)v )a
the extended real-valued objective function of the problem is
JE(Tny Sne2, M1, Sn—1y by by By 10 (Fy M, S))

= Hp(z,) + »_o*"E [C,f(Fk) + O (M)

k=n

+Cp(Sk) + a1 (Xpy1)|, (5.79)

where « is a given discount factor, 0 < o < 1,
Xn41 =2 + + + Fp — gn(in,i2,12)
n+1 Tn T Sp—2 1T Mnp-1 n — Gnllntnydyn)y

and X, (k > n+ 1) are defined by (5.8). Similar to (5.17)—(5.18), the dynamic
programming equations for the problem are

00 -1 .2 1
Un (SCn,Sn_Q,Tan_l,Sn_l,'bn,zn,zn+1)

= Ha(en) + fuf {CLP) + €00 + C3(S)

M>0
S50

n

+aE {U"il (zn + Sn—2 + Ma_1 + F — gu (61,42, I3), 801, M, S,

-1 2 1
Zn—!—la [n+17 [n+2) :| }’

n=12 ..
(5.80)

In what follows, we shall show that there exists a solution of the dynamic
programming equation (5.80). Our method is that of successive approximation
of the infinite-horizon problem by longer and longer finite-horizon problems.
Let us therefore examine the finite-horizon approximation

o0 -1 .2 1
Jn (xn7STL-Qvmﬂ—l)sn—hlnvznazn—{»-](FaMﬁ S))



Inventory Models with Three Consecutive Delivery Modes 159

of (5.79), which is obtained by the first k-period truncation of the infinite-
horizon problem. The objective function for this truncated problem is to mini-
mize

1.2 .1
Jn,k(xnn371,——27mn—lasn—lvznazn7zn+17(F7M7S))

n-+k
= Ho(zo) + Yo" "E [cg (Fr) + C*(My) + C§(Sk)

k=n
+a g1 (Xkt1) |-
(5.81)

Let Vi k(Zn, Sn—2, M1, Sn—1, in, in,ih,1) be the value function of the
truncated problem—that is,

1 22 1
‘/n,k'(xny Sn—2, Mn—1,8n~1,15, %y, Zn—{—l)

= inf {ka,sh,mﬂl,s_,
(F,M,S)G.An n, ( nyon—2 n n—1

ih,i2,ihy1, (F, M, S)) |

Since (5.81) is a finite-horizon problem on the interval (n, n + k), we can apply
Theorem 5.1 to prove that V;, x(Ty, Sp—2, Mn_1, Sn—1, 15,12, i}LH) satisfies the
dynamic programming equations

4

-1 2 -1
Un—{—i,k—i (xn—l—iy Sn+i—2y Mn+i—1; Sn+i—1s Uyqis g Zn+i+1)

= Hupi(@nts) +inf p20 {CL (1) + Opi(M) + Cai(S)
S>0

+ak [Un+i+1,k—i—] (Zntiv1(F), Spgi-1, M, S,

1 2 1
it 1 dngit 1) In+i+2) ] }’

Un+k,0 ($n+kw Sn+k—2 Mp+k-1, irlwrlc’ 272z+k)
= n+k($n+k) + inf 1Fv12>% {C,{_;_k(F) + C1T+k(M) + C:L+k(S)

S0

+aE [Hn+k+1(Zn+k+1(F))] },
(5.82)

where Zy(F) (n+ 1 < € < n+ k) is as defined in (5.19). Similar to the
discussion of Section 3.5, we assume that there exist constants ¢ > 0 and
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M > 0 such that forall £ > 1,

Cl (1) — Cl(z2)| < ¢+ |z1 — 22, (5.83)
|CiM(z1) = Cit(x2)] S ¢+ o1 — 2], (5.84)
|Ci(x1) — Ci(zo)| < ¢ |y — x2], (5.85)
|Hie(z1) — Hi(z2)| < ¢ |z1 — 22, (5.86)
Elgx (1L, I, I¥)] < M < co. (5.87)

Furthermore, we assume that
CL(t) +E [Hepi(t — go} IR, 1)) — 00 as t — o0, (5.88)
CPMt) + E [Hipa (8 — ge(Ig, I, 1R))] — o0 as t — o0,  (5.89)
Ci(t) + E [Hyar(t — g3, IR IE))] — 00 as t — 00,  (5.90)

uniformly hold with respect to .
We state the following result for the infinite-horizon problem; its proof is
similar to Theorem 3.6. Here we omit it.

THEOREM 5.5 Assume that (5.1), (5.5)-(5.6), and (5.83)+(5.90) hold. Then
the limit of Vy, k(Zn, Sn—2, Mn—1, Sn—1,1%, z'%, zi |) exists as k — oo. Let the
limit be denoted by V.>° (2, $n—2, Mn_1, Sn—1,n, 12, i}LH), we have that
1 .2 .1
Vnoo(xn) Sn—2yMnp—1,8n—1,1, 1, Zn—}-l)
is a solution of (5.80). Furthermore, There exist functions
» 1.2 1
F, (xn’ Sn—2,Mnp—1,5n—1,%p, %, Zn+1) s
v 1 .2 .1
My, (l'nv Spn—2Mnp—1,5n—1,1p, 1y, Zn+1) s

and

1 -2 1
Sn (mna Sn—2,Mnp—1,8n—1,%,, %, 'Ln+1) ’
which provide the infima in (5.80) with

[o%] 1.2 -1
Un (In,5n—27mn—17Sn—l,ln7Zn7Zn+1)

_ y/oe 1.2 .1
- Vn (xna8n—-27mn——1>Sn—hznvznyzn—{-l)’

(F,M,8) = {(Fu(n,Sn—2,Mn_1,8n 1,0n, 10, 1%, 1),
Mn(xm Sn—2,Mp—-1,5n—1, i7117 i?w irlH—l)’

S'n(xna Sn~2,mn—1,3n~17i71~”i%7i711+1)) , oz 1}
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is an optimal nonanticipative policy—that is,

oo 1.2 1
Vrl (w175~17m07807z177’13L2)
00 12 51 (B g ©
= J] (xl,s_l,mo,so,zl,zl,zz, (F, M, S’))

= (F,]\ifn,f:S')eA {Jloo (3717 §..1, Mo, S0, i%a Z%’ Zé? (F> M7 S)) }
REMARK 5.7 Theorem 5.5 does not imply that there is a unique solution of
the dynamic programming equations (5.80). Moreover, it is possible to show
that the value function is the minimal positive solution of (5.80). Furthermore,
it is also possible to obtain a uniqueness proof provided that the cost functions
ci), Cl(-), C3(+), and H,(-) are subject to some additional conditions.

Next, we establish the optimality of a base-stock type policy in the same way
as in Section 5.4.

THEOREM 5.6 Assume that (5.1), (5.6), and (5.44) hold. Furthermore, let
(5.86)—(5.87) hold. There are base-stock levels F), (independent of y, = T +
Sn_o + mu_1) and M, (independent of y,) such that if the initial inventory
position at the beginning period n is y,, and the slow-order quantity ordered
in period (n — 1) is denoted by sp_1, then the optimal fast-order quantity F

and the optimal medium-order quantity M} in period n, n = 1,2, ..., are as
Sfollows:
Fy=(Fo—ya)"
* w 5.91
{ M} = (My —yn — sp1 — FF)T. (5.91)

Proof The proof is a standard extension of the proof of Theorem 5.4, and is
therefore omitted. U

5.6.  Concluding Remarks

In this chapter, we consider a discrete-time, periodic-review inventory system
with three delivery modes and demand-information updates. We show that
only the fastest two modes have optimal base stocks, and provide a simple
counterexample to show that the remaining one does not.

Our model generalizes several special cases in the literature. Extension of
our model to include fixed order cost as in Chapter 4 for the case of the dual
delivery modes, would be an interesting problem for future research. Feng,
Gallego, Sethi, Yan, and Zhang [4] also generalize the notion of the base-
stock policy to an inventory system with multiple delivery modes. For multiple
consecutive delivery modes, they show that only the fastest two modes have
optimal base stocks and that the remaining ones do not, in general.
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5.7. Notes

The chapter is based on Feng, Gallego, Sethi, Yan, and Zhang [3].

For the same sets of goods, companies commonly provide their customers
with a choice between different lead times or delivery alternatives. For exam-
ples, Hewlett-Packard’s MODO boxes are assembled in its Singapore factory,
but the factory allows HP’s distribution centers in Roseville, CA, Grenoble,
Guadalajara, and Singapore to choose between ocean and air shipments (Beyer
and Ward [2]). Inventory models with more than two delivery alternatives have
not received much attention in the literature. To our knowledge, Fukuda [5] and
Zhang [ 14] are the only ones who address three-supply-mode problems. Fukuda
[5] investigates the problem under an artificial assumption that the orders could
be placed only in every other period. Under this assumption, he shows that
the problem is equivalent to a two-supply-mode problem. Zhang [14] extends
Fukuda’s work to allow for three consecutive delivery modes. Zhang [14] takes
unconstrained minimizers of the cost function as the base-stock levels for the
three delivery modes. She uses a heuristic procedure to estimate their values.
This method does not yield an optimal policy in general.

Allowing for three delivery modes extends Chapter 3 and also represents an
extension of Hausmann, Lee, and Zhang [7], Scheller-Wolf and Tayur [8], Yan,
Liu, and Hsu [13], Barnes-Schuster, Bassok, and Anupindi [1], and Gurnani
and Tang [6], all dealing with two delivery modes.

Feng, Gallego, Sethi, Yan and Zhang [4] show that for problems with three or
more consecutive modes, the base stock policies are not optimal for all but the
fastest two modes. For problems with non-consecutive modes, the base-stock
policy is optimal for the fastest mode, and also for the second fastest mode if it
is consecutive to the fastest one.
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Chapter 6

MULTIPERIOD QUANTITY-FLEXIBILITY
CONTRACTS

6.1. Introduction

As economic globalization, product proliferation and technology progres-
sion continue, customer demand and market price have become highly uncer-
tain across many industry sectors. Improving their ability to forecast demand
and price have become a major challenge for many companies. At the same
time, various supply chain management tools and instruments have emerged to
help companies streamline their supply chain operations. Quantity-flexibility
contracts are one of these widely used supply chain management tools. The
quantity-flexibility contract accommodates the lead time requirement of pro-
duction and procurement and allows a timely response to changing demand.

In a stochastic production-planning environment where production and pro-
curement decisions are made based on a rolling-horizon demand forecasting,
a quantity-flexibility contract is an apparatus that can resolve clashes between
suppliers and buyers. For each planning iteration, a flexible bound limits the
upside and downside changes and provides a smooth production requirement
for the suppliers. On the other hand, the contract allows an order to be increased
or reduced with updated demand information and provides a cushion against
demand uncertainty for the buyer. Specifically, a quantity-flexibility contract
specifies that the supplier charges a fixed unit purchase price but gives the re-
tailer a partial or full refund on the first ¢q units returned, where ¢ is the number
of units purchased and ¢ € (0, 1] is the flexibility factor. Alternatively, the
supplier allows the retailer to add an additional purchase up to ¢q at the same
or a premium price.

In this chapter, we develop a model that analyzes a quantity-flexibility con-
tract involving multiple periods, rolling-horizon demand, and forecast updates.
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The contract permits the buyer to order at two distinct time stages—one at the
beginning of a period and another at the time before the demand realizes at the
end of the period. At the first stage, the buyer purchases ¢ units of a product at
price p. This gives him an option to purchase up to ¢¢ units of the same product
at price p, > p at the second stage, where 0 < ¢ < 1 is known as the flexibility
bound. In addition, the buyer can purchase any amount in the spot market at
the prevailing market price. The contract provides the buyer with both price
and quantity protection against the demand and price uncertainties and, at the
same time, ensures minimum production level for the supplier.

Our model differs from most of the existing models of quantity-flexibility
contracts in the following ways: (i) we provide a model that allows spot-market
purchases in addition to contract purchases; (ii) the contract has a flexibility
bound that specifies the degree of the flexibility; (iii) we model both speculative
and reactive decisions—in particular, how both speculative and reactive decision
are related to the information revisions, such as demand- and price-information
updates; (iv) with stochastic comparison theory, we characterize the impacts on
the optimal policy and profit induced by the quality of forecast updates; and (v)
we extend our results to the multiple-period case.

The rest of the chapter is organized as follows. In Section 6.2, we model a
single-period contract and give some fundamental structural results. In Section
6.3, we provide explicit optimal solutions for every possible observation of the
signal and the market price at stage 2. For the worthless and perfect information
updates, respectively, we obtain closed-form solutions at stage 1 in Section 6.4.
In Section 6.5, we use the stochastic comparison theory to establish results
relating to the quality of information revisions. The model is extended to
allow for a finite number of periods in Section 6.6. Section 6.7 is devoted to a
numerical example. The chapter is concluded in Sections 6.8 and 6.9.

6.2. Model and Problem Formulation

In this section, we design a one-period, two-stage quantity-flexibility supply
contract between a buyer and a supplier. The contract is an agreement between
a buyer and a supplier. The contract makes it possible for the buyer to have
an option to increase a certain percentage of its initial orders in a later stage.
Specially, with limited information about its customer demand and market price,
the buyer signs a quantity-flexibility contract with the supplier that details the
terms of supply: the purchase quantity ¢ and the unit price p. The contract
allows the buyer to argument the initial purchase quantity by up to an amount
¢g in a later stage at a price p. such that p. > p. In addition to the contract,
the buyer has an option to purchase the same product from a spot market at the
market price. The decision and information dynamics are illustrated in Figure
6.1.
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At stage 1, with the knowledge of unit price p, the contract-unit price p. of
the future optional purchase, the distribution of the spot-market price, and the
customer demand, the buyer makes a decision of initial purchase quantity q.
The buyer is also aware that the information of the customer demand and the
spot-market price will be updated at stage 2. At that time, the uncertainty of
customer demand is reduced.

At stage 2, it is possible for the buyer to make a final adjustment in responding
to the new information obtained between stage 1 and stage 2. The buyer can
purchase additional product g., such that ¢, < <¢q, at the contract price p,.
Moreover, the buyer can purchase the same product from a spot market at the
market price. We further assume that the spot-market price can be modeled as
arandom variable P; taking value in the interval [pg;, psp] with psy, > pg > 0.
The decision at stage 2 is to choose the purchase quantity g, from the spot
market at the prevailing market price p; and ¢.{g. < ¢g) on-contract at price
pe. Note that the degree of quantity flexibility is determined by the flexibility
bound ¢ and the initial-purchase quantity ¢ jointly.

Finally, after stage 2, the customer demand realizes. The buyer is assumed
to lose revenue r for each unit of unsatisfied demand, and excess inventory
is assumed to have a salvage value of s. To avoid trivial cases, we assume
throughout this chapter that

r > max{psp, Pc} and s < min{pg, p}. 6.1

The above sequence of events is displayed in Figure 6.1

We use D) to denote customer demand and [ to represent the information
observed between stage 1 and stage 2. We assume that D and [ are random
variables, not necessarily independent. Let

o(,-) the joint distribution function of D and I;
6(-,-) = the joint density function of D and I;

A(-) = the marginal distribution function of [;

A() = the marginal density function of [;
Y(-]7) = the conditional density function of D given I = i,
U(-|2) the conditional distribution function of D given I = 3.

The optimal profit is defined as
7 = maxTh(g)

0<gs<oo
0<qc<sq

= I(Ill;%( {—pq +E ( max Il2(q, gs, ge, 1, Ps)) } ) (6.2)



Stage 1

Order g issued

Stage 2

Orders g, and ¢ issued
ge < 5q

e

Contract structure:

Unit price p at stage 1
Unit price p. at stage 2
Commitment up to ¢q

Random spot-market price P

Random information

Figure 6.1.

Information 7 observed

Spot-market price p, observed

Demand D updated

A time line of the decision and information dynamics

Demand D realized
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where

H2(Q7 dsy e, I: PS)
= EK?"(D/\ (g+4s + 4c))

+$'(Q+QS+QC—D)+“pcqc—Psq$> (I,PS):l'

6.3)

In (6.2), pg, represents the ordering cost incurred at stage 1. The second term of
(6.2),I12(q, gs, gc, I, Ps), corresponds to the random profit received by the buyer
at stage 2 given I and P,. Therefore, the buyer’s problem is to determine the
optimal purchase decisions, denoted by (¢*, g%, ¢ ), for maximizing the total ex-
pected profit. Clearly, ¢} and g} depend on g, 7, and P;. To highlight the above
dependence, we sometimes write these contingent decisions as g (g, I, Ps) and
qx(q, I, Ps), respectively. To solve the problem, we first determine the optimal
q*(q,%,ps) and g}(g, %, ps) for given g, I = 4 and P; = p,—that is, first solve
max H2(q7 gs) e iaps)~ (64)

0<gs <00
0<gc<sq

With the notation defined above, given (I, Ps) = (%, ps), equation (6.3) can be
written as

M2(q, gs, ge, B, ps)
q+gs+9e ) 0
= r/ z-P(zli)dz +7- (g + ¢s + gc) / P(z|i)dz
0 q

+qs+qc

q+qgs+qe ‘ .
+5 /O (g + g5 + o) — 2] - $(2l8)dz — pede — psgs.

q-+qs+qe '
===9) [+ a0 = 2 wlelidz
+7 (¢ + ge + gs) — Pede = Psds- (6.5)
If the unit-order cost at stage 1 and the contractual unit-order cost are larger
than the unit-order costs of the spot market at stage 2—that is,
Pst S Psh <P X Do,

then for any observed market price, the best strategy is to purchase all re-
quired product from the spot market—that is, ¢* = 0 and ¢} = 0. To find out
q%(0,1,ps), in view of (6.5), it suffices to find the value of g that maximizes
the function

r/oqs z - Y(zli)dz + rgs /oow(zﬁ)dz +s /Oqs [gs — 2] - ¥(z[i)dz — psgs.

ds
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As aresult, the model described above reduces to a classic newsvendor model. If
Psi < P < psh < Pe. then for any observed market price, g = 0. Consequently,
this case is the same as the case py < p < p, < pgp, With ¢ = 0. Similarly,
if p < psi < psh < Pe, then g7 = 0, and it is the case p < pg < Pe < Psh
with ¢ = 0. In summary, based on p < p,, it suffices to consider the following
cases:

This is a newsvendor problem, and its solution is

r—Ps
r—=s

00,1, ps) = U~ (

P<Pe<Psi SPsh; PSPst SPc S Pshy Pst SPp<Pe L pshe (6.6)

REMARK 6.1 Note that if the spot-market price is very large—that is, pg —
oo and pgp, — oco—then the spot market is prohibitively expensive or nonexis-
tent. Thus, the model reduces to a pure contract model.

REMARK 6.2 Here the spot-market price is realized at stage 2. If we were to
use information I to update both the demand D and the spot-marker price P,
an extension of the following analysis could be easily carried out.

In the next section, we take up the buyer’s problem at stage 2.

6.3. Contingent Order Quantity at Stage 2

In this section, we solve for the contingent order quantities for every possible
realization of the signal I and the market price F; at stage 2. We also characterize
monotonicity properties of the solutions with respect to these realizations.

THEOREM 6.1 For any observed value (i,ps) of (I, Ps), we have the fol-
lowing solutions:

(i) if the market price turns out to be low—that is, ps < p.—then the optimal

reaction at stage 2 is to order all additional required product from the spot
market. That is,
+
(i) if the market price turns out to be high—that is, ps > p.—then the optimal

reaction at stage 2 is to order additional product on the contract and to order
[from the spot market only when the required product exceeds the quantity-

0 (q,%,ps) =0, q5(q,%,ps) = [‘I"l <_—
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i>—q]+,
z) —(1+<)q]+.

Before giving the proof, let us explain the theorem in words. Statement (i)
says that when the contract price p, is higher than the prevailing market price p;,
then the buyer purchases nothing on the contract at stage 2. Instead, the buyer
purchases the product from the spot market. The purchase quantity is deter-
mined by the difference of the critical fractile of the updated demand distribution
and the amount purchased at stage 1. The critical fractile is determined by the
demand distribution, the sales price r, the salvage value s, and the spot-market
price ps. When the market price ps is higher than the contractual price p., then
the buyer purchases on the contract first and considers purchasing from the spot
market only after exhausting the quantity flexibility provided in the contract.
Note that the buyer can purchase ¢q at most. Therefore, the marginal purchase
price can be the contract price p. or the spot-market price p;. The buyer first
exhausts its option to purchase on the contract with the contract price p, as
the marginal purchasing price in the critical fractile calculation. Otherwise, in
addition to exhausting the purchase option in the contract, the buyer purchases
a desired additional amount from the spot market with the spot-market price p,
as the marginal price in the critical fractile calculation.

flexible bound. That is,

T —Pc
r—sS

9e(a:4,p5) = (sa) A [\If‘l (

42 (g,4,ps) = [\Ifﬂl (ﬂ

r—s

REMARK 6.3 When ¢ = O—that is, when there is no flexibility at stage 2—
the contract price p. does not impact the decision maker. So the optimal order

quantity at the spot market is given by
_+.
z) - q] . 6.7)

Note that, for this special case with the assumption in which P; has a geometric
distribution, Gurnani and Tang [12] also obtain (6.7).

43 (q,4,ps) = [\If“l (t———&

T — 8§

Proof of Theorem 6.1 Let us first consider (i). Note that

max HQ(q, gs, qc, ia ps)
0<gg <00
0<qc<sq

g+4s+4qc
= ma T z- dz
e {r ED
0<qe<sq
o0

+7 (g + s + ¢c) / ¥(z|i)dz

g+9s+qc
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q+QS+QC )
+S/ [+ qs + gc — 2] - Y(2]i)dz — pege — pst} :
0
(6.8)

It follows from simple calculations that ¢} (q, %, ps) given by (i) of the theorem
maximizes

—(r - s)/o (£ — 2) - ¥(z[i)dz + (r — ps)t + peg

on the interval [g, +00). If ps < pc, then for any g, > 0 and ¢, > 0,

e,

r /DQ+qs+qc z-Y(zli)dz +r-(g+ qs + qc)/ Y(z|i)dz

q+gs+qe

q+qs+qc )
+S/ [q +qs+gqc— Z] ’ ¢(2|’6)d2 — Pclc — PsYs
0

[e9)

q+qs+qc
< r/ z-Y(zli)dz +7 - (g4 g5+ ¢c) / P(z|i)dz
0 q+qs+qc

q+qs+gc .
+S/ [+ gs + g — 2] - Y(z]i)dz — ps - (g5 + qc)
0

¢

< max {—('r — 5)/ (t —z) - Y(z]i)dz + (r — ps)t + psq} .
g<t<oo 0

Consequently, (0, ¢} (g, i, ps)) also maximizes the following function in (g, gs),

o

g+qgs+qc
TA «nw@mm+w-m+%+aal (zli)d

+qs+qc
q+qs+qc )
+S/ (q+4gs + g — 2) - ¢(2li)dz — pege — psgs
0

on the region [0, ¢g] x [0, co). Therefore, the proof of (i) is completed.
Now we consider (ii). Using (6.8), it follows from simple calculations that
Pe

[u+@dAh*(%§;

z) \% qJ maximizes

t
—(r — s)/0 (t — 2) - y(zli)dz + (r — p)t + pey

T —Ps
r—Ss

on the interval [g, (1 + <)q], and [(1+¢)q] v ¥* ( z) maximizes

—(r— 5)/0 (£ = 2) - B(2]i)dz + (r — po)t

+ps ([(1+<)q]/\ [\11—1 (T_ps z) VqD

r—s
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on the interval ((1 + ¢)g, o0). If ps > p., then for any given g5 > 0, ¢. > 0,
g > 0, we have

Psqs + DeGe < Ps - (Gs +€) +pe - (g — €)-

This implies that

o0

[ T el 7 (g4 o+ a0) /q $(li)dz

+qs+Qqc

q+qs+dc ‘
+8/ (@4 qs + e — 2) - Y(z]0)dz — po(ge — €) — ps(qs + )
0

oo

q+¢I5+QC
<r / 2 p(eli)dz 4T (g4 g+ g0) / P(2]i)dz
0 q

+qs+qc

q+qst+qc )
+S/ [q+ qs + gc — 2] - ¥(z|i)dz — ps - (gs + ).
0

Consequently, (¢%(q, 1, ps), q2(q, i, ps)) also maximizes the function

=9}

r /OQ+Qs+qc z-Y(zli)dz +r-(q+ qs + qc)/q Y(z|i)dz

+qs+4c

q+qs+qc ‘
s / (¢ @5+ Gc — 2) - B(2]6)dz — Pede — Dot
0

of (ge,qs) on the region [0, ¢q] x [0, oo). Therefore, the proof of (ii) is
completed. 0

With an assumption that the demand D is conditionally stochastically monotone
with respect to signal I, we provide an explicit expression of the optimal pur-
chase quantity with respect to i. Without loss of generality, we assume D to
be conditionally stochastically increasing with respect to I. For the case of a
conditionally stochastically decreasing with respect to , it is possible for us to
redefine the signal [ so that the case of the conditionally stochastically decreas-
ing can be translated to the case of a conditionally stochastically increasing.

THEOREM 6.2 Let the demand D be conditionally stochastically increasing
with respect to I. Then for an observed market price ps, there exist 1(q, pe)s
1(q, pe), i(q, ps), and i(q, ps) defined by the relations

\p—l T_pC -~ — ql——-l T—pC
(——T i(g,pe) | = q, o

— S S

- r— - — T =
N4 ! <—ps Z(Q7p5)> =4q, v ! ( Bs
r—3_8 T —

S

Z(vac)) = (1+9)g,

%<q,ps>) (14,
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such that
(i) if ps < pc, then

QaZ ps =0,
if © <i(q,ps),

Qalps . . -
)~% if i >1(q,ps);

(il) if pe < ps, then

0, if i < (g, pe),
g ip) = O (Z2e|i) =g, if i(g,pe) <i < ilgpo),
Cq, lf Z > ’z(q7p6)a
0, if i <i(g,ps),
(g, ps) = L el s
W“(z%l)—ﬂ+<M,JZ>M%m)

Proof Statements (i) and (ii) follow directly from the corresponding results (i)
and (ii) in Theorem 6.1, respectively, when D is conditionally stochastically
increasing with respect to 1. O

REMARK 6.4 Statements (i) and (ii) indicate that when the conditional de-
mand distribution D given I = ¢ has a monotonicity structure, the optimal
purchase quantity at stage 2 has the same monotone structure with respect to
the observed information i.

REMARK 6.5 When ¢ = (O—that is, when there is no flexibility at stage 2,
then, for any observed market price, if the conditional distribution of I given
I =1 is increasing in 4, the optimal spot-market purchase is

0, if i <i(q,ps),

.
95(q,%,ps) =

-1 r—Ds

\Il ( r—s

i) —q, if i>(gps).
(6.9)

Note that for this special case with the assumption in which P has a geometric
distribution, Gurnani and Tang [12] also obtain (6.9).

REMARK 6.6 Note that (6.1) implies

r > max{E[Ps],p.} and s < min{E[P],p}. (6.10)



Multiperiod Quantity-Flexibility Contracts 175

Regarding Theorem 6.1, since its proof is based on the classical newsboy prob-
lem, it can be easily shown that if p, < r < p;, then ¢¥(q,4,ps) = 0, and if
ps < s < p, then ¢3(q,4,ps) = 0. These are the cases that do not occur under
(6.1), but occur under (6.10). Going along the lines of the proof of Theorem
6.2, we can show that Theorem 6.2 holds also for these cases.

6.4. Optimal Purchase Quantity at Stage 1

With the knowledge of the optimal reaction plan at stage 2 derived in the
previous section, it is possible to determine the purchase quantity g at stage 1.
This is done by substituting in (6.2) for g and ¢, by their optimal quantities
qX(q, I, Ps) and ¢} (q, I, Ps) and solving the optimization problem

o= 13,1?8{{ —pg+ E[Hz (q,qs(q,I,Ps),qc(q,I,Ps),I,Ps)]}-
6.11)

This is a problem of maximizing an objective function with a single variable
q. For given values of the problem parameters and observations ¢ and py, it can
be easily solved numerically. One could also use the Kuhn-Tucker theory to
derive the first-order conditions for a maximum. Such an approach was used
by Brown and Lee [5] on a related problem.

For a further mathematical analysis of the problem, we need to simplify
the distributions of the random variables involved. To begin with, we assume
that the market price is geometrically distributed. Specifically, we make the
following assumptions:

ASSUMPTION 6.1 The market price P; has the value pg with probability 3
and the value pgy, with probability (1 — (3).

ASSUMPTION 6.2 D is conditionally stochastically increasing with respect
to I

It is clear from (6.11) that the initial order quantity ¢* depends on several
factors, including <. It is also easy to see that the “level” of flexibility is jointly
determined by ¢ and ¢*. The flexibility level increases as ¢ increases and as
q* increases. It is therefore important to know how ¢* relates to ¢. This is the
subject of the following theorem.

THEOREM 6.3 Under Assumptions 6.1 and 6.2, for a given set of purchase
and contract prices, we have

(i) the initial optimal order quantity ¢* is nonincreasing in g;

(ii) the optimal expected profit is nondecreasing in <.
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REMARK 6.7 Inthe contractual framework, when the initial purchase quantity
is made at stage 1, the buyer must consider not only the unit-order costs at stage
2 but also the level of flexibility. Recall that the flexibility is jointly determined
by flexibility factor ¢ and the initial purchase quantity. To maintain a same level
of flexibility, it is possible either to increase < and to reduce the initial purchase
quantity or to increase the initial purchase quantity and to reduce <.

Proof of Theorem 6.3 First, we consider the case py < p. < pgp. It follows
from Theorem 6.2 that

—pq + E (ng}w HQ(Q7 Qsy ey 1, PS))

0<gc<sq

—-pr+0 [ ;) [<s =) [a- 2 vislios + rq} dA ()

+0 m {(s—r)'

(q.pst)

U H(r=psi)/(r~s)l0) -
/ {\I/_l (w L> —z} ~p(z|i)dz
0 r—=s

+(r —py) T (%p;l i) +pszq}dA(i)
-9 [ ;) [<s - [a=2)- wielie + rq] dA(i)
s [ i

z) - z] - y(2i)dz

' /‘I]—l((,‘_pC)/(T—S)ll) \I’—l r— pc
0 r—=s

Hr = pwt (T2
r—s

wa-0) [~ {a-n-

| /W~1<(r—psh>/<r—s>|i> oot (TP
0 T—38

+(r — psp) - T! (T—_@ 2) — pesq + psn(1 + <)Q}d/\(i)-

r—s

Z) + pcq}d/\(i)

i) - z} - b(2]i)dz
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1(g.Psh) (145)
+(1—ﬁ>/(” {<s—r>-/0 "1+ g - 2] - (zli)dz

1(q,pe)

r—pe) - (14 9)g +pcq}dA(z'>
(6.12)

Write the above expression as F'(g, ¢). Then with some calculus computations,
it yields that

9F(q,5)
oq

'1(vasl)
—p4 8 [ [ = 1) Vgl +71dAQ)
+8pa1 - 11— AGi(g, pa))]
i(q,pc)
+(1-5) / (s — ) - U(gli) + r]dAG)
(1= B)pelAGi(g, o)) — A, po))]
1(q,psh)
(1-p) /( O ) (gl 4
g,Pe
—Ppes} dA(i)

+o0
(1-p) [( [+ (14 )paldAG)
Wq,Psh

(6.13)
Furthermore,

&F(q,5)
Oq?

i(q.pst)

=ﬁ/_ (5 = 1) - B(gli)dA()

h i(g,pc)
(s—r {/ Blqli)dA ()

1( sh
+ / " 2 (1 + )qli)dA (s >}
(6.14)
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and

9?F(q,<)
0q0s

= (1= )] e = ) [ G092 1
+ | o (5= 1) 0((1+ i)

(g.pec)
= pe) 4 (s — (14 <)g (1 + <>q|z'>] dA(z‘)}.
(6.15)

By the definitions of (g, pey) and (g, p.), we know that for
i € [i(a,pe)y Ua, psn)];
the following inequality holds:
(s =7) - ({1 +<)qli) + (r —ps) < 0. (6.16)

Hence, (i) of the theorem follows from (6.14) and (6.15).
If ¢* > 0, then

OF(q,¢)
dq

q=q~
Note that ¢* depends on ¢. Therefore,

dF(g*s) _ <3F(q,c) 49" OF(¢"<)
dg 00 |g=gr ds N

- (- ﬁ)q*{@sh = pe) 11— AGi(g" par))

i(q*psn) ‘
[ = @+ 9 - pdaAG) -
1(g*,pe)
(6.17)
Similar to (6.16), we have that for z € [i(¢*, p.), (q*,Dsh)]s
(s—7)-((1+9)q")e) + 7 —pc. > 0.

Consequently, (ii) of the theorem follows from (6.17). The other cases can be
proved in a same way; the details are omitted here. O
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REMARK 6.8 From (6.13) and (6.14), we know that if py; < p. < psn, then
the initial optimal order quantity ¢* can be uniquely solved by (6.13). In a
similar way, by Theorem 6.2, we can also prove that if p, < pg < psp, then
the initial optimal order quantity ¢* can be uniquely solved by

i(g.pe)
p+ 8 / (s =) - W(gli) + r] dAG)
""ﬂPC q pc)) A( (q’psl))]
1(q Dsi)
+ﬁ/ {1 +)[(s =7) - U1 +<c)q|i) + 7] — pes} dA(7)

t(g,pe)

5 / [—pes + (1 + )psrJdA (i)
q,Psi

1(q,pc)
+(1-6) / (s — ) - W(gli) +r]dA(i)

-0

+(1 = B)pe[A(i(g, pe)) — A(iq, pe))]
4(q,psn)
+(1-9) /( {(T+9)[(s —7) - W((1 +5)qld) + ] — pes} dA(7)

i (ch)
+00

+(1-08) | [=pes + (1 + <)psu]dA(7) =
i(q,psh)

(6.18)

REMARK 6.9 We call dF'(¢*,<)/ds the flexibility value rate. Using (6.17),
we have that if py < p. < psp,

d?F(q"s)
d¢?
= (1= 9) {0 = pl1 = AGlG" P &L

dq* (q*ypsh) .l .
S [ =0 w1+ 9y + 7 - pl dAG)
< i(q*!pc)

—(r =) ((q*)2 +(1+¢)g" ddq:) :

i(q*\Psh) ’
[ vt e e b

i(q*vpc)
(6.19)

Let ¢ be the solution of
d>F(q*,<)

=0
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Then we know that the flexibility value rate is increasing on [0, <] and nonin-
creasing on (<, o). Thus, < is the critical number that makes the flexibility
value rate to be largest. Although the larger the flexibility factor ¢ is, the higher
profit is, when the buyer considers the expense of flexibility, the buyer often
chooses ¢ as the flexibility factor.

6.4.1 The Case of Worthless Information Revision

The case of worthless-information revision is that the information I ob-
served between stage 1 and stage 2 cannot further reduce the demand uncer-
tainty. Mathematically, the random variables I and D are independent. Hence,
U(-]¢) = ¥(-) and O(:,-) = A(:) - ¥(-). From Theorem 6.1, ¢}(g, ¢, ps) and
qx(q, 1, ps) are independent of 4. Therefore, in this subsection, we denote them
as q2(q, ps) and g3 (g, ps), respectively.

THEOREM 6.4 (WORTHLESS-INFORMATION REVISION). In addition to
Assumptions 6.1 and 6.2, we also assume that ¥ (-|i) = V() and O(-,") =

AC) - ().

(A) Ifp < min{ps, pe, psn }, then the optimal order quantities are given by

* \II—-l r—p
’ (2=2).

q:(q*ypsl) = q:(q*7psl) =0

0 (a%psn) = (¢, psn) =0
the optimal expected total order quantity is given by W~ ((r —p)/(r — 8)); and
the optimal expected profit is

*

(r—s) /Oq 2 h(z)dz.

(B) If p > min{psi, Pc, Psn }, then we have the following three subcases.
(B.1) When [—p + Bps + (1 — B)pc| = O, the optimal order quantities are
given by

o= o <—p+6psz + (1 —ﬁ)r)

(1-8)(r—s)
(g pst) = 0,
1 (T —ps
(" pa) = ¥ (f:,) -4,
(" psn) = q5(q%psh) =0;

the optimal expected total order quantity is given by

3w (%) +(1-8) v <_pzﬁ_p§;(;(i ;)ﬂ)r) ;
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and the optimal expected profit is

q*+q; (g%ps1) q
.y hap(2)dz + (1 —
v ﬂ{ﬂA shp()dz + (1) [

(B.2) When [—p + Bps + (1 — B)pc] < 0 and
[~ + Bpsi + (1 = B)pe + (1 +<)(1 = B)(Psh — pe)] = 0,

*

zw(z)dz} .

then the optimal order quantities are given by

* 1 \I/—l ((1—6)(1+§)(T'—pc)—p‘f'ﬂpsl'*'(l—ﬁ)pc)’

T 1+c (1=B)(1+)r—s)
a:(¢* pst) =0,
* — T — Psi
(g pst) = ¥ < — ) .
g (g%, psn) = <q",

S
(g psh) = 0;

the optimal expected total order quantity is given by

-t (AP A+ 90 —pe) —p+ Bpa + (1~ B)pe
A=p-v ( R s Yoy )
45 v (—Tr—_pjl> :

and the optimal expected profit is

*+3(q"pst) (14<)q"
(r——s){/ﬁ’/oq e z-z/)(z)dz—i—(l—ﬂ)/ qz~1/;(z)dz}.

0
(B.3) When [—p+ Bpg + (1 — B)pc] < 0 and
[“P + Bpsi -+ (1 - 5)pc + (1 + C)(l - ﬂ)(psh - pc)] <0,

the optimal order quantities are given by

g = 0,
a.(q¢*,pst) = 0,

1 (T —Da
q\:(q*vpsl) = ¥ I(T__;>7
QZ(q*7psh) it Oy

— T — Psh
(" psn) = ¥ 1( S,);

T — S8
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the optimal expected total order quantity is given by

3.0t (—-——T—p81>+(1—5).\11—1 (———r—ps");
T—38

r—3S5

and the optimal expected profit is

a5 (g% ,pst) 75(q" psh)
(r = s) {6/0 2 p(2)dz + (1 - ﬁ)/o - w<z>dz}-

REMARK 6.10 When ¢ = 0, the results of (B.1) and (B.2) are the same.
Furthermore, if p > Bpg + (1 — B)psh, then p > Bpg + (1 — F)p.. Therefore,
when ¢ = 0, from Theorem 6.4 (B.2) and (B.3) we have that if p < Bpg + (1 —
B)psh, then the optimal order quantities are given by

q* — (1—ﬁ>r+ﬁpsl—P
(1-0)(r—s)
(g5, pa) = T! (ﬂ)_q*;
rT— S

the optimal expected total order quantity is given by

(1) (Ut P sn) g (L2,

(1=8)(r—s) r—s
(6.20)
and the optimal expected profit is
7 +q3 (¢ pst) q*
=545 [ 2wz + (1-) [ 2 v b
0 0
(6.21)

If p > Bpg + (1 — B)psn, then the optimal order quantities are given by

r—35

N 1 [T —Dpsh
gt (g*, psn) = U1 (—S—> ;

r—S

* * — r—= !
=0, ¢¢(¢*,ps) =V 1<—£),

the optimal expected total order quantity is given by

g ul (L‘—pﬂ)+(1—g).w—l (f—psﬁ>;

r—=§ r—=§8

(6.22)
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and the optimal expected profit is

a3 (q"pst) 75 (q"Psh)
(r—s) {B/O z-i/)(z)dz—f—(l—ﬂ)/o z-zp(z)dz}.
(6.23)

These results are also obtained by Gurnani and Tang [12] when W () is a normal
distribution.

REMARK 6.11 When § = 0, the spot-market price is definitely higher than
the unit price at stage 1. From Theorem 6.4 (B.1), we get that the optimal order

quantity is
1 (TP
* — 1 .
=t (120,

the optimal expected total order quantity is

g <——T = p) ; (6.24)
r—s
and the optimal expected profit is
q*
(r— s)/ 2 (z)dz. (6.25)
0

This is the same as Theorem 4 (b) of Brown and Lee [S] with ¥(-) being a
normal distribution.

Proof of Theorem 6.4 Here we give only a proof of (B.1) and (B.2), since the
other results in the theorem can be established similarly. Since p > p,; in Case
B, then in view of p < p. and (6.6), we have

Pst <P < Pe < Psh- (6.26)

v () v () < e (02)
r—s r—3s r—s
< w! (f—"—?ﬂ> 6.27)

r—S_§

Thus,

It suffices to show that when 8pg + (1 — B)p. = p, ¢* given in (B.1) is a
maximizer of the function

Hl (q) = —pq -+ E [HQ(Q7 q;(Q» Ps)qu(q’PS)vja PS)] )
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and when Bpg + (1 — 8)pe < p and [—p + Bpg + (1 — B)pe + (1 4+ ¢)(1 -
B)(psh — pe)] = 0, ¢* given in (B.2) is a maximizer of IT; (q).
First we look at the proof of (B.1). The proof is divided into three subcases.
Case B.1.1: [¢ > U~ 1((r — py)/(r — 3))]
By Theorem 6.1,

0 (g, pst) = 45(q,Pst) = 92 (@, Psn) = q5(q, Psn) = 0.

Then
) = —pg+ s [ (0= 2 w(edz+ 7 [ 5o p(e)ds + rgll — Wlo)L

This implies that
dI; (g)

30 —p+s-¥(g) +r[l - ¥(q)]
r—p—(r—s)-¥(q)
r—p—(r—ps)

0.

VAN VAN

Hence, I11(q) is decreasing in [T~ ((r — pg;)/(r — 8)), o0).
Case B.1.2: [U~1((r —po)/(r —s)) < g < ¥ H(r —ps)/(r — s))]
It follows from Theorem 6.1 that

Ihi(q) = —pg+Vi(r,s,ps) + Bpsiq
q
+1-0)[s [ (a2 v

+T/qu (z)dz +rg- (1 - ‘I’(q))},

where
Vz(7"> Sval)
V= ((r—pg1)/ (r—s)) — Dy
- 5{ —(r — 5)/0 [‘I’-l (C;_—p:) - Z} Y(z)dz
enaon (2224) )

Therefore,

dI1

dlq(Q) = —p+Bpa+ 1 =B)r—r V() +s-U(g)]
< —p+ Bps+ (1= B)pe.
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This implies that IT; (¢) is increasing on the interval [¥~1((r—p.)/(r—s)), q*]
and decreasing on the interval [¢*, U~1((r — pg)/(r — 5))].

Case B.1.3: [¢ < U~((r — pc)/(r — 5))]

Proceeding as in Case B.1.2, we can show that II;(¢) is increasing on the
interval [0, U=((r — po)/(r — s))].

Combining Cases 1-3 completes the proof for (B.1).

Finally, we look at (B.2). Similarly, the proof is also divided into several
cases.

Case B.2.1: [¢ < U7'((r — psp)/(r — 8)) and (1 +¢)g < T~ Y((r —
Pon)/(r — 3))]

11, (¢) can be written as

Hl(‘]) = -pg+ Vl('f', Svpsl) + ﬁpslq
-0 - (=)

U= ((r—~psn)/ (r—s)) _
L o 22)
0 T—3S8

— r—

rT—3S8

—Psh {‘If—l (%) —(1+ g)q} }

Consequently, by [—p + Bps + (1 = B)pe + (1 +<)(1 — B)(psn — pc)] > 0,
dndlq@ = =p+Bpa + (1 = B) [-pcs + psn(1+ )] 2 0.
So II;(g) is increasing for g satisfying ¢ < ¥=Y((r — ps)/(r — 5)) and
(1 +<¢)g < U H(r = psn)/(r = 5)).
CaseB.2.2: [q < V' ((r—psn)/(r—5)), (14+<)g = ¥~ ((r—pen)/(r—s))

and (1 +¢)q < ¥7H((r = pc)/(r = 5))]
Under this case, I1;(g) can be written as

Mi(q) = —pg+Vi(r,s,pst) + Bpsiq

(1+4¢)q
+u—ﬁﬂ-wr—@é 1+ Q) — 2] - ¥(=)dz

+r(1+<)g — pccq}-

Consequently,

dg
+(1 =B [~ (r—=8)1+¢) - ¥(1+<)g) +7 (1 +<) — pes].
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In the following, if (1+¢)¥ ™ ((r —pss)/(r—58)) > =Y ((r—p.)/(r—s)),
we go to Cases B.2.3 and B.2.5-B.2.7. If (1 + ¢)¥U~}((r — psp)/(r — 5)) <
U=Y(r — pe)/(r — s)), we go to Cases B.2.4-B.2.7.

CaseB.2.3: [¢ < U1 ((r—pss)/(r—s)) and (14<)g > ¥~ ((r—pc)/(r—

5))]

We have
Mi(g) = —pg+ Vi(r,s,pst) + Bpsiq
-0 ==
V=1 ((r—pe)/(r—s)) _
-1 (7T 7P\
/0 [\I! (r——s) z] Y(z)dz
e () - (T2 ol
r—s r—s
Then
dIl
2 — o+ fpat (1= B)pe <0

Case B.2.4: [ 1((r — pep)/(r — 5)) < ¢ < O~ H(r — p.)/(r — 5)), and

(14<¢)g <V Y(r —p)/(r —s))]
We have

I (q)
= —pq + Vi(r,s,ps1) + Bpsiq

(1<)
+<1~ﬂ>{—<r—s>/ 4 g - 4 vz

0

+r(1+¢)g— pccq}-

Consequently,

dITy (q)
dg
= —p+ Bpy
+(A=B) [~(r—=s)A+¢) - ¥((L+¢)g) + 7 (L +<) —pes].

Case B.2.5: [V ((r — pap)/(r — 5)) < q < ¥ H((r — p.)/(r — 5)), and
(1+6)g =¥ H(r —po)/(r—s))]
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We have

1Ty (q)
= —pq + Vi(r, 8, pa) + Bpsq

+a=-p){ - (r—s):

U (r—pe) /(r—3)) .
—1 Pe
~/0 [\I/ ( p— ) - z}w(z)dz

bt (28 e (222 )

dIl; (g)
dg

Case B.2.6: [V~ 1((r —p.)/(r —s)) < g <V Y(r — py)/(r — 5))]
We have

Then

= —p+ Pps + (1= B)pe < 0.

IIi(q) = —pq+ Vi(r,s,pst) + Bpsiq
q
-Hl—M{—O=d[4M—¢M¢@MZ+W}

Consequently,

dIT;(q)
dg

= —p+Bpsi+ (1= B)[~(r—s) ¥(g)+7]

—p+ Bpsl + (1 - ﬂ)pc
0.

<

<
Case B.2.7: [¢ > U~ ((r — py)/(r — 5))]
We have

m@>=:—m+ﬁ{~v—ﬂéﬁrwymaw+nﬁ
+a—m{—v—@4%rwrmam+m}

Consequently,

dil;(q) —p+B[~(r—38) - V(g)+r]+ (1~ B)[=(r—s) V(q) + 7]

dq
—p + Bpg + (1 — B)pe
0.

VARPVAY
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According to (1 + )81 ((r — po)/(r = 5)) = VH(r — pe)/(r = 5))
or (1 + )V Y(r — psn)/(r —8)) < ¥ (r — p.)/(r — s)), (B.2) follows
from Cases B.2.1-B.2.3and B.2.5-B.2.7orCases B.2.1-B.2.2and B.2.4-B.2.7,
respectively. 0

‘We now provide intuitive insights into the various results obtained in Theorem
6.4. Case A addresses the situation when the initial unit-order cost is less than
the lowest possible market price. In this case, if the observed information is
useless, then the buyer gains nothing by delaying his purchase to stage 2. Thus,
the entire purchase is made at stage 1, and nothing is purchased at stage 2.
Indeed, in this case, the contract is of no value.

In Case B, we have (6.26). Clearly, g}(q™,ps;) = 0 in this case.

In (B.1), the expected relevant price at stage 2 is clearly 3pg; + (1 — 3)p, and
it is higher than the initial price p. Therefore, the buyer will buy a sufficiently
large quantity ¢* at the initial price p so that he would not need to buy any
quantity at all when the market price is high. Moreover, ¢* will not be too large
to prohibit the buyer from taking advantage of buying in the market when the
spot price is low.

We now consider (B.2) and (B.3). Note that since ¢ > 0, the condition

P> Bpst + (1 — B)psh + (1 = B)s - (Psh — Pe) (6.28)

in (B.3) implies p > [Bpg + (1 — B)pc. Thus, in both cases (B.2) and (B.3),
Bpsi + (1 — B)pc is lower than the initial price p. In contrast to (B.1), it seems
reasonable, therefore, to reduce or completely postpone the purchase to stage
2 in (B.2) and (B.3). The (B.3) condition (6.28), however, also implies p >
Bpsi+(1—03)psn- This says that the expected market price at stage 2 is lower than
the initial price p, which argues for a complete postponement of the purchase.
Consequently, the initial purchase quantity is zero, and the entire respective
newsvendor quantity is bought from the market depending on the prevailing
market price at stage 2.

This leaves us with (B.2), where we still have p > 8pg + (1 — 5)p., but we
do not have (6.28). In other words, the high market price pg, is not low enough
for (6.28) to hold and thus argues perhaps for a reduction in the initial purchase
amount rather than a complete postponement. Let us therefore consider an
initial purchase of one unit at stage 1 and < unit at stage 2. Clearly, the purchase
of < unit at stage 2 will take place at pg;; when the market price is low and at p,
when the market price is high. Thus, the per unit expected cost of a reduced
purchase at stage 1 followed by an additional purchase up to the contracted
amount is

P+ Bsper + (1 — B)spe
145 ’
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On the other hand, a complete postponement of the purchase of a unit to stage
2 has the expected cost

6psl + (1 - ﬁ)psh-

Thus, if
P+ Bsps + (1= B)spe
1+¢

< Bpga + (1 - B)psn
—that 1s, if

p < PBpa+ (1—=F)psn + (1 —B)s - (psh — pe)
= PBps+ (1= B)pec+ (1= B)(1 +<)(psh — Pe)s (6.29)

then it is better to reduce the initial purchase than to postpone it completely.
This is precisely the result obtained in (B.2).

By comparing our result with (6.21), it is possible to demonstrate that the
difference between the contract and no contract is

(1+<)g”
(1-0)(r— s)/ z < P(z)dz, (6.30)

.
if [—p+ Bpst + (1 — B)pc] < 0and
[—p + 5psl + (1 - ﬁ)pc + (1 + g)(l - ﬂ)(psh - pc)] > 0.

We denote this gap as the value of flexibility. Equation (6.30) indicates that the
value of flexibility is always positive. As long as the prices of different sources
satisfy the following condition, [—p + Gps + (1 — 8)pc] < 0 and

[—p+ ﬁpsl + (1 - /8)pc + (1 + §)(1 - /B)(psh - pc)] > 0,

the above observation reveals the fact that it is beneficial for the buyer to seek
a supply contract even demand information revision is worthless.

If p > min{pg, pc, psn} and
[—p + Bpsi + (1 — B)pc] > 0

—that is, if the contract-unit price is high, it follows from Theorem 6.4 that
the profits are the same for both contract and no-contract case. As a result, the
value of quantity flexibility is zero. Similarly, if [—p + Bps + (1 — B)pe] < 0
and

[—p + Bpsl + (1 - ﬂ)pc + (1 + §)(1 - ﬁ)(psh - pc)] <0,

the value of quantity flexibility is also zero.
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6.4.2 The Case of Perfect Information Revision

In this subsection, we study the second extreme case where the information
revision is perfect. The perfect-information revision represents a scenario such
that the demand D can be completely determined by the information I observed
between stage 1 and stage 2. In other words, it is possible to characterize the
demand D by information I, e.g., D = 7(I). Let ©(:) be the distribution
function of D. Parallel to Theorem 6.4, for the case of perfect-information
revision, we present the following theorem.

THEOREM 6.5 (PERFECT-INFORMATION REVISION) In addition to As-
sumptions 6.1 and 6.2, we also assume that D = 7(I).

(A) If py < pe, then the optimal order quantity q* at stage 1 is the solution
of the following equation

_p+ Bpsl + (1 - ﬁ)pc + (1 - ﬁ)(l -+ §)<psh - pc)
+[s — Bpsi — (1 = B)pc] - ©(g)
+(1 = B) (1 +¢)(pe — psn) - O((1 +<)g) =0
(6.31)

with the convenience ¢* = 0 if the solution of (6.31) does not exist. The optimal
order quantities at stage 2 are

(q" 4 pa) = 0,

qz(q*7i7psl) = [T(Z) ]+7

(@ tpan) = [7(6) = T A (sq*),
[

g5 (q i psn) = [7(8) = (1+9)¢T,

the optimal expected total order quantity is given by
o0
¢+ [l qle),
q*

and the optimal expected profit is

q* oo

r-E[D] - 3/0 2dO(z) — ,BpSI/ 2d®(z)

*

(1+6)g" 00
—(1-73) pc/ 2dO(z) +psh/ zd@(z)} .
7 (1+¢)g*
6.32)
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(B) If ps; > pe, then the optimal order quantity q* at stage 1 is the solution
of the following equation

—p —<pe + (14 )[Bpst + (1 = B)psn] + (s — pe) - ©(g)
+(1 + g)[pc - ﬂpsl - (1 - ﬂ)psh] ’ @((1 + §)q) =0
(6.33)

with the same convenience stated in (A). The optimal order quantities at stage
2 are

qe(q", %, pst) [7(3) — ¢"1" A (sq*),
(g5 hpa) = [r()) = 1+,
0 (¢ t,psn) = [7()) — g T A (sg),
(¢ ipsn) = [7(6) = (1+9)q T,

the optimal expected total order quantity is

¢+ / I ¢4 (),

*

and the optimal expected profit is

q* (1+<)g*
r-E[D] - s/ 2dO(z) — pc/ 2dO(z)
0 q

*

o0

~[Bpsi + (1 = B)psh] / 2dO(z). (6.34)

(1+¢)g*

Proof The proof of the theorem is the same as the proof of Theorem 6.4. [

REMARK 6.12 When ¢ = 0, from Theorem 6.5 (A) we get that if p > Opg +
(1 — B)psh. then the optimal order quantities

¢ = 0,
q (g i, ps) = 7(3),
qz(q*aivpsh) = 7—(7:)7

the optimal expected total order quantity is given by E[D], and the optimal
expected profit is

- E[D] — [Bpst + (1 — B)psn] - E[D];
(6.35)
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and if p < Bpg + (1 — B)psh. then the optimal order quantities
* 6._1 <6psl + (1 - B)psh - p)

1 Bpsi+ (1= B)psh — 5
q;(q*, Z”pSl) = (T(Z) - q*)+ ;
@ (g i psn) = (1()) —¢")F;

the optimal expected total order quantity is given by

i+ Tl - 1o (2);
q

*

and the optimal expected profit is
* 00

r-E[D] - s/oq zdO(z) — ﬁpsl/q 2d©O(z)

*
ge.o]

—(1 ~ B)psn / 2dO(z). (6.36)

q*
Gumani and Tang [12] also get these results when ©(-) is normal distribution.
REMARK 6.13 If 8 = 0-—that is, the spot-market price is pg; with probability
one—this equals to that the buyer completely knows the spot-market price at

stage 1. If p. < psp, from Theorem 6.5 we get that the optimal order quantity
g* at stage 1 is the solution of the following equation

0 = —p+pc+ (1+)(psh —pc) + [3 —pc] -9(q)
+(1 4+ <) (pe — psn) - O((1 +<)q) 6.37)

with the convenience ¢* = 0 if the solution of (6.37) does not exist. The optimal
order quantities at stage 2 are

a:(q" i psn) = [7(3) = ¢'T" A (sg¥),

(0" ipsn) = [r(8) = (1+ g,
the optimal expected total order quantity is given by

= Tl - ¢1d0(),
q

*

and the optimal expected profit is

*

g (143)q”
r-E[D] - s/ zdO(z) — pc/ 2dO(z)
0 q*

+Psh / B 2dO(z). (6.38)
(

1+¢)g*
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Suppose that ©(-) is normal distribution. Compared with Theorem 4 (a) of
Brown and Lee [5], because the buyer loses flexibility in the contract purchase
at stage 2 if it does not purchase anything at stage 1, to hedge this flexibility
it has to purchase some quantity at stage 1. Thus the results obtained here are
different from Theorem 4 (a) of Brown and Lee [5].

LEMMA 6.1 With Assumptions 6.1 and 6.2, and the condition pgy; < p,, equa-
tion (6.31) has a solution ¢* > 0 if and only if (6.29) holds.

Proof Setting ¢ = 0 in (6.31) and using (6.29) and the fact that ©(0) = 0, we
obtain

—p+ Bpst + (1 = B)pe + (1 = B)(1 + ¢)(psh — Pe)
+[5 — Bpst — (1 = B)pe] - ©(0) — (1 = B)(1 +5)(psn — pe) - O(0)
= —p+ Bpa + (1 - ﬁ)pc + (1 - 6)(1 + C)(psh - pc)
> 0. (6.39)

In view of lim,_.. ©(g) = 1 and Assumption (6.1), we have

—p+ Bpa + (1 = B)pe + (1 - B) (1 + <) (psh — pe)
+is = Bpst — (1= F)pe] - lim O(q)

~(1=B) 1+ <) (psh = pe) - lim O((1+<)q)

= 8§ — p
< 0. (6.40)

Taking the derivative of the left-hand side of (6.31) with respect to ¢, we obtain
a{ls = r - (- B1nd - 00)

(1= B)(1+ s — pe) - O((1 + <>q>} / dq
(

= [s — Bps — (1 — B)pc] - 999)

dq
dO(x)

~(1 =B+ ) (psn = pe) - — (6.41)

z=(14+<)q
Since pg < pe and s < pg; as assumed in (6.1), we have
s=PBpsi— (L =B)pc < s—Ppa~(1-PB)ps

= 8§ Ds
< 0.
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Thus, the derivative in (6.41) is strictly negative. The lemma follows from
(6.39)(6.41). [

LEMMA 6.2 With Assumptions 6.1 and 6.2, and the condition pg > p., equa-
tion (6.33) has a solution q* > 0 if and only if

—p —spe+ (14 ¢)[Bpst + (1 = B)psn] > 0. (6.42)

Proof Setting ¢ = 0 in (6.33) and using ©(0) = 0 and (6.42), we have

—p = 6P+ (1 +6)[Bpst + (1 = B)pst]
+(s = pe) - ©(0) + (1 + <) [pe — Brat — (1 — B)psn] - ©(0)
= —p —pc+ (1 +)[Bpst + (1 — B)psn]
> 0, (6.43)

and

—p —spe + (14 6)[Bpst + (1 — B)psu] + (s — pe) - lim O(q)

g—o0
+(1 + C)[pc - /Bpsl - (1 - /B)psh] ' qlingo @((1 + ()(D

= -p + s
< 0. (6.44)

Furthermore, taking the derivative of the left-hand side of (6.33) with respect
to ¢ and using the facts s < p < pc, psh = Psi, and the condition pg > p., we
obtain

d{ —p—spe+ (1+9)[Bpst + (1 = B)psn] + (s — pe) - ©(q)

+U+Q@w#%g—ﬂ—ﬂmm'mﬂ+0®}/®

dO(z
= (14 )%0pe — Bpat — (1 = B)pur] - S0
z r=(1+<)q
dO(q)
+(s — pe) “dg
< 0. (6.45)
The lemma follows from (6.43)—(6.45). O

THEOREM 6.6 Under Assumptions 6.1 and 6.2, the flexibility value is either
zero or a decreasing function of 3 in both the worthless and the perfect infor-
mation cases.
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Proof First, consider the case of worthless information. Using Theorem 6.4,
we know that the flexibility value is zero if any one of the following conditions
holds.

(1) P < psis

(i) p > py and Bpg + (1 ~ B)pe > p;

(iii) p > pg and p > Bpgr + (1 — B)psn + (1 — B)s(psn — pe)-

Thus, we need only to prove the theorem in case (B.2) of Theorem 6.4—that
is, when p > pg and

Bps + (1 - ﬁ)pc <p < Ppa+ (1 - ﬁ)psh + (1 - ﬁ)c(psh - pc)-

Inthis case, the flexibility value is obtained in (6.30), which is clearly decreasing
in 3.

Now consider the case of perfect information. We must consider the follow-
ing four cases:

(AD) pst < pe, p < Bpst + (1 = B)psns

)(A.Z) Pst < Pe, Bpsi+(1—B)psn < p < Bpsi+ (1= B)psn+ (1= B)s(psh—
Pe)s

(A3) pst < pe, Bpst+ (1= B)psn + (1 — B)s(psh — pe) < p;

(B) psi > pe-

The optimal solutions in the first three cases (A.1), (A.2), and (A.3) are given
in Theorem 6.5 (A), and the optimal solution in case B is given in Theorem 6.5
(B). In (A.3), we know from Lemma 6.1 that ¢* = 0, which implies that the
flexibility value is zero. Below we provide the details of the proof only in case
(A.1), since the proofs in cases (A.2) and (B) follow in the same way.

In case (A.1), if there is no contract, then we would have ¢ = 0. Then the
condition of the case implies that the inequality (6.29) is satisfied with ¢ = 0.
By Lemma 6.1, therefore, the optimal ¢* in Theorem 6.5 (A) would be given
by solving (6.31) with ¢ = 0, which we write as

s a1 [ —P+Bpa+(1- 6)psh>
fo = © (_S + ﬁpsl + (1 - ﬁ)psh ' (646)

Moreover from Theorem 6.5 (A), the optimal order quantity at stage 2 regardless
of the market price could be
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By (6.46), we have

—p+ Bpsi + (1 = B)pe + (1 = B)(1 + ) (ps. — pc)
[5 - IBpSl - (1 - 6)1’0] ’ Q(qg)
+(1 = B)(L + ) (pe = psh) - O((1 + <)gp)
= (psh — pe)(1 = B)[O(g5) — (1 + <) - ©((1 + <)gp)]
(1 - ﬂ)(psh _pc>6
< 0. (6.47)

Thus, the solution ¢* given by (6.31) with ¢ > 0 is smaller than ¢ ordered
in the absence of a contract. In other words, the buyer purchases less at stage
1 when he has a contract (¢ > 0). Then from Theorem 6.5 (A) and equation
(6.32), the difference of the expected profits with and without the contract is

a-of -5 e

((1+<)g* Vg
+psp - sign{(1 +<)¢" — q3) - / zd@(z)}
(1+¢)g*)ng
q*
+(s — Bpst) / 2dO(z), (6.48)
q’k
where
1, if x>0,
sign(z) = <¢ —1, if 2 <0,
0, if =0

From (6.48), we know that under (A.1), the contract improves the buyer’s
expected profit. Furthermore, the smaller the value of 3 is, the larger the value
of flexibility is. This completes the proof. O

6.5. Impact of Forecast Accuracy

In this section, we investigate the impact of forecast accuracy. We start with
an alternative definition of the accuracy for forecast.

DEFINITION 6.1 Consider two random variables X and Y. We say that X is
of a higher increasing convex order than Y, denoted by X >;. Y, if

E[H(X)] > E[H(Y)] (6.49)

for all nondecreasing convex function H(-).
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Clearly, if E[X] = E[Y] and X >;. Y, then
Var(X) > Var(Y). (6.50)

Furthermore, X Zic Y if and only if there exists a random variable &, with
E[e|Y] > 0 almost surely, such that

X=Y +e.

That is, X has more noise than Y (sce Brumelle and Vickson [6]).

These two facts may give us an intuitive explanation of why X is said to
be of a higher increasing convex order than Y. For more discussion on in-
creasing convex order, the readers are referred to Song [23] and Shaked and
Shanthikumar |22].

Consider two systems 1 and 2, which face demands D* and D?, respectively.
We assume all other parameters to be the same for both systems. For simplicity,
we also assume that both systems observe the same signal [ in updating their
respective demands. To be specific, demands D' and D?, following Chapter 3,
can be written as

D'=p!(I,R") and D* = o*(I, R?),

where R! and R? are independent random variables. Then " (i, R*) represents
the updated demand based on the observed information ¢ of [ for system k, k& =
1, 2. Furthermore, we say that the demand forecast for system 2 is more accurate
under the increasing convex order than the demand forecast for system 1, if

o, Rl) > 024, Rz) for each observed value 4. It follows, therefore, that
1f Ele' (i, RY)] = E[p?(i, R?)] and ' (i, R!) >;. ¥*(é, R?) for each 4, then
the variance of the updated demand of system 1 is larger than that of system 2
for each 7. In this case, we can now prove the intuitive result that the expected
profit of a system with more accurate forecasts than another’s is higher.

THEOREM 6.7 Iffor each observed value i of I, E[p' (i, RY)] = E[p? (i, R?)]
and o' (i, RY) > ©2(i, R?), then the expected profit for system 1 is lower than
that for system 2, ceteris paribus.

REMARK 6.14 This theorem claims an intuitive fact—that is, the more accu-
rate the information that the buyer will obtain is, the more profit that the buyer
will earn eventually is.

Proof of Theorem 6.7 Let I15(q, g, gs, I, Ps) be the conditional expected
profit, as defined in (6.3), of system £k at stage 2 given [ and F;. If we could
show that for any given ¢ > 0 and any observed value (4, ps) of (I, Ps),

max H2(Q> Ge, s, Z,ps) < max Hg(q ey qss b ps) (6.51)

0<gs<oo <gs<o0
0<qc<sgq 0<qc<<q
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then

E( max H%(q’qqua]rPS))

0<gs <0
0<gc<<q

<E ( max H%(Qa Ges sy 1 Ps)) ) (6.52)

0<gs <00
0<ge<sq

and in turn,

1
I'LIIIZaS( {—pq +E (0?:11532{00 HQ(qa Gcy Gs, Iv PS)) }

0<gc<cq
2
S Iglza())( {'—pq + E (()gql&xoo HQ(qv dc, QSvl, Ps)) } s
0<qc<sgq

Thus, we have the theorem if we prove (6.51). To this end, it is sufficient to
show that for any given g > 0, ¢; > 0, and ¢, 0 < ¢, < ¢gq,

T13(q, 9e» Gs» %y Ps) < TI2(q, Ge, s, 4, Ps)- (6.53)

To prove (6.53), let ¥*(z|i) and ¥*(z|i) be the conditional distribution and
the conditional density of DF for system k given 4, respectively. Thatis, ¥*(z|i)
and 9/*(z[i) are distribution and density of ©*(i, R¥), respectively. Note that
by (6.5),

k ] q+qc+gs k )
T (g, goy 0oy 6sDs) = /0 C(r =) (g4 qet g5 — 2] - B (zli)dz

+7- (q + qc + %) — Psqs — Pcfe

- (- s)/ [z — (g + go + g5)] - 0¥ (2]i)dz
q+qc+4gs
-’L(T - S) ! E[‘)Ok(iv Rk)] + 8- (q +qc + QS)
—Psqs — PcYc-
(6.54)

Note that [z — (¢ -+ q. + gs)]T is a nondecreasing convex function of z. Hence,
in view of our assumptions E[p!(, R!)] = E[p?(s, R?)] and ¢!(i, R!) >
©%(i, R?), we have

o0

H%(Q)QC,(]S’iaps) = —(T‘ - 5)/ [Z - (q + qc + QS)] '¢1(2|i)dz
qt+qct+qs

+(r—s)-E[p' (i, R)] + s (g4 gc + qs)
—Psqs — Pclc
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< ~(r—s) / T = (g gt ao)] (i)
q

+qet+qs
+(T - 5) : E[W2(i7R2)] +s- ((] +qc + QS)
—Ds9s — Pclc
= I5(q, 9c, s 5 Ps)-
(6.55)
This proves (6.53) as required. [

To investigate the impact of the forecast accuracy on the optimal expected
total-order quantity, we introduce another definition to describe forecast accu-
racy.

DEFINITION 6.2 Consider two nonnegative random variables X and Y sat-
isfying E[X| = E[Y] that have distributions Fx and Fy with densities fx and
fy. Suppose that X and 'Y are either both continuous or both discrete. We say
that X is more variable than Y, denoted by X > .5 Y, if

S(fx — fy) = 2 with sign sequence +,—, + (6.56)

—that is, there exist 0 < a; < ay < 00 such that fx(t) — fy(t) > 0 when
t€ (0,01), fx(t)—fy(t) < Owhent € (a1, ag), and fx (1)~ fy (t) > Owhen
t € (ag,00). Here the notation S(f(t)) means the number of sign changes of
a function f(-) as t increases from 0 to co.

For further discussion on the property of more variability, see Song [23] and
Whitt [26]. Note that (6.56) implies

S(Fx — Fy) =1 with sign sequence +, —. (6.57)
Furthermore, from E[X| = E[Y] and (6.56), it is possible to show that
E(X — E[X])? > E(Y — E[Y])% (6.58)

See also Song [23] and Ross [17]. As the variance measures the deviation of
a random variable from its mean, so (6.58) motivates why X is known to be
more variable than Y if X and Y satisfy (6.56).

Let T be the total quantity ordered by system k, k = 1,2. Note that T"!
and T2 are random variables. We have the following theorem.

THEOREM 6.8 Under Assumptions 6.1 and 6.2, if *(i, R") >ar ©°(4, R?)
and ¢ = 0, then there is a positive 0 such that

(i) when (r — pg)/(r — s) < 0, we have E[T'] < E[T?];

(ii) when (r — psp)/(r — 8) > 0, we have E[T?] > E[T?].
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Proof Let ¢**(q,4,p,) be the optimal order quantity by system & at stage
2, when the observed value of (I, Py) is (¢,ps), & = 1,2. It follows from
Proposition 4.11 of Song [23] that for fixed ¢ and I, there exists a §(I) such
that when

T = Psi <0, (6.59)
T—3S8
then
aMayipst) < @82a,0,ps1)s (a3, psh) < €22(q,8,sn),  (6.60)
and when
T Dsh 5 g (6.61)
r—38
then

@M ayipst) = a0 i, ps)y (a6 psn) > €52 (g,0,ps).  (6.62)

Let ¢** be the optimal order quantity by system k at stage 1, k = 1,2. If
q*k > 0, by (6.13), then q*k > () must be the solution of the following equation
with respect to ¢:

—p+ Bpa + (1 = B)psn

28 [ [l Wt + - ] a0

Zk(ash)
+1=8) [ (5= Wl + - pa)] - aA0) =0,
(6.63)

where 7 (%psl) and i* (Q> psh) are defined by

- T — p l - r— p h
ok (qlzk(q,psz)) = > and T* (qizk(q,psh)) = =
T—8 r—s

Let qsll satisfy

I T — Psl
\1]1 (Q;Z‘ZQ(qvpsl)) = r _; .

Then using (6.60),
q;l <gq,
which, in view of the monotonicity of ¥*(g|i), implies that if (6.59) holds,

i'(q,ps1) = 7°(q, ps)- (6.64)
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Similarly, if (6.59) holds,

i'(q,psh) = (g, psh)- (6.65)

Going along the same line of the proof of (6.64), we can prove that if (6.61)
holds, then

i'(g,pst) <i%(q,ps1), (g, Psn) < (g, Psh)- (6.66)
For i € [i%(q,psn), i'(q, psn)], by the monotonicity of U*(qli),
. = T — Py
U2(qli) < ¥ (ql*(a,psn)) = T_ﬁs—h’-
= ' (qli'(q,psn))
< Ul(gli).

Thus, from @!(i, RY) > ¢2(4, R?), for any i < i'(q, pst), if (6.59) holds,
then

U (qld) 2 W2 (qli). (6.67)
Therefore,
i (@.ps) .
[ = el + 0= )] 4A6)
i*(q,pst)
< [ =0 w0 p] A0, 669
and

i (q.psn)
[ =0 vl + (- pa] 4

oo

(g,psh)
3/_ " [(s = 7) - W2(qli) + (r — ps)] dA(5).  (6.69)

e}

Thus, the result ¢** < ¢*2 follows directly from
0 = —-p+ 6psl + (1 - 6)psh

, sz)
+ﬁ/ v (s = 1) V3(g**[i) + (r — ps1)] dA(3)

2(q*2,psh)
+(1-8) / I L) W)+ (r — pa)] AG)

o0
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> —p+ 6}051 + (1 - 5)psh

i (g* ! ,pst)
+ﬁ/_ T s 1) W) + (r — pa)] AG)

i (g* ! psn)
1= [ [0 W@+ (- pa)] dAG).

—0o0

The first part of the theorem is proved. The second part can be proved in a
similar way. (]

REMARK 6.15 There are many commonly used demand distributions having
the relationship ! (i, R!) >ar ©%(i, R?). For example, ¢! (i, R') is uniform
(a1 +1, by+1)and (i, R?) is uniform (ag +i, ba+1i) withay < ag, by > bo
and a1 + b; = ag + bg.

6.6. Multiperiod Problems

In this section, we generalize the problem investigated above to the multiple-
period case. Formally, at the beginning of period m (stage m.1, 1 < m < n),
there are n periods, with the knowledge of unit price p™, the contract-unit price
p* of the future optional purchase, the distributions of the spot-market price,
and the customer demand. The buyer makes a decision of initial purchase ¢™.
The buyer is also aware of that the information of the customer demand and
the spot-market price will be updated at stage m.2 between the beginnings of
periods mm and (m + 1). At stage m.2, the uncertainty of the customer demand
is reduced.

At stage m.2, it is possible for the buyer to make an adjustment in responding
to the new information obtained between stage m.1 and stage m.2. The buyer
can purchase additional product ¢* with ¢* < ¢™¢™ at the contract price p]*.
Moreover, the buyer can purchase the same product from a spot market at the
market price. We further assume that the market price can be modeled as a
random variable with geometric distribution—that is, the market price P]"* has
two possible cases—lower market price p; with probability 8 and higher
market price p; with probability 1 — 8™. Thus, the decision at stage m.2 is
to choose the purchase quantity ¢* from the spot market and ¢}* on-contract
when the market price is observed. Of course, ¢/ < ¢™¢™. Note that the
degree of quantity flexibility is determined by the flexibility bound ¢™ and the
initial purchase quantity g™ jointly.

Finally, at the end of the period, the customer demand realizes. The buyer
is assumed to lose revenue 7™ for each of unsatisfied demand, and the excess
inventory is assumed to be carried over but with the unit cost p™*. At the end
of the last period (period n), the excess inventory is assumed to have a salvage
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value of s"™. To avoid trivial cases, similar to Section 6.2, we assume
r'™ > max{pg, p¢", psh, P B 1< m <y
and
s" < min{pg;, pe, Pen, P" }-

We use D™ to denote the initial demand forecast at stage m.1 and I™ to
represent the information observed between stage m.1 and stage m.2. A time
line of the system dynamics and the ordering decisions is illustrated in Figure
6.2. Let

om(,) the joint distribution function of D™ and I™;
6™(-,-) = the joint density function of D™ and I'™;
A™(:) = the marginal distribution function of I
A™(:) = the marginal density function of I™;
U™(.|i™) = the conditional distribution function of D™ given I"™ = {™;
P (]d™) the conditional density function of D™ given I = ™,

Let 2™~ be the initial inventory level of period m. With the notation given
above, then the profit obtained at period m (1 < m <n—1)is

—p™q™ + E 05z, ¢™, ¢, g, I, P,
where
(@™, g™, ¢, g, I™, P
= E{ [rm . (Dm A (xm_l +q"+ 9+ q;”))
__pm . (thm_l + qm + q7cn + q;n _ Dm)+

am, Psm)}.

g — p;nqg]
(6.70)

The profit obtained at the last period is

-p"q" +E [Hg(l'n_laqnaquvQQ’ I, Psn)] )
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where
(=" " ¢, 5, I, )
= E{ [r” (DA @+ + g2+ )
+5" (2" "+ P+ qf - D)
(-, P;L)}

—Pede — p?q?]
6.71)

Let I (2™ ') be the maximum profit at period n with the initial inventory level
z" 1 —that is,

G
_ 7,7 ni.n—1 n .n .n 7
—}113% —Pq +E 0?;,?2(00 H2(:L‘ »q 7qcaqs;Iﬂ7Ps)
= =4
0<qp <<™q"

6.72)

Similarly, let II7*(z™1) be the maximum profit from period m to the last
period with the initial inventory level 1. Then

(=™

— m_ m mi.m—1 m m m rm m
—ﬁi}g{“l’ q +E( omnex TN, q" g5 I BT
- OSq—Z;”sscmq'”

P g g o - o) ) )
(6.73)

It is direct to verify that II*(™ 1) is concave. Based on the concavity of
7 (2™ 1), similar to Theorem 6.1, we also have the following result.

THEOREM 6.9 There are Q™, Q7 (i™, p), Q7*(i™, p1}), Qe (™, 1),
and QT (™, p™ ), which are independent of x™ 3, such that
() ifply < p* < P, then the optimal reaction at stage m.1 is

qm* — (Qm* . xm—l)—l-.

The optimal reaction at stage m.2 is to order all additional required product
from the spot market if the market price turns out to be low. If the market price
is high, the optimal reaction is to order additional product on contract and to
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order from the spot market only when the required product exceeds the quantity
[flexibility bound—that is,

QC ( m e apsl) = 07
mx . ~11t+
g™l = QU el — g™ =T,
—-17+
qc (m*’ 7psh) — (gmqm*) [Qm*( 7psh> qm*_xm 1] ,

MK

m 1+
qs (g™ 7psh) = [QT*(Z ’psh)"(1+< )t =™ 1] )

(i) ifp* < ply < D7}, then the optimal reaction at stage m.1 is

mk (Qm* _ xm—1)+7

and the optimal reaction at stage m.2 is to order additional product on contract
and to order the product from the spot market only when required product
exceeds the quantity flexibility bound—that is,

TR = (e A [QETE™ P — g™ -2
Qi) = [QEET PR = (L4 ™™ =™
™™, P = (M)A [QE T, P ~ g™ — 2™

¢ (g™ Pl = [QPE™,ph) ~ 1+ ™)™ — 2™
Proof The proof is similar to Theorem 6.4, and is therefore omitted. 0J

REMARK 6.16 Suppose that for each period, market prices are i.i.d., demands
are 1.i.d. and demand forecasts are i.i.d.— that is, for all m,

p" =0, A™()=A() and WT([) = ¥([|).

Then the optimal purchase quantities are of myopic. Formally, there exists a
pair
(Q*’ QZ ('L? psl)v Q: (Z7 psl)7 Qz (Zy pbh)v Q: (17 psh))

such that for all m,

Qm* = Q*) Q;n*(23psl) = QZ(ivpsl)a Q;n*(zapsl) = Q:(iapsl)v
Q2 (4 psn) = Qeli, psn)y Q5 (4, psn) = Q5 (4, Psh).-

6.7. Numerical Example

In this section, let us consider that the joint distribution of information 1
and demand D, ©(:,-) is a bivariate normal distribution with means x and
7, standard deviations 7 and o, and the correlation coefficient p. Then, the
resulting marginal density A(-) is normal with mean £ and standard variation
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7. The conditional density ¢(:|¢) is normal with mean 7 + po (i — u)/7 and
standard deviation o+/1 — p?. Formally,

P(D I =1

gy = TEEH=Y
Y
I = o]

= ———F——=6xp

V2roa/1 — p?

20%(1 — p?) ’
(6.74)

(see pages 22-28 of Bickel and Doksum [4]). Noting that o/1 — p? < o,
similar to Fisher and Raman [10], the bivariate normal distribution indicates how
information I enables the retailer to obtain more accurate demand forecast with
the variance measure. Now if 0 < p < 1, then D is conditionally stochastically
increasing with respect to [, and if —1 < p < 0, then D is conditionally
stochastically decreasing with respect to I. Let D; denote the random variable
with the density (6.74). When we need to stress the dependence on p, D; and
(z|t) are written as D;(p) and v (p, z|i), respectively.
In this section, we assume that

0<p<l.

From the above discussion, we know that the quality of information I can
be represented by a convenient single-parameter p, the correlation coefficient.
If p = 0, then I and D are completely uncorrelated (independent). Thus,
the realization of I provides no information about the final demand D. If
p = 1, however, I and D are completely correlated, and the realization of [
gives perfect information about the value of the final demand D. For values
of p between 0 and 1, although the relationship between magnitude of p and
magnitude of information quality is not clear; however, we have that the larger
p is, the smaller the variance of D;(p) is—that is, we can reduce the uncertainty
of D in terms of p.

Given p; and pz with 0 < p; < po < 1, we can directly verify that for any
observation of [ = 1,

Wonali) _
|z|—+o0 (2, |7)
Hence, by
1 < 1
V2r /1= p3 = V2r/1-p}
we have

Di(p1) >var Di(p2). (6.75)
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If we take Fy () = z2, then
E[F1(Di(p1))] > E[F1(Di(p2))] - (6.76)
On the other hand, let < satisfy ¢ > p, and we choose € > 0 such that

ayf1—pf+(e~1) {n+plaz;u}
T — [
<oyT= g3+ (= 1) i+ g

Then taking Fy(z) = 22 + ez, we have
E[F2(Di(p1))] < E[Fa(Di(p2)] - (6.77)

Combining (6.76) and (6.77), we know that D;(p1) >j. D;(p2) is not true.

However, we can directly verify the following monotonicity properties with
respect to p.

PROPOSITION 6.1 Assume that Assumption 6.1 holds and that 0 < p < 1.
Then we have

(1) the initial optimal order quantity q* is nonincreasing in p, and

(i) the optimal expected profit w* is increasing in p.

Proof Let
E(Qapsl) #‘*—-—[q n——g\/l_—q) (T_p:l>}’
%(%psl):,u‘f‘Ll:(l—{—gq—— — o/T= 20 ( psz)],
po .
;(q,pc)=,u+p {q 77—0\/1_ 20~ ( 5)}’
g(q,p(,»)zwr—T—{(ng_ oI (T pc)y
pa r—s
E(qyp.sfl):ﬂ‘+"—7;|:q—77——-g 1_’02(1)*1(7,_]73}1):,’
po r—38
g(‘]vPsh) M‘f‘*[(l—{—(q— _0\/1~—<I> (r_p;h>:l'

Consider the case py < p. < pgp. Let ¢ be the solution of

0 = —p -+ ,B [psl + (7' - psl) ) A(g(qapsl))

-9 [ o \:v<q|z'>dA<i>}

—00
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+(1-8) [ — pes 4 pan(1 4 6) + (r — pe) - AEa,p))

(1 + Q)(T' sh) ( (%psh))
—(r —pe)(1 + <) - A(i(g, pe))
r—s/ ) aliydAGD)
i(q,psn)
—a-9) [ e+ 9dian)
1(g,pc)

(6.78)

with the convenience ¢ = 0 if the solution of (6.78) does not exist. Define, for
each 1,

t(é, pst) —?7+pff

L o/T= i (L0,

)

b6, pc) = n+ pai—;—/j +oy/1-p2e! (ZEE) ,

r—S8

(4, psh)—n+pa—-—+0\/1—p ¢~ ( _pSh)

S

If

Dst < Pe < Dsh, (6.79)
then by (6.13) and Theorem 6.2, the optimal order policy is given by
¢ =4q
and

Z psl O>

<o

) if ¢ < Z(q*apsl)a
+ %, Pst) . e =
t( psl 7 if i > Z(q 7psl)a

sq*, if i > (g%, pe),

if i < i(q", psh),
q Z psh

0, if i < i(q*, pc)
(g 5, pen) = { £, pe) — ¢, ifi(g*, pe) < < i(q*,pe),

flpsh)— (1+<)g*, ifi>i(q", psn)-
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Furthermore, by (6.12), the optimal expected profit is given by

*

i(q* pst)
B(r —s) {/_ nr [/_q t- ¢(z|i)dz] dA(4)
o0 i(6,ps1)
z- i1)dz | dA(Z
+/t_(q*,p3l) Vm v(zl) ] ( )}

;( *Pe) *
+(1—ﬂ)(7'—8) {[q !/;q Zw(zlz)dzjl dA(Z)
i( *,Pe) £(i, )
L[ s
i(g* psn) (14<)g*
+/;(q;: [ [ O: ' z.zp(zmdz] dA(3)

[e%¢} f(q*,psh)
+/ [/ z w(z[i)dzJ dA(i)} .
i(g*.psn) |/ —o0
(6.80)

To get the case p, < pg < Psp, in view of (6.18), let ¢ be the solution of

pt ﬂ[—pcc Fpa (L) + (r — pe) - Ali(a,pe))
+(1 + C)(T - psl) ) A('Z(q,psl))
i(q,pc)

—(r = pe) (1 +6) - Alilgrpe)) — (— 9) / W(gli)dA (i)

-0

W(q,psn)

99 [

(g,pe)

w((l+ C)q\z’)dA(z’)}

11-8) [ ~pes+pon - (146) + (r — pe) - A (g p2))
+(1 + C)(r - psh) ' A(%(qvpsh))
ilq,pe)

—(r — pe)(1+) - Ai(gpe)) — (r — 5) / W (qli)dA (i)

— o0

1(q,psh)

495 |

' T((1+ <)q|i)dA(i)J =0
1(g,pc)

(6.81)
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with the convenience ¢ = 0 if the solution of (6.81) does not exist. If

Pe < Psi < Dshs

(6.82)

then it follows from (6.18) and Theorem 6.2 that the optimal order policy is

given by
q
and
0,
Z psl (i’pc> -
Sq*,
g,
) psl ]
(vasl) -
0,
q.(q", %, psn) t(i,pe) —
<q*,
* 07
qs (q 77':p5h,) )
(Zapsh) -

il
ol

if # < i(q*, pe),
q¢*, ifi(g"pe) <i<i(q* pe),
if é > 4(g", pe),
if i < i(q*, par),
(1+)g*, ifi>i(q*, ps),
if # <%(q* pe),
q*, ifi(q
if i > 4(q*, pe),

" pe) < i < i(q*,pe),

if i < i(q*, Psn),s

(1+¢)g*, ifi> (g, psn)-

Furthermore, the optimal expected profit is given by

B(r - s) { /_ z:*'pc) ! /_ io .. ¢(z|i)dz} dA (i)

i(q* 7pc)
+
i(g*,pe)

E(q*apsl)
<.
i(q*J’c)

00
+)
i(g*.pst)

£(i>pc)
[ / z-¢(z|z’)dz] dA ()
[/(Hc)q*
{/f(q*,psz)
2

z- w(z|z')dz} dA(3)

w(z|z')dzJ dA(i)}
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*

i(q* pe) q
+(1 = B)(r —s) {/_ [[ z- w(z/i)dz} dA(i)
Wg*pe) [ ilipe)
+/z(qf,,:> [/_oop z- ¢(zli)dz] dA(3)
i(g* psh) (1+4)g*
O Nd
+/i(q*,p,;) [/_oo z - (z]i)dz

0 i( ", sh)
+/ [/ o z- z/1(z|i)dz} dA(z’)} .
(g™, psn) -0

(6.83)

dA ()

Consider the proof of (i) for the case pg < p. < pgn. Write the right-side
of (6.78) as H1(q, p). Note that

i F1(0p) = =04 B|pat (=) = (=)
+(1- ﬁ)[“pcc + psn(14¢) + (r — pe)

A4 —pe) — (r—8)+ (L r ~p5h>]
= s—p<0. (6.84)

On the other hand, for all ¢ > 0,

011 (0,7)
9q
1(q,pst)
= —B(r - s)/_ 7 palane)

1(q,pe)
~(1—ﬁ>(r—s>{ / M (aliyaAG)

H(q,psh)
: /( " w<<1+c>qu'>dA<z'>}

g,pe)
< 0,
(6.85)
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where we use

=P
v (glite,p) = =,
_ = DPsl
(QI"(‘LPSZ ) =
. I'=DPc
‘If(( + <)ali( q,pc) =
’r' —_—
((1+< qli(q, psh ) S
r—2s
Therefore, by (6.84), we get that
q* > 0 ifandonly if H;(0,p) > 0. (6.86)
Let ( )/
—n—po(u—pw)/7
m = .
1(p) O_m
Furthermore,
BHI (Ov p)
9p
I(Oxpsl) . dm
——p-9) [ w0l -ovT= A ang
—0C
Z(Ovpc) dm )
1= B)(r ) { [ v ovi= T e
—00

(0,pc)

H(0,psh)
+(1+ ()/ o »(0]7) - oy/1 — p2dTr;1p(p)dA(i)} .

(6.87)

By some simple integral calculation, we have

1(0,ps1) m
_5(7«_3)/ " (00) - o/ T= 20 dlp( )dA()

—0o0

. 2
i0ps) 1 2 [a’—;ﬁ + pn]

:—ﬂ(r——s)/ —— exp il “eXp — s
oo 27T 202 20%(1 — p?)

o4 )
N elt=ppn)

<0, (6.88)
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and similarly,

(0, -
—<1—ﬂ><r—s>{[ " (o - T

o0

i(0,psn)
rrg [ v e )dA<>}

1(0,pc)
< 0. (6.89)

Combining (6.87)—(6.89), we obtain that

0H,(0, p)

9 < 0. (6.90)

Therefore, there exists a pg (0 < pg < 1) such that for p € (0, po),

Hi(0,p) >0, (6.91)
and for p € (po, 1),
Hy(0,p) <0. (6.92)
It follows from (6.86) that
g*#0 forpe (0, pp), (6.93)
and
q¢* =0 forpe (py, 1). (6.94)

Consequently, ¢* is the unique solution of equation
Hl(%p) =0 fOI'p € (09 PO)
To prove (i) of the proposition, from (6.93)—(6.94), it suffices to prove that for
p € (0, po)
dg*
dp

We will use the implicit derivative formula to prove (6.95). Let

< 0. (6.95)

q—n—po(u—p)/T
ma(p) = U\;’T__pz“ ,

A+<)g—n—po(u—p/r

o1—p
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By the right side of (6.78), similar to (6.87),

OH1(q, p)
9p
E(q,Psl)
—=pr—s) [ wlal) /T p?dmd—zp(p’dz\m

1(g,pe)
—(1 =) - ) { / M gl o/ p2@§§QdA<i>

—00

{(q,psn)
w7 ) 'UVl—demd—S;p)dA(i)}.

(g.pc)
(6.96)
Similar to (6.90), we can show by (6.96) that
H
9M(a.p) (6.97)
Op
Consequently, by the implicit derivative formula, (6.85) and (6.97) yield that
dg* OHi(g,p) / OHi(g,p)
—_— = 6,98
dp Oq dp >0, (6.98)

which proves (6.95). Thus we prove (i) for the case py < p. < psp. Going
along the same line, by using (6.81), (i) for the case p. < pg < pgp can be

proved.
Similar to the above proof of (i), we can prove (ii) by using (6.80) and (6.83).
The detailed proof is omitted here. O

Next, we carry out a series numerical experiment. The objective is twofold:
first, to implement the algorithm for the general case where the close-form
solution does not exist; second, investigate how factors such as the quality
of information and the distribution of the spot-market price affect the optimal
solutions.

For a given set of contract parameters (such as contract price and flexibility
factor ¢) and spot-market parameters, the quality of information revision is the
key factor for the optimal decision. The effect of the quality of information
revision is illustrated in sequel. We define the degree of forecast improvement
f(p) as f(p) =1 — /1 — p?. The parameters for the numerical example are
listed in Table 6.1

Figure 6.3 depicts the order-quantity decision with respect to the quality-
of-information revision. In the numerical experiment, we choose a different
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Psh Pe Pst 4 r S 2 T n o
5000 | 4000 | 3000 | 3000 | 10000 | 800 | 10000 | 7500 | 10000 | 7500

Table 6.1. Parameters used in the numerical experiment

contract flexibility factor ¢ and 3, which is the probability of taking the low
price at the spot market. It is intuitive to observe that the order quantity reduces
as the quality of information update improves. In addition, when the probability
of taking the low price at the spot market is high, the order quantity is low as
well. The reaction to the flexible factor ¢ is interesting. Take the case of 3 = 0.8
and the flexibility factor ¢ = 0.2 as an example. Compared with the case of
the larger flexibility factor (¢ = 0.6), when the information quality is low, the
optimal order strategy is to order less; when the information quality is high,
the optimal order strategy is to order more. This is because the initial order
is not adequate when the information quality is poor. The contract flexibility
may not provide a sufficient cushion. On the other hand, when the quality of
information is good, it is beneficial to make a larger initial order, which will
provide a larger buffer for potential changes.

6.8. Concluding Remarks

In this chapter, we have studied single and multiperiod quantity-flexible
contracts that allow an initial order at the beginning of a period, a forecast
revision in the middle of the period, and further purchases on contract and in
the spot market before the demand is realized at the end of the period. The
additional purchase quantity on the contract at a contractual price is limited by
the specified flexibility limit. Any amount, however, can be purchased on the
spot market at the prevailing market price. The initial purchase quantity at a
given price is based on the demand distribution, the market-price distribution,
the contractual prices, the flexibility level, and the possibility of a forecast
revision before additional purchase. We provide optimal initial orders and the
optimal feedback quantities to be purchased following the demand-forecast
revisions. We examine the impact of the information quality and the flexibility
on the optimal decisions. We measure the value of flexibility and provide
conditions when this value is positive.

We would like to point out that this is an initial study of optimal management
and design for the flexibility contracts. We have made a number of simplifica-
tions in this study. In our model, the inventory carry-over induces a temporal
relationship between the earlier and later periods. On the contrary, by allowing
lost sales, the demand temporal relationship is not modeled. We also ignore the
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fixed order cost in our model. Although we believe that it is still trackable, by
taking these factors into consideration, the k-convex function and the dynam-
ics of fully backlogged demand would make the problem more challenging.
Another stimulating model could include an exercise price for the contract. In
addition, we allow only two possible market prices, high and low, which are
geometrically distributed. This could be extended to allow for a range of prices
having a general probability distribution as well.

6.9. Notes

The chapter is based on Sethi, Yan, and Zhang [21].

Eppenand Iyer [9] study a special form of the quantity-flexibility contract that
allows the retailer to return a portion of its purchase to the supplier. Bassok and
Anupindi [3] analyze a single-product periodic-review inventory system with a
minimum-quantity contract, which stipulates that the cumulative purchase over
the life of the contract must exceed a specified minimum quantity to qualify for
a price discount. They demonstrate that the optimal inventory policy for the
buyer is an order-up-to type and that the order-up-to level can be determined
by a newsvendor model. Anupindi and Bossok [1] extend this work to the case
of multiple products. In this case, the supply contract requires that the total
purchase amount in dollars exceed a specified minimum to obtain the price
discount. Tsay [24] studies incentives, causes of inefficiency, and possible ways
of performance improvement in a quantity-flexibility contract. In particular,
Tsay [24] investigates order revisions in response to new demand information,
where the information is a location parameter of the demand distribution. Tsay
and Lovejoy [25] investigate the quantity-flexibility contracts in more complex
settings of multiple players, multiple demand periods, and demand-forecast
updates. They study issues relating to desired levels of flexibility and local and
systemwide performances.

Similar to the structure of quantity-flexibility contracts, a form of take-or-pay
provision has been used in many long-term natural resources and energy-supply
contracts (Tsay [24]). A take-or-pay contract is an agreement between a buyer
and a supplier, which often specifies a minimum quantity that the buyer must
purchase (take) and the maximum quantity that the buyer can obtain (pay)
over the contract period. Brown and Lee [5] note that capacity-reservation
agreements, common in the semiconductor industry, have a similar structure.
Brown and Lee examine how much capacity should be reserved as take and
how much capacity should be reserved for future (pay).

Related research has been carried out in the area of inventory management
with demand-forecast updates. It is possible to classify this research into three
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categories. The first category uses Bayesian analysis. Bayesian models were
first introduced in the inventory literature by Dvoretzky, Kiefer, and Wolfowitz
[8]. Eppen and lyer [9] analyze a quick-response program in a fashion-buying
problem by using the Bayesian rule to update demand distributions. The use
of time-series models in demand-forecast updating characterizes the second
category, which includes the papers by Johnson and Thompson [ 1 5] and Lovejoy
[16]. The third category is concerned with forecast revisions. This approach
is developed and used by Hausmann [13], Sethi and Sorger [18], Heath and
Jackson [14], Donohue [7], Yan, Liu, and Hsu [27], Gurnani and Tang [12],
Barnes-Schuster, Bassok, and Anupindi [2], Gallego and Ozer [11], Sethi, Yan,
and Zhang [19, 20], and others. We refer the readers to a more detailed review
in Chapter 1.
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Chapter 7

PURCHASE CONTRACT MANAGEMENT:
FIXED EXERCISE COST

7.1. Introduction

In this chapter, we consider a single-period two-stage model in which any
purchase on contract at stage 2 incurs a fixed cost of exercising the contract.
Once the contract is exercised, the buyer may increase the initial order quantity
by any amount at a higher unit cost or cancel some or all of the ordered items
for a lower-than-cost refund. In contrast, the previous chapter considers a mul-
tiperiod model with two decision-making stages in each period and the extend
of flexibility as a decision variable at stage 1, but with no contract exercise cost.
The model under consideration in this chapter involves newsvendor formulas
and an (s, S) type policy. These features allow us to obtain an explicit solution
that provides a number of valuable insights into a better purchase-contract man-
agement. When there are other means of hedging demand uncertainties such as
product substitution, we establish the value of the purchase contract. We prove
that the optimal cost function is monotone with respect to the contract-exercise
cost. Inaddition, we demonstrate the asymptotic property of the cost function—
namely, that the cost converges to a fixed value when the contract-exercise cost is
sufficiently large. These findings provide benchmarks in determining strategies
for hedging demand uncertainties.

The chapter is organized as follows. Section 7.2 introduces the notation
and formulates the problem. After a discussion of factors that are involved
in decision making, we formulate the problem of deriving the optimal initial
order at stage 1 and the optimal adjustment policy at stage 2 as a two-stage
dynamic programming problem. Section 7.3 proves that the optimal policy
at stage 2 is a generalized (s, S) policy. While the problem at stage 1 for
any given demand distribution can be solved numerically, we provide closed-
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form solutions for a popular class of demand distributions in Section 7.4 and
explicit solutions for uniform distributions in Section 7.5. The explicit nature
of these optimal solutions facilitates the application of sensitivity analysis in
deciding about the investment the buyer can make in improving the forecast
update and contract parameters. Moreover, it is also possible to determine a
critical contract-exercise cost above which the contract is not as desirable as an
available hedging alternative. Section 7.6 summarizes the chapter and points to
future research directions. The chapter is concluded with notes in Section 7.7.

7.2. Problem Formulation

A purchase contract is an agreement between a supplier and a buyer that
specifies terms of purchase and delivery. In the agreement, the buyer indicates
an intended order quantity with an understanding that changing this initial order
quantity at a later stage is subject to a fixed contract-exercise cost and a higher
variable reorder cost or a lower-than-cost refund. Therefore, we divide the
buyer’s decision process into two stages. In the first stage, the buyer places an
initial order. In the second stage, based on the improved demand forecast and
the decision made in the first stage, the buyer may adjust the initial order upward
at a cost no less than the initial cost or downward with a refund value that is
lower than the initial cost. In addition, a fixed exercise cost is also incurred if
any adjustment is made. The items with the confirmed quantity at stage 2 are
delivered at the end of the second stage.

Specifically, the buyer faces the following cost parameters: a costof ¢; > 0
per unit for items ordered at stage 1 and a cost of c3; > 0 per unit for items
ordered at stage 2. On the other hand, if a unit of the stage 1 order is cancelled
at stage 2, it is modeled as a negative order at stage 2. In this case, the buyer has
either a refund value or must pay a cancellation cost. We model this situation
by letting co9 denote the refund value or the cancellation cost per unit at stage
2, where co5 is the unit refund when c95 > 0 and —cg5 is the unit cancellation
cost when ¢py < 0. This phenomenon of cancellation cost is common when the
merchandise is perishable or environment-polluting. It is reasonable to assume
that ca; > ¢; > c¢99. In addition, there is a fixed contract-exercise cost K at
stage 2 for adjustment to the initial order quantity. Furthermore, as is standard,
we assume a unit shortage cost of p > cg; for any unsatisfied demand, since
otherwise it would be trivially optimal for the buyer not to order additional
items at stage 2. A unit holding cost of A > min{0, —cg2} is charged for
excess inventory. Note that when cgs < 0, the unit holding cost must be more
expensive than the unit cancellation cost —cgg, otherwise it would be optimal
not to cancel any part of the initial order. We leave out two trivial cases, p = ca;
and h = —ca9y > 0, for which the optimal solution is straightforward.
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Let D > Orepresent the randomdemand. Let] > Orepresent an information
observed in stage 1 with cumulative distribution A(-) and density A(-). Let
U(-|¢) denote the cumulative distribution function of D given I = 4 with ¢)(-|2)
as the corresponding density. The information I represents an improved forecast
(in terms of the conditional distribution) of the demand D.

Denote g as the order quantity in stage k, k = 1,2. We can write the
conditional expected cost at stage 2 as

2(q1, 92, 1)
K+caq) @2 +Eh-(q+g—-D)F
= +p- (D —q —q@)"|I], ifg#0,
Elh-(qn— D) +p-(D—q)"[1], if g2 = 0,

where

_J e, if g2 20,
CQ(QQ) - { coo, if q2 < 0.

Note that ¢ is a history-dependent decision variable and that 112(q1, q2, I)
is a random variable. For I = i, we write the conditional expected cost, which
we note is not a random variable, as

a(q1,92,%) = a(q1, 92, 1) - (7.1)
I=i

The total expected cost is
c1q1 + E[IT2(g1, g2, I)] - (7.2)

Our purpose is to minimize the total expected cost—that is, the value function
7] is defined as follows:

q12
922—91

71 = min <ciqr+E| min {Ia(q1,¢2,4)}| ¢ -
20 922 —q1

The dynamic programming equations for this problem are

m5(q1,1) = min {I2(q1,92,%)}, (7.3)
q22—q1
71 = min {1 (q1)}, (7.4
q120

where
Ii(q1) = c1iq1 + Em3(qu, I)] . (7.5)
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7.3.  Optimal Solution for Stage 2

In this section, we explore structural properties of the second-stage cost
function in our contract model. First, we consider the case when there is no
fixed cost of exercising the contract. Thus, with K = 0, the cost function (7.1)
reduces to

Ga(q1,92,%), q2 >0,

Galq1, go,1) = {
G;(qlackai)? qo < 0,

(7.6)
where
Gyla1,q2,1) = cug@+E[h - (@+q@—D)"
+p- (D —q1—q2)" |1 =1i],
Gy (q1,92,%) = cooq+E[h-(n+q—D)*
+p-(D—aq1 =) |1 =1].
Note that

lim G;(Qla q2, Z) = lim G;(qh q2, 7’) = GQ(Qh 07 Z)
q210 q210

and therefore that G (qi, q2, ¢) is continuous with respect to g2. We present the
optimal solution in the following lemma.

LEMMA 7.1 The cost function G2(q1, q2, 1) is convex in qo and differentiable
except at g = 0. The optimal adjustment at stage 2 without the fixed exercise
cost is

21(2) — 41, lf 7 < 21(2)7
q;(leZ) = 07 lf E1(7’) S q1 < 22(1)7
Eo(d) —qu, I @1 > Do(d),

7.7
where
0 < E1(3) = ¥7H(B1]0) < To(i) = ¥H(B:]0), (7.8)
with
By=P"2% p=12 (7.9)
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Proof Let
Gla,q2,%) = E[h-(@+q@-D) +p- (D-q-q@)"|I=1i],

and

_ _ o1 g2, if 220,
G(Q11Q2,Z) -

€22 g2, if g2 <O.

We know that G(ql,q2,i) is convex and differentiable and that G(q1, g2, 1)
is convex and differentiable except at ¢; = 0. Therefore, the convexity of
G2(q1,92,1) in ¢q and its nondifferentiability at go = 0 follow from

Ga(q1, 92,%) = Gla1, 92,%) + Glq1, 2, 9).
For g > 0, setting

oGS '
P00 _ ()t (o Mo + ol =0
(7.10)

provides the minimizer X1 (¢) as specified in (7.8) and (7.9). Likewise, for g3 <
0, using G5 (q1, g2, 1) instead of G5 (g1, qo, %) in (7.10) gives us 2 (i) > £ ()
as specified in (7.8) and (7.9). Itis obvious from (7.9) and (7.10) that g3 > —q;.
Clearly, then, the policies delivered for ¢; < 31(¢) and ¢1 > 23(¢) in (7.7)
are optimal. Furthermore, when X1 (i) < q; < 39(4), the optimal solution can
only be g2 = 0. Instead of (7.10), the optimality condition in this case, because
of the nondifferentiability at ¢ = 0, is

0€ |(cz2 = p) + (p+ W) (ar +g2li), (e =)+ (p+ W)W (a1 + )]

which clearly holds when ¢; € [¥,(7), X2(7)]. 0

REMARK 7.1 Note that g; can be considered to be the inventory level at the
beginning of stage 2. Then the stage 2 problem when ¢5(q1,7) > 0 is easily
seen to be the standard newsvendor problem. The result in Lemma 7.1 could
therefore be considered as an extension of the newsvendor problem when returns
are allowed.

REMARK 7.2 When p = cp; and h = —cgg, there is a unique optimal order
quantity g5(q1,4) = 0.
In Figure 7.1, we depict the cost Ga(q1, g2, ) as a function of ¢y with five

different values of g;. From (7.6), we see that each cost curve consists of two
pieces: G5 (g1, g2,%) for g2 < 0 and G (g1, g2, ) for g2 > 0. The cost curve
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100

80

Figure 7.1.  Curves of G2(q1, ¢z, ¢) as a function of ¢2 when ¢; takes different values

a has an interior minimum of G5 (g1, g2,7) at g2 < 0. In this case, g1 > 35(1)
and g3 = Xo(¢) — ¢1 < 0. When ¢; decreases to ¥2(4), we get the cost curve
b where the interior minimum of G5 (q1, g2, 1) is obtained at g5 = 0. Going
to the other side, when g; < $1(4), we have cost curve e. Here G (g1, g2, %)
takes an interior minimum at g5 = X(¢) — gq; > 0. When ¢; increases to
¥1(%), we get the cost curve d where G (g1, qz,%) has an interior minimum
at g5 = 0. The remaining cost curve c represents the case of a q; such that
£1(i) £ ¢1 £ ¥3(4). Here, the minimum is at g5 = 0. This minimum is a
boundary minimum of both G (q1, g2, %) and G5 (q1, g2, %). In fact, the interior
minimum of G5 (g1, g2, ¢) would be at some g, > 0 if it was applicable. Then
likewise, the interior minimum of G3 (g1, g2,) would be at g2 < 0 if it was
applicable.

We now return to the case when K > 0. The cost function Il3(q, ¢2, )
is discontinuous at g = 0. Consider the difference between the cost of no
ordering and that of bringing the inventory level up to ¥;(7) or down to ¥5(7)
depending on whether ¢; < X1(4) or g1 > £5(7), respectively.

LEMMA 7.2 With 3;(t) and 35(t) given by (7.8), we have

(i) G5 (q1,0,9)~ K — G5 (q1,21(3) — qu, ) is strictly convex and decreasing
inq forall 1 < £1(i), and G5 (¢1,0,9) — K — G5 (q1, £2(2) — q1, %) is strictly
convex and increasing in q1 for all ¢ > Xo(1);
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(ii) there exist a unique o1(i) < X1(i) such that
G35 (01(3),0,i) = K + G3 (01(4), 21 (2) — 01(4), %)
and a unique o9(i) > 2o(i) such that

G5 (02(3),0,4) = K + Gy (02(i), Sa(d) — 02(i), 1),

Proof Define

A(qlaz>
3 { G5 (q1,0,4) — K — G3 (g1, 21(3) — qu, %), @1 < Z1(d),
GQ—(ql?Oai)—KmGé‘(thQ(i)—(hai)v q1 > 22(1)7

(7.11)

to be the difference between the cost of no ordering and that of bringing the
inventory level up to 3 (%) or down to X5(¢) depending on whether ¢; < (%)
or g1 > Ya(i), respectively.

(i) Since GQL (q1,0,1) is strictly convex in ¢; and G5 (g1, £1(8) — ¢1,%) is
linear in g1, A(qy, 1) is strictly convex in g; for ¢; < ¥1(¢). Similarly, A(qg1,1)
is strictly convex in ¢ for ¢; > ¥9(¢). Differentiating A(q, ¢) with respect to
q1 gives

dA(g1, )

dq:
_ (p+h)¥(q1]i) — (p—ca1), if q <Z1(9),
(p+h)¥(q1li) — (p—c22), if g1 > Bald).

For all ¢; < 21(1), U(q1]i) < U(%1(2)|i) = (p — ¢21)/(p + k), and for all
a1 > To(i), W(arli) = W(Ta(0)[i) = (= c2)/(p + h). Thus, Algy,i) is
decreasing in q; when ¢; < ¥1(4) and increasing in g; when ¢; > X2(7).
(ii) From (7.11),
im Alg,i) = —K < 0.
q1721(4) (@1,)
Also, it is easy to see that since p > co1, llirn A(q1,i) = 400. In view of
q1l—0o0

the fact that A(qy, ) is decreasing in ¢; for ¢; < £1(7), there exists a 0 (4) as
stipulated in the statement (ii) of the lemma.

The proof of (ii) for the existence of the required o9 (7) is similar. Here our
assumption of h > —coy implies that A(q,i) — o0 as ¢ — +o0. O
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Based on above preliminaries, we present the main result of this section as
follows.

THEOREM 7.1 The optimal policy at Stage 2 is
L1(1) —q, if @1 <o1(i),
a(q1,9) =< 0, if 01(i) < @1 < 02(d),

Yoli) —qu, if @1 > 02(i),
(7.12)

where 1 (i) and 34(t) are defined by (71.8), and 0,(i) and o4(i) are given by
Lemma 7.2,

Proof The proof requires a number of cases to deal with. Recall that
GQ(q1)O7i) = G—Q’_(QMO,Z) = GQ_(thaZ)
Case 1: [q1 < Z1(4)]
By Lemma 7.1,
min {K + inf {GQ_(QI’Q27i)}7 GQ(Ql, 0>i)7
g2<0
. + .
K+ q12n>f0 {Gz (q1,92, t)}}
= min {K+G2_(QI707Z)7 GZ(thyi),
K + G (g1, 510) — an, i)}
= min {Gé(ql,O,i)’ K+ G3(q1, 1) — Q1,i)}-
By (ii) of Lemma 7.2, when q; < o1(¢), we have
G+(Q170vi) > K + G+ (qlv 21(7’) - QI7i>‘
Thus, ¢5(q1,4) = £1(4) — ¢1. When g1 > o1(7), we have
G:’;(q O 7') < K+ G+(q1721( ) - Q1,i)>
i)

and therefore ¢5(q, ¢
Case 2: [g; > E2(1)
By Lemma 7.1,

m]n{K+q12n<f0{GE(QDqui)}’ GQ(qlvovZ)a

. + .
K + q121'1>f0 {GQ (Q17 q2, Z)}}
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:mln{K+G2_(q1:22(’L) _Q17i)7 GQ(Ql’Oai)7
= min {K + GZ_(QD 22(1) - @h?i)) GZ_(qla 072)}

By (ii) of Lemma 7.2, we have ¢5(q1,%) = Z3(¢) — 1 when ¢1 > 02(4), and
¢3(q1,7) = 0 when £9(i) < ¢1 < 02(2).

Case 3: [£1(i) < g1 < %p(3)]

By Lemma 7.1,

min {K + q12n<f0 {GZ—(quq27i)}7 G?(q1a07i)7
. + .
K + q12n>f0 {GQ (QI7 q2)2)}}

= min {K+G5(Q1,O7Z>7 GQ(QI’Oai)7 K+G;—(Q1,0,l)}
= Gg(ql,o, 2)

Thus, ¢5(q1,7) = 0. C

This policy is a composition of two (s, S)-type policies—one for increasing
the initial order and the other for decreasing the initial order. We term this policy
as (01(i),2%1(i);02(i), X2(3)) or more simply as (o7, X1; 09, X2)(4) policy.
The parameters o (¢) and 21 (z) are reorder point and order-up-to level, whereas
o9(¢) and 39(7) are reduction point and reduce-down-to level, respectively. In
other words, the buyer increases the initial order to raise it to X1(z) when the
initial order is lower than (), the buyer decreases the initial order to reduce
it down to 35(7) when the initial order is higher than o4 (%), and the buyer takes
no action when the initial order is within the interval [0 (3), o2(7)].

The (01, X1; 092, 22)(i) policy can be considered as a generalized newsven-
dor problem with a piecewise linear order or cancellation cost and a fixed cost.
For newsvendor models with piecewise linear cost, with set-up cost, or with
cancellation, respectively, see Porteus [7].

REMARK 7.3 The optimal order-up-to level £;(¢) and reduce-down-to level
¥9(7) do not depend on the fixed contract-exercise cost K. In contrast, the
reorder point ¢;(¢) and the reduction point o2(z) depend on K. Intuitively,
the optimal order-up-to and reduce-down-to levels strike a balance between
overordering and underordering, while the reorder and reduction points measure
the tradeoff between inventory or shortage cost and the fixed contract-exercise
cost.
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REMARK 7.4 When p = ¢3; and h = —cy9, there is a unique optimal policy.
If p = cg1, taking no action when ¢q; < 3,(4) is clearly an optimal policy.
Likewise, if A = —cag, taking no action is optimal when ¢q; > Xo(3).

7.4. Optimal Solution for a Class of Demand Distributions

In this section, we explore the optimal policy under the following assump-
tions about the information and the conditional demand distribution given the
information.

DEFINITION 7.1 For any given two random variables X and Y, X is called
a location parameter of the conditional distribution Y given X = x if for any
Ty 2 T,

P(Y<ylX=z)=P(Y Sy—z1+a9| X =2x9).

ASSUMPTION 7.1 The information I is a location parameter of the condi-
tional distribution D.

A location parameter specifies an abscissa location point of a distribution.
Usually, a location parameter is the midpoint or lower endpoint. Many distri-
butions including exponential and uniform can be characterized by a location
parameter.

If 4 is the location parameter of the conditional distribution D, then it is clear
that for i, > iy, we have

Y(nlia) = P(n—ia+i1)i1), (7.13)
U(nlia) = V(n—ig+ili1). (7.14)

In writing (7.13) and (7.14), we understand that ¥(z|¢) = ¢(z|i) = 0 when
x < 0, in view of the fact that D > 0. We can now prove the following result.

THEOREM 7.2 Under Assumption 7.1, for any integrable function H(-) and
g 2 11,
E[H(.T*DHZQ] = E[H(:E—D—(’ig—il))|i1]. (7.15)

Furthermore, define w(z,i) = E[H(x — D)|i|. Then for iy > i1,

w(z, i) = E[H(x — D)|ia) = E[H(z— D — (ia —i1))|i1]
= w(x — iy +11,%1).
(7.16)
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Proof Using (7.13), we have

+00
E[H(z~D)lio] = [  H(z—mn) p(nliz)dn
+00
= H(z—n)-¥(n—iy+ir|in)dy
+00
= | H{x —n— (ia — 101)) - ¥(nléy)dn

= E[H(z - D - (iz — i1))|aa].-
The proof of the second part follows trivially from the first. O

REMARK 7.5 The analysis in this chapter goes through for the case when the
conditional distribution of demand D given the information is approximated by
a normal distribution. In this case, we would choose the mean as the location
parameter.

Relation (7.16) says that the value of a function w(-,45) at a point = given
i9 can be obtained by evaluating the function w(-,4,) at the point z — i + 1.
Geometrically speaking, w(-,i2) is nothing but the function w(-,4;) shifted
to the right by an amount 49 — 4;. This immediately gives us the following
corollary.

COROLLARY 7.1 Under Assumption 7.1, the optimal order-up-to level 1 (")
and reduce-down-to level 35(-) satisfy

i (in) = Lp(ir) + i — iy forany iy >4y, k= 1,2.

For the optimal reorder and reduction points, similarly, we have the following
results.

COROLLARY 7.2 Under Assumption 7.1, the optimal reorder and reduction
points satisfy

op(ie) = op(iy) + 2 — 41, for i >4, k=12 (7.17)

Proof We prove only the case when £ = 1. The proof for the case k = 2 is
similar.

Gy (q1,q21¥2) = Elcage+h - (@1+q—-D)"
+p- (D —q1 — q2) " |i2)
= Eleaiz+h-(n+q@—D—ix+i)"
+p- (D +ig—i1—q — q2)*| 1]
= Gf(q—iz2 +i1,q2lin). (7.18)
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By Lemma 7.2, 01 () satisfies

GF (01(12),0[ir ) = K + GF (01(62), T (i2) — 01(in)

Gy <01(i2),0 iz) =K+ Gj (01(2'2), 1 (i2) — 01(i2)
Subtracting (7.19) from (7.20) gives

Gy (01(i2)70 iQ) -Gy (Ul(il)a 0}%&)
= G (o1(i2), T (i2) — o1 (ig)‘ig)
~G§ (o1(i2), Z1(ir) = o1 (i) i) (7.21)

Using (7.18), definition of G, and Corollary 7.1 on the right-hand side of
(7.21) yields,

il), (7.19)
z‘g). (1.20)

Gy (Gl(izz) —ig + 141, 81 (d2) — 01(2'2)’&)

=G (o1(01), Za (i) = o1 ()| i)

= cy; [01(1'2) —o1(i1) — 2 + il] (7.22)

Using (7.18) on the left-hand side of (7.21) as well as combining (7.22) yields
Gf (O’l(ig) — iy +1i1,0 il) ~ G (al(il),O z']>

= o [01 (in) — 01(31) — ia + 2'1]. (7.23)

It is clear that o (i2) = o1(¢1) + (i — 41) is a solution of (7.23). O

Corollaries 7.1 and 7.2 imply that both the reorder and reduction points can
be expressed as the summation of the location parameter ¢ and a constant term
that is independent of <. That is, if i € [0, +o0),

O'k(i) =i+ug, k=12, (7.24)

where uy, = o4 (0).
Based on the optimal policy (7.12) at stage 2 and using (7.24), we write the
optimal cost function at stage 2 as follows:
K -+ G;(Qh 21(2> - ql’i)a
if 1> q1— uy,

m5(q1,1) = ¢ Galq1,0.2), if g1 —up <4< q —uy,
K+ GQ_(qlaEQ(Y’) - ‘h»i):
if 1< q;— uo.

(7.25)
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From the definition of o (7) in Lemma 7.2 and the fact noted in connection
with (7.6), we can see that 75 (g1, ¢) is a continuous function of 7. Using (7.25)
in (7.5), we obtain

Mi(q1) = aqa+ /Om_u2 [K + G5 (q1, X2(i) — Q1ai)]dA(i)

g1 —u1l
+/ G2(q1,0,4)dA(7)
q

1—U2

; /q°° [ma;(ql,zl(i)—ql,z')]dAm.

1—Uuy

We take its derivative with respect to q1,

dlT;(q1)

dq:
gi1—uz
=+ [K - / CondA (i)
0

+G3 (a1, %2() — a1,9) | - A()

i=g1—u2
+Ga(q1,0,q1 —u1) - AMq1 — u1)

~Ga2(q1,0,q1 — u2) - M(q1 — ug)

oo

n /q no [(p+ B (q1}i) — p|dA() - / cardA (i)

1-—U2 q1—uy

- {K + Gy (q1,21(4) - qm’)} + A7)

i=q1—uy

q1—uz oo
=C1 — / CQQdA(i) - / C21dA<'i)
0 q

1—-U2

+ /qql_m [(p +h)¥(quld) — (p - 021)] dA(7)

1—Uu2

1=q1—U1 1=q1—uz

qi—u2 S
=C1 — / CQQdA(i) - / CgldA(i)
0 q

1—Uu2

4 / U o+ W) — (- ean)] dAG),

1—Uu2

(7.26)
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where the second equality uses the definitions of co(-) and A(gy,%), and the
last equality is obtained by noting that A(q1,%)|i=q,—u, = A(o%(i),4) = 0 for
k=1,2.

We can now state the main result of this section.

THEOREM 7.3 With Assumption 1.1, there exists an initial-order quantity g}
that minimizes 11y (q). Moreover, the optimal initial-order quantity q3 satisfies

‘IT**uz e’}
0 = Cl—-/ CQQdA(i)—/ CgldA(i>
0 q

17 U2

e[ [ maail - - elar. a2

1—u2

Proof The existence of ¢j follows from the facts that

dIl qr—u2 o
i 0D o / casdA (i) ~ / co1dA(d)
an—0 dgp q1—0 0 q1—u2
= ¢ —c¢a
< 0
and

I o0
lim ———————d L (QI) = 1 — / ngdA(i)
ni—oo  dqp 0

= (1 —C2
> 0.

O

REMARK 7.6 If the density function A(+) is a Pdlya frequency function of
order 2 (PF3), then the total expected cost II;(g1) is a unimodal function of ¢,
and the optimal initial order quantity ¢} is uniquely determined by (7.27).

The definition and properties of PFs functions can be found in Karlin [6] and
Porteus [7] . We should point out that unimodality of IT;(q;) holds also for
some densities that are not PFy. A particular case is that of uniform distribution,
treated below.

7.5.  Analysis for Uniformly Distributed Demand

In this section, we assume a uniformly distributed demand. We obtain a
closed-form solution for both stages 1 and 2. With the closed-form solution,
we further investigate the values of the forecast update and the purchase contract.
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7.5.1  Optimal Solution

Here we study the purchase-contract problem defined in Section 7.2 under the
assumptions that [ is uniformly distributed over the interval ['y — %, v+ %
and, given I = ¢, that D follows the uniform distribution over the interval

i— 52, ¢+§g}. Thus,

M) = 1, ic[y-4 v+,
M) =3(i-v+8), icly-4 7+4|,
$nli) = &, neli-5, i+ %,
vy =& (n-i+%), neli-%, i+,

where 0 < ¢ < 1 represents the fact of reduction in the forecast errors at
the updating stage. The value of € can be obtained from either the buyer’s
experience or regression methods. Note that all of these functions are assumed
to be zero outside their respective ranges defined above.

REMARK 7.7 The above specifications do not imply that the unconditional
distribution of D is uniform. Indeed, the unconditional density function of D
is given by

- (v-3-%)] iwnel-3-g2 1-3+8),

L if n€<’y—%+%, w%—%),

Depending on the amount of total order g; + go, there exist three possibilities
for the expression of the cost function G2(q1, g2, %) defined in (7.6). If the total
order is below the lower bound of the conditional demand given the information,
then the inventory cannot meet all of the demand, and a penalty is incurred. We
denote the cost as G5(g1, 2, ¢) in this case. If the total order exceeds the upper
bound of the conditional demand given the information, then there will be some
leftover inventory after the demand is met, and a holding cost applies. In this
case, we denote the cost as GB(q1,q2,4). Finally, if the total order is in the
range of the conditional demand given the information, then both penalty and
holding costs are incurred. In this case, we denote the cost as GQ(ql qo,1). It
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is easy to see that
GIQ)(QUquZ.)y if ql—{—QQSi_%’
Galgr, g2, 1) = ¢ G8(q1,q0,%), if i— L <q+qo<i+ L,
GHaq1,q2,9), if q+q>i+ %,
(7.28)
where
ipea
U T PN
£a

Y

G5 (q1,92,%) = c2(q2) @ +p/
K3

- Ea
2

q1+q2 —
. q1+ qe
Gha1,92,1) = calar) g2+ h/ e T n

=7

+5 g

+p/ n—q QQdm
q1+q2 ga

i+ (11+€12—77d77

£9 ga
2

Giq1,q2,1) = CQ(Q2)~Q2+h/

i
As a special case of Theorem 7.1, we have the following corollary.

COROLLARY 7.3 The optimal policy at stage 2 is (01, ¥1; 09, £2)(¢), where
the order-up-to level ¥1(i) and the reduce-down-to level ¥.4(i) are given by

N 1 _ D — Co _
Se@) =i+ea(f—3), G= s k=12, (7.29)
and the reorder point 01(i) and the reduction point o4(i) are given by
E1(8) — p(K), if p(K) <eaph,
o1(i) = ,
21(7‘)_ (p -5(021 +€aﬂl)7 lf M(K) ZEaﬁl,
(7.30)

if u(K) < ea(l - B),
o2(i) = a(l —
i Do) + [ + Lz B,
if w(K) 2 ea(l - ),

7.3

2¢aK
M(K)—”p+h' (7.32)

where
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Proof We first prove (7.29). By Theorem 7.1, the two levels £;(¢) and 2o(z)
are the minimum of G,. To prove (7.29), equating to zero the derivative at
g2 # 0, we obtain

8Gg(Q17 q2, Z)

. = ole)-p (7.33)
h .
0G3(@01,92:9)  _ 4 i), 30
9q2
oGS j
_Q—(Sé;ﬂﬁ = [ca(g2) —pl + (p+h) - ¥(q1 + gali)
. €a 1
= [02(q2)_p]+(p+h)[q1+q2~1+? ‘a_
(7.35)

Under the assumptions that p > co1 and h > —ca2, GH(q1, g2, 7) is strictly
decreasing in go, and G%(q1, g2,4) is strictly increasing in go. Therefore, it is
impossible for G5(q1, g2,1) and G%(q1, g2,1) to get a first-order condition for
a minimum, which leads to

arg min {G’g(ql, g2, z)} = arg min {Gg(ql , g2, z)} (7.36)
q220 q22>20

This, in view of (7.38), proves (7.29).

Find the reorder/reduction points o1(z) and o2(%). This will be divided into
several steps.

Step 1 When ¢; < ¢ — &, let

Gg(QlaO>Z) =K+ Gg(q17zl<z) . q1ai)'

Some simple calculations give ¢ = £1(i) — (p_Igm + Ea—gﬁi) Since

e ] b . NN

—that is, G5(q1,0,4) — [K + G%(q1,21(3) — ql,i)} is strictly decreasing in

q1, we have that ¥;(¢) — (p_fgm + %) is the unique solution of

G’g)((haoﬂ) =K+ Gg(thl(l) - QIvi)'
Step 2 When i — & < q1 < 21(4), let

Gg(QLO»Z) = K+ Gg(QMZl(Z) - Q1,i),
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and we obtain ¢; = ¥, (¢) — u(K). Since

0 ) . .
%{Gg(ch,ﬂ,l) - [K+ G3(q1, T1(4) — %J)]}
_PEh 8 -
TSI P
p+h . . Ea
<— (21(1)“Z+7> + (ca1 — p)
~0, (7.37)

where the inequality makes use of the condition ¢; < ¥;(¢)—namely,
Gg(qla 07 Z) - [K + Gg(‘hy El(l) — 41, Z)

is strictly decreasing in ¢;—we have that ¥1 () — p(K) is the unique solution
of
G5(q1,0,%) = K + G3(q1, %1 (i) — q1,9).
Step 3 When

. . ga
ZQ(Z) <qg <1+ bR

similar to Step 2, then ¥5(4) + u(K) is a unique solution of
Gg(th’Z) =K+ Gg((ﬂv 22(2) — (1, l)
Step 4 When

Z,+€a< < +a+€a
2_q1_’7 2 9

then 3o(i) + [h _5622 + ea(lz— ﬂz)] is a unique solution of

Gl (q1,0,7) = K + GS(qu, Da2(i) — q1,7).

Finally, also by using the equivalent conditions

) K eafh )

z — <j—Z

1(1) (p—Cm + 2 ) =t 2
lp—ca K

ca — <0
2p+h p—co

2
— (p Czlea) < 2eaK
p+h p+h

P—cCcn
= u(K)> —=¢
1 )_p+h

= u(K) > eafy
= i) ~ u(K) Si- -, (7.38)

a
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and
So(4) + p(K) > i+ 523
, K ga(l — B32) . €a
> o
<= 5,(i) + N om 5 _Z+2
= u(K) 2 ca(l — Ba), (7.39)

the reorder or reduction points can be expressed as a continuous function with
respect to the fixed contract-exercise cost K as shown by (7.30) and (7.31).
By Theorem 7.1, the optimal policy is of (o1, 21; 09, £2)(4) type. O

REMARK 7.8 Since for g; < 01(7),
S —q = X1(i) — o1(d)
u(K), it u(K) < cafh,

p—.—Kcm + g%’g—l—, if w(K) > eafh,

1K) and _{( -+ eaf can be interpreted as minimum reorder lot sizes.
/ pP—c2 2 P

Similarly, x(K) and n fc” + Ea(l; B2) can be interpreted as minimum

reduction lot sizes.

We present two extreme cases of (o7, X1; 049, 22)(4) policy as follows.

Extreme Case 1 If K = 0, then 01(¢) = X1(¢) and o9(¢) = X4(¢). Thus,
(01, 21; 092, 2)(1) policy reduces to a base-stock policy (31 (¢); X2(7)), where
¥1(¢) and X4(¢) are the two base-stock levels.

Extreme Case 2 If K # 0 and c9; = ¢; = ¢92 > 0, then on the payment of
the fixed contract-exercise cost K, the buyer can either reorder additional items
at the initial unit purchase price or cancel some items to obtain a full refund. In
such a situation, the optimal order-up-to level coincides with the reduce-down-
to level, and the reorder point and the reduction point are symmetric about
this level. The optimal initial order quantity, which is not unique, is presented
explicitly later in Theorem 7.4 (iii).

In the (01, X1; 02, 82)(¢) policy at stage 2, recall that both ¢ (7) and oo (%)
depend on the fixed contract-exercise cost . Letus assume that Gy + Gy > 1—
thatis, (h+ca2) < (p—ca1 )—forconvenience in exposition. Note that a similar
analysis can be carried out for the case of ) + G2 < 1.

When 51 + f2 > 1, by (7.38) and (7.39), we have that if

K +€aﬁl>§i—gi,
P — Ca1 2 2
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then

p—Cn
K) > . 7.40
n(K) > o h (7.40)

Consequently, 81 + (2 > 1 and (7.40) imply that
w(K)>ea-(1—[Fa).
Therefore, if 81 + 8 > 1, then

21(75)—< K 2ab

p—ca 2
is impossible. Therefore, there exist the following three cases depending on the
value of K.
Case 1: [u(K) < ea(l — Ba)]
From Corollary 7.3, we have

o1(f) = X1(8) - p(K),
o2(i) = Da(i) + u(K),

) <i- S < T) +u(K) S i+

and

i~ 2 <o) Sooli) i+

Case 2: [ga(l — B2) < pu(K) < eaf]
Under this case,

o) = () - u(K),
oali) = To(i)+ [ =B

h+ coo 2 ’
and
i— 2 < o1(i) <i+€—a < oa(i)
2 2
Case 3: [u(K) > eaf]
We have
4 , K eaf
o1(i) = E](Z)—<p—-021 ) )’
oo(t) = Xa(i) + [h fcm 5a(12—52)],
and
o1(7) <i-Z<iv 2 < a(i)



Purchase Contract Management: Fixed Exercise Cost 243

In this chapter, we focus on Case 1 and on an extreme behavior of Case 3.
Other cases can be similarly treated. To get the properties of I1; (¢ ), we first
summarize the optimal cost function at stage 2, 75 (g1, ¢).

When ¢; < o(2), the (01, X1; 09, X29){(z)—policy requires the buyer to in-
crease the initial order ¢; to bring the inventory level up to £, (é). Thus,

m5(q1,i) = K+ Gh(q1, Z1(8) — q1,9)
= K —cnqr + capi + Emefzfiee

(7.41)

When ¢; > o9(i), it is optimal for the buyer to reduce the initial order ¢,
down to the inventory level X9(¢). Thus,

m3(q1,7) = K+ G5(q1, 2(i) — q1,7)

= K —coq + i+ ——————————(p"m)g"m)w.
(7.42)

Finally, when the initial order quantity is between the reorder point and the
reduction point—that is, 01(¢) < ¢1 < 09(i)— then the (o1, X1; 09, %9)(2)—
policy requires the buyer to take no action. Thus,

m5(q1,1) = Ga(q,0,%)
Go(q1,0,4), if q <i—%,
= Gg((h,(),i), if -2 <q<i+e,
Gh(q1,0,9), if q1>i+ %L

In this last case, depending on the relative position of the initial order quantity
with respect to the reorder and reduction points and the bounds of the conditional
demand given the information, we have the following three scenarios.

When

i-Z <o) <a <o) <i+ .

both holding and penalty costs are incurred, and the optimal cost function is

m3(q1,9) = G5(q1,0,1)

_ p+h Ny h—p ) ea{p + h)

(7.43)
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In Case 1, by (7.41), (7.42), and (7.43), the optimal cost function at stage 2
is
(K —caq +cari + Sp — ca1)(1 — f),
if i>q —ea(B—35)+ wK),
)
)

K — cooq1 + coni + S(p — c22)(1 — B2),

w5 (q1,1) = o .
) it i< g1~ ea(fs - 1) - u(K),
Biv (g =) 4 52 (q — 0) + <,
L otherwise.
(7.44)
Recall that
Ii(q1) = c1q1 + E [m3(q1, 1)] (7.45)

and that Iy (¢1) is a piecewise smooth function with respect to the initial order

quantity qj.
Furthermore, when

. . €a .
o1(i) <i+ 5 < q1 < o9(i),

the demand is less than the initial-order quantity w.p.1. In this case, no penalty
cost occurs—that is,

m5(q1,1) = G2(q1,0,%) = hq — hi. (7.46)

Finally, when 01(i) < q1 < i — & < 02(i), the demand is larger than the
initial order quantity w.p.1. In this case, no holding cost occurs—that is,

m3(q1,3) = G5(q1,0,7) = pi — pg1. (7.47)

Equations (7.41)~(7.47) provide a complete characterization of the optimal
cost function at stage 2. With this, we are ready to tackle the first-stage problem.
To minimize I1; (g; ), we first develop its expression, calculate its derivative,
and then discuss its simple analytical property. In the following, it will be seen
that IT; (¢;) is a piecewise function over five intervals.
When
a €a

a 1
_2_= <y 2 — )= WK
Ty <SSy 2+ea(61 2) p(K),

additional order is needed. Therefore,
7+.%
. £a .
i(q1) = c1q1 + / [K — 2191 + 218 + -é-(;l? —c1)(1 = B1) |[dA(4),

v
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and

dIl
—IUQI—) =C1 —C21. (7.48)
dg1
Thus, I1;(q1) is nonincreasing since cz2; > ¢;.
When
q >y — % +ealB— 3) — p(K),
(7.49)
@ <v— % +ealBr— 3) + p(K),
then
q1—ca{B1— $)+u(K) ( )
_ P+ h Y
Mm@ = an+ [ [BEl@-d
=3
h— h
H P (g i)+ 22 E M g
2 8
Y+5
+ / [K — €141 + c211
qr—za(Br—3)+u(K)
£a .
5 (p — en)(1 - B1)]dAGD),
and
dili(g1) _ p+h a 1
dg; = 22\ {7 2 +eal(f 5)
—u(K + co1a — Cla)} } (q1 — =), (7.50)
where

a 1
21 :7—-—54—5&(,81 _§>+H(K+C2la——cla)'

Since ¢g1 > ¢y > ¢o9,
p(K) < p(K + ca1a — cra).
Thus,

a 1
Y — ‘2— +5a(ﬂ1 — 5) — M(K+ co10 — cla)

<5+l - 5) - (k).
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Because of (7.49), we have that the first term of equation (7.50) is positive.
Hence, IT; (g1 ) is nonincreasing if and only if ¢; < 2.
Suppose that
a 1 a 1
v - §+€G(52* §)+M(K) <q §7+§+5a(/31 - 5) - u(K).
(Owing to the assumption 81 + (G2 > 1, we have
a €a £a
T R (1 — B):
2+2ﬁ1 252>€a( Ba);
this and the condition p(K) < ea(1l — B2) imply that the inequality

1= 5 ea(By = )+ () <y + 5 +calfy ~ 5) = p(K)

2 2
(7.51)
is true). Then
qn1—ea(B2—3)—u(K)
Oi(q1) = aa+ / [K — C92q1 + €22t
15
ca
+ 2 (p — ca)(1 = B2)|dAG)
q—ea(B1—3)+u(K) ( )
pth a2
[ [
g1—ea(B2—5)—p(K)
h— ea(p + h) )
g =)+ ]dA(L)
T35
+ / [K — co1q1 + 21t
q1—ea(fr—3)+u(K)
ca
+7( p —ca1)(1 — Br)|dA(3),
and i (q) 1
= = —(en — em)(q1 — 22), (7.52)
q1 a
where + %,
£
zo=7v+ Rt e -Cf(ﬂl + B2 — 1). (7.53)
2 Co1 — €22 2
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Clearly, IT;(qq) is a convex function over this interval, and 1I;(g;) is nonde-
creasing if and only if q; > 2.

When
a 1 a 1
v+ 5 tea (b —5) - ulE) <q S+ g +ealfe - 5) + pK),
then
q1—ea-(B2— 3 )~p(K)
Hi(q1) = aqa+ / [K — C22q1 + o2t
773
€a .
+—2~(p — 022)(1 — ,32) dA(Z)
T s
p+ h N2
+ / { 2ea ((h )
q1—ga(Ba—%)—p(K)

- p . calpt+h) :

+75E (@ )+ B A
and

dili(¢:)  p+h a 1
dg; T 2ea? {[”y+2+€a (B 2)
+u(K + cra — 022a)} - Ch} (q1 — 23),
(7.54)
where

a 1
23:’)/+§+5a' (,32—5) _M(K+Cla_022a)'

Since the first term of equation (7.54) is positive when ¢ > cg9, I11(q1) is
nondecreasing if and only if g1 > z3.
When

ga
a0

a 1 a
vHgtealfe - ) FulE) <qr syt g+

2 2
then
v+
. £a .
Hi(q1) = c1q1 + / {K — €22q1 + €220 + ~2—(p —c22)(1 — ﬂz)] dA(7),

73



248  INVENTORY AND SUPPLY CHAIN MODELS WITH FORECAST UPDATES

and
dll; (q1)
dgy
Since ¢; > ca9, [11(q1) is nondecreasing.

Based on the discussion of I1;(q;) and its property, it is easy to check that
I1;(g1) is continuous and differentiable with respect to ¢, over the interval
[y—§ 5 v+ 35+ 5] We present below the optimal stage 1 policy in Case
1.

= C] — C93. (755)

THEOREM 7.4 Assume Case 1—that is, let u(K) < ea(l — B2). Then
(i) I1(q1) is unimodal with respect to q1;
(ii) if co1 > c1 > coo, the optimal order quantity at stage 1 is

21, if B=min{A, B} < u(K),
gt =< 22, if u(K)<min{4, B},
23, if A=min{A, B} < u(K),

(7.56)
where
a 1
A=Y g +ea(Br —~ 5) + u(K + ca1a — cra),
a Cg1+cap—2 €
oy laten =2 o
2 €21 — C22 2
a 1
23 =17+ 5 +ealfy ~5) — WK + cra - ena),
and
€1 — €22 ca
A= —_—Qa — ﬁ - /8 )
Ca1 — C22 ( ? 1) 2
and

Co1 — C1 ga
B=—"_—a— (60— p1)—;
e—— (B2~ B1)

(iii) if co1 = co2 = ¢y, then each point in the interval

1 1
V=5 teaBy— 5) +ulK), v+ 5 +ealfy — 5) — p()

qualifies as an optimal stage 1 order quantity.

Proof (i)-(ii) In the case of cy; > ¢1 > c92, we prove only the case when
B = min{A, B} < u(K). Other cases can be treated similarly.
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First of all, 4(K) > B implies
o1 —co2\
(WK + ¢q1a — cla))2 < (,u(K) + sa%;Thgz) ,
which implies that
2y <7y — % +5a(ﬁg - %) + u(K).
Also, note that

21 Z’Y”g-}-sa(ﬁl—%) — (K.

Therefore, z; is in the second interval and is a possible minimum point.
Next, we can prove that

w(K)>B <« zl<7—9—+6a(52—%)+,u(l()

2
a 1
— 22<’y—§+6a(ﬁ2—§)+ﬂ(f(),

(1.57)

where the last inequality means that zo is less than the lower bound of the third
interval. Since

7—g+6a(ﬁz—%)+M(K)

1
<7+ g + sa(ﬂl - 5) — n(K) (see (7.51)),

we obtain 2o <y + 5 + sa(ﬁl — %) — u(K). We can also prove

a 1
zz<7+§+€a(51—5) - u(K)

1
=z <yt -;"- + ea(ﬂl - 5) — w(K), (7.58)

where the last inequality means that 23 is less than the lower bound of the fourth
interval. Hence, IT;(qg;) cannot attain its minimum at zo or z3 in this case.
Finally, let us check the monotone property interval by interval. If
a

ea a 1
_ 2 _2 < _Z S T
YT Ty Sa<y 2+€a(/31 2) u(K),

by making use of equation (7.48), I1;(q; ) is nonincreasing. If

*y—ngea(ﬁl_%) —u(K) < q <7—g+€a(52—%) + (K,



250 INVENTORY AND SUPPLY CHAIN MODELS WITH FORECAST UPDATES

recall that II;(g;) is nonincreasing if and only if ¢1 < zj, I1;(g1) is nonin-
creasing over the interval

1
[v - g— +€a(ﬁ1 - 5) — u(K), 21>,
and nondecreasing over the interval
a 1
[21, 775 +€a(5 - 5) +ﬂ(K))~
If

a 1 a 1
v - §+€a(ﬁ2— —2"> +u(K) < q <’Y+§+€a(ﬁ1 - 5) — pu(K),
recall that IT; (¢;) is nondecreasing if and only if ¢; > z2, G1(q1) is always
nondecreasing, If

1 1

v+ 2+ea(Bi-3) —mE) Sa <+ 5 +ea(Ba— 5 ) + k),
2 2 2 2

recall that T1;(q;) is nondecreasing if and only if g; > z3, II;(q;) is always

nondecreasing. If

7+g+ea(ﬂz— %) +u(K) < q §v+g+5—;~,
by making use of equation (7.55), I1;(q; ) is always nondecreasing.

In summary, II;(q;) is nonincreasing on the left-hand side of z;, whereas
it is nondecreasing on the right-hand side of z;. By definition of a unimodal
function, I1; (g1 ) is unimodal and ¢} = z;.

We summarize in Table 7.1, the analysis along with those in the other two
cases.

(iii) In the case of co; = ¢1 = c¢g9, note that

a 1
Zp == §—|—ea(ﬁgl— 5) + pu(K),

23 =7+§-+sa(ﬁ - %) — u(K),
and for any ¢; € [21, 23],
dIl; (q1)
dgy
Recall that I1(q;) is nonincreasing if and only if ¢; < z; and nondecreasing
if and only if g; > z3. Thus, I1;(g1) is unimodal. Hence, any ¢; € [21, 23] is
optimal. O

=0.
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1 (q) i (q1) i (q1)
g1 | fp(K) > B =min{4,B} | if u(K) <min{A, B} | if u(K) > A = min{4, B}
Ist 1 l 1
2nd l, ifql S 21, l l
1,ifq1 > 21.
3rd T 1, ifq1 < zg; 1
T, if q1 > 22.

4th T T Lifg < 235

T, ifq1 > z3.
5th T T 1

Table 7.1.  Unimodality of I11(g1) when u(K) < ca - (1 — (2)

We conclude this section by commenting on a subcase of Case 3 when K
is sufficiently large, so that no ordering is optimal in stage 2. How large the
fixed cost should be for this purpose and what is the optimal stage 1 order are

specified in the following result.

THEOREM 7.5 Assume Case 3—that is, u(K) > eaf. In this case, when

K> (p—cn)a—52- ,81)], the optimal initial order quantity is given by

4

K> (p—ca)- (a+ 01— a\/2€ﬁo>,

S - N
ifBo <5 and
7_%+60a7

if%</80<1‘_%>

Y+ §+ % —ay/2e(1 - o),

fo>1-%

and

K> (h+en)- o+ $(1 - B) - /201 = o),

where 3o = (p — c1)/(p + h), and the optimal policy at stage 2 is ¢} = 0.
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It is also possible to obtain an explicit expression for the value function vy
in different cases. For example, when ¢} = 2, the optimal cost

1
TFT = K+cl’y+-2—(621——cl)a
2 2¢ 3 -
2= K3 o — 3
3 a(p+h)[K2+\/(K+c21a cla)]
£a 9
+2(p+h) [(h-!-cl)(z? c1) + (co1 — c1) }

7.5.2  Further Analysis

With explicit optimal solutions obtained in Sections 7.4 and 7.5, it is easy to
carry out a sensitivity analysis with respect to forecast and contract parameters.
It is certainly of interest to improve the quality of the demand forecasts. Im-
proving either the stage 1 forecast or the stage 2 forecast or both could result in
cost reductions. For example, the marginal benefits of information updates with
respect to € and a—namely, —0n}]/0¢ and —0n]/da—rprovide an indication
of the relative importance of stage 1 and 2 forecasts in the model, respectively.
Given these and the costs of efforts in reducing @ and &, the buyer can easily
figure out where he should put his next dollar in improving demand forecasts.
As for the contract-exercise cost K, it is possible to identify a critical value
Ky, such that if K exceeds (resp. is less than) Ky, the buyer should invest in
improving stage 1 (resp. stage 2) forecast.

Besides the sensitivity analysis, it is also possible to select a suitable strategy
to manage the tradeoffs between different hedging alternatives. As is shown in
Section 7.2, there exist a number of alternatives in hedging demand uncertainty
(for example, in addition to the purchase contract, in the context of a micro-
controller purchase issue, using generic chips is a viable option; see Yan, Liu,
and Hsu [8]). It is important for the buyer to know when a purchase contract is
attractive. Yan, Liu, and Hsu [8] solve the problem of two supply modes with
demand-information updates, where the second-stage decision is the quantity
of the generic components that should be used. The expected cost functions at
stage 2 and stage | are

~ N q1+q2
a(q1, g2,8) = cz'qz+h/ / lg1 + g2 — 2] - w(z|i)dz
i—ea/2

i+ea/2
+p/ [z — q1 — q2] - ¥(z[i)dz,
q1+q2

Hl(‘]l) = ClQl+E[ﬁ2(QI»Q2a[)}>
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where ¢ is the per unit ordering cost for generic component. Comparing with
the explicit solution derived in previous subsection, it is possible for us to have
the following results.

THEOREM 7.6 As for the contract-cost function 111 (qy) and the substitution
cost function 111(q, ), we have

(i) mi>1(1) {H1 (q1) ¢ is a monotone nondecreasing and continuous function
az

with respect to the contract-exercise cost K
(i) there exists a Ky such that

gliz%{ﬂl(%”f(:o} < gl%%{ﬁﬂ%)}

< min {Hl(ql)}

7120 KZKQ}7

(iii) there exists a unique K1 such that
min {Hl(ql)lK = Kl} = min {Hl(cn)}-

Proof (i) Recall that the optimal reorder point o;(z) = ¥1(4) — u(K), the

reduction point 2(2) = Xa(4) + u(K), and pu(K) = ﬂ/z—;f_—f. Therefore, 01 (7)

decreases and o9(7) increases as K increases. The feasible set of g2 shrinks
when K increases. Therefore, mi>1[1){H1(q1)} is a monotone nondecreasing
n>

function of K.

(i1) The validity of the left-hand side inequality lies in the fact that the feasible
set of g2 becomes larger when negative gs is allowed. In addition, a sufficiently
large contract cost K forces the initial order quantity to remain unchanged.
This fact results in the validity of the right-hand side inequality.

(iii) Properties (i) and (ii) ensure the existence of K. ]

Theorem 7.6 reveals a rule for hedging strategy selection. When K > K, it
is unwise for the buyer to sign the purchase contract. By noting that a purchase
contract is a real option, K can be considered as the option price in the case
when co1 = co2 = c;1. It is interesting for the buyer to know the value of
a purchase contract. In particular, the buyer needs to know what is the best
strategy against demand uncertainty.

7.6.  Concluding Remarks

In this chapter, we study a purchase contract with a demand-forecast update.
We formulate the problem as a two-stage dynamic programming problem. We
obtain an optimal solution for the contract management for a class of demand
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distributions. In particular, we obtain an explicit optimal solution for a uni-
formly distributed updated demand. The explicit nature of the optimal solution
enables us to gain managerial insights into better supply chain management.
More specifically, we find a critical value of the contract-exercise cost, which
determines the direction of further improvement in demand forecasts. In com-
parison with other uncertainty hedging approaches such as substitution, we
obtain another critical value of the contract-exercise cost, below (resp. above)
which the buyer would (resp. would not) sign the contract.

7.7. Notes

This chapter is based on Huang, Sethi, and Yan [5].

Traditional inventory models assume a simple buyer-supplier arrangement.
The buyer places an order at any time for any amount at a fixed cost and a
given unit price, and the supplier provides the product. However, this results
in a great deal of uncertainty for both parties, since very little is known about
the eventual demand at the time of order. In many industries, complicated
forms of arrangements, known as contracts, exist to strike a balance between
flexibility and uncertainty. Barnes-Schuster, Bassok, and Anupindi [1] study
the role of a supply contract between the buyer and the supplier in a two-stage
model. In their model, the option of volume flexibility applies to the second
stage. Structural properties of the objective functions for both the buyer and
the supplier are explored. They show that to achieve channel coordination, the
contract-exercise cost must be in the form of a piecewise linear function. The
contract-option price is also evaluated numerically. Donohue [3] considers a
supply contract as a risk-sharing mechanism between the buyer and the supplier.
She focuses on the channel coordination by determining the wholesale price and
the return policy. Eppen and Iyer [4] discuss a so-called backup agreement in
the fashion industry for a catalog company. Itentails that the supplier holds back
a constant fraction of the commitment and delivers the remaining units to the
catalog company before the start of the fashion season. It allows the company
to make decisions after observing the early demand. That is, the company may
order up to the backup quantity at the original cost, along with a penalty cost for
any backup units that are not ordered. They find that a backup agreement has
an impact on expected profits. Cachon [2] reviews and extends the literature of
supply chain coordination for a class of contracts. In particular, he addresses the
coordination issues of the two-stage newsvendor. The newsvendor is allowed
only to increase, at the second stage, the original order at a higher unit cost and
no fixed cost. It is found that it is possible to coordinate the supply chain with
a buy-back contract.

In contrast with Eppen and Iyer [4], we allow the buyer to adjust the initial
order at the second stage. As in Chapter 6, we allow in stage 2 for cancellation
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of a part of the initial order issued in stage 1. This means that our cost function
is no longer K -convex. Consequently, we specialize our distribution to be PFy
or uniform to ensure a unimodal cost function. Our work differs from Barnes-
Schuster, Bassok, and Anupindi [1] in a couple of ways. We update both the
mean and the spread of the the demand forecast, whereas Barnes-Schuster,
Bassok, and Anupindi [1] update the minimum demand. In addition, we con-
sider a fixed contract-exercise cost and use the contract to hedge the demand
uncertainty. In comparison with the models of Donohue [3], we consider a
fixed contract-exercise cost and obtain an explicit solution for any degree of the
demand-information update. The worthless and perfect information updates
are therefore special cases of our model.
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Chapter 8

PURCHASE CONTRACT MANAGEMENT:
TWO-PLAYER GAMES

8.1. Introduction

In this chapter, we consider contract pricing and information dynamics in
the problem of purchase-contract management. We investigate the competitive
behavior by using noncooperative game models: a static game and a two-step
dynamic game, where the Nash equilibrium and the subgame-perfect Nash
equilibrium are proved to exist. While it has been widely reported that infor-
mation sharing benefits the supplier, our focus is on its impact on the buyer. We
demonstrate that information sharing benefits the buyer only when the supplier
overestimates the true demand.

This chapter is organized as follows. In Section 8.2, we formulate the prob-
lem as a static game between a supplier and a buyer. For a general demand
process, we study the structure properties of the cost or payoff functions, which
lead to the existence of a Nash equilibrium. In Section 8.3, based on the uni-
formly distributed demand forecasts, we characterize the best reaction strategy
for each player. In Section 8.4, we explore the Nash equilibria of the static
game for cases with and without information sharing. With Nash equilibria, it
is possible to discuss the impacts of information sharing on the supplier and
the buyer. In Section 8.5, we obtain a subgame-perfect Nash equilibrium for
the dynamic game. The issue of information sharing is treated as in Section
8.4. We conclude in Sections 8.6 and 8.7 with a discussion of incentive design
issues for channel coordination and some endnotes.
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8.2. Problem Formulation

In this chapter, we consider the competitive behaviors of the buyer and the
supplier in a special purchase-contract problem where the buyer is allowed to
increase the initial order quantity ¢ at a later stage—that is, the reorder quantity
g2 > Datacost cy > ¢, where ¢ denotes the unit cost of the initial order. The
supplier faces a production cost w; per unit at stage 1 and a more expensive
production cost wp > wj at stage 2. The demand process possesses the same
structure as described in Chapter 7.

Differing from Chapter 7, we are here interested in the contract pricing and
the value of information sharing in the supplier-buyer game framework. There
are two ways to formulate this problem: a static game and a two-step dynamic
game. Inthe static game, the supplier and the buyer figure out their own reaction
functions independently. Specifically, the buyer’s reaction function provides a
mapping rule from the contract-exercise cost K to the initial order quantity ¢;.
Likewise, the supplier’s reaction function defines a mapping from the initial
order ¢; to the contract-exercise cost K. The simultaneous solution of these
two reaction functions, if it exists, reveals a Nash equilibrium where no party
is willing to deviate.

To the empty threat that exists in the static game, we propose a two-step
dynamic game where the players move sequentially. Without loss of general-
ity, we assume that the supplier is a leader and the buyer is a follower. The
backward induction procedure provides a way to derive the subgame-perfect
Nash equilibrium.

To make the above decision process clear, we insert one more argument &
and ¢; in the buyer’s cost or value functions and the supplier’s payoff function
defined in Chapter 7, respectively. Specifically the related notation includes

Hz(Qh‘D’ sz) instead 0fH2(Q17Q2ai)7
IIi(q1, K) instead of IT1(q1),
m32(q1, K,i) instead of 73(q1,1%),
m°(K) instead of 7},
J1(q1, K) the supplier’s payoff function, and
71%(q1) the supplier’s optimal payoff function,

where the superscripts b and s represent the buyer and the supplier, respectively.
Other notations are the same as those introduced in Chapter 7. Because there
is no cancellation at stage 2, for notation simplicity in this chapter we write

(01(8), £1(7)),
which in Chapter 7 is given by
(o(i, K), 5, K)).
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In the remainder of this section, we investigate the existence of a Nash equi-
librium for a general demand process. Since the buyer’s problem has been for-
mulated in a more general purchase-contract context in Chapter 7, we directly
study the structural properties of the buyer’s cost functions in the following
theorem.

THEOREM 8.1 The buyer’s cost functions under optimal decisions at two

stages, 1°(K) and w3%(q1, K, 1), are monotone nondecreasing in K.

Proof The proof can be developed similarly as in Theorem 7.1. Here we omit
it. O
Let ¢3(q1, K, 1) be the optimal order quantity at stage 2. Using Theorem 7.1,

" N Z(i,K)—ql, if Q150(i7K)>
q3(q1, K,4) = { 0, otherwise. @D

By Theorem 7.1 again, we know that
Wﬁb(fh,K,i)
([ K+c (B6,K)—q)
if g <o(i, K),

Elh-(q=D)t+p-(D—q)"|4], if g1 > o(7, K).
8.2)

.

Furthermore, for any observed information 4, if K < K, then
¥, K)=3(i,K) and o(i,K) > o(i, K). (8.3)

In the following, we introduce some terminology from game theory (for more
details, see Milgrom and Roberts [10], Topkis [11], and Yao [12]). The buyer’s
strategy space is [0, co), and the supplier’s strategy space is also [0, co). Refer
to (q1, K) as a strategy profile. The strategy space for the buyer and supplier is
defined as

R? =10, oo) x [0, o).

DEFINITION 8.1 A function L(z1,z2) defined on R? is supermodular (sub-
modular) if for all z = (1, z2), and y = (y1,92) € R?,

L{z Ny)+ L(z Vy) 2 (S)L(z) + L(y),

where A and V denote, respectively, the “min” and the “max” operators (both
in the componentwise sense).
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Using (8.2) and (8.3), we can get the following theorem.

THEOREM 8.2 The buyer’s cost function lla(qy, q2, K, ) at stage 2 is super-
modular in (g2, K) given qi, and the buyer’s cost function I1;(q;, K) at stage
1 is submodular in (q1, K).

Proof 1t is directly verifiable that for any given q;, I12(q1, g2, &, 7) is super-
modular in (g2, K). We show the submodularity for (q1, K). For any (g1, K),
(G1,K) € R2, if

@ <@, and K <K,

then
(qvi) A (6717-[_{) = (QhK) and (CIhK) \% (4717K) - (qI7R)
Thus,

I ((q1, K) A (@1, K)) + 1 ((@1, K) V (@1, K))
= (g1, K) + (@1, K).

Therefore, to get the submodularity for (g1, K'), without loss of generality we
can assume that

<@ and K> K. (8.4)

In the light of (8.3), the proof is divided into several cases. For any given 7, we

have the following cases.
Case 1: [¢) < o(i, K)and q) < o(7, K)]
For Case 1, it follows from (8.1) that

w5y, K, 6) + 73 (@, K, i) = ml(q, K, 8) + w3 (@, K i), (8.5)

Case 2: [y < o(i,K)and o(i, K) < §1 < 0(4, K)]
For Case 2, it follows from (8.1) and (8.2) that
ng(QI>K7i) = I—( +co- (E(Z7R) - QI)
+E[h- (S, K)- D)t +p- (D-%S(4,K)|1=1i],
i q, K,i) = E[h-(@—-D) +p- (D-—q)*|I=i],
w;b(ql,K,i) = K+c (B0, K)—q)
+E[h-(S(,K) = D) +p- (D -0, K)*| I =14,
m(G, K,i) = K+co- (3(,K) - q1)

+E[h- (Z(, K) - D)++p (D— X, K)T|I=1].
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Note that
E[h-(@—D)t +p- (D-aq)"|1=1]
< KAoe (X6 K) —q)
+E[h- (S, K) - D)  +p- (D =20, K)"| I =1i].
Therefore,
m32(q1, K, 9) + m32(q1, K, ©) < m3(qr, K, 0) + 730G, K,3). (8.6)

Case 3: [q) < o(i, K) and g1 > o (i, K)]
For Case 3, it follows from (8.1) and (8.2) that
g, K,i) = K+co- (30, K)—q1)
+E[h'(2(z’,R')—D) p- (D - 23, K)) ‘I—z]
ﬂ;b(QhKﬂ;) = E [h’ (‘jl - D)+ +p- (D _ql)+‘ I= Z:l y
(g, K,i) = K+co- (5(,K) —q)
+E[h- (2, K) - D)t +
m3'(@1, K,é) = E[h-(@—D)" +p-(D

Noting K > K, hence, we have

p-(D—X@E KNI =1],
- +'I——Z].

”T;jb(qlv K? Z) + ﬂ-;b(qla Ka l) < st(qla K7 Z) + W;b((jla Ka l) (87)

Case4: [0(i,K) < q1 < o(i,K)and 0 (3, K) < @1 < 0(i, K)]
For Case 4, similarly, we have

ng(QIakai) = R+CQ(Z(Z,I—()_q1)

(@, K,i) = E[h- (=D
(g, K,4) = E[h-(a—D

(G, K,i) = K+c- (200, K)—q
+E[h- (2(, K) - D)t +p- (D-2(, K) |1 =1].

By the convexity of I13(q1,0, K, ) and g1 < g1 < (4, K), we have

4]
1= ]

E[h'(Q1—D)++P'(D—Q1)

>EV(m—Dﬁ+p%D—m)
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Consequently, (8.7) still holds for Case 4.

Case 5: [0(i,K) < q1 < o(i,K) and §; > o (i, K)]

Case 6: [q; > o(i, K) and g1 > 0(i, K)]

Similarly, we can show that (8.7) holds for Case 5, and (8.5) holds for Case
6. Hence, the proof is completed. O

The direct implication of these properties is that the buyer’s optimal decision
gj is increasing in K, while g3 is decreasing in K. These properties are con-
sistent with our intuition: if the supplier’s contract-exercise cost is high, then
the buyer will tend to order more at stage 1 and order less at stage 2.

The supplier’s objective is to find an optimal contract-exercise cost X that
maximizes the profit function for given ¢;:

m]?X{J] (q17 K)}
= m}?X {(Cl - wl) “q1
+E[K - 3(g3(qr, K, D) + (2 — w2) - g3 (@1, K, 1) }
= max {(61 —w1) - q

+E{[K+ (c2 —w2) - (B(I, K) — fn)} O(o (L, K) ~ q”} }

where (o (i, K), 3(i, K)) is the buyer’s optimal policy at stage 2 when [ = ¢
Similar to Theorem 8.2, the following theorem implies that the supplier’s
optimal decision K* is decreasing in gq;.

THEOREM 8.3 The supplier’s payoff function Ji(q1, K) is supermodular in
(q17 K)

Based on the monotone properties of the optimal decisions described by
Theorem 8.2 and Theorem 8.3, it is possible to consider the Nash equilibrium
of the static game.

THEOREM 8.4 There exists a Nash equilibrium in the supplier-buyer game.

8.3. Reaction Strategies Under Uniformly Distributed
Demand

In this section, we try to reveal more insights from the behaviors of the
supplier and the buyer under the assumption that the information and the con-
ditional demand given that information follow uniform distributions. Formally,

I is uniformly distributed over the interval ['y — &, v+ %} and, given I = 1,

D follows the uniform distribution over the interval {z - %—1-, i+ 52@] .
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8.3.1 The Buyer’s Reaction Strategy

As a special case of the purchase contract studied in Chapter 7, we sketch
the buyer’s optimal decisions in the following lemma.

LEMMA 8.1 (i) At stage 2, the buyer s optimal policy is (o(i, K), £(¢, K))
policy, where %(i, K) = i + 6a(ﬁ D and o(i, K) = (i, K) — u(K) with

() = |2 and = 25

(ii) The buyer’s total cost 11} (ql, K) is a unimodal function of q1 and attains
its minimum at

— & +ea(f—3) + pK +coa - Cla)
ca—cy1

7+ ea(GEr —3),

if w(K)>§—eaiggt.

Proof Recall the discussion before Theorem 7.4. We know that the cost function
is a piecewise continuous function, and it is nonincreasing in the interval

a €a a 1
—a A A e — K ?
[’7 55> 1T gtea (ﬁ 2) 1 )]
if ¢1 £ ca. Therefore, the possible candidate for the optimal order quantity is
either in the right-open interval

a 1 a 1
[v-—2—+sa (ﬁ—§> —WK), v+5+ea (6—§> —M(K)>
or in the interval

1
['y+%+5a<6—§>—u(K), 7+%+%}

If the minimum is obtained in the interval
a 1 a 1
- g+ea(8-3) —utk), 745 +ea (9= 3) - i)
the optimal order quantity is
a 1
21=7—§+5a (ﬂ——§> + u(K + coa — c1a). (8.8)

Otherwise, the optimal order quantity is

_ p—ca 1
_7+5a(p+h 2). 8.9)
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To get the lemma, we show that
a 1
21 <7+§+€a (ﬁ—i) — pu(K)

1
<:>zz<'y+g+5a<,6’—§)—u(l()

: (8.10)
and
1
z :7-}-%4—5(1 (ﬂ-§> — p(K)

<:>22='y+g+6a<6—%) — u(K)

= uK) = A

. 8.11
2 p+h @11

By some simple algebraic calculations, we have

zl<7+%+5a(ﬁ~%>—u(K)

= u(K + cea —c1a) < a — p(K)

a p—oc1
<:>u(k)<2+6a (ﬁ p+h)

p—-—ca _a
= = — (K
Eap+h<2+6a6 w(K)

1
<:>z2<’y+%+6a (ﬁ—§>~,u(K).

So we have (8.10). Similarly, we can show (8.11).
Based on these equivalent relationships, in the case of u(K) < % —eapts
1) (q1, K) is nondecreasing in

a 1 a €a
z — 2 — K hell i
[7+2+€a(ﬂ 2) u(K), 7+2+2],

since 23 < v+ %+¢ea(B—3%)— p(K). Inaddition, IT; (g1, K) is anonincreasing

function in

a €a a 1
{’7—5—?, ’Y—§+€a(5—§)—ﬂ(—’()}
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Further, it is a convex function on the interval

7—%+5a<ﬂ—%>—M(K), ’Y+g+sa (ﬂ—%)-M(K))

Therefore, 11, (¢, K) is a nonincreasing function on the left of z;; it is a non-
decreasing function on the right of z;. Hence, [1;(q1, K) is unimodal and

attains its minimum at z;. Similar proof can be developed for the case of
g — ea2 < p(K) by using the following relationship, which can be con-

sidered as a different (but equivalent) version of (8.10) and (8.11):

zl>7+g+£a(ﬁ—%>—u(l{)

1
<:>z2>'y+g-+sa<ﬂ—§)~—u(l()

a Cy —C1
> u(K = — .
wEK) > 5 O Th

8.12)
The corresponding optimal cost function m}°(K) is given by
a1y + gty [(B+c)(p—c1) + (2 — c1)?] + K + §(c2 — 1)
3
—% W {K2 + (K + coa cla)i]

if wK)<g-—eaipt,

h
1y + Cl(gz; ) + 2(p+h) (h + Cl)( Cl)7
if w(K)>§—eaL.

.

Taking derivative with respect to K yields

L L) + K+ e v,

(K . _
__éf((_) _ if u(K) < § - eas,
0, if pu(K)> 3 —ea%.

The following corollary is straightforward. In fact, it is a special case of
Theorem 8.1.

COROLLARY 8.1 The buyer’s optimal cost w{P( K) is amonotone nondecreas-
ing function of K.
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REMARK 8.1 By Lemma 8.1, when p(K) > § — ea®7L, the best strategy

is to take no action at stage 2. In this case, the purchase-contract model reduces
to a simple action problem—that is,

n(gn{clql +EE[R- (@ —D)t+p-(D—q)*|1]] } (8.13)

Therefore,

P+ hfa Cy —C 2
— —€a
2ea \ 2 p+h
is the maximum contract-exercise cost K below which the buyer would exercise
the purchase contract.

8.3.2  The Supplier’s Reaction Strategy

Following the (o (i, K'), 3(¢, K)) policy, the buyer will exercise the purchase
contract if the initial order quantity ¢; is less than the reordering point

a(i,K)=i+5a(ﬁ—%> —1/%,

and the reorder quantity ¢ is equal to
% , : 1
G=20K) —a=itea(f-3)-q (8.14)

Therefore, the supplier’s payoff function is

Jl(qlaK)
Y+3

=(c) —wy)q1 + /q] eyl {K + (cg — wy) -
[i+ea(6-3) -] barc)
=(a—w) q

+{7+g——q1+€a<ﬁ—i—c—2-_—w—2>—u(K)}g

e A RURSCEDIR

(8.15)
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Taking the first- and second-order partial derivatives with respect to the contract-
exercise cost K gives

0N(q, K) 1 a
R T btz
1 Cy — Wy 3
rea(p-5 - S550) — 5]
(g, K) 3 2ea <0
K2 4da\K(p+h) =

LEMMA 8.2 The supplier’spayoff J1(q:1, K) is a concave function with respect
to the contract-exercise cost K and attains its maximum at

k=20 8 ea(p g - )| ERCED

Note that the supplier’s optimal decision K* is a parabola with a vertex
Y+ 4 +ea(B—3— 9251—’”,%), 0) . By Theorem 8.3, K* is a decreasing function
of g;. Hence, only the left branch of the parabola is the supplier’s reaction-

strategy curve. The supplier’s optimal payoff function is

™ (q1) = max{Ji(q, K)}

2(p+ h) a
= (cl—wl)‘q1+%2—{’7+§"%
1 Co — Wa 3
+ea<6—§ p+h )]
c2 — Wy a 1y72
=5 [7+§—Q1+6a(ﬁ*§ﬂ' (8.17)

8.4. A Static Noncooperative Game

It has been widely documented that a channel coordination would improve the
efficiency of a supply chain. One of the most popular mechanisms in achieving
channel coordination is the information-sharing scheme—that is, each party
provides its private information to the other party. In this purchase-contract
setting, information sharing can take place in many forms, such as the cost or
payoff structure, inventory replenishment policies, and demand (the form and
parameters of the demand distribution). In this chapter, we assume that both the
buyer and the supplier know each other’s cost or payoff structure and inventory
replenishment policies. The information-sharing scheme means that the buyer
provides the demand information to the supplier.
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In this section, a static noncooperative game is used to analyze the decisions
of the supplier and the buyer. Two cases, with and without information sharing,
are considered.

8.4.1 The Static Game with Information Sharing

In this section, we explore the Nash equilibrium in the case with information
sharing. Denote q; = 7,(K) and K = r5(q1) as the reaction functions for the
buyer and the supplier, respectively—that is,

g = 1p(K) =argmin{ll;(q1, K)}, forall K > 0;
q
K = r4q) = argm]e(xx{Jl (1, K)}, forall gy > 0.

By Lemma 8.1, the buyer’s reaction function is
a = ro(K)
([ y—%+4ea(Bf—1)+ puK + coa — cra),
if p(K) < §—eart,
v+ €a (1;1—%1 — %) ,

if w(K) >3 —eapt.

\

It is worth noting that the buyer’s reaction function r,(K) is an increasing
function of K.
By Lemma 8.2, the supplier’s reaction function is the left branch of the

parabola (8.16), when 0 < q; < v+ £ + ea (8 — % - cp:f;: ). For the case of

Q>y+E+ea(f—35— &%), we define the contract-exercise cost as zero.

Therefore, the supplier’s reaction function can be written as follows:

K = Ts(‘]l)
2(p+h) +_q_ ﬁ_l_cz—wz) 2
9ea v 2 Q1+€a( 2 p+h ’
= if g <y+§+ea(f-f-agm),
0, if q1>'y+%+6a<ﬁ—%~%}’;{—2).

Since this reaction function is strictly decreasing in ¢;, when

a 1 cog—wo
0<q < — S
_q1_7+2+5a(ﬁ 5 p+h>’
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Figure 8.1.  Reaction functions of the buyer and the supplier

the inverse function ¢; = 7, }(K) exists, and 7 (K) is strictly decreasing
in K as well. To demonstrate the competitive behaviors of the buyer and the
supplier, we depict the reaction functions (/) and r; ! (K) in Figure 8.1.

THEOREM 8.5 There exists a unique equilibrium (¢5, K¢) that is the inter-
section of the two reaction curves 7y,(K) and r;1(K). Formally,

@ if

a 1 Co — Wy
’y+2+€a(ﬁ 5 p+h>

a 1
‘—”7--2-+€a(ﬁ—§>+,u(62a—cla)

—that is, a — ea®2=¢2 — p(coa — cra) = O—then the equilibrium is

_ 1
{%e ; g.—%+8a(ﬁ—§)+u(02a~c1a), (8.19)

(i) if

a 1 co—wn
7+2+6a<5 5 p+h>

a 1
>’y——2-+€a(ﬁ—§>+u(62a—cla)
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—that is, a — a2 — y(coa — cra) > 0 and p(K) < & — ca’2=fL—then
p+h H H 2 p+h

the equilibrium is

( 4(cz~w2)

_ 13 1 s
i = v-qaeteaf -5+ 5oyt sy

/10(cg — c1)e(p + k) + 4(p + h — coe + woe)?,

K® = Tsa.iu—h)[3(p+ h — cae + wae)
2
—\/10(62 —c1)e(p+h) +4(p+ h — coe +woe)?| ;
(8.20)
(iii) if
a— Eac;; Pl wul(coa — cra) > 0,
and
a Coy — C1
- — K
then the equilibrium is
¢ = y+ea(B5E-1),
2
Ke = 2(5;/1) l:% _Ea2cz;i1h—w2]
(8.21)

REMARK 8.2 Note that the buyer’s reaction function r(K) is an increasing
function of K. By (8.17) and (8.18), to make the reaction functions r,(K) and
77 1(K) have an intersection, the inequality

1
’y—-g+£a (ﬁ—i) + p(K + cea — c1a)

a I co—wo
< z I
_'y+2+€a<ﬁ 5 p+h>

K=0

should hold. In view of this fact, the theorem gives a complete description for
the Nash equilibrium between the supplier and the buyer.

Proof of Theorem 8.5 (i) If

1 - 1
7+g+ea<ﬁ—§—C;+2&> :fy—%+sa<ﬁ—§>+u(02a—c1a),
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then for any K > 0, the buyer’s reaction function is

o =r(K) 2m(0) = -2 tea (ﬁ - %) T plesa — cra)

2
= 773 2 pt+h )

By (8.18), for any ¢, the supplier’s reaction function is K = 0. Therefore, the
intersection (8.19) of two players’ reaction functions is a Nash equilibrium.
(i) If

a 1 ca—ws
’7+2+6a<[3 5 p+h>

a 1
>v—z+tea (ﬂ——2—>+u(02a*c1a),

2
thenforany q1 > v+ % +ea(6 -3 — Ezp—}r%z), the supplier’s reaction function
is K = 0. However, the buyer’s corresponding reaction strategy is
a1 = 7(0)
a 1
= y—z+ea|B—5)+plea—cia)
2 2
a 1 ey —wy
< = - = — . 8.22
7+2+5a<ﬂ 5 p+h> 822

As a result, it is impossible for the two reaction curves to intersect at K = 0.
Fo'r any gy <7y + §tea(B— % - C?)—jr%l) by (8.18), the supplier’s reaction
function is

2(p+ h) a 1 cp—wo\]?

K = A - — S . 8.23
9ea [7+2 q1+5a<,6 2 p+h ( )

When p(K) < § — saﬁplufl, the buyer’s reaction function is

a 1
0 =7—§+5a (5—5) + u(K + coa — c1a). (8.24)
The simultaneous solution of (8.23) and (8.24) gives the Nash equilibrium
(8.20).

(iii) The proof is similar to (ii). ]

The equilibrium provides the optimal strategy pair for both parties. Any
action to deviate from it would make at least one party worse off. Therefore,
K¢ is the competitive purchase-contract exercise cost.



272  INVENTORY AND SUPPLY CHAIN MODELS WITH FORECAST UPDATES

8.4.2 The Static Game Without Information Sharing

In this subsection, we investigate the competitive behaviors of the buyer and
the supplier where the information-sharing scheme does not exist.

Since the buyer keeps its demand information private, the supplier has to rely
on its own estimation. To fully understand the impacts of information sharing,
we concentrate on a specific and simple scenario. Specifically, the supplier
knows the form of the distribution function but does not know the parameter of
the distribution function. We take the location parameter of the information as
an example.

Let 4 be the supplier’s estimate of the location parameter y of the information
I, and let A (i) be the corresponding distribution when I = 4. Then the supplier’s
estimated payoff function is

Ji(q1, K)
=(ci—wi) ¢+ E[jZ(Ql> K)]

= (c1 —w1) - q1 + E[K - 6(§3) + (c2 — w2) - 3]

= (c1 ~w1) @

5+
+/ {K+(Cz—w2)'
q

1—€a(B—3)+u(K)

: [z +ea (ﬁ - %) - %] }d[\(i)

. a
:(01—~w1)-Q1+[7+§“Q1
1  ¢9— 1wy K
ven- (8- g =) 0]
o — Wy a 1\12
+ 5 [7+§—q1+ea<ﬁ—§)].

Note that the difference between the estimated payoff function and the true
payoff function of the supplier lies in the location parameter of the information.
Similar to Lemma 8.2, we develop the following result.

LEMMA 8.3 The supplier’s estimated payoff J, (q1, K) is a concave function
of K and attains its maximum at

o 2(p+h) R a 1 Cog — W9 2
K=" = - B - . 2
9ea vt 2 Q-+ ea <ﬁ 2 p+h )] (8.25)
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Figure 8.2. Reaction functions of both parties with and without information sharing

Let K = 74(q1) be the supplier’s estimated reaction function, then for any
=0,
K =17s(q) = argm]?X{Jl(Qh K)}=K". (8.26)

It is worth noting that the supplier’s estimated reaction function has a form
similar to the true reaction function rs(q;) of (8.18) except that the vertex is
shifted. In what follows, we say that the supplier underestimates (resp. overes-
timates) the demand when 4 < «y (resp. ¥ > -y). If the supplier underestimates
(resp. overestimates) the demand, the vertex of the reaction curve 75(q; ) moves
downward (resp. upward). We depict the reaction curves of both parties in the
cases with and without information sharing in Figure 8.2, where the intersection
of reaction curves 7, (K) and 75(q;) gives the equilibrium (§¢, K¢).

8.4.3 Impact of Information Sharing

With competitive solutions for cases with or without information sharing,
it is interesting to explore the impacts of information sharing on both parties
and the channel. A significant body of literature has reported on the benefits
of information sharing, both analytically and empirically. It has been widely
reported that the supplier and the channel are better off under an information-
sharing scheme. However, the benefits to the buyer have not been clearly
addressed. With the results obtained in the previous sections, we find that it is
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necessary for the supplier to provide an incentive to entice the buyer to practice
information sharing. We summarize our findings in the following theorem.

THEOREM 8.6 If the supplier underestimates (resp. overestimates) the de-
mand in the case without information sharing, then

(i) the equilibrium contract-exercise cost and the initial order quantity are
less (resp. larger) than those in the case with information sharing—that is,
K® < K¢and §§ < ¢f if and only if § < 7

(ii) the buyer’s equilibrium cost is less (resp. larger) than that in the case
with information sharing—that is, 7% (K®) < %(K®) if and only if 5 < 7.

Proof (i) Let #;}(K) denote the inverse function of the supplier’s reaction
function 75(g1). Lemma 8.1 implies that the buyer’s reaction curve r,(K) is
nondecreasing in K, while Lemmas 8.2 and 8.3 ensure that parabola 7; ! (K)
moves downward relatively to parabola 7; 1 (K) when 4 < . Thus, Ke < K©
and g7 < qf.

(i) w0 (K*) < w*(K*) follows from Corollary 8.1 and K¢ < K*. O

Theorem 8.6 leads to an interesting and intuitively appealing competitive
behavior. The supplier observes the buyer’s initial order and makes decisions
on the possibility of exercising a contract. Since the buyer makes decisions
based on the true demand distribution, the supplier compares the buyer’s initial
order and its own estimation. If the supplier believes that the buyer has ordered
a sufficient quantity, the supplier will reduce the exercise cost to entice the buyer
to change its initial order. On the other hand, if the supplier believes that the
buyer ordered too little and expects additional orders at stage 2, the supplier
has the tendency to increase the contract-exercise cost. As the results show, the
buyer would be better off for not sharing demand information with the supplier
if the supplier underestimates the demand.

To this end, it is natural to evaluate the impact of information sharing on the
supplier and further to evaluate the impact on the channel. Although there is
no doubt that the supplier is always worse off when the supplier underestimates
the demand, we are not able to demonstrate that the supplier is always worse
off when the supplier overestimates the demand. Actually, we have found ex-
amples where the buyer and the supplier do better without information sharing,
respectively.

ExAaMPLE 8.1 The information [ is uniformly distributed with ¢ = 20 and
~ = 50 as its spread and center parameters, respectively. Inventory holding and
shortage penalty costs are 0.3 and [0, respectively. Both the stage 1 and stage
2 ordering costs are 3 per unit. Production costs of the supplier are w1 = 1 and
we = 2 for stage 1 and stage 2, respectively. The forecast-improvement factor
is 0.75.
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Figure 8.3.  Objective functions as functions of the estimation error in the static game

In the case with information sharing, the equilibrium contract-exercise cost
and initial order size are 18.89 and 50.11, respectively. The cost and the payoff
for the buyer and the supplier are 176.37 and 107.68, respectively.

If the supplier underestimates the demand by one unit—that is, ¥ = 49—
then the equilibrium contract-exercise cost and the initial order size are 16.91
and 49.71, respectively. The buyer’s cost is reduced by 0.55, and the supplier’s
payoff is reduced by 0.24 as well. This example cooperates our earlier findings
in Theorem 8.6—that is, the buyer is better off and the supplier is worse off
without information sharing.

If the supplier overestimates the demand by one unit—that is, ¥ = 51—
that is then the equilibrium contract-exercise cost and the initial order size are
20.98 and 50.51. The buyer’s cost is increased by 0.50, and the supplier’s
payoff is increased by 0.10. From this example, it is worth noting that without
information sharing, the buyer is worse off and the supplier is better off.

The relationship of estimation error and changes in the buyer’s cost and the
supplier’s payoff, are depicted in Figure 8.3. We observe that the buyer is always
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better off if the supplier underestimates its demand, as concluded in Theorem
8.6. On the other hand, if the supplier overestimates the buyer’s demand, the
supplier can be better off without information sharing, especially for the cases
where the estimation errors are small.

Example 8.3 presents an interesting result. It is expected that the supplier
would do better with the true demand information. We believe that the phenom-
enon results from the known pitfalls of static game, such that a simultaneous
move leads to an empty threat and rival cheating. Since the supplier knows that
the buyer would do better if the supplier underestimates the demand, it is neces-
sary for the supplier to overestimate the demand. To prevent empty threats and
rival cheating, dynamic game theory ensures that both parties make decisions
based on each other’s true information. In the next section, we explore the same
issues in a dynamic game setting.

8.5. A Dynamic Noncooperative Game

We consider a two-step dynamic game where two players move in sequence.
The game is played as follows: In Step 1, the supplier provides a contract-
exercise cost K. In Step 2, the buyer chooses the optimal initial order quantity
¢ for the given contract-exercise cost K. The process terminates until two
players reach an equilibrium from which no party is willing to deviate. The
subgame-perfect Nash equilibrium is the optimal solution of the dynamic game,
and it can be obtained by the following backward-induction procedure:

(i) For the given contract-exercise cost K, find the buyer’s reaction function
q1 = rp(K) = argmin{Il;(¢1, K)}, VK, which is the same as in the static
q1

game.

(ii) Substitute g; = r(K) into the supplier’s payoff function J; (¢q1, K ), and
find K such that K¢ = arg m}z{xx{Jl (rp(K), K)}.

(iii) The subgame-perfect Nash equilibrium is K¢ and ¢¢ = r,(K9).

The backward induction scheme significantly increases the difficulties that
are inherent in exploring analytical equilibrium solutions. It seems to be very
difficult to find an explicit form of equilibrium for the general case. However,
it is possible to find solutions for some special cases—for example, when the
purchase costs for the two stages are the same—(that is, ¢; = co). In what
follows, we concentrate on the case of ¢; = cy. It is our goal to investigate
the explicit subgame-perfect Nash equilibrium in the cases with and without
information sharing and further explore the impacts of an information-sharing
scheme on both players and the channel.
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8.5.1 The Subgame-Perfect Nash Equilibrium with
Information Sharing
Since the buyer moves after the supplier announces the contract-exercise
cost, the reaction of the buyer is the same as in the static game. Therefore, by
(8.17), the buyer’s reaction function is

1
a=n(k) =y~ §rea(p-3) ruth). @20

LEMMA 8.4 The supplier’s payoff function J1(ry(K), K) is a concave func-
tion of K and attains its maximum at
a

K¢ =
36¢e

[p—%—h-}-ﬁe-(wg—wl)

+\/(p+h)[p+h+12€~(wg—wl)]]. (8.28)

Proof Substitute (8.27) into J1(q1, K). The first-order and second-order deriv-
atives of J, (ry(K'), K) are

8]1(7‘(,(K),K)

OK
1
= | (&) o+ h (wg — wy) — 6K |,
TG AU B ) e (g — ) — 6K
8% J1(ro(K), K)
IK?
_ € 6K+ (wp—wi)a <0
2 Kp+muk) =
Therefore, the supplier’s payoff function J; (rp( K'), K') is concave in the contract-
exercise cost K, and the first-order condition yields the optimal solution K¢
[

Following the backward-induction procedure, we have the following theo-
rem.

THEOREM 8.7 The subgame-perfect Nash equilibrium is (¢, K¢), where the
equilibrium contract-exercise cost K¢ is characterized by (8.28), and the equi-
librium initial order quantity ¢ = ry(K?) is determined by (8.27).

8.5.2  The Subgame-Perfect Nash Equilibrium Without
Information Sharing

Similar to the information structure of the static game without information
sharing in Section 8.4.2, we assume that the buyer keeps its private informa-
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tion of demand distribution and that the supplier relies on its own estimation.
Therefore, the equilibrium contract-exercise cost can be found by

max {jl (r(K), K)} . (8.29)

For simplicity, we denote A as the supplier’s estimation error 4 — +.

LEMMA 8.5 For the supplier’s payoff function Jy(ry(K), K) considered as a
function K, there exists an inflection point at £[(cz — w2) A — (wo — wy)a). If
the contract-exercise cost K is greater than or equal to the inflection point, the
payoff function is concave, and its local maximum is obtained at

K = 3615a {(a + A)%(p + h) + Beal(wz — wi)a — (c2 — w2)A

Ha+ AWTR
V(a+ A)2(p+ h) + 12ea[(we — w1)a — (ca — wg)A]} )
(8.30)

Otherwise, the payoff function is convex, and the local maximum is obtained at
K =0

Proof The lemma is the immediate results of the following derivatives of
Ji(re(K), K):

8j1 (T‘b(K), K)
0K
1

B m{ = 3(p + W)u?(K) + u(K)(p+ h)(a + A)

+ea[(wy —wi)a — (cz — wa)A] }’

(8.31)
0% Ji(ry(K), K)
OK?
e 6K + (wy — wi)a — (c2 — wa)A
= —= . 8.32
2 K(p + mu(K) &
-

Specifically, if the inflection point is negative, then J; (r, (K), K) is concave
function of K, and K ¢ is the global maximum. If the inflection point is nonneg-
ative, then J(rp(K), K) is concave if the contract-exercise cost K is greater
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than or equal to the inflection point, while it is convex if the contract-exercise
cost K is less than the inflection point. Similar to Theorem 8.7, we have the
following theorem.

THEOREM 8.8 The subgame-perfect Nash equilibrium is
. 1
(@, B or (7— “+ea (ﬁ— 5) ,0),

where the equilibrium contract-exercise cost K ‘{ is characterized by (8.30), and
the equilibrium initial order quantity G& = ry(K®) is determined by (8.27).

8.5.3 Effects of Information Sharing on the Decisions

Parallel to our analysis for the static game in Section 8.4.3, we are able
to explore the impacts of an information-sharing scheme on both parties in the
dynamic game. Recall that we were not able to make a conclusive statement for
the supplier in the static game setting. However, for the dynamic game setting,
we are able to prove that the supplier is always better off with information
sharing. We present the main conclusion in the following theorem.

THEOREM 8.9 In the dynamic game, the supplier is always better off in the
case with an information-sharing scheme—that is, J1(¢%, K%) > J,(¢¢, K9).

Proof By Lemma 8.4, with an information-sharing scheme, the equilibrium
contract-exercise cost K ¢ maximizes the payoff function J (ry(K), K). There-
fore, without information sharing, the estimation error is not zero in general—
that is, 4 # v—and as a result, K # K% Hence, J;(¢%, K%) > J1(¢¢, K9).
U

Recall that the buyer’s equilibrium cost 7%(K) = H;(ry(K), K) is an
increasing function of the contract-exercise cost K (Corollary 8.1). In the static
game, by showing that the contract-exercise cost K is an increasing function
of the estimation error (Theorem 8.6), the impact of information sharing is
identified. Although we conjecture that the monotone property of the contract-
exercise cost preserves in the dynamic game, we are able to prove the property
only in the following two cases.

LEMMA 8.6 Assume that the supplier’s production cost remains the same. If
(a+A)(p+h) > 6ea(cy —ws) or p+h > 3e(ca —wz), then K¢ is increasing
with respect to the supplier’s estimation error A.

81 (rg %(),K’) —0is

Proof When ¢; = cg, w1 = wo, the first-order condition
simplified as

— A K A

(2 —wp)ed | 3ull) & _ (8.33)

WE)p+h) | a  a
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Denote the left-hand side function as M. Then

OK _ oM jou
oA OA/ 0K
2K w(K)(p+h)—ea-(ca—ws)
= —- . 8.34
ea 6K — (62 - 'lUQ)A ( )
Solve (8.33) to obtain
€a
Ky=—F———[6K — Al. 8.35
With (8.35), (8.34) can be further simplified as
OK 2K 6K~ (c2—ws)a (8.36)

9A  a+ A 6K — (co — wz)A’
where

[(a+ A (p+h) —6ealca —wa)A+ (a+A)- A (8.37)

~ 36ea

and

Ay =+/(a+ AN)2(p+ h)? —12cal\(c; — wy)(p+ h).
Substitute (8.37) into the right-hand side of (8.36):

oK _
oA

(a+ A)(p+ h) — 6ealca —wa) + A

(a+A)2-(p+h) —12eal - (c2 —w2) + (a+ A) - Ay
(8.38)

2K

It follows from the nonnegativity of
(a+ A)2(p+ h)? —12eal(c2 — wa)(p + h)

that
(a+ A% (p+h) —12eaA - (cg — wo)
is nonnegative. Therefore, the denominator of the right-hand side of (8.38) is
nonnegative. Consequently, if (a+A)(p+h) > 6ea(ca—w2), then 0K /OA >
0. This implies that K is monotone increasing with respect to A.
If (a+ A)(p+ h) < 6za(ce — ws), then the numerator of the right-hand
side of (8.38) is rewritten as

Ay — [6ea- (ca —w2) — (a+ A)(p+ h)]

_ 12ea?(ca — wo)[p + h — 3e(ca — wn)]
Ay + [bea(ca — w2) ~ (a+ A)(p+ h)]

(8.39)
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Note that the fraction in (8.39) is nonnegative. Then the results are straight-
forward. C

REMARK 8.3 Conditions in the above lemma can be interpreted intuitively.
For example, let p + h > 3e(cy — we) and ca < 2wq. In other words, if
the supplier’s profit margin is less than 100%, the contract-exercise cost is
increasing with respect to the supplier’s estimation error.

THEOREM 8.10 If conditions in Lemma 8.6 hold, then the buyer is better
off when the supplier underestimates the demand—that is, if ¥ < v, then
w{b(f( ) < mo(KY). Otherwise, the buyer is worse off—that is, if ¥ > 1,
then TP (K%Y > 73 (K9).

Proof If 4# < ~, using Lemma 8.6, we have Kd < K¢ Then Wfb(f('d) <
7P K?) directly follows from Corollary 8.1. Similarly, we can prove the other
result of the theorem. O

EXAMPLE 8.2 Continuing from Example 8.1, find the subgame-perfect Nash
equilibria. With information sharing, the equilibrium contract-exercise cost is
21.41, and the equilibrium initial order quantity is 50.59. The cost and the
payoff for the buyer and the supplier are 176.96 and 107.79, respectively.

Unlike in the static setting, without information sharing the supplier can
underestimate or overestimate the true demand and still always be worse off, as
claimed in Theorem 8.9. We depict the supplier’s payoff and the buyer’s cost
curves with respect to the estimation error in Figure 8.4.

8.6. Concluding Remarks

In this chapter, we develop equilibrium solutions for the purchase-contract
problem. With equilibria for the cases with and without information sharing,
it is possible to evaluate the impacts of an information-sharing scheme on both
parties in the dynamic game setting. We conclude that (1) information sharing
is always beneficial to the party that lacks true information (the supplier in
this problem) and that (2) information sharing may hurt the party with the
true information (the buyer in this problem). We further demonstrate that the
outcome depends on how well the less-informed party estimates the information.

It is clear that an incentive mechanism is necessary to entice the well-
informed party to practice information sharing. The incentive should be no
less than the gain for the well-informed party and should be no more than the
loss for the less-informed party. If this incentive-design criterion is accept-
able to both parties, then the issue becomes whether the information-sharing
mechanism benefits the channel.

As is demonstrated in Sections 8.4 and 8.5, the benefit of information sharing
depends on both parties’ cost or payoff structures and the quality of the supplier’s
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Figure 8.4. Objective functions as functions of the estimation error in the dynamic game

estimation of the demand. There is no doubt that information sharing results in a
significant benefit when the supplier’s estimation is poor. Further, the estimation
quality also affects the benefit of information sharing for the channel.

Based on Example 8.3, we explore the benefit of information sharing to the
buyer, the supplier, and the channel. Suppose that the supplier’s estimation is
unbiased with errors of 4 and —4 and probability of 0.5 each. By calculation,
the buyer’s cost function increases by .90 and —1.17 for the estimation error
4 and —4, respectively. The supplier’s payoff function decreases by 0.35 and
0.48 for the estimation error 4 and —4, respectively. Therefore, the buyer’s
average cost increase is 0.5 x 0.9 — 0.5 x 1.17 = —0.135, and the supplier’s
average payoff decrease is 0.5 x 0.35 + 0.5 x 0.48 = 0.415. As the result, the
channel is better off by 0.415 — 0.135 = 0.28. It is possible for the supplier to
provide an incentive that is larger than 0.135 to make the information sharing
work.

Next, suppose that the supplier’s estimation is biased with errors of 1 and
—4 and probability (.3 and 0.7, respectively. In this scenario, the average
cost or payoff increase is —0.455 and —0.190 for the buyer and the supplier,
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respectively. Actually, the information sharing reduces the channel efficiency.
Note that such a biased estimation could happen, especially when the product
is in the ramp-up period.

From the above discussion, we would like to point out that in the noncoop-
erative game setting, it is possible to find cases where an information-sharing
scheme and an incentive program are difficult to construct. We believe that co-
operation between the buyer and the supplier and mechanism of profit sharing
such as the Shapley formula might be the solution.

8.7. Notes

This chapter is based on Huang and Yan [7]

Competitive supply chain management has attracted much attention recently.
Research covers topics such as characterization of the competitive behavior,
coordination mechanism, and incentives design. Cachon and Zipkin [3] study
competitive inventory policies in a two-level inventory system constructed by
base-stock policies. They demonstrate that each player chooses a competitive
policy that is featured by a Nash equilibrium and further that the optimal solution
can be established from the Nash equilibrium by a linear transfer payment.
Lippman and McCardle [9] study the competitive newsvendor problem, where
newsvendors are allowed to switch firms to secure inventory. Chen, Fedegruen,
and Zheng [4] investigate a pricing (accounting) scheme in a distribution system
where the supplier announces the wholesale price and the retailer determines
its own retail price. They argue that the retailer should share some of profits
to reward the supplier’s participation. For a complete review in competitive
models in a supply chain, we refer to a recent survey paper by Cachon [1] and
the references therein.

Information sharing, the value of information, and using shared information
to enhance performance in a supply chain are areas of importance. In a serial
inventory system, Lee, So, and Tang [8] investigate the value of information
sharing in assisting ordering functions. Cheung and Lee [5] study the benefit
of shipment coordination with information sharing. For the Vendor Managed
Inventory (VMI) program, Cheung and Lee [5] find that shared information
allows suppliers to consolidate replenishment and enables retailers to balance
inventories. Cachon and Fisher [2] compare ordering policies with and without
shared information. Their findings reveal that policies with shared information
reduce supply chain cost. In their study, the shared information is the retailer’s
inventory position.
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